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GLOBAL SOLUTIONS AND BLOW-UP FOR WAVE EQUATIONS WITH
VARIABLE COEFFICIENTS AND BOUNDARY SUPERCRITICAL SOURCE

TAE GAB HA

ABSTRACT. In this study, we consider a wave equation with variable coefficients, boundary
damping, and supercritical source terms. This study aims to study the local and global existence
and classify the decay rate of energy depending on the growth near zero in the damping term.
Furthermore, we demonstrate that the weak solution blows up in finite time with positive and
nonpositive initial energies.

1. INTRODUCTION

In this study, we investigate the local and global existence, energy decay rates, and finite time
blow-up of the solution to the wave equation
ug — p(t)Lu = f(x,t) in Q x (0,400),
u=0 onTyx (0,+00),

u 1.1
U0 + ) = hw) - on Ty x (0,00), (1)

w(z,0) =up(z), wu(x,0) =ui(x),

where
. 9 ou
Lu = div(A(z)Vu) = Z %(aij (x)ﬁ)
ig=1 " J

Here, A(z) = (a;j(x)) is a symmetric and positive matrix and aaTuL = Z;szl a;j (x)%yi, where
) J

v = (v1,...,Vp) is the outward unit normal to I'. Q is a bounded domain of R"(n > 3) with
smooth boundary I' = Ty UT';. Here, Ty and 'y are closed and disjoint with meas(T'y) # 0.

Problem has been widely studied over the past few decades. The condition h(s)s < 0
indicates that h represents the attractive force. When h(s)s > 0 as in the present case, h represents
the source term. This scenario is more delicate than the attractive force because the solution of
can blow up. The damping-source interplay in the system arises naturally in numerous
contexts, such as classical mechanics, fluid dynamics, and quantum field theory (cf. [29 [41]). The
interaction between the two competitive forces, that is, the damping and source terms, makes the
problem attractive from a mathematical perspective.

For the present case when h is polynomial nonlinear source term such as h(u) = |u|[Yu, the
stability of has been studied by many authors (see [7, 8, 14}, 5] 16, 17, I8, 20, 21, 22| 24
25, 26, 27, 28], (30}, 311, B6L 37, [38] [39] [43] and a list on references therein), where h(u) is subcritical
or critical source. However, very few results addressed wave equations influenced by supercritical
sources (cf. [T, Bl 1T, 12} [42]). For example, [42] proved the local and global existence, uniqueness
and Hadamard well-posedness for the wave equation when source terms can be supercritical or
super-supercritical. However, the author did not consider the energy decay and blow-up of the
solutions. Guo et al. [I1] considered a system of nonlinear wave equations with supercritical sources
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and damping terms. They proved global existence and exponential and algebraic uniform decay
rates of energy, moreover, blow-up result for weak solutions with nonnegative initial energy. But
as far as I know, the only problem with considering supercritical source is the constant coefficients
case, that is, A = I and dimension n = 3.

In the case of variable coefficients, that is A # I, boundary stability of the wave equation was
considered in [4 9, [T5] 18, 22]. The wave equations with variable coefficients arise in mathematical
modeling of inhomogeneous media in solid mechanics, electromagnetic, fluid flows through porous
media. For the variable coefficients problem, the main tool is Riemannian geometry method, which
was introduced by [46] and has been widely used in the literature, see [0, O} [32] 33| B34, 44} [45]
and a list of references therein. However, there were very few results considered the source term.
For example, [4] proved the uniform decay rate of the energy to the viscoelastic wave equation
with variable coefficients and acoustic boundary conditions without damping term. Recently,
[26] studied the general decay rate of the energy for the wave equation with variable coefficients
and Balakrishnan-Taylor damping and source term without imposing any restrictive growth near
zero on the damping term. However, above-mentioned literature did not consider Riemannian
geometry, and only treated a subcritical source. [I9] proved the uniform energy decay rates of the
wave equation with variable coefficients applying the Riemannian geometry method and modified
multiplier method. But, it was considered a subcritical source. More recently, the author proved
the existence of a solution, the energy decay rate, and the blow-up of the solution for a wave
equation with an interior supercritical source ([23]). The method and process of the proof in this
study are similar to [23]. However, there are some differences between this study and that of [23].
Reference [23] dealt with an interior supercritical source without considering Riemannian geometry.
Hence, the parameter analysis results for the source term were different (see Figures 1 and 2).
Moreover, because this study considers the boundary conditions and Riemannian geometry, the
analysis is more complicated, although the method and process of the proof are similar to [23]. To
the best of our knowledge, there is no existing literature addressing the variable coefficient problem
that includes both damping and source terms on Riemannian geometry while also considering the
boundary supercritical source.

Our main motivation is constituted by three dimensional case, in which the source term can
be supercritical on variable coefficient problem. The differences from previous literature are as
follows:

(i) Supercritical source for n > 3.
(ii) Variable coefficient problem having source term on Riemannian geometry.
(iii) Blow-up result with positive initial energy as well as nonpositive initial energy.

To overcome difficulties and prove the above statements, first, we refine the energy space and
a constant used in potential well method, because we do not guarantee H}(Q) < L7T2(I';) since
the source term is supercritical. Also we have a hypothesis on damping term for proving existence
of solutions and energy decay rates (see Remark 2.2). Second, we use the Faedo-Galerkin method
because nonlinear semigroup arguments considered in the previous literatures cannot be used since
this paper deals with an operator —u(¢)L, which depends on ¢t. Third, we refine the key point
constants used to prove blow-up result. So, this paper has improved and generalized previous
literatures.

The goal of this paper is to prove the existence result using the Faedo-Galerkin method and
truncated approximation method, and classify the energy decay rate applying the method devel-
oped in [46, [35]. Moreover, we prove the blow-up of the weak solution with positive initial energy
as well as nonpositive initial energy. This paper is organized as follows: In Section 2, we recall the
notation, hypotheses and some necessary preliminaries and introduce our main result. In Section
3, we prove the local existence of weak solutions, and show the global existence of weak solution
in each two conditions in Section 4. In Section 5, we prove the uniform decay rate under suit-
able conditions on the initial data and boundary damping by the differential geometric approach.
In Section 6, we prove the blow-up of the weak solution with positive initial energy as well as
nonpositive initial energy. by using contradiction method.
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2. PRELIMINARIES

We begin this section by introducing notation and stating our main results. We define the
Hilbert space H3(2) = {u € HY(Q);u = 0 on I'g} with the norm ull ) = ||VuHL2(Q) and
H={ue H}Q);u e L7 2(T)} with the norm |uly = ||u||H1(Q) + lull L2 (r, ) Iy and ||
are denoted by the LP(Q2) norm and the LP(I') norm, respectively, and (u,v) = [, u(
and (u,v)r = [ u(x)v(z)dl. Moreover, we require some notations for Riemannian geometry, as
mentioned in [46] and the references therein. For reader comprehension, we have repeated these
here.

Let A(z) = (aij(x)) be a symmetric and positive definite matrix for all z € R™ (n > 3) and
a;;(z) be smooth functions on R” satisfying

CIZ@ < Z aij(2)&&j, Yz eR™, 0#E&=(&,...,&)T € R, (2.1)

7,7=1
where ¢, is a positive constant. Set
G(x) = (gij(x)) = A7 (2).

For each © € R", we define the inner product g(-,-) = (-,-)4 and the norm | - |, on the tangent
space R? = R" as

JXY) = (XY, = 3 gy(@)aiBy, X, = (X, X)3,

ij=1

vxiaiai, Y = Zﬂl GR”

Subsequently, (R”, g) is a Riemannian manifold with Riemann metric g. Vg u and D, are denoted
by the gradient of u and Levi-Civita connection in the Riemannian metric g, respectively. It
follows that

Vgu = Z(Za (z )8;)% = A(@)Vu, |[Vgull= > ai(x )a;i 83: (2.3)

i=1 j=1 i.j=1

(2.2)

Let H be the vector field on (R”, g). Subsequently, the covariant differential DyH of H deter-
mines a bilinear form on R? x RZ, for each z € R™ as
D,H(X,Y)=(DyxH,Y),, VX,Y €RZ, (2.4)

where Dy x H is the covariant derivative of the vector field H with respect to X.

