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GLOBAL WELL-POSEDNESS OF 3D INHOMOGENEOUS INCOMPRESSIBLE
NEMATIC LIQUID CRYSTAL SYSTEMS IN CRITICAL BESOV SPACES
WITH INITIAL DENSITY PERTURBED AROUND THE EQUILIBRIUM

XINRUI WU, XINGYU LIANG

ABSTRACT. In this article, we establish the existence of unique global solutions for three-
dimensional inhomogeneous incompressible nematic liquid crystal systems. Our analysis does
not assume that the initial density po is endowed with any regularity, requiring only that the
fluid density satisty [|po — 1|| oo (m3y < c for a sufficiently small constant c. While the initial
velocity ug and the gradient of the initial molecular orientation Vdg belong to the critical space

143
B,1 * (R3). This work extends the result by Danchin and Wang [15] for the Navier-Stokes

equations to the three-dimensional inhomogeneous nematic liquid crystal system.

1. INTRODUCTION

This study is devoted to the mathematical analysis of the three-dimensional inhomogeneous
incompressible nematic liquid crystal system

Op+u-Vp=0,
p(Oru + u - Vu) — pAu+ Vr = =2 div(Vd @ Vd),
Opd +u - Vd = 0(Ad + |Vd|?d),
div u =0,
] =1,
(p, u,d)|t=0 = (po, uo,do)-

(1.1)

In this system, p and u denote the fluid density and velocity field respectively, and m represents
the pressure field. The molecular orientation of the system is described by the director field
d € S%, where S = {d € R3 : |d| = 1} is the unit sphere in R3. The stress tensor Vd ® Vd is
a 3 x 3 matrix with components (Vd ® Vd);; = 0;,d - 9;d for 1 <,j < 3. System contains
three positive viscosity parameters: p (shear viscosity), A (elastic relaxation), and 6 (orientational
diffusivity). The initial data satisfy the constraints that divug = 0 (divergence-free condition),
and |dg| =1 (unit length constraint).

For the special case of homogeneous molecular alignment where d(z,t) = dy (constant), imply-
ing Vd = 0, the coupled system degenerates to the inhomogeneous Navier-Stokes equations
(INS) describing variable-density fluid motion:

Op + div(pu) =0,
p(Oyu+u-Vu) — Au+ VP =0,
divu = 0,

(p,w)]t=0 = (po, uo)-

(1.2)
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The notion of critical spaces with scaling invariance matching the natural scaling of scaling,
ux(t, ) == A\t \x), A >0, (1.3)

plays a pivotal role in modern analysis. Because of the scaling invariance property of the system
(1.2)), there has been growing interest in studying their behavior in critical spaces. When the initial
density po possesses some regularity, Abidi [1I] and Danchin [I1] obtained a global solution to system
(1.2) provided that po is a small perturbation of a positive constant in the critical Besov space
B;l(Rd) with the initial velocity HUO”B%A( 5 < gg for p € (1,2d). This result was later extended
p,1
by Danchin and Mucha [I3], who showed through Lagrangian coordinate techniques that global
existence and uniqueness hold for the system (1.2) when the integral index p belongs to [1,2d)
under the condition that the initial density pg remains close to a constant in the multiplier space

da d

M(Bp_j—k; (R9)) and the initial velocity ug keeps in the critical space Bp_?_g (R9). These existing
results fundamentally assume either density continuity or small perturbations around a positive
constant, thus precluding the analysis of discontinuous densities with bounded cases. Zhang [28§]
pioneered the study of system with merely bounded initial density py (having a positive
lower bound), establishing global existence when the initial datum ug has sufficiently small norm
in the critical Besov space B;’/f (R4). The uniqueness of Zhang’s solutions [28] was subsequently
established by Danchin and Wang [15] who showed Vu € L(0, T; L (R?)) through careful analysis
in Lorentz spaces. Concurrently, the authors [I5] proved global existence and uniqueness for the

system (L.2) under the specific initial data requirements that [pg — 1|| sy < ¢ for a sufficiently

3 3
small constant ¢ and uy belongs to B;i+E(R3) if 1 < p < 2 or uy belongs to B;F;(R?’) if
2 < p < 3. The Lipschitz property of the fluid flow (i.e. Vu € L(0,T; L>(R?)) plays a pivotal
role in establishing the uniqueness. For technical details, we can also refer to the recent work
of Danchin [12]. More related developments on the Navier-Stokes equations in critical function
spaces are documented in [2] [3 4 [T0, 19} 2T}, 27].

For the special case of non-vanishing density p = 0, the coupled system reduces to the
inhomogeneous incompressible nematic liquid crystal flow equations. There exists an extensive
literature concerning the well-posedness of system in critical function spaces. In 2015, De
Anna [I6] proved the global existence of solutions to the system with (pg ! — 1, up, Vdp) €

5 3
L>®(R3) x B 1(R3) X Bp., 1(R3) (1<p<3,1<r<oo)and py bounded away from vacuum and

infinity, while complete well-posedness (including uniqueness) required the additional regularity.
Building on the works of [1] and [I1], Zhai, Li and Yan [30] established local well-posedness for the

system when the initial data satisfy (py ' —1,ug,do—do) € Bg’)/f(RS) X 3217/12 (R3) x Bgf (R3), where
the orientation vector d asymptotically tends to dg as |z| — co. Furthermore, they extended this
to global existence and uniqueness by imposing some additional conditions on the initial data that

Cllo" = sy (1 Ty + 2y + 1ol 27z ey ) < 1
h h 2
C(HUO HB;f(R“) + ||d0||33(12(R3)(1 + (Huo HB;T(D@) + ||d0||B§(12(R3))
3 h 1/2
+ ||u0“B;(12(R3) + (Huo HB;,/12(R3) + ||d0||33{12(R3)) ) <L
Building upon the techniques introduced in [I3], Hu and Liu [20] successfully generalized the
results to system (1.1). In the recent works [§], Chen, Liang, and Ye [§] resolved an open ques-
tion from [I6] by establishing global existence and uniqueness of weak solutions to system (1.1))

in the critical Besov space. Their result require 0 < ¢y < py < Cy < +oo and small norm
[| (w0, Vdo)|| ;51/2 (®)" Subsequently, Chen et al. [9] relaxed the regularity assumptions, proving well-
2,1

posedness for (ug, Vdg) € HY2(R3) x (HY2(R3) N B;/j (R3) and the initial density pg € L>(R?)
’3
permitting vacuum states. This extension substantially improves their earlier result in [§], par-

ticularly in handling density degeneracy. Notable progress on critical space methods for nematic
liquid crystal systems includes the fundamental contributions of [7, [I8], 23] 24, [25] 26].
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Inspired by [I5], we prove the existence of unique global solutions to the three-dimensional
inhomogeneous incompressible nematic liquid crystal system under the regularity assumptions
that the initial density po satisfies ||pg — 1||L(rs) < ¢ for sufficiently small constant ¢ > 0 with
no additional regularity required and the initial data (ug, Vdg) belongs to the critical Besov space

143

Bp,ler (R?) for 1 < p<2and 2 < p < 3. Now we can formulate our main results.