(H1) Hypothesis on Q. Let  C R™ be a bounded domain, n > 3 with a smooth boundary
I =ToUT;. Here I'y and I’y are closed and disjoint, where meas(I'g) # 0. A vector field H exists
on the Riemannian manifold (R™, g) such that

DyH(X,X)>0o|X|?, VXeR}, z€Q, (2.5)
where o is a positive constant and

H-v<0 onTy and H-v>§>0 only, (2.6)

where v represents the unit outward normal vector to I". Moreover we assume that
87.L0

p(0) 5% +g(ur) = hluo) on T, (2.7)

(H2) Hypothesis on y and f. Let u € W>(0,00) N W11(0,00) be a function satisfying the
conditions

wu(t) > po >0 and p'(t) <0 ae. in [0,00), (2.8)
where 1 is a positive constant. We assume that

f € HY(0,00; L*(Q)). (2.9)
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(H3) Hypothesis on q. Let ¢ : R — R be a nondecreasing C! function such that ¢(0) = 0 and
suppose that there exist positive constants cs, ¢4, and a strictly increasing and odd function 5 of
C! class on [—1,1], such that

B(s) < la(s) < [B7(s)] i [s] <1, (2.10)
cals|PH < a(s)] < calsPtif [s| > 1, (2.11)

where 37! denotes the inverse function of 3, and p > %

(H4) Hypothesis on v. Let v be a constant satisfying the condition

— 7_2:;. (2.12)
Lemma 2.1 ([46]). Let u,v € C1(Q) and H, X be vector fields on (R"™, g). Then
H(u) = (Vgu,H)y, (H(z),A(z)X(z))y = H(z) - X(z), (2.13)
div(wH) = udiv(H) + H(u), /Q div(H) dz — /P H-var, (2.14)
/Qu div(V4v) d:c—/ruaava drf/ﬂwgu,vgmgdx, (2.15)
(Vou,Vy(H(u))y = DyH(V yu, V,u) + %div(\vguEH) - %|vgu|§7 div(H). (2.16)

Hypothesis was introduced by Yao [46] for the exact controllability of the wave equation
with variable coefficients. The existence of such a vector field depends on the sectional curvature
of the Riemannian manifold (R™, g). There are several methods and examples in [46] to find out
a vector field H that is satisfied the hypothesis . Specially, if A = I, the constant coefficient
case, the condition is automatically satisfied by choosing H = x — x¢ for any zy € R™.

Remark 2.2. In view of the critical Sobolev imbedding H/?(I';) — L= (T'1), the mapping
k(u) = |u|u is not locally Lipschitz from Hg(f2) into L?(I'y) for the supercritical values —5 <

v < 2=%. However, by the hypothesis on p (p > %), k(u) is locally Lipschitz from H}(Q)

+2
into Lo+t ().
For n > 3, if % <~y < Z—:%, then the inequality p > ~ always holds true under the assumption

p> % (see Figure .

B | i |
O b 272 L e 20272
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I 1 1
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o 1. @ 3§ ¥ 0 1 2 nil1 n ¥
n-2 n-2 n- n-
(a) n=3 (b) n>3

FIGURE 1. Admissible range of the damping parameter p and the exponent of
the source ~.
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Cw(0,T;H)NCL(0,T; L3(R2)), us|r, € LPT2(0,T;T) and satisfies (1.1)) in the distribution sense,

/OT/Qutéf)td:z:dtJr/Qutéf)dx‘ZJr/()Tu(t)/Q(Vgu’vg(b)gdxdt

ie.,
T T
- /qu<ut>¢drdt—/o /Flh(uwdrdt

T
- / f(a,t)pdedt,
0 Q

for any ¢ € C(0,T;H) N CL(0,T;L?(Q)), ¢lr, € LPT2(0,T;T1) and u(z,0) = ug(x) € H,
u(z,0) = ug (x) € L2(9).

Definition 2.3. A function u(x,t) is called a weak solution of (L.1) on ©Q x (0,7) if u €

One can easily check that % = H{}(Q) when 5 < v < 2. Moreover, if n = 3, then we can
replace H by HE(Q), since H}(Q) < L7T2(T'1) (see Figure [2)).

o4 b A
4 4
2n-2 |
n-2
24 2
1 > 1 1 >
o 2 a 0 2 2(n-2) a
(a) n=3 (b) n>3

FIGURE 2. Admissible range of parameters a and b with respect to the trace
imbedding H} () < Lav+o(Ty).

The energy associated with problem (1.1)) when h(u) = |u|7u is

1

1 1 +2
E(t) = §||Ut(t)||§ + 5 u)ll IVgu(t)lgll3 - m”“(t)mﬁzfr

We now state our main results.

Theorem 2.4. Suppose that (H1)—(H4) hold and let h(u) = |u|"u. Then for the given initial
data (ug,u1) € H x2 (), there exist T > 0 and a weak solution of problem (1.1)). Moreover, the
following energy identity holds for all0 <t < T,

t 1 rt t
E(¢) +/ / q(us)us dl' ds — 7/ u'(3)|| |V gu(s)|yll3 ds —/ / f(z, s)usdx ds = E(0). (2.17)
o Jr, 2 Jo o Ja
Furthermore, if one of the 2 assumptions hold: p >~ or

E(O) <dg and || |Vgu0|g||2 < Xo (218)
with f =0, where

o\ VHO o l[ully+2.r,
)\0 = (7) d() =——=A y Ky = Sup (7,)
KJt? 2(y+2)7° weruz0 || [Vgulgll2

Then the solution u(x,t) of (1.1) is global.
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Theorem 2.5. Suppose that the hypotheses in Theorem and (2.18) with p < v and f =0
hold. Then we have following energy decay rates:
Case 1: B is linear. Then
E(t) < Cre ",
where w s a positive constant.
Case 2: (3 has polynomial growth near zero, that is, B(s) = s?*1. Then

Co
Elt) < ————.
t) < (1+1t)%/r
Case 3: B does not necessarily have polynomial growth near zero. Then

1

E(t) < Cs (Ffl(;))Q,

where F(s) = sB(s) and C; (i =1,2,3) are positive constants that depends only on E(0).

Theorem 2.6. Suppose that hypotheses (H1)—(H4) hold with p < v and f = 0. Moreover, assume
that

(ug,u1) € {(ug,u1) € H x L*(Q); || [Vguolgll2 > Xo, —1 < E(0) < do}
and
(7 +2) (oA — 2(y + 2)E1)% \ 35
8(y + 1) meas(T'y ) (uo e — 2E1)

5 < (
where

o Jo if E(0) <0,
' positive constant with ~ E(0) < By <dy, F1 < E(0)+1 if E(0) > 0.

Then the weak solution of problem (1.1) blows up in finite time.

‘We have summarized our results as follows.

(1) Local existence is obtained for the regions I, II, and III in Figure
(2) Global existence is obtained for the region I and III, or the region IT with the condition

(2.18) in Figure

(3) Energy decay rate is obtained for region II in Figure 1 with the condition (2.18]).

(4) For the region II in Figure [1| with the condition (2.19)), we obtain the blow-up in finite
time.

3. PROOF OoF THEOREM 2.4t LOCAL EXISTENCE

The proof is based on three steps according to the following condition of the source term h:
(1) Existence of the global solution when h is globally Lipschitz from Hg(£2) to L?(T'y).
(2) Existence of the local solution when h is locally Lipschitz from H}(Q) to L2(T'y).

(3) Existence of the local solution when h is locally Lipschitz from H{(Q2) to Lo (Ty).

Since the mapping |u|”u is locally Lipschitz from HE () to L%(Fl) (see Remark , the
existence of the local solution can be guaranteed even if h(u) = |u|7u.

3.1. Globally Lipschitz source. We first deal with the case where the source h is globally
Lipschitz from Hg () to L?(I'1). In this case, we have the following result.

Proposition 3.1. Assume that (H1)-(-H3) hold. In addition, assume that (ug,u1) € H x L*(£2)
and h : HY(Q) — L2(T'y) is globally Lipschitz continuous. Then problem (1.1) has a unique global
solutions u € Cy, (0, T; H) N CL(0,T; L3(Q)) for arbitrary T > 0.

Our goal in this subsection is to show the local existence result for problem (|1.1)). We construct
an approximate solution by using the Faedo-Galerkin method. Let {w,};en be a basis in H} ()
and define V,,, = span{wi, wa, ..., wy}. Let uf’ and ul* be sequences of V,,, such that uf* — ug
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strongly in H}(Q2) and uf* — wuy strongly in L?(£2). We search for a function, for each n € (0,1)
and m € N, such that

m

u™m(t) = Z 5™ (t)w;

j=1
satisfying the approximate perturbed equation

/Qu?tmwdx+y(t)/Q<Vgu"m,ng)gd:c+n/r u™w dl

1

+/ q(u?m)wdff/ h(u")w dT
Fl Fl

(3.1)
= / fwdz, w eV,
Q
ug™ = (ug,wi)wy, ul™ ="y (ur, w;)w;.
=1 j=1

Since (3.1) is a normal system of ordinary differential equations, there exist solutions u"™ to
problem . A solution u to problem on some interval [0, ¢,,), t,n, € (0,T] will be obtained
as the limit of u" as m — oo and n — 0. Next, we show that ¢,, = T" and the local solution is
uniformly bounded independent of m, 1 and ¢. For this purpose, let us replace w by u/™ in
we obtain

drl 1 1
nmi 2 nm 2 nm y+2 nm2 nm nm
—|= —u@)| 1V —_— } dr’
3 ol B O V™ g+ g ™ 5 | ||2,r1+/rlq<ut ) v,
1 m m m
= S O Vo™l 3+ [ nmyear+ [ e an+ [ e,

(3.2)
Now we estimate [ q(uy™) w/™dl, [ |[u™ | u"™ui™dl and [ h(u")uf™dT. From the

hypotheses on ¢, we have
/ q(uf™) u]™ dl = / q(ui™) u™ dl —|—/ q(uf™) u™ dl
Fl \uz’m|§1

lug™[>1
> / g(ul™) ™ dT
[ug™ (£)|>1

(3.3)
> c3 lu™ P2 dl — 03/ |u™ P2 dT
T ™ <1
> 03Hu?m||ZI;F1 — cgmeas(T'y).
o)y (n=1)
From p > 22902 e have the imbedding H{(R) <> L7 (I'y) < LOTVEHE (I'), so that
by Young’s inequality with % + p% = 1 we deduce that
1 2
| P T < Cleo) ™ 1) s v, + eollu™ 1533,
1 +2
< Cleo)l V™ |y 3+ eolluf™ 1512 r, (3.4)
2 2
SO+ Vgu™gll2)” + eollw™ 175 r,
2
< CEL+ I Vgu™]gl13) + eollw™ 75 r, -

Under the assumption that & is globally Lipschitz from HE () into L?(T';) we have
[P 2,0, < [1A(u™) = h(0)|2,r, + [2(0) |2, < Lol V™ [l2 + [2(0)[|2,r, < Ca([Ve" |2+ 1),

where Lj, is the Lipschitz constant and Cy is for some positive constant, so that by Holder’s and
Young’s inequalities and from the fact (2.1) and the imbedding L#*2(T'y) < L?(T';), we deduce



8 T. G. HA EJDE-2025/104

that
I/F h(u"™uf™ dT| < C(e)[h(w™)|5r, + elluf™ |3 r,
1

1 m
< GO (1 Vou™™15l13 +1) + el B,

. (3.5)
< CO( N Vau™ gl + 1) + eCn o™ s,
1 2
< (I 1Vau™ g+ 1) + 27 G (14 ™, ),
where C,2 9 is an imbedding constant. Replacing (3.3), (3.4) and (3.5)) in (3.2)) we obtain
drl m) 2 1 m| |12 m||Y+2
(G178 + S 19,0 + — 5173 ]
m m 2
™ e, + (o5 — e0 2 Chya ) ™75 50
< cgmeas(T'y) + C(eo) + Cle) + €2p+102+2 5
1 C(e) m 1 1, wm
+ (50 + Cleo) + D) I 13+ SUFOI3 + 5 ™13
2 c1 2 2
By integrating (3.6) over (0,t¢) with t € (0,t,,) we have
1 2 1 m| (|12 m||v+2 ! m (|2
Slud™ 2 + Su@IVeu™ g2 + T2l Ri2r, +7 ; [ud™ ll2,r, ds
+ (Cg o C2+2 2 / ||unm||zi§ r, d
< (03 meas(I'y) + C(ep) + C(e) + 62”+IC’§+272)T
(3.7)

1 1 1 o
+ *Ilml\% +5n(0)] |VgUO|gH§ + 7IIUOII3+2 Iy

# (Wm0 + 0+ S0 [ ) 19l as

w5 [ B+ [ gas

Therefore, choosing €y = c3/4 and € = and then by Gronwall’s lemma we obtain

c3
t t
2 2
™ |13 + 1 [V g™ g3 + l[u™™ 11} 35 +/O ™ ($)II3,r, d8+/0 ™ ()5 3a.r, ds < Cs, (3.8)

where (5 is a positive constant which is independent of m, n, and ¢. Estimate implies that
u"  is uniformly bounded in L*°(0,T;H), (3.9)
u]™ is uniformly bounded in L>(0,T; L*(Q2)). (3.10)

We note that from , taking the hypotheses on ¢ into account we also obtain

t
/ lq(ul™(s))|* dT ds < C, (3.11)
0 JI'y

where C§ is a positive constant independent of m, n and t.
From (3.8)-(3.11)), there exists a subsequence of {u"™}, which we still denote by {u"}, such
that

u" — u" weak star in L*°(0,T;H),
ul™ — uy  weakly star in - L>(0,T; L*(Q)),
u™™ — u" weakly in  L*(0,T;H),
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ul™ = uf  weakly in  L*(0,T; L*(Q)),
u]™ — ] weakly in L?(0,T; L*(T)),
ull™ = uf, weakly in  L2(0,T; H (),
q(u]™) — 1 weakly in L*(0,T; L*(T)).
Since H'/2(T") = L3(I") is compact, we have, thanks to Aubin-Lions Theorem that
u™ — u  strongly in  L?(0,T; L*(T'y)),
and consequently, by using the Lions lemma, we deduce
h(u™™) — h(u") weakly in L*(0,T; L*(T';)).

The above convergences permit us to pass to the limit in the (3.1). Since {w;} is a basis of
H}(Q) and V,, is dense in H}(Q), after passing to the limit we obtain

T
/ /utt,vdm‘@ dt+/ u(t)/(Vgu",ng>gdx9(t) dt+77/ / uvdlo(t) dt
Q o Jr,

—|—/ Yo dlo(t) dt — / h(uT)vdz0(t) dt (3.12)
1]

//fxtvdx@

for all @ € D(0,T) and v € H}(Q).
Since estimates (3.8]) and (3.11)) are also independent of 1, we can pass to the limit as n — 0 in
u" obtaining a function u by the same argument used to obtain u” from »"™, such that

u" — u  weakly in L*(0,T;H), (3.13)

u] — u;  weakly in L*(0,T; L* (%)), (3.14)
u] — u;  weakly in L2(0,T; L*(Ty)), (3.15)
ul, — ugy  weakly in L2(0,T; H-1(Q)), (3.16)
q(u) =1 weakly in L?(0,T; L*(Ty)), (3.17)
h(u,) — h(u) weakly in L?(0,T; L*(I'y)). (3.18)

By the above convergences in (3.12)), we have

/O ! /Q e, vd(t) dt + /O L /Q (V g, V), dab(t) dt
+ /O ' 5 Yo dUo(t) dt — /O ' /F 1 h(wyvdzd(t) dt (3.19)
_ /0 ! /Q Flx, t)odzo(t) di

From (3.19) and taking v € D(2), we conclude that

g — p(t)Lu = f in D'(Qx (0,7)) (3.20)
and since (3.17) and (3.18)), it holds that
0
u(t) 5o+ = hu) in L2(0, 75 L*(I)).

Our goal is to show that ) = g(u;). Indeed, considering w = v"™ in (3.1) and then integrating
over (0,7T), we have
T

T T
|y [T a9z [ e,
0 0 0
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T T
[ ety e dt = [ ey o, d
0 0
T
= [ty an
0
Then from convergences (3.13)-(3.18]) we obtain

T
lim / ()| [V gum™| |2 dt

m—o0,n—0

. . . . (3.21)
_ —/ {1y, 1) dt —/ (W, ur, dt +/ (h(u), w)r, dt +/ (fu) dt.
0 0 0 0
By combining ({3.20)) and (3.21)), we have
T T
ol [T = [ O]9 b
which implies that
|Vu™|, = |Vgul, strongly in L?(0,T; L*(Q2)). (3.22)
Next, considering w = uy™ in (3.1)) and then integrating over (0,7'), we have
T T T
ey e [ uw) [ (9 9, sary [, a
0 0 Q 0
T T
[ tatad) e de = [ Gy, di
0 0
T
= [ty
0
From ({3.14)-(3.18) and (3.22)), we arrive at
T T
i [t e d = [ e, e (3.23)
m—o0,n—0 J 0
On the other hand, since ¢ is a nondecreasing monotone function, we obtain
T
| tawr™ = atorar” = e, e = 0
0
for all ¢ € L?(Ty). Thus, it implies that
T T T
|ty s [ oot =iy ar < [t ae
By considering (3.15]), (3.17) and (3.23)), we obtain
T
| o= atohu— e de = (324
0

which implies that ¥ = g(uy).
We now show the uniqueness of the solution. Let u! and u? be two solutions of problem (I.1]).
Then z = u! — u? satisfies

/tatwdas + p(t) /Q<ng, Vw) g dx + /Fl(q(u%) —q(u?))wdl = /1“1(h(U1) — h(u?)w dr dt,

for all w € H. By replacing w = z; in above identity and observing that ¢ is monotonically
nondecreasing and h : H}(2) — L?(I'1) is globally Lipschitz, it holds that

drl 1
Sl + SuO19521l13] < Coll V21,13,

Where C7 is for some positive constant. By integrating from 0 to ¢ and using Gronwall’s Lemma,
we conclude that ||z]|2 = || [Vg2|4ll2 = 0.
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3.2. Locally Lipschitz source. In this subsection, we loosen the globally Lipschitz condition on
the source by allowing h to be locally Lipschitz continuous. More precisely, we have the following
result.

Proposition 3.2. Assume that (H!)-(H4) hold. In addition, assume that (ug,u1) € H x L*(Q)
and h : H} () — L*(T1) is locally Lipschitz continuous satisfying cs|s|?™ < |h(s)| < cg|s|7 T,
where c5, cg are for some positive constants. Then problem has a unique local solution
u € Cyp(0,T;H)NCL(0,T; L2(K2)) for some T > 0.