Theorem 1.1. Let p € (1,3) and q € (1,00) such that % + % = 3. There exist a positive constant
¢ such that if the initial density py satisfies

[P0 — 1L ms) < c, (1.4)
and if the initial data (uo, Vdo) satisfies

143
(uo, Vdo) € (B, " (R*)? (1<p<2),

(1o, Vdo) € (B, 1" (R} N L2 (R%)? (2 <p < 3), o
with
[|(uo, Vdo) || 7+ as) <e (1.6)
then system has a unique global-in-time weak solution (p,u, VP,d) with
VP e LV (RY LP(RY) and (u,Vd) € (W) ) (RY x R?)). (1.7)
If p > 2, then the following estimate holds:
1 = Ul e xm) = 190 — Ll oo qes) < € (1.8)

and, furthermore, the following properties hold:
o Vu, V3d € LY(RT; L*(R3)) and u,Vd € L*(R*; L®(R?));
o tu, tVd € Wi | (RY;L™(R?)) and tVP € L¥'(RY;L™(R?)) for 3 < m < oo and
q < s < oo such that 2+ 2 =1;
e tDyu,tD,Vd € ijlq’l)(w x R3);
e u,Vd,tDyu,tD,Vd € L1 (RT; L™(R3)).

Remark 1.2. The work in [29] established the existence of a unique global solution for the three-
dimensional compressible liquid crystal flow without imposing smallness conditions. It is our belief
that this result can be extended to certain classes of large initial data via a decomposition into
vertical and horizontal components. A rigorous consideration of this extension will be discussed
in our future research.
1 1

Remark 1.3. Remarkably, by Besov embeddings B;l’rl (RY) < B;j;“ ”)(Rd) for 1 <p; <
p2 < ooand 1 <r; <ry < oo, Theorem in [8] imposes milder conditions than our Theorem
if 1 < p < 2 and consequently obtains sharper results. Nevertheless, our work achieves greater
generality by extending the admissible integrability range from p = 2 to 1 < p < 3, while [§]

restricts initial data to critical Besov spaces B;,/f (R3).

Remark 1.4. The perturbation condition (1.4)) is introduced to reformulate the momentum equa-
tion into a homogeneous liquid crystal system. This transformation enables us to exploit the
smallness of (1.4)) during energy estimates, allowing its terms to be absorbed by the left hand.

The following theorem states the uniqueness of the solutions to system (|1.1)).

Theorem 1.5. Let T > 0 and consider two solutions (p1,u1, P1,d1) and (p2,us, Pa,d2) of system
on [0,T] x R? sharing identical initial data. Furthermore, we assume that

VP, (1 —uz), Vdy — Vdy € L*(0,T; L2(R3));

Vu; — Vug, V3d; — V2d, € L%(0,T; L2(R?));

Vug, V3d,, V3d; € LY(0,T; L= (R?));

Vdy, Vdy € L2(0,T; L% (R3));

tDyus € L2(0,T; L™= (R3));
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o tVDyuy € L?(0,T; L3(R?));

.« V€ B TR (RY).
Then (p1,u1, Pr,dy1) = (pa,uz, Pa,d2) on [0,T] x R3.
Remark 1.6. Unlike in [I5], the proof of uniqueness via energy estimates here requires condition
Vd; € B;’ﬁ%(R?’), as specified in and (5.3).

The rest of this article is organized as follows. In Section 2, we present some information on
the Besov spaces and Lorentz spaces. Section 3 states the a priori estimates and gives the proof
of Theorem [T} The existence and uniqueness of solutions are established in Sections 4 and 5.

We conclude this section by establishing some notation that will be used throughout this article.
The material derivative operator is defined as D; := 0; +u - V. Given a Banach space X and g €
[1,400), the Banach space L(0,T; X) consists of all strongly measurable functions f: (0,7) — X
such that the mapping ¢ — || f(¢)||x belongs to L4(0,T; X). The space is equipped with the norm:

| fllaco,r;x) = (fOT IFON% dt)l/q. For any pair of measurable functions (f,g) on X, we define
the joint norm ||(f, g)[lx == [[fllx + llgllx-

2. PRELIMINARIES

In this section, we present the definitions of Besov spaces, Lorentz spaces, and key lemmas,
which can be found in the references [Bl [6l 14} [15] [17], 22].
First, we introduce the dyadic decomposition and the homogeneous Besov spaces. Given a
tempered distribution u € S, we define
Vi€Z, Aju:=p27 ), Su= Z Aju=x(277 - u),
J'<i—-1
where x(7) and ¢(7) are smooth functions such that
suppp CC and V1 > O,Z(p(Z‘jT) =1,
jez
suppx C B and V7 > 0,x(7) + sumjsop(2777) = 1.
Here C = {r e RY|2 < |7| < 8}, B={r e RY||7| < 3}

Definition 2.1 ([5]). Let (p,r) be in [1,00]? and s be in R. Assume that u € S (R?), which
means that u is in &’(R?) and satisfies lim;_, o [|Sjul|z~ = 0. We set

[l

By, = @14 ulle)jezllir @)

P
(i) f k e Nand if s < %(or s:% if r = 1), then we define B;T(Rd) as the subset of u in S (R?)

such that 9%u belongs to B;_,,k (R?) whenever |3| = k.

(i) s < %(or s=4if r = 1), we define B;J, ={u € S;L(Rd)H|u||B;T < 00}

Lemma 2.2 (Besov embedding [5]). (1) For any (p,q) in [1,00]? such that p < q, we have

d_d

By T (RY) < LYRY).
(2) Let 1 <p; <ps < oo and 1 <r; <ry <oo. Then, for any real number s,

b (R o 5

Bpl,rl (R ) — BP2,T2 (R )
Let us define Lorentz spaces and recall some useful properties.