Proof. We define

h(u if |[|Vau <K,
hK(u):{ (u) [ 1V gulgl2

h(Mﬁ) if || [Vgulgll2 > K,

where K is a positive constant. With this truncated hy, we consider the problem
Ut — /J,(t)LU = f(xat) in O x (Oa +OO)7
u=0 onTyx (0,+00),

p(t )38 + q(ug) = hx(u) on Ty x (0,~+00), (3.25)

149

u(z,0) = up(x), u(x,0) =wu(x).

Since hy : Hi(Q) — L?*(T'y) is globally Lipschitz continuous for each K (see [10]), then by
Proposition the truncated problem has a unique global solution ux € C,(0,T;H) N
CL(0,T; L*(Q)) for any T > 0. Moreover by [30] there exists a sequence of functions ub., which
converges to ug in the class C,, (0, T; H*(Q)) N CL(0,T; H}(Q)). For simplifying the notation in
the rest of the proof, we shall express ub. as u.

By the regularity of u, we can multiply by u; and integrate on Q x (0,t), where 0 < t < T.

Then we obtain by using the fact y'(s) < 0 for all s > 0,

1 t/
w7t ug(x, s))us(x, s)dl’ ds
sl e+ [ at )

t
luol 225 -, + / / fla, $)us(z, s)dx ds (3.26)
0 Q

1
5 lwell3 + u@®)INVgulgl3) +

([l + pO) [V guolol3) +

l\;)\)—l

b

v+2
1 t

+ (1+ ) [ st o)) st ) drds.
¢/ Jo Jry

We note that hy : H3 () — Lot (T'1) is globally Lipschitz with Lipschitz constant Ly (K) (see
[10, 13]). Hence we estimate the last term on the right-hand side of (3.26]) as

1+c% // |hi (u(z, s))| |us(z, s)| dT ds

(1 ) [ It vl @
<q / Jus N, ds+ Cler) / (DI, ds (3.27)
p+2
<o [ Mot ds+ clen (L) 7 [ 119l o

F1C(er) ((iLh(K)) N 2= (p D) | p(0)| meaS(F1)>.

NG

From the hypothesis on ¢, we have

/ / (us(x, 8))us(z,s)dl ds > 03/ [lus(s |gi§ r, ds — tczmeas(I'y). (3.28)
Iy



12 T. G. HA EJDE-2025/104

By replacing (3.27)) and (3.28]) in (3.26]) and choosing €; < c¢3, we obtain

lull3 + 1119 gulg I3 + Nl 72 0, + / s ()22 1, ds
(3.29)
< Co + CL(La(K)T + Co(L4(K)) / a3 + 117 ()], 13 ds

for all t € [0,T], where
1
Co = 2708(||U1||§ + )] \Vgu0|g||§ + Jluoll 135 r, + Hf||L2(o,T;L2(Q)))a

Ci(Ln(K)) = io(en((iLh(K)) PSRN 0)[ 5 meas(Ty) ) + -3 meas(Ty),

Cs Vel

Cutak)) = - (€e) (S 1at)) 7 4 3),

— ¢1}. Thus by Gronwall’s inequality, (3.29| - becomes

08

— Ko
for Cg = Hlln{7+27 5, C

|3 + 119 gulgl13 + llull} 32 r, + / lus($)I15 55 p, ds < (Co + Ca(Lp(K))T)e 2 En O,

for all ¢t € [0,T]. If we choose

1 1
TR Gl 2

T= min{ (3.30)

then
2 ¢ 2
[Jue[3+]] \Vgu|g||§+||U||§Iz,rl+/ us(s)|1045 1, ds <2(Co+1) < K* forall te[0,7], (3.31)
0

provided we choose K2 > 2(Cy + 1). Consequently, (3.31) gives us that || |Vyulyl2 < K for all

€ [0,T]. Therefore, by the definition of hg, we have that hx(u) = h(u) on [0,7]. By the
uniqueness of solutions, the solution of the truncated problem accords with the solution of
the original, non-truncated problem for t € [0, T], which means that the proof is complete. [

3.3. Completion of the proof for the local existence. To establish the existence of solutions,
we need to extend the result in Proposition Where the source h is locally Lipschitz from HE ()

into L%(Fl). For the construction of the Lipschitz approximation for the source, we employ
another truncated function introduced in [40]. Let §,, € C§°(R) be a cut off function such that
1, if |s] < m,

0<bnsl, duls)= {o if |s| > 2n

and |6/, (s)| < € for some constant C' independent from n. We also define
hn(u) = h(uw)dy, (u). (3.32)

Then the truncated function h,, satisfies the following lemma. The proof is a routine series of
estimates as in [I} [13], so we omit it.
Lemma 3.3. The following statements hold.
(1) hy : H3(2) — L2(I'y) is globally Lipschitz continuous.
2
(2) hy: H7(Q) — L%(Fl) is locally Lipschitz continuous with Lipschitz constant indepen-
dent of n.

With the truncated source h,, defined in (3.32)), by Proposition [3.2] and Lemma we have a
unique local solution u™ € Cy,(0,T;H) N CL(0,T; L?(2)) satisfying the following approximation
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of (TT)
uge — p(t)Lu = f(x,t) in Q x (0, 400),
u=0 on Ty x (0,+00),
du (3.33)
p(t )E +q(ur) = hn(u) on Ty x (0,400),
w(z,0) = up(x), u(z,0) =uy(x).
From Lemma the life span T of each solution w™, given in , is independent of n since
the local Lipschitz constant of the mapping h,, : H(Q) — L%(Fl) is independent of n. Also
we known that T depends on K, where K? > 2(Cy + 1), however, since ||[uf||3 + || [V ub|,l3 +

||“3iji§,1“1 = Jlurl3 + || |V uolgll3 + ||u0||,y+2 r,» we can choose K sufficiently large so that K is

independent of n. By (3 ,

+2
13 + 11V gu"[gll3 + a3 35, < K (3.34)

for all t € [0,7T]. Therefore, there exists a function u and a subsequence of {u"}, which we still
denote by {u"}, such that

u™ — u  weak star in L*°(0,T;H), (3.35)
uf — u;  weak star in L>(0,T; L*(2)). (3.36)

By (3.34)), (3.35) and (3.36]), we infer that
el 13 + 11V gulg 13 + lull 135 5, < K (3.37)

for all ¢ € [0,T]. Moreover, by Aubin-Lions Theorem, we have
u" — u  strongly in L>(0,T; H'~¢(Q)), (3.38)
for 0 < € < 1. Since u™ is a solution of (3.33)), it holds that

/T/uz,wxdt+/Tu(t)/<Vgu",vg¢>>gdxdt+/oT/Fl q(u)pdl dt
/ /fzt¢>d:cdt+/ /F ") dT dt,

for any ¢ € C\, (0, T;H) N CL(0,T; L?(Q)), ¢ € LPT2(0,T;T1).

Now we show that
lim / / M dl dt = / / )@ dl dt. (3.40)
n—o0 I, I
Indeed, we have

j/ /F )qﬁdth’

(3.39)

. (3.41)

< / ") = @) ol Ut + [ [ Jho() = h(w] o] T dr.

0 Ty 0 I'y

By (2) in Lemma and (3.38), we obtain

T

L ety = b ofar
pt2 % T T}F?
( / u") — () 55 arar) " ( / 0]+ dr dt) (3.42)
0 I

P2 pt1

T
2
O(K >||¢||Lp+2ml>(/ Ju —ull i gy t) " 0
0
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p+2

Since d,, (u(z)) — 1 a.e. in Q, we have h,(u) — h(u) a.e. Then we also have |k, (u) — h(u)|+T <
2%|h(u)\%f and h(u) € L%f(l‘l), for u € HE(Q2). Thus by the Lebesgue Dominated Conver-
gence Theorem, we have

[ et = nwt o1

/ [ o) ) |52 dr ) / Fl|¢|"+2dth)72 (3.43)

»—Aw

p+2

p+1
§”thmmwg(/ [ el i) <2155 arae) o
Convergences (3.42)) and (3.43)), (3.41) gives us (3.40).
On the other hand, by using similar arguments from (3.21)) to (3.24]), we obtain
q(ul) — q(u) weakly in L*(0,T; L*(T1)). (3.44)
Convergences (3.36), (3.37), (3.40) and (3.44) permit us to pass to the limit in (3.39) and

conclude the following result.

Proposition 3.4. Assume that (H!)-(H4) hold. In addition, assume that (ug,u1) € H x L*(Q)

and h : H} () — L (T'1) is locally Lipschitz continuous. Then problem (1.1|) has a local solution
u € Cp(0,T;H) N CL(0,T; L3(82)) for some T > 0.

Let h(u) = |u|"u, then h : H}(Q) — L (T'1) is locally Lipschitz continuous (see Remark.
Thus by Proposition the proof of the local existence statement in Theorem is complete.

3.4. Energy identity. It is well known that to prove the uniqueness of weak solutions, we will
justify the energy identity . The energy identity can be derived formally by multiplying
by ws. But, such a calculation is not justified, since wu; is not sufficiently regular to be the
test function in as required in Definition ??. To overcome this problem, we employ the operator
T¢ = (I —eL)~" to smooth function in space, which is mentioned in Appendix A of [13]. We recall
important properties of T which play an essential role when establishing the energy identity.

Lemma 3.5 ([13]). Let u® = Tu. Then following statements hold.
(1) Ifu e L3(Q), then ||u|2 < ||lul2 and u¢ — u in L?(2) as € — 0.
(2) Ifu € HY(Q), then |[Vuc|s < ||Vull2 and u¢ — u in HE () as e — 0.
(3) Ifue LP(Ty) with 1 < p < oo, then ||u||pr, <||ullpr, and u® — u in LP(T'1) as € — 0.

We will now justify the energy identity (2.17)). We aapply the operator 7€ on every term of
(1.1) and multiply by u$. Then we obtain by integrating in space and time

//ussusd:ﬂds—k/t,u()/(Vu Vu>dxcls+//r1T6 (us))ug dl ds
//fa:sualncds—i—//FlTE ))u dl ds.

Since u € HE () and u; € L?(R2), we have by Lemma[3.5] u¢ — u in H}(Q) and u§ — u, in L2().
Therefore using this convergences, we have

t t
lim(/ /ussusdxds—l—/ w(s )/(Vgue,vgu§>gda:ds)
0% 0 0 (3.46)

1
= 5 (luell3 + 11V gulgll3 = luall3 = 11V guoll3)-

(3.45)

Since uy, q(uy) € L*(T1), we easily check that

hm/ / T(q(us))u dI‘ds-// (us))us dl' ds. (3.47)
e—0 r r
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Recall that u; € LPT2(T';) and h(u) € L%(Fl). By Lemma we have u§ — u; in LPT2(T'y)
2
and T¢(h(u)) — h(u) in L%(Fl). Thus by Lebesgue Dominated Convergence Theorem, we
obtain

lim /O t /F T (b T ds = /0 t /F (ho)us . (3.48)

e—0

Convergences (3.46))-(3.48)) permit us to pass to the limit in (3.45)), consequently, the energy
identity (2.17)) holds.

3.5. Strong time continuity. Our objective of this subsection is to prove the strong time con-
tinuity of the weak solution u, as stated in Propositions and

Proposition 3.6. Assume that (H!)-(H4) hold. Let u be a local weak solution to problem (1.1)).
Then the local weak solution u enjoys strong time continuity, i.e.,

u€ C0,T;H)NCH0,T; LA(Q)).

Proof. To establish strong continuity, i.e., u € C(0,T;H)NC(0,T; L*(R)), it is sufficient to show
that the corresponding norm functions, ¢ — ||u(t)||x and ¢ — |Jus(t)|2, are continuous on [0, 7.
The energy identity (2.17)) holds for any s,t € [0,T],

E(t)— E(s) = /:(;//(T)H |V gu(T)|yll5dT — / q(ur)ur dUdr + /Q f(.’l?,T)qu.T)dT.

1
From the a priori estimates derived during the proof of local existence, we have established that u €
L>(0,T;H), ug € L>®(0,T; L?(2)), and u; € LPT2(0,T;T1). These regularity results, combined
with the conditions on u, f and ¢, ensure that the integrand on the right-hand side belongs
to L'(0,T). A function defined by the integral of an L' function is absolutely continuous, and
therefore continuous. Thus, we conclude that E(¢) is a continuous function on [0, 7.
Let us define the functional

U(t) = [lue(®)]3 + p®)[Vgu(t)lgl3.
Using the definition of the energy E(t), we can write U(t) as

U(t) =2E(t) +

2
IO

Since E(t) is continuous, the continuity of ¥(¢) depends on the continuity of the norm function
t — |lu(t)||y+2r,- To prove this, we use a standard compactness argument. We know that
u € L>®(0,T; H () and u; € L>=(0,T; L(€)). By the Aubin-Lions lemma,

u € C(0,T;L*(9)).

Similarly, by the compact Sobolev trace imbedding H} () < L4(T;) for ¢ < %, we have

u € C(0,T; LYTy))

for any such q. Therefore since u € L>(0,T; L7*2(I'y)), a standard interpolation argument shows
that the mapping ¢ — wu(t) is also strongly continuous in the intermediate space LY*2(T;). Thus,
the norm function ¢ + ||u(t)||y42,r, is continuous. Since ¥(¢) is a sum and product of continuous
functions, we conclude that ¥(¢) is continuous on [0, T].

By Proposition we have u; € Cy, (0,75 L*(Q)) and u € Cyy(0,T;H). On the other hand, the
property of weak convergence implies that norms are lower semi-continuous. For any s € [0, T:

lue()I5 < liminf [lu(t)[[3 and |[[Vgu(s)lgl5 < liminf || [Vgu(t)ly]3.
This implies that
W(s) = ()3 + ()] Vu(s)] 3 < liminf W(2).
However, we proved that W(t) is continuous, which means

lim W(t) = ¥(s).
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This requires limsup,_,, ¥(t) = ¥(s) as well. The only way for the inequality from lower semi-
continuity and the equality from continuity to both hold is if the limits of the individual norm
terms also hold, i.e.,

lim [l ()13 = [lue(s)[|3 and  Lim [[[Vgu(t)ly]l3 = [|Vgu(s)lll3.
The combination of weak continuity and norm continuity implies strong continuity. Therefore,
uwe CH0,T;L*(Q)) and u € C(0,T; H} ().

Since u is strongly continuous in both H{ () and LY2(Ty), it is strongly continuous in the sum
space H. This completes the proof that u € C(0,T;H) N C(0,T; L3(£2)). O

4. PROOF OF THEOREM [2.4} GLOBAL EXISTENCE

In this section we prove that a local weak solution w on [0, T] can be extended to [0, 00). From
the standard continuation argument of ODE theory, it suffices to show that [u¢||3 + || |V ul,l3 +

||u||3i§ r, is bounded independent of t. We now consider the following two cases:

4.1. p > 7. Using the energy identity (2.17)), we obtain

d 1 1 2
[l + SN Vgl + — 53,

4.1)
1 (
= _/1“ q(ut)ug dT + 5//(t)|| IV gulgll3 + 2/1“ |u]Yuuy dT + /Q f(t)ud.
1 1
By the same argument as (3.3)), we have
/ q(ug)ug dU > CBHUth+2 r, — cameas(I'y). (4.2)
Iy

41

e+ 7+2 = 1 and the imbedding L**2(Ty) —

Using the Holder and Young inequalities with
LY*t2(Ty), we deduce that

+2 +2 +2
2 / Jul s d < Clea)[ull 2 r, + e2CIT2 alluel 120,
1

+2
< Clea)ulljizr, + 622”“CZ+2 2 (1 F IIUt||p+2 rl)

(4.3)

where Cpi2 42 is an imbedding constant. By replacing (4.2)) and ( . in and using the
Young inequality and ( ., we obtain

d 1 1 1 2
Gt [l + SO uly 3 + — 1l v,

1 2 2 1 4.4
< Sllull3 + Clea) el T3, + (comens(Ty) + 270012 o+ 5ls1B) Y
2 2
+ (622p+103i2,w+2 - CS)HUtHZL,Fl'
Let
B(t) = LluelZ + L)l [V gul 2 + —— Jul T2
9 9 gvlg ,Y+2 ~y+2,I

SrTicaFr—, we rewrite (4.4) as
p+2,

y+2

Choosing €5 =

E'(t) < Cio+ CrE(t),

where C1g and C7; are positive constants. Now applying Gronwall’s inequality, we have that
E(t) < (C12E(0) + C13)e®12t | where Cyy and Cy3 are positive constants. Consequently, since £(0)

is bounded we conclude that Nlutll3 + || 1V gulgll3 + Hu||3i§rl is bounded.
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4.2. Potential well. First of all, we will find a stable region. We set

0< Kp:= sup (7HMHV+2’Fl ) < 00
wEH,u#0 I |Vgu|g||2
and the functional )
Ho +2
T) = 1 Fgulg I3~ 5l B, wen (45)
We also define the function, for A > 0,
. Ho 2 1 Y2y y+2
A== ——K 7\ 4.6

then

(o N\
)\0 - (K(’)Y+2>

is the absolute maximum point of j and

. _ __THo 2 _

The energy associated with problem (|1.1)) is

B() = 5llue(®1 + 501 [Vyu(t)y 1§~ =510l 3, (47)
for u € H. By and —, we deduce
L K’Y+2
B(0) > J(0) > G190l = S5 1193 = 510l @)

Lemma 4.1. Letu be a weak solution for problem (L.1). Suppose that E(0) < do and || |V guolgll2 <
Ao. Then
| IVgu(t)|glla < Ao forall t>0.