Definition 2.3 ([I7, 22]). Given f a measurable function on a measure space (X,v) and 1 <

p,r < 00, we define

(S22 ()47 i < oo,

(2.1)
SUp;so /P 4 (), if r = oo.

I fllLrr(x,0) = {
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where f*(t) := inf{s > O|v(|f| > s) < t}. The set of all f with || f||.r.r(x ) is called the Lorentz
space with indices p and r.

The following properties of Lorentz spaces will play an important part in the proof of uniqueness.

Lemma 2.4 ([I7]). Let Q be a measurable set, R* be the positive real set and R? be the d-
dimensional Euclidean space. Then we have the following properties.

(1) Embedding: LP™(Q) — LP"2(Q) if r1 < 1, and LPP(Q2) = LP(Q);
(2) the Hélder inequality: For 1 < p,p1,ps < oo and 1 < r,rq,re < 0o, it holds
1f9llzor @) < Cllfllzerr@)llgllzeer (o)
with+ = L + L and L = L + L This inequality still holds for the pairs (1,1) and
p p1 p2 T T1 T2
(00, 00) with the convention LY (Q) = L1 (Q) and L°°°(Q) = L>();
(3) For any o > 0 and nonnegative measurable function f, one has || f*||Lr.r ) = ||f|\%paym(m;

(4) For any k > 0, one has ||x7k1R+||L%)QC(Q) =1.

Next, we introduce the Besov interpolation.

Lemma 2.5 ([15, Proposition A.4]). Let 1 < g < oo, 1 <p<r < oo, and 0 € (0,1) such that
11 20 1
rd dq p
Then, there exists C such that
0 -0
IVull e ray < CIVul| L gayllull’ 57 2
Bp,od (RY)
The following two maximal regularity estimates for Navier-Stokes equations play a pivotal role
in the proof of our main results.

Lemma 2.6 ([I5, Proposition A.5]). Let 1 < p,q < oo and 1 <r < oo. Then for any initial data
ug € B;;%(Rd) with divug = 0, and any external force f € LT7(0,T; LP(R?)), the Stokes system
ou—Au+VP=f (tz)eR" xR
divu = 0,

Ult=0 = Ug.

m ,
W2L((0.7) x RY) := {u € C([0,T); By, " (RY) : up, V2u € L7 (0,T; LP(RY)) }
admits a unique solution (u,VP) satisfying VP € L7 (0,T; LP(R?)) and the mazimal regularity

estimate )
[l 2% ) + [[(ut, VEu, VP)| Lo 0,750 (R4Y)

<ol ooz, + 1P linroiamce).

p,T

where the constant C' > 0 is independent of T'.

Next we have a maximal regularity estimate for heat equation.
Lemma 2.7 ([T4, Proposition 2.1]). Let 1 < p,q < oo and 1 < r < oco. Then for any initial data
ug € B;;%(Rd) and any source term f € L% (0, T; LP(R?)), the heat equation

du—Au=f, (t,z) e RT xRY,
Ult=0 = Ug.
m )
Wi (BT X RY) == {u € Cy(RY; Bort(RY) : uy, V2u € LO7(RT; LP(RY))}

admits a unique solution u satisfying the maximal regularity estimate

U 2 + l(we, V20 || par (et Lo < C(||w 2 + ar (R+-Lp .
I ||LOO(R+;B;T§(R[1)) [ (ue M Lar ®+;Leray) (Il OHBf,,Tg(Rd) £l ar R+ 10 (R2)))
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3. PROOF OF THEOREM [I.1]

A priori estimates.

Proposition 3.1. Let (p,u,d) be a smooth solution of system (L.1) on [0,T] x R®, with u and

Vd sufficiently decaying at infinity and p satisfying

sup [[p(t) — 1|z ms) < c << 1,
te[0,T]
Then, for all 1 < m,p,q,s < oo such that
3 2 3 2 .
- 4+-=3 and —+-=1 with p<m<oo and ¢q<s< o0,
P q m s
it follows that
[ (u, VA)| 148
L>(0,T;B, , P
+ [ (w, VA)|| L1 (0,150 (R3))

< Cl|(uo, Vdo)|| . —1s8
B,, ()

) + ||(Ut, Dtu, V2U, VP7 th, DtVd, V3d)|\Lq,1(07T;Lp(R3))

pa | (R?)

p,1
and
u, Vd Loo(r3)) < Cl|(ug, Vd 143 .
1(w, VA) || £2(0,7; 1 r2)) < Cll(u0 O)HBP,fg(Rs)
Proof. First, we can rewrite (L.1))o as
us — Au+ VP =(1-p)us — pu-Vu—div(Vd © Vd).

(3.1)

(3.2)

(3.5)

From the Holder inequality in Lorentz spaces and the maximal regularity estimates for the Navier-

Stokes equations, it follows that

||U||L + (e, V2, VP) || Lo 0,15z0 2)) + lullLo 0,700 @3)

3
< (0,T;B, \ P (RS
(0.T;B, , * (R?))

< C(HUoHB#g(R% + (1 = puellLaro.rir@s)) + low - VullLaso,r;zr@s))

p,1

+ [1div(Vd © Vd)||La.1 0,710 (3)))

< O(|‘UOHB;+%(R3) +[lp — 1||L°°(07T;L°°(R3))”utHLq’l(QT;L”(Rs))

+ Hp||L°°(O7T;L°°(R3))”u : ququl(O,T;LP(R:’)) + || div(Vd © Vd)||L‘1v1(O,T;LT’(R3)))'

It follows from condition (3.1]) that the second term on the right-hand side of the above inequality

can be absorbed by the left-hand side, and ||p| L (0,7;z(r3)) is a bounded quantity.
e Estimate for ||u - Vu|| a1 (0,700 (r3)). By the embedding

BT RY) o IR
p,1
and
WIP(R?) < LP*(R®) with 1.1 1,
px p 3
one has

w - Vullpaaore®s)) < CllullLee 0,108 ®)) I VUl Lot 0,7 00" (r3))

< Clful| 3>)”wullmvl(o,T;LP(RB))-

L—14 2
Le(0,T5B, , (R
e Estimate for H le(Vd O] Vd) ||Lq,1(0’T;LP(]R3))

| div(Vd ® Vd)HL‘Ivl(QT;LP(RS)) < C||vd||L°°(O,T;L3(R3)) Hv2dHL‘171(O,T;LF’* (R3))

< Clvd|| s VPl e oz re)-

L= (0,T;B, , ¥ (R?))
Applying V to (1.1))5, we obtain
Vd; + Vu''Vd + u - V(Vd) = AVd 4 V(|Vd|*)d + |Vd|*Vd,
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which can be written as