Proof. Tt is easy to verify that j is increasing for 0 < A < Ao, decreasing for A > Ag, j(A\) = —o0

as A — +o00. Then since dy > E(0) > j(|| [V4uolgll2) > j(0) = 0, there exist Ay < A\g < Ag, which
satisfy

i) = 5 (%) = E(0). (4.9)
Considering that E(t) is non-increasing, we have
E(t) < E(0) forall ¢>0. (4.10)
From (4.8) and (4.9), we deduce that
i1V guolgll2) < E(0) = 5(Xo)- (4.11)
Since || |V4uolq4ll2 < Aoy Ay < Ao and j is increasing in [0, Ag), from (4.11]) it holds that
1V guolglla < Ao- (4.12)
Next, we prove that
[ IVgu(t)|gllz <Ay forall t > 0. (4.13)

We argue by contradiction. Suppose that (4.13) does not hold. Then there exists time ¢* which
satisfies

1V gu(t)lgll2 > Ao. (4.14)
If || [Vgu(t)|gll2 < Ao, from (4.8), (4.9) and (4.14) we can write
E(t") Z j([ IVgu(t)gll2) > j(Xo) = E(0),

which contradicts (4.10]). B
If || [Vgu(t*)|gll2 > Ao, then, in view of (4.12]), there exists Ao which satisfies

1V guolgllz < A < Ao < Ao < [[[Vgu(t)lgll2. (4.15)
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Consequently, from the continuity of the function t — || |Vgu(t)|,]|2 there exists ¢ € (0,t*) satis-

fying )
119, u@glls = Yo. (4.16)

Then from (4.8)), (4.9), (4.15) and (4.16)), we obtain
E() = j([ IVau®lgll2) = j(Ao) > j(Xo) = E(0),

which also contradicts (4.10). This completes the proof. O
From (4.8) and Lemma we arrive at
no KT 1 1
B(t) 2 J(u(t) > [ 9u@l3( = 755%) = moll Waull3(5 - 5)  @17)
and, consequently,
2 2
Jt)>0(J(t)=0iffu=0) and |[Vgu(t),]3 < (Z“;)E(t). (4.18)
0
By (4.17)), we obtain
Moy 2
t — t . .
J(u(t)) > 307+ 9) 1V gu(t)lglla (4.19)
Hence
@13 + 52 195003 < Sl +T(uh) < B@) < BO).
2 2(y+2)" I 2 2 = =
Therefore, there exists a positive constant C'14 independent of ¢ such that
lue @13 + 1V gu(®)|gl13 < CraE(0). (4.20)

Moreover, if we define the functional
I(u(t) = poll [Vgu(®)lgll3 = lult) 735 r,
then from the relationship I(u(t)) = (v + 2)J (u(t)) — 232 || [V4u(t)|4]|3 and the strict inequality
(4.19), we obtain
I(u(t)) >0 forallt > 0. (4.21)

Consequently, from (4.20)) and (4.21) we have
e @15 + 11V gu(®)ll3 + w155 r, < (14 10)CraE(0).
This completes the proof of the global existence of solutions of (|1.1)).

5. PROOF OF THEOREM [2.5l ENERCY DECAY

In this section we prove the uniform decay rates for the solution of the problem
uge — p(t)Lu =0 in Q x (0, 4+00),
u=0 onTyx (0,+00),
ou 5.1
B 2L 1 () = [ul"u on Ty x (0, +00). o1
8I/L
u(z,0) =uo(x), wue(x,0)=ui(z),
We consider the additional hypothesis on H:
4
o < div(i) < Z0+Y. (5.2)
v+ 2
Unless otherwise stated, the constant C' is a generic positive constant, different in various occur-
rences. We define the energy associated with problem ([5.1)),

1 1 1 2
E(t) = §||Ut||§ + 5#(75)” [V gulgll — m”umiz,rl-

Then .
B(0) = 50Ol Waulgl = [ atunyusar <o,
1
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it follows that E(t) is a non-increasing function.
First, we recall technical lemmas which will play an essential role when establishing the asymp-
totic behavior.

Lemma 5.1 ([35]). Let E : Ry — Ry be a non-increasing function and ¢ : Ry — Ry a strictly
increasing function of class C such that

$(0)=0 and ¢(t) = +oo ast— +oo.
Assume that there exists o > 0 and w > 0 such that

+oo 1
[ B e < B 0ES)
S w
for all S > 0. Then E has the decay properties
o ifo =0, then E(t) < E(0)e!~**®) for allt >0,

e ifo >0, then E(t) < E(O)(%)? for alt > 0.

Lemma 5.2 ([35]). Let E : Ry — Ry be a non-increasing function and ¢ : Ry — Ry a strictly
increasing function of class C' such that

$(0)=0 and ¢(t) = +oo ast— +oo.
Assume that there exist 0 > 0, o’ >0 and C > 0 such that

+oo C
EYfo(t)¢/(t)dt < CE*°(S) + —————FE7(0)E(S), 0< 8 < 4o0.
| Eree () + T = OEG)
Then, there exists C > 0 such that
E(t) < E(0) ¢ vt > 0.

(1+ (1)) to/e
Let us now multiply equation (5.1 by EP(t)¢’(t)Mu, where
Mu =2H(u) + (div(H) — o)u,

p>0and ¢ : R — R is a concave nondecreasing function of class C?, such that ¢(t) — +oo as
t — 400, and then integrate the obtained result over Q x [S,T]. Then we have

0= [5 "B e /Q Mu(uy, — pu(t) L) dov dt
_ [S B e ) /Q gy Mo da dt — /S B e ) /Q (div(H) — Vup()Ludzdt  (5.3)

T
_9 / W't | Hu)u(t)Ludz dt.
S Q

We note that

T
/ B¢ (1) / e Mu dz dt
S Q

T

ut/\/ludx} —/S (pEp_l(t)E’(t)qS’(t)+Ep(t)¢>”(t))/ uMu dx dt

Q

- [erweo |

Q S

T T
i /S (1) (1) /Q wy H (uy) daz it — A BP0 (1) /Q (div(H) — o) |us|? dar dt

and

T
—/ Ep(t)gb’(t)/(div(H) — o)up(t) Ludz dt
s Q

8Z/L

:—/ Ep(t)¢’(t)u(t)/ (div(H)—a)uﬂ dr dt
S I
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/ Bt )/(dw( ) — 0)|Vuf? du dt

Using Lemma and that H(u ) = |Vgul? on Ty, we have

—2/ EP(t /H t)Ludx dt
s

—/STEP(t)qﬁ’(t)u(t)/ (2ﬂH( ) — IVgU\_?,(H'V)) dl’dt

aVL

T T
—/ Ep(t)(b’(t)u(t)/r |Vgu|§(H~u)d1“dt+2/S Ep(t)¢>'(t)/¢(t)/QDQH(Vgu,Vgu) dx dt

/ Bt )/ IV g2 div(H) dae .

By placing above identities in , we obtain

T T

a/s EP(t |ut|2dxdt+2/ EP(t)e'(t /DHVuVu)dzdt
—o/s /|V ul? d dt — (div(H —a/ EP(t |u|7+2d1“dt
~[rws / utMudx}S+ [ o 0@ + 5w o) / wMudedt
+2/ EP(t |u|7uH( )dI' dt

+/ E”(t)(b’(t)/ q(u) Mu + (Jug* = p(t)|Vgul2) (H - v) dI dt
s Iy

=L+ 1+ I3+ 1.

Now we estimate terms on the right-hand side of (5.4]).

T
Estimate for I := — [Ep(t)qﬁ’(t) Jo ut./\/ludm} o Using the Young inequality and the inequality

/ lu|?dx < c?z/ |Vgu|3d:£, ch >0, Yuc HY(Q),
Q Q
we obtain
|/ wMudz| < CE(t), (5.5)
Q
consequently,

I < ~C[Er@e ) EW] | < OB (). (5.6)

Estimate o Iy := fST (pEp*I(t)E’(t)qﬁ’(t) + EP(t)¢"(t) ) Jo weMu dz dt. From , we have

T
[I2| < C/S PEPTH(OE ()¢ (t) + EP ()¢ ()| E(t) dt

< CE"(S) /ST —E'(t)dt + CEPTL(S) /ST —¢'(t) dt (5.7)

< CEPYL(S).

. T
Estimate for I3 := 2 [ EP(t)¢'(t) fFl |u|"uH (u) dT dt. By the Young mequahty with pi; + =5 p+2 =

1 and from the fact k(u) = |u|”u is locally Lipschitz from Hg(£2) into L (T1), and (£.13),
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we obtain
[ uH (1) dT < Cles) [ |Jul 52 d0 4¢3 | |H(u)|P2dT
Iy l—‘1 I
pt2
0(63)LP+ [Vul| 577 + €3 suE\H|_g+2/ |V gulsT? dl
zeQ Ty
222 —1 2 2 2 (58)
< Cle)LE e 1Vuly + exsup 115 [ Va2 dr
z€Q '
£52 9(y + 2
< Clez) LA™ (v + )E(t) + €3 sup \H|Z+2/ \un|f]’+2 dr;
Hoyer z€Q r,
consequently,
T
Iy < Cles) EPH1(8) + e sup |H |6+ / EP () (1) / V)72 dT d. (5.9)
z€Q S Iy
Estimate for I := fST Ep (t) Jp, a(ue) Mu+ (Jue]® = ()| Vgul2) (H - v) dT dt. From the Young

p+1l
inequality with e Rl +2 17 we have

2 / g(ur) H(u) dT < C/(es) / lg(ud)| 55 dT + 4 / | (u) 7+ dT
Fl I‘1 Fl

<cen) [ lgtun)5E dr+e4sup|H|g+2/ IV uls*2 I
a8 e 'y

Arguments similar to those for (5.8)) yield

(div(H) - a)/ du)udl < C [ Jg(un)| 72T dr + c/ [ dD < c/ () |57 T + CE(#),
I'y Iy I

Iy

(v+1)(p+2)

pEu— Then we obtain

where o =
T T
I, < CEP(8) + C(es) /S EP (1) (1) / lg(ur)| 553 T dt + C / EP(1)¢/(1) / lg(ur)|757 dT dt

T
+O/ EP(t)¢/(t) |ut|2dth+e4sup|HVg’+2/ EP(t / [V gultT2 dT dt
S I z€Q S

T
75%/ Ep(t)qs'(t)/ |V gul2 dT dt.
S Iy

(5.10)
By replacing (5.6)), (5.7)), (5.9) and (5.10]) in (5.4 and choosing €3, €4 small enough, from (|5.2)
we obtain
T T
/ EPHL(t) ¢/ (t) dt < CET’“(S)+C/ EP(t)¢' (t) | |ug)?dT dt
S S I
=I5
C Ep 5 dr dt
=g
+c/ ot [ a7 ar .
Z:I7

Now we estimate the last three terms on the right-hand side of (5.11).
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Case 1: f is linear. Since [ is linear, we can rewrite the hypothesis on ¢ as
crls| < lq(s)] < esls| if [s| <1,
csls| < calsPTh < lq(s)] < eals]PFTif [s] > 1,

for some positive constants ¢z, cg. Then we obtain

/ g2 T < cgl/ wpg(ug) dT < —c= B (8), (5.12)

\ut\<1 ‘ut‘gl
/ lug|* dl < cgl/ urq(ug) dU < —c3 ' E'(t), (5.13)

lue|>1 lue|>1
/ lg(ug) 553 T < / g(ug) 2 dT < o5 / wq(ug) dT < —csE'(8), (5.14)

Jue| <1 Jue|<1 \ut\<1
_1
/ lg(ug)| 55 dT = / lg(ue)| 7 q(ur)| T < / wqlu) dT < —c[E(1), (5.15)
|ug|>1 |ue|>1 |ue|>1
/ ()| 757 dT < c / wpq(uy) T < —cs B (1) (5.16)
Jug|<1 Jug| <1

and, since p < =, it holds that gifl < 1. Consequently,

/ lg(ue)| 5T dT = / lg(ue)| 77 |q(ur) | dT
|ug|>1 Jug|>1

1
<es ™t / urq(ug) dT (5.17)
[ug|>1

1
< —c; T E(t).
From (5.12)-(5.17)), we obtain
s+ 1+ 17 < CEerl(S). (518)

Combining ((5.11)) and (5.18]), it follows that
T
/ EPti ()¢’ (t)dt < CEP(0)E(S),

s
which implies by Lemma [5.1] with p = 0

E(t) < E(0)e .

Let us set ¢(t) := mt, where m is for some positive constant, then ¢(¢) satisfies all the required
properties and we obtain that the energy decays exponentially to zero.

. H S — optl —
Case 2: ﬂ has polynomial growth near zero. Assume that 3(s) = s”*'. Let p = £, then we

rewrite as

/ ESHL(t)¢/ (t) dt

SCE(S)+C/ E%(t)qs()/r |ut|2dth+C/ B3¢ (1) [ lq(u)FE drdr (5.19)

1 I
+c/ B0 [ latw)|= drde.
By the hypotheses on ¢ and the Hélder inequality with 5 +2 ; +2 =1, we have

2

[P [ gEar <o [ walu)dr) < C(-E'(0) 7,
Jug|<1 Jug| <1 Jus|<1

/ g | dl < 3T / (urg(uy)) 752 dU < C(—E'(t)) 7.
|ug|>1

[ug|>1
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Then .
/ BE0)(t) [ Jusf? dT e
Iy

T
/E / |ut|2d1“dt+/ E%(t)qs'(t)/ g2 dT it
[ug|<1 S Jug|>1

(5.20)
<c/ E%(t E’())th
< 65/ E§+1( t)¢'(t) dt + C(e5)E(S).
As for (5.14) and ( we have
/ . |q<ut>|ﬁ ar < / _Jatwpar < / _ (w7 ar < O(-B(0) 7,
/ lg(u)| 55 dT <~ (1),
|ue|>1
Then
T P
/ B4t / ()| 55 D dt < 66/ E5F1(0)¢/ (1) dt + Cleg) E(S).  (5.21)
As for (5.16)) and (5.17) we have
/ = rar< [ jaGu)Pdr < C(-B(0) 7,
jur|<1 Jue <1
/ lg(u) |77 dT < —cF T B (1),
|ug|>1
Then
/ / () |557 dT dt < 67/ B0 (1) dt + C(enE(S).  (5.22)

By replacing (5.20)-(5.22) in (5.19)) and choosing s, €5, €7 sufficiently small, we obtain

/ " B¢t dt < CB(S),

S
which implies by Lemma and choosing ¢(t) = mt,
CE(0)
Elt) < —————.
1) < (L+1t)%/r

Case 3: ( does not necessarily have polynomial growth near zero. We use the method of
partitions of boundary modified the arguments in [35]. For every ¢ > 1, we consider the following
partitions of boundary depending ¢’(t):

Dy ={zeli:|u@)| <¢'®)}, Ti={reli:¢(t)<|u) <1},
I3 ={z el |ult) > 1}
if ¢'(t) <1; or
Mi={zeli:|u®)|<1<d®)}, TP={reli:1<u()| <)}
IS ={z el |u(t)>d¢t) >1}

if (¢) > 1. Then I'y =T UT?7UTY (or Iy =T UTTUTY). Let us estimate I5, Is and Iy on
these partitions.
(i) Part on %, i = 3,5,6. By same arguments as (5.13)), (5.15)) and (5.17)) we obtain

/ EP(t / lug|? dT dt < CEPL(S), (5.23)
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/ EP (1) (1) / Ja(u)| 55 drde < CEPH(S), (5.24)

/ EP(t / lq(uy)| 57T dT dt < CEPTL(S). (5.25)
S

(ii) Part on I'?. Using that f3 is increasing, ¢’ is non-increasing and ( , we obtain

’ P / wsl? TL@ wra(u
/S EP(t)¢'(¢) r’;" n dl“dtg/s 5@)/( ))/ 1q(ug) dl dt
g / EP(t (5.26)
=3 EPY(S),

(T))

T
/Ep /|qut p+1d1"dt</ EP(t /|u )| lq(ug)|? dT dt
S

< Bil(l)/s EP(t) /1“2 urq(ug) dL dt
< BTHETTHS)

(5.27)

T T
/S EP (1) (1) / o] ardr < /S B0 (1) / WOl dr e < 5 EP(S). (629

(iii) Part on I'}, i = 1,4. Using that E(t ) is non-increasing and 47! is increasing, we have

T
/Ep /|ut|2drdt< / /¢ 2dr dt
S

o (5.29)
( T1 EP(S /qs t)))? dt.
From (2.10), we obtain
T T
P / Ut ﬁiﬁ < p / Ut 2
/SE<t>¢<t>/F§|q< ) drdt</5 E<t>¢<t>/pi|q< )2 dr dt
T
< [ mawe | (7 () arar (5.30)

T
< meas(T'1) E”(S) /S &) 1(¢/ (1)) dt
and
T N T
[ @0 [ latw)|= drat < meast)£2(8) [ 60 @ @) (631
s ri s
Therefore, from —, we deduce that
T
Is + Ig + I; < CEPTL(S) + CEP(S)/S &' (1)(BH¢'(1)))? dt. (5.32)

To estimate the last term of the right-hand side of ([5.32)), we need the following additional
assumption over ¢ (see [35, p.434])

/ @ (t t)))*dt converges.
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Then by replacing in we obtain
T too
[ Ereswasceis)ceps) [ daEen)>a
2
< CE"(S) + CE"(S) /¢.(S) (5_1(W)> ds-

We define ¢(t) = 1+ flt ﬁ ds, t > 1. Then 9 is strictly increasing and convex (cf. [35], [39]).
We now take ¢(t) = ¢~ 1(t), then we can rewrite (5.33)) as

i , (5.33)

T
/ EPTI(t)¢'(t)dt < CEPTY(S) + LEP(S),
s ¢(5)
which implies, by applying Lemma with p =1,
C
E(t) < vt > 0.
©= G

Let sg be a number such that 6(9—10) < 1. Since $ is nondecreasing, we have

w(s)<1+(5—1)6(11)<F(11) Vs > sp,

where F(s) = s3(s), consequently, having in mind that ¢ = ¢~1, the above inequality yields

1 . 1
s < ¢(F(%)) — (1) witht= i
Then we conclude that 1 1
-1
20 <r (E)'

Therefore the proof is complete.

6. PROOF OF THEOREM [2.6f BLOW-UP

First we introduce a following lemma that is essential role for proving the blow-up.

Lemma 6.1. Under the hypotheses given in Theorem the weak solution to problem (|1.1))
satisfies
| [Vgu(t)lgllz > Xo  for all 0 < t < Tiyax.