Vd; — AVd = —Vu!'Vd — u - V(Vd) + V(|Vd[*)d + |Vd[>Vd. (3.8)
On the other hand, the maximal regularity estimate for the heat equation yields
vd|| s+ (VA VP a0, mie@s)) + IVl Lo 0,10 (m9))

L>(0,T;B,, *(R3))

< ClIVaol -1 ) IV V|| Lo o 1ipe o)) + [l V(T Lo o 1im0 @)

p,1

+IV(IVAP)dl Lo 0,00 @2y + 1IVAPVA|l Lo 0,700 25))-
e Estimate for HVUTVdHqul(O,T;LP(]R3))-

IVu"Vd|| Lo o, Lr@s)y) < CIVA|l (0,705 @) IVl Lo (0.7 10" (3

< C||vd 148 V2u|| Lot (0,7: L (B8)) -
> || ||L°°(0,T;prl+’3’(1R3))” ||L (0,T;LP(R3))

e Estimate for Hu . V(Vd)HLq,l(O’T;LP(RS)).
[+ V (V)| Lo (0,700 (3)) < Clltel| Lo 0,7;03@3) IV Al Lot (0,720 (3))

< O u _ 3 v3d q,1 -LP(R3))-
<l ||L°°(0,T;Bp,1+g(]R3))H lzesoziaraey

e Estimate for HV(‘Vd|2)dHL‘171(O,T;LP(R3))'

IV(IVAP)dll Lo o,rize@s)y) < ClIVAll Lo 0,308 VAl Lot 0,7520% @2y 1Al 2w (0,750 (R3))

< C||vd e V3d|| Lot (0. 7: L (REY) -
< ||LDO(07T;BP’1+§(R3))H | za:1(0,7;L7 (R2))

e Estimate for [|[[Vd|*Vd||a.1(0,7,1r(r?)). From the Gagliardo-Nirenberg inequality, we have
1192V ) < CUVAEan gy < CUVA s o 19203, )
< C|IVA||Zs @) IV3Al Lo g3)-
Then, employing the Holder inequality in Lorentz spaces, it holds
”|Vd|2Vd||L‘“(O,T;LP(W)) < CHVd||2L°°(O,T;L3(R3))”VBdHqul(O,T;LP(H@))

< C||vd|? s IVPdllLer e @s))-
L>=(0,T3B, ; 7 (R3))
Next, we denote
Ey = ||(ug, Vd .8 , T*::su{t<T: u, Vd 1.3 Sc}7
0 = [|(uo O)Hspj*f’(m p II( )”Loe(o7t;3,,j*3<u@)> 1
By (t) := ||(u, V)| .8 + || (ut, Dyu, V?u, VP, Vdy, DeVd, V3d) || ot (0,710 (R3)
L=(0.T:B,, " (R%)
+ 1[(w, VA) || 22 0,7;2m (r2)) -

We conclude that E1(t) < CEy + Cc Ey(t). By selecting ¢; sufficiently small to ensure C¢; < 3,
we obtain
Ei(t) < 2CE,.

By taking e¢ sufficiently small to ensure 2Ceg < ¢1/2, then from the standard continuous argument,
we can find that

E\(t) < CEp.

On the other hand, by the Holder inequality in Lorentz spaces, the Gagliardo-Nirenberg inequality
and the embedding, one has

|(Dyu, D,VA) ||L‘?’1(0,T;LP(R3))

< C||(ug, Vd , . + Cllu 1.3 VZu, V3d , .
< C|(ut )l a 1(0,T;LP (R3)) I ||L°°(07T;Bp,1+f’(]R3))H( )||Lq1(O,T,LP(R3))
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< CE\(t) + C(E; ()2

< O, Vo) | s
By1 P (R3)
Finally, by using the Gagliardo-Nirenberg inequality and the embedding

1-2 2 1-2 2
||f||Loo(Rz>gcnfan@a)||v2f\|zé(R3)_c||f|| L V2 £ s

we have
T
| 168 Y e ar < € / TP (T D)y
on D (RY)
<OV Ly V2T g )
Loo(OTBp1 P (R3))

< C(Ei(t)* <C|\(U07Vd0)H2 BTEEE O
1 | (R?)

Proposition 3.2. Under the hypotheses of Proposition we obtain

[tCu, VA ~omBl (RJ))+||((tu)t,v2(tu),V(tP),(tVd)t,V3(td))||LS,I(O,T;Lm(R3))

< CH(U(),Vdo)H 71+2(R3)

Furthermore, it follows that
T

T
| 10T Dl + ([0 PO o) < o, V1o

B,, " (&)
Proof. Multiplying both sides of (3.5 by time ¢ yields
(tu) — A(tu) + V(tP) = (1 — p)(tu)r + pu — tpu - Vu — tdiv(Vd © Vd).

From the Holder inequality in Lorentz spaces and the maximal regularity estimates for the Navier-
Stokes equations, it follows that

1600 g5 gy, (000 9200, 9P

< C’H(( p)(tu) + pu — tpu - Vu — tdiv(Vd © Vd))|
< Cllp = Ulpee 0,155 (ra)) Il (tu):

Lo (0T ()

Le1(0,T5Lm (RY))
(3.10)

L1(0,T;L™ (R?))
+ Cllpll oo (0,100 ®3)) ([l o1 0,7 Lm @s)) + ([t - V| Lot 0,7 Lm m3)) )
+ Ot div(Vd © Vd) || Ls1 (0, 1,m (R3))-
It follows from condition that the first term on the right-hand side of the above inequality
can be absorbed by the left-hand side, and ||p| L (0,7;1. (r3)) is a bounded quantity.

e Estimate for |[tu - Vul|zs1(0,7;Lm®s)). By the Holder inequality in Lorentz spaces and the
embedding

BYT(R?) < L®(R?), (3.11)
one has
[tw - Vul

Lo, (rs)) < Cllul LsJ(o,T;Lm(Rs))HtW||L°C(0,T;L°<><R3>>

< Cllu|

cerorpr@pltell o s o

m,1
e Estimate for ||t div(Vd © Vd)|
It div(Vd © Vd)| L51(0,T;L™(R3)) < C||Vd|

< C||Vd|

Le1(0,7;Lm (R3))- Similarly, one has

Lo 0,131 (&) [EV2d]| oo (0,750 (R3))

. . tVd :
Lo 0,732m (R3)) | ” (0,15 (R3))

On the other hand, multiplying both sides of ( . 3.8)) by time ¢ yields
(tVd); — tAVd = Vd — tVu ' Vd — tu - V(Vd) 4 tV(|Vd|?)d + t|Vd|*Vd.
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The maximal regularity estimate for the heat equation yields
1Vl s (V) V) e 0 ey

L>(0,T;B,, ™ (R?))

< CHvdHLs,l(O’T;LWL(Rfi)) + CHtVUTVdHLs,l(O’T;Lm(Rs))

+ Clltw - V(VA)|| o1 (0,751 w3y + ClIEV(IVA[*)d]

+ O|t|Vd|*Vd|

e Estimate for |[tVu! Vd|
embedding (3.11]), one has
||tVuTVd| L=1(0,T;L™ (R3)) < C||Vd|

< C||Vd|

(3.12)

Ls1(0,T5L™ (R3))

Ls:1(0,T;L™ (R3)) -

Ls1(0,T;Lm(R3))- By the Holder inequality in Lorentz spaces and the

Lo (0,7;0m (3)) [EVU| oo (0,7 0 (R3))

Ls 1(OTL""(R3))Htu|| OTB T (]RS)).

m,1

e Estimate for [[tu - V(Vd)|
[[tu - V(VA)]

Le1(0,7;Lm (R3))- Similarly, one has

Lea,msm(rs)) < Cllullpeno,m e 1EV2d|| Loo (0,751 (r#))

< C|lv|

Lo (oL () [EVA] (OB (re))

e Estimate for [[tV(|Vd|*)d||Ls1(0,7;0m(r3))- Similarly, one has

1tV (VA o1 (0,750 2)) < CIVA|l Lo (0,752m ®e)) [EV ]| oo (0,75 L0 (R2) 1Al oo (0,73 10 (R2))
< C||Vd|\Ls,1(07T;Lm(R3))||tV ||

L= (0,138, " (Rfi))'
e Estimate for ||t|Vd[?Vd|

Ls1(0,T;Lm(R3))- From the Gagliardo-Nirenberg inequality, we have
2 1

[VAPVA| m sy < ClIVA|Zamgay < CUIVA s gy IV Al fom g5y)?

< C|IVA|[Zs e IV L g3y -

Similarly, one has

[V V|| L1 (0,7:2m g3)) < CIVAIT o (0,713 2y 1EV Al L0110, 7:Lm (3
<C|vd|] 143 1tV3d|| Lo (0,70 ®5)) -
%(0,TB,, ¥ (R%))

Now let us denote

E = 3 2 P 3 s,1 Tm(R3Y)) -
5(t) ”t(u’Vd)HLoc(o,T;B;fF(RS)) + [I((tw)e, V2 (tu), V(EP), (tVd)e, V2 (td)) | o1 (0,757 3))

Then we have
Ey(t) < C(1+ Ex(t)) - (B1(t) + (Ev(1)?).
Applying the theory of bootstrapping again, one has
Ey(t) < CEy.

Bounding Vu, V2d relies on the following interpolation inequality (as (3.2) implies that p < 3 <

m),
(m—3) m(3—p)

1l sy < IV A1) 1V A1 (3.13)
Applying the Holder inequality in Lorentz spaces with exponents:
_ (3(m—p) ) _ (3q(m—p) Pz) _ (SS(m—p) ps)
(plarl)* (m<3_p)7oo ) (p277ﬂ2)* p(m_3) ’ q ) (p3’7’3)* m(g_p) ) s )
and using that t~¢ € Lé’oo(Rﬂ with a = ;'ng:g;, (3.3) and the first inequalitv of Proposition
we end up with

T (m—3) m(3—p)
[ 170 92wyt < © / R (v, V) S0 (72, V)| S at
0
9 3 3('m 3; 5 3 ;YE(S:pg
< O(Vu, V2| o l(gTLP(]R3 )Ht(v u, V°d)| stl(g,T;Lm(RS))
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< Cl[(uo, Vdo)| , ~1vs .
B, P (R3)
Morever, from the Hélder inequality and the embedding (3.11]), one has
T

T
|00 T2 it < [ AT T2l g g (Vo P2 e

p,1

T
SR G TEUY (8 S [P
< Cll(uo, Vdo)[I? s - O
B, " (R3)
To prove the uniqueness, we need the following time weighted estimate.
Proposition 3.3. Under the hypotheses of Proposition|3.1, we obtain
[t(Dyu, DtVd)”LN(O,T;B;i_F%(R?’))
+ |[((tDyuw)¢, tV2 Dy, (tDtVd)t7tVQDtVd)||Lq,1(07T;Lp(R3)) (3.14)
+ |[t(Dyu, DeNVA) || L1 (0,7 (R3Y) '
< Ol[(uo, Vdo)I[, 143 -
B,, "(R3)
Furthermore,
[E(V Dyu, VD VA) || L2 (0,702 (r2)) + (D, DeVA) || 120,750 (R2))
< (o, Vo) _1es . (3.15)
B,1 T (R3)
Proof. Applying D; to (1.1)), , we obtain
Dy (pDyu) — Di(Au) + Dy(VP) = —D,(div(Vd © Vd)).
By the definition of commutator, we have
[D;V]f := =Vu-Vf, [DyAlf := —Au-Vf—2Vu-V2f.
Therefore,
D (pDyu) = Dyp Dyw + pDyDyu = pDyDyu = thzu, (3.16)
pD?u — ADyu + VDiP = f, '
where

fi=—Au-Vu—2Vu-V?u+Vu-VP — Dy(div(Vd ® Vd)).
Multiplying both sides of (3.16)) by time ¢ yields

p(tDyu)y — A(tDyu) + V(tD,P) = —tpu - VDyu + pDyu + tf.
Since div(tD;u) # 0, we cannot directly apply the maximal regularity estimates for the Navier-
Stokes equations. However, the maximal regularity estimates for the heat equation [I4), Proposition
2.1] need not div(¢tDyu) = 0. But we need to eliminate V(¢D;P). Now, we introduce the definition
of Helmholtz decomposition

P:=1d+ V(-A)"'div, Q:=-V(-A) ldiv,
where P stands for Leray projector, while Q represents the orthogonal complement of P. Mean-
while, we observe that
V(tD:P) = Q(ftpu - VD + pDyu+tf — p(tDyu)y + A(tDm)).
Since divu = 0, one has
div Dyu = Z ol Ojut = Tr(Vu - Vu),
1<i,j<3
Q(tADiu) = tVTr(Vu - Vu),
Q(u - Vuy) = Q(uy - Vu),
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Q(p(tDyu);) = Q((P — 1)(tDyu); + Dyu + tu - Vug + tuy - VU)7
and
(tDiu)y — A(tDyu) = P[(1 — p)(tDsu)s — tpu - VDsu 4+ pDiu + tf]
+ Q(Diu + 2tuy - Vu) — tVTr(Vu - Vu).
Applying the maximal regularity estimates for the heat equation [I4, Proposition 2.1], the Holder
inequality in Lorentz spaces and t that the Helmholtz projectors P and QQ are bounded operators
on LP(RY), it follows that

2
HtDtu”L@O(O,T;B;TF%(R3)) + || (tDyu), tV Dt’U/)HLq,l(O,T;LP(RS)) + HtDtu”Ls,l(O’T;LWL(R3))

(3.17)

< C([(1 = p)(Deu)el Lo 0,510 ®2)) + [tow - VDyul|Las 0,700 (r2))
+ lpDsull Lo 0,70 ®3)) + IEf Lot 0,70 ®3Y) + [1Dstil| Lot (0,70 (R3Y)
+ ||t’ll,t . VUHL‘IJ(O,T;LP(]RZS)) + ||tVTI'(VU . VU)HLQJ(QT;L;D(RB)))
< C(llp = e 0,15 @3y | (D)t Lar 0,10 (r3)) + |[tpu - VDt Lo o,7;00 r2))
+ [[eDeul| par 0,0 ®2)) + 1EfllLan 0,700 v)) + [ Deul| Lo 0,100 (R3))
+ ||tut : VuHLq,l(O,T;Lp(Ra)) + ||tVTI"(VU . VU)”L(IJ(O’T;LD(RS))).
It follows from condition (3.1]) that the first term on the right-hand side of the above inequality
can be absorbed by the left-hand side, and ||p| L (0,7;z(r3)) is @ bounded quantity.
e Estimate for [|tf||La1(0,7;0rrs)) and |[tVTr(Vu - Vu)||pa1 om0 rs)). By the Holder inequality
in Lorentz spaces and (3.11)), we have
|| —tAu - Vu —2tVu - Viu+tVu - VPHLq,l(O’T;Lp(RS)) + ||tVTI'<VU : Vu)||Lq,1(07T;Lp(R3))
< C”(VQUa vp)||L4=1(O,T;LP(R3))Htvu||L°°(0,T;L°<>(R3))

2
= CH(V u7 VP)HLQYI(O’T;LP(RB))Htu||L°°(0,T;B;+,1% (R3))
S O||(UO7VdO)H2,71+% )

B,, "(®?)
and
[tD¢(div(Vd © V)|l £a1(0,7;00 (R3))
< C|tDVd - V2d||Lq,1(07T;Lp(R3)) + C||tDtV2d . Vd||Lq,1(07T;Lp(R3))
< C|[tDVd - V2d| Lo (0,1:Le r3)) + CEV D VA - V|| Lo (0,7:20 (v5))
+ C[tVu - V(VA) - VA||La1 (0,710 (r3))
< CtDy V|| o 0,715 3)) IVl Lot (0,13 Lo+ (23))
+ C||Vd| Lo (0,7;23®3) [tV D V|| a0, 1,10 (R2))
+ CltV2d|| Lo (0,700 (1)) | Vull L1 (0,7 2o () [V Al Lo (0,723 (3

< C||tD,Vd s V3d|| za, .
< CtD, ||Loo(o,T;Bpj*3<Ra>>H a2 0,720 o))

+ C||Vd]| aes |[tVPDeVA|| e o,7:00 %))
Lo (0,38, P (R?))

+ C||tVd||LOC( IV2ul| Lot (0,70 o)) | VA 142

S+ 3 =1+
0,T;B Le=(0,T;5, ; P (R3))

5P 1

(R3))

< Cl|(uo, Vdo) . + C||(uo, Vo) I’ _,, s
Bp,l r

3
—143
+P

I
B, (R

+ C||(uo, Vdo) 2 [tV2 Dy V|| Lo (0,150 (m3))-

|‘B;+%(
e Estimate for ||pDsul| a1 (0,70 (ms)) and || Diul| pe10,7;L0(r3))- From Proposition we obtain

143

loDeulzaso.rie sy + 1 Detllraso,rins ey < Clituo, VAo 1y -
p,1
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e Estimate for |[tpu-V Dyl pa1o,7; e w3y and |[tus-Vul| a1 0,710 ®s)). From the Holder inequality
in Lorentz spaces, Proposition the embedding (3.6), (3.7) and (3.11]), one has

||tpu : VDtU;HLqJ(O’T;LD(]RS)) + ||tut : quLq,l(O’T;Lz)(RS))
< ClipllLe 0,120 ®3) 1tV Dyt Lar 0,120+ (r3Y) 1t ll oo (0,78 (R3))

+ C||ut||Lq,1(0,T;LP(R3)) ||tv“||L°°(0,T;L°°(R3))

< C|[tV?Dyul| as 0,710 (r2) |0 142
< || . HLq (0,731 (]RP))H ||LW(O,T;BP11+Z(R3)) (3.18)
+ C”utHqul(O,T;LP(R?’)) HtuHLOO(O,T;Bi:{% (R3))
< ClEV2 Dyl o o,rsne oy (o, VA 1s + Cll(up, Vdo)|[® s
B:D,l P (R3) Bp,l " (R?)
In summary, we have
2
HtDtu”Loo(O,T;B;iJr%(R3)) + [ ((EDyw)s, tV=Dyu) || Lot 0,750 (r8)) + 1EDrul| Lot 0,73 (r3))
< 2 ;
< CH(uO,VdO)HB;T% ot C||(uo,Vdo)||B:+%(R3) (3.19)
+Cll(uo, Vao)l| avp o (9°Detllos o.1io sy + 1897 DeVdl s o riaoesyy +1):
p,1

Next, applying D; to 3, we obtain
D?Vd — AD,Vd = —D,(Vu''Vd) + D,(V(|Vd|?)d) — Au - V(Vd) — 2Vu - V3(Vd).  (3.20)
Multiplying both sides of by time ¢ yields
(tD,Vd), —tAD,Vd = —tD,(Vu''Vd) 4+ tDy(V(|Vd[*)d) — tu - VD,Vd
+ D;Vd — tAu - V(Vd) — 2tVu - V*(Vd).
By the maximal regularity estimate for the heat equation, one has

[tD,Vd|| 143 +[(tD V), tV?DyVA)|| Lot (0,710 (3))
Le(0,T3B, | 7 (R2))

+ 1ED V]| o 0.1 (29

< C(ItDUVu V)| o 0,7:0w5)) + LDV (VAP D) o 0,580 ) (3:21)
+[tu - VD Vd| par o1 ®e)) + 1De VAl Lot 0,10 (%))
+ [tAw - V(VA)|| Lan 0.7:L0m3y) + [tV - V2 (VA) || Lo (0,7:10 3)))-

e Estimate for [[tDy(Vu" Vd)| za1(0.7:00®2))- By the Holder inequality in Lorentz spaces and
(3.11), we obtain

[¢De(VuTVa) | Lot (0,110 (3))
< Clt(VDyu — Vu - Vu)Vd|| s 0,710 (r2))
< C[IVd|| Lo 0,7;13®3) [tV Dyu|| a1 0,110+ (2))
+ ClltVull Lo 0,700 o)) [Vl Lo 0,72 (r3)) | Vit Lot 0,710+ (r9)

< C|vd i3 tV2 Dl ra, .
< ||L°°(O,T;Bp;+2(R3))H |l a1 (0,507 (R3Y)

+ C|ltu s vd a3 V2ul| a1 011
[ IILW(O,T;B;;(RS))II IILM(QT;BN@(W))II | a1 (0,727 (R3))

< Cll(uo, Vdo)[| . 1y 16V Dyl o o,7500 m2)) + Cll(uo, Vdo)[I* s
B,, " (R?) B,, 7 (R3)

e Estimate for [[tD;(V(|Vd|?)d)||La.1(0,7;Lr(r3)). Similarly, by the estimate for
||tDt (div(Vd © Vd)) ||Lq,1(O,T;Lp(R3))7 we obtain

[tD(V(IVA[*)A) || Lot (0,7 L0 25
< OltDy(V*d - Vd - )l paso,7;00 ) + ClID(IVA* - V)| Lot 0,720 o))



EJDE-2025/101 INHOMOGENEOUS INCOMPRESSIBLE NEMATIC LIQUID CRYSTAL SYSTEMS

< OtDyV?d - Vd - d| a0, 7500 Ry + ClltV2d - DV - d|| Lo 0,750 (r2))

+ C||tv3d - vd - Dyd|| a1 0,500 ®3)) + ClltD:Vd - Vd - VdA| La1(0,7; 10 (r3))
< C|[tDyV?d - Vd| a1 (0,7520 ) |dl| Lo (0,751 (R3))

+ C|[tV2d - DV Lo 0,10 @)) 1Al Loe (0,750 (3))

+ C1tV2d| Lo 0,733 [ VAl Lo (0,7:£3®3)) | Ded | Lot (0,13 L0 (25))

4+ CeD, VA 1 to.ir @y IV - V| o 0720 25,
< CtDyV?d - VA| Lo 0,7;00 3y + CllEVZA - DyVA|| ot (0,700 (r3))

+ C||tvd 3 vd -
vl TBlt s a1V 0B )

+C||tDtVd||Lw( 143 3))||V2d~VdHLq,l(o,T;LP(H@))

A58,

IVDd]|Lar 0,1:L7 (r3))

< O[tD;V2d - Vd| a0, 7,10 (k3)) + CEV2d - DeVA| pat (0,710 (R3))

+ C’||tVd||L IVd]] _
(0 TBml (R3)) L°°(OTB p(]R3))

X (IDeVA| Lar 0,10 (r3)) + VU - VA| La0,7;00 (r3)))
+CtD,Vd]| vz V2 V| peagorize @),
L*>=(0,T5B, , " (R%))

where

CltD,Vd - V2d|| pas(0,7;10(r3)) + Cl[tDy VA - Vd| Lot (0,710 5))
< O||(u07VdO)H2,71+§ +0H(u07Vd0)”3‘71+§
B P R3) r

p,1 p,1 3)

+Cll(uo, Vo)l -1z V2 DiVA| L 0,750 (r2)),
B, "(R?)

p,1
C[tvd HL L V] -i+3
>(0,T; Bm ! (1R ) L=(0,T;B,, 7 (R?))
X (||DtVd||Lqu(0,T;LP(]R3)) + |V - vd”L‘Iﬂl(O,T;LP(]R%))

< Oltvd|| [Vl 148
LB @) L o.ris, T m9))
X (||DtVd||L‘1=1(O,T;LP(]R3)) + [IVull Lo o, 1 Le (r3)) [ VA Loo (0,713 (R3)))
< Oltvd|| ars [IVd|| “eh
Lo (0,T;B,, /™ (R?)) L>(0,T; B P (R3))

X (|1DeVd| Lo o,7;00®2)) + [V U||Lq,1(o,T;LP(R3))||Vd|\ Siys )

< C||(uo, Vdo)||?

| 143 )
B,, ? &)

and

CltDvdl| s ||V2d - Vd| Lo 0,1ir v%)

L>=(0,T;B,, ”(R3

< CHtDtVdHLw e IV2d| a1 (0,7 Lo+ (R2)) [ VAl Loo (0,71 (m2))

< CftDVd|| Iv? dHL‘ll(OTLP(]R3))HVd” 143
L>(0 TBP 1 p(]RS)) (O,T;prl p(R3))

< CH(U07Vd0)||2 1+3( 3)HU)tVC1||

(T8, P @)

e Estimate for |[tu - VD;Vd| La1(0,1;0r(r3)). Similarly, we obtain
[tu - VDiVd|| Lo o,1;Lr®s)) < CllullLeso,1,8®s)) [tV Dyull a1 0,17, (r3))

S CHU” 143 HthDt’U/HLq,l 0,T;Lr(R3
Lo (0138, ;" 7 (B%)) (OTEr (D)

13
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< CH (UO, Vdo) H ,1+ 3 2 &) ||tv2Dtu||Lq,1(07T;Lp(]R3)).

p1

e Estimate for || D;Vd| pa.1(0,7;1r(r3)). From Proposition [3.1} we obtain

DVl Lo o,7;Le®3)) < Cll(uo, Vdo)|| 148 .
B,y )

e Estimate for |[tAwu - V(Vd)| La1(0,7;00r3)). Similarly, we obtain
[tAw - V(VA)|| a1 0,700 ®2)) < CNEV2A| Lo (0,73 100 23 | V20l Lot (0,710 (R2))

< Clevd|| o V2l Lo 0,700 m3))

L>(0,T;B. m(R ))

m,1

< C|(uo, Vdo)

”B;T%W)

e Estimate for [[tVu - V2(Vd)|| a1 (0,7;17(r3))- Similarly, we obtain
[tVu - VA (V)| Lo 0,7520 ) < ClEVul| oo (0,720 w39 VAl Lt (0,710 (R3))

< CO|ltu 3| pat 0.1 Lr
< ||Lm(OTB ,,L(RB))HV | a1t (0,717 (R3))

< C|(uo, Vdo)|I*

5 ey
In summary, we have
||tDtVd||Lw(O’T;B;+%(RB)) + [((tDy V), tV2 Dy V) || Lot (0,7 Lr (82
+ [[tD:Vd|| L (o, T L™ (R3))
< CH(Uo,Vdo)H2 Hs(Ra +C\|(U0,Vdo)||3 1+3(RS) (3.22)

+ C||(uo, Vdo)|| | 5w 3)(”thDtU”Lq’l(O,T;LP(R3)) + [[tV2 D, Vd|| Lar (0,710 (m3)) + 1)

B, .
+ C|(ug, Vdo)||? tD,Vd )
Iuo, Vo), 1+3( AL TRNE
Thus, combining (3.19) with (3.22)), since ||(ug, Vdo)|| rd is small, we obtain ([3.14]).
B, (R3)
In the end, as p € (%7 3) (which yields 1 < ¢ < 2), we have

[(Dyu, DyVA)|| oo r2) < C||(Dyu, DyVA) |1 2, [(V2Dyu, V2D, VA)||9/>

L3(1R3) LP(R3)
< C||(Dyu, DtVd)|| 1+3 [(V2Dyu, V2D VA) |92 Lo (go).-
P (R3)
Thus, one has
[t(Dru, DeVA)| 120,715 (3))
1—4
< O|t(Dyu, DNV 2 = ||(V2(tDtu),V2(tDtVd))||Lq(OTLP(RB))

L=(0,T3B,, " (&3))
< Cll(uo, Vo) —vvz -
B, "(R3)
Then, applying ([3.14) gives the second part of (3.15)).
To complete the proof of | , it suffices to apply Lemmaﬂ 2.5\ with » = 3 to tD;u (keeping in
mind that —1 + =2 7) then from the Holder inequality with respect to the time variable,
one has

Ht(VDt’U,, VDtVd) HLQ(O,T;L3(]R3))

< O||t(Dyu, DtVd)H(’ ( ||t(V2Dtu V2DV 1o e o))

L—143
B, 1 P (R3)

<CH(U0,Vd0)|| 71+3 .
B,1 7 (R?)
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where 6§ = 22=3 Then, applying the first part (3.14) of proposition gives the desired result.

3p—3
143 PR P
The case 1 < p < 2 reduces to the case we treated before since Bp71+p (R?) — B, ; " (R?) for
some p; € (2,3). O

4. EXISTENCE PART IN THEOREM [[.1]

This section is dedicated to constructing global solutions under the stated conditions in Theorem

m First, we smooth out the initial data (pg,ug, Vdg) to be
Pg = Po*jmug = U * Jn, dg = dg * jin,

where j,(|z|) = n%j(|z|/n) is the classical Friedrich’s mollifier. Following the classical theory for
inhomogeneous incompressible nematic liquid crystal systems (see [30] for instance), we construct
a sequence of smooth approximate solutions (p™, u", Vd" ), ey to system . By the a priori esti-
mates established in Proposition we conclude that the solution sequence (p™, u", Vd"),en
is globally defined and uniformly bounded in the specified function spaces. To pass to the limit, we
employ compactness arguments. However, a significant difficulty emerges due to the non-reflexivity
of the Lorentz spaces, which prevents direct application of classical tools such as the Aubin-Lions
lemma. To resolve this issue, we analyze the approximate solutions within an expanded functional

framework
2
=

W2HRT x R?) := {u € G(RY; Bpr (R)) g, V2u € L (RY; LP(R?)), 1 < 7 < oo},

which is a slightly more inclusive reflexive space where standard compactness arguments become
applicable. The subsequent analysis follows the framework established in [I5], where we incor-
porate the director field gradient Vd into the velocity estimates while preserving the original
estimates for both u and p.

5. UNIQUENESS PART IN THEOREM [L.]]

This section is devoted to establishing the uniqueness of solutions constructed in Theorem
The detailed procedure follows the framework established in [§]. For the subsequent analysis, we
recall several energy functionals and related estimates from [g].

X(t) = sup 770l -1 sy
TE(O,t]
Y(t) = ( Sl(l(?t] ||\/ﬁ715u||2L2(R3) + Sl(lopt] ||V5d||2L2(R3) + ||V5u||2L2(0,t;L2(]R3)) + ||V25d||2L2(0,t;L2(]R3)))1/27
T€(0, 7€(0,
with the following relationships
t
X(t) <C(Y(t) +/ gXdr), X(t) <CY(t)e® Jo gdr . (5.1)
0
However, unlike [§], the term
/ V(|Vdi|? - 6d 4+ Vid - (Vdy + Vdy) - dy) - Véd da
R3
requires modified estimates, which we now derive.
e Estimate for [ V(|Vdy|?-6d+Véd- (Vdy + Vdy) - dp) - Vdd dz. Applying integration by parts
followed by the Holder inequality and the Young inequality, we obtain

/ V(|Vdi|? - dd 4+ Vid - ((Vdy + Vds) - dy)) - Véd da

R3

= / V(|Vdi|? - 6d) - Véd — Vid - (Vdy + Vdy) - dy) - Add da
R3

:/ 2v2d1.Vd1.5d-v5ddx+/ |Vd,|? - Vid - Véd dx
R3 R3

- Vod - (Vdy + Vdg) - dg - Add dx
R3
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< OV | poe @) | Vi || 3 @9) 10d Lo () VO] 2(m3) + ClI VAL oo m5) | VI 2 3
+ C||Véd| 2 rsy (Vi || oo (rey + [[Vdal| oo (r3))[|d2 || Lo (r8) [| A L2 (r)

1
< 1V20dlIZe sy + CHle”BfH%(RS)||v2d1HLW(R?’)”Véd”%?(R?’)

Y 1
+ CHle||%°°(R3)||V6d”%2(]1§3) + ZHVQ(SdH%m@)
+ O([[Vdi|| oo (rs) + (V2| oo (k3))* VO T2 -

By using estimates (84)-(90) from [8], we obtain

d
dt Jgs

< C||(Vug, V2da, V1) || Lo rs) (1 + [ Vd 1
< Ol