Proof. We recall the function, for A > 0,

1
i) =5

Kt o+2
2 y+20 ’

— llully+2,r
where KO = SupueH7u¢0(m . Then

(Mo Y7
)\0 - (K(’)Y+2>

is the absolute maximum point of j and

. YO 2
X)) = ———)A5 =dp.
J( 0) 2(7_’_2) 0

The energy associated with problem (1.1]) is
1 1 1 )
E(t) = gllue(®l3 + SuOI [Vaut)lgls — mllﬂ(ﬂ\\ﬁz,rf
From the definition of j, we have
Ho 1 :
E) =7 [Vgu(t)lgll3 — mllu(lf)lmg,r1 > j([IVgu(t)lgll2) forall t>0. (6.1)

Note that j is increasing for 0 < A < Ag, decreasing for A > \g, and j(\) = —o0 as A — +o0.
Now we consider the initial energy E(0) divided into two cases: E(0) > 0 and E(0) < 0.
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Case 1: E(0) > 0. There exist A] < Ag < A1 such that

J(A1) = (A1) = E(0). (6.2)
By considering that E(t) is non-increasing, we have
E(t) < E(0) forall ¢>0. (6.3)
From (6.1)) and (6.2) we deduce that
J([1Vguolgllz) < E(0) = j(A1). (6.4)
Since || |Vguolglla > Ao, Ao < A1, and j(A) is decreasing for A\g < A, from (6.4) we obtain
1V guolgllz = Au- (6.5)
Now we prove that
[ [Vgu(t)lglle > A1 forall 0 <t < Thax (6.6)

by using the contradiction method. Suppose that does not hold. Then there exists ¢* in
(0, Timax) that satisfies

[V gu(t)lgll2 < Ar (6.7)
If || [Vgu(t*)|gll2 > Ao, from (6.1), (6.2), and (6.7), we can write
E@") = j([HVau)lgll2) > j(M) = E(0),

which contradicts (6.3]). B
If || [Vqu(t*)|gll2 < Ao, we have, in view of (6.5)), that there exists A which satisfies

HVgu(t)lgll2 < Ao <A < Ax < [[[Vguolg|l2- (6.8)

Consequently, from the continuity of the function t — || [V4u(t)|,||2 there exists t € (0,t*) satisfy-

ing || [V4u(t)|gll2 = A. Then from the last identity and taking (6.1), (6.2), and into account
we deduce that

E@#) = j([[Veu®lgll2) = 5(3) > 5(A) = E(0),
which also contradicts (6.3)).
Case 2: E(0) < 0. There is a Ag > Ag such that j(A2) = E(0); consequently, by (6.1) we have
J([1Vguolgllz) < E(0) = j(A2).
From the fact j()\) is decreasing for Ay < A, we obtain
[ 1Vguolgll2 > Ao
By the same argument as in Case 1, we obtain

Vgu(t)|gllz > A2 for all 0 <t < Thax.

Thus the proof is complete. O

Now we prove the blow-up result. To prove that Ti,.x is finite, we argue by contradiction.
Assume that the weak solution u(t) can be extended to the whole interval [0,00). Let E; be a
real number such that

5o if £(0) <0,
' 7 ] a positive constant satisfying E(0) < Ey < dg and Ey < E(0) +1 if E(0) > 0.

By setting G(t) := Ey — E(t), we have
G'(t)=—E'(t) > 0, (6.9)
which implies that G(¢) is nondecreasing, consequently,

0<Go:=E —E®0) <1 (6.10)
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and from Lemma (2.8), and the definition of dy, we have

Ho 1 2
Go < G(t) < B — | [Vou(t)]gll3 + (G e

y+2
Ho 1 2
<do — 7)\(2) + m”u(ﬂminl (6.11)
1 o
< 5O,
We define
Q

where ¥ and 7 are small positive constants to be chosen later. Then we have
M'(t) = (1 —=X)GX(t)G'(t) + TN'(t). (6.13)
Now we analyze the last term on the right-hand side of .
Lemma 6.2. It holds
N'(t) = Cus (|luell3 + lul2}5 0, + G(t) = G (DGEXGX(t))

v+2,I ( )
0 ¢ 6.14
+ 105 = 1) I 1Vgulyl3 - 051 - =,
€8
where C15 is a positive constant, 0 < x < %, 0 =~+2—es with 0 < eg < min{1,~}, and
a2
() meas(ry) (871 (1)) "
¢= v+2 ’

Proof. Using (1.1)), we obtain

N'() = lluell3 — p() 1V gulgll3 + lull135 r, —/F q(ut)udl

1

0 0 0
> (1 5 )l + o5 = D)1Vl + (1= 55wl e, (615)

+0G(t) —0FE; — / q(u)udr,

I

where 0 = v + 2 — €5 with 0 < eg < min{1,~}.
Now we estimate the last term on the right-hand side of (6.15). We note that

| / g(ug)udT| < / lg(ue)| Ju] dT = / _ Jatwo) ol + / lg(ue)| [u] dT"

Jug|>1

By using (2.10) and the imbedding LY*2(Ty) < LPT2(T';), we have

ptl 1
[ el ([ el #ar) ([ aprar) T
lue| <1 lu|<1 lue|<1

-1 pt2 %
<([ 15O ) ul e,
el (6.16)

1 =
<p (1)(meaS(F1)) [ullly+2,rs

42
< (7+1) meas(rl)(ﬂil(l)) o + 6g+1 ||u||7+2 )
: &y +2) yralher,
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On the other hand, by using (2.11)), we obtain
[ el <ed [ jultalar
[ug|>1

|1,L1,‘>1
%
<a( [ furrar) e, (617)
Jug|>1
(+2) (x+535)(p+2) —(v+2
< (Cte [ it an s el T
ug|>1

where 0 < x < ﬁ and C(eg), €9 are for positive constants. Moreover x < %

+2
implies that (x +3 )(p +2) < 1. Hence we obtain

20 s [l e, il e, > 1
42,y = GytGo if Hu”7+2 r, <L

From and (6.11] - we have

(v42) (x+573) (p+2)
lully 121,

and, consequently, from , ., n, and ,

— — 2
[ Jatwl < () [l ar + eodq ol e, )l

Jug|>1

_ +2
< Gy 1”“”1-‘,—2,1“1

< (Cleo)G' (1) + oGyl 3, ) G(0) (6.18)
< Cleo)G'(H)GY XGX(t) + e0Gy V|l 713 1,
for 0 < x < x. From (6.16]) and (6.18]), we obtain that

A 1 ¢
+ Gy ))H 20+ > (6.19)
€8

[ a(u)udr| < Cle)G (GEXGX(t) + (=2 e
Iy

v+2

(v+1) meas(rn( *(1)) T

where ¢ =
By replacing ((6.19| 1n and choosing €9 small enough we obtain

o 0 ¢
N'(t) 2 Cro (llusll3 + Hulllii,rl FG(0) = G OG¥CTW) + o5~ 1)1V gulgl3 051 — =

where Cig is a positive constant. Therefore (6.14)) follows. O
The following Lemma estimates the last three terms on the right-hand side of (6.14)).

Lemma 6.3. It holds

0 £ — /02 — 40C {+ 62 49
o5 = D) Vbl ~ 0B, = = >0 for SR <o < TEVER0 - (o0)

where o = “OT’\% — By and £ = LgAg — (v +2)E:.
Proof. From Lemma [5.1] and the definition of 6, we have

0 2 ¢ 0 2 ¢
po(5 = 1)1 IVgulgl5 — 051 — > > o5 1) X8~ 0B: — >
A2 A2
- (Elf “020)687é+%—(y+2)& (6.21)
2 _
— BT e fes ¢ := Pleg).
€8

We note that

UO)‘(QJ NO)‘?) 1 Y42\ y+2
= —F —do=——=K;" ")\ 0,
2 1> 07 420 >
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A2 A2
e:%—(wz)Eo%—(wndozo.

Since (2.19) holds, we have ¢2 —40( > 0. Therefore, P(eg) represents a curve connecting horizontal
2 _ /02—
400 and & gg 494’ and

20
— /2 -4 N
P(eg)zo for use Su

. . —
axis points

20 20
Thus we obtain
0 L— /12 -4 L4102 -4
u0(7—1)|| Vol 2 =08 — S >0 for mVE A0 o HVEZAK
2 €3 20 20

P(es) |

24-f7-apt £+J£’—4r}§\ Es
bl )

FIGURE 3. The figure of P(eg)

Combining (6.13), (6.14)), (6.20) and then choosing 0 < X < min{2, x} and 7 small enough, we
obtain

M'(t) = Cuy (fuell3 + lul233 0, + G(2)),

where C17 is a positive constant, which implies that M (t) is a positive increasing function. By the
same arguments on [I6, p.333], we have

M'(t) > C1sMT=(t) for all t > 0,

where Cig is a positive constant and 1 < ﬁ < 2. Then we conclude that M (t) blows up in finite
time and u also blows up in finite time. Thus this is a contradiction, consequently, the proof is
complete.
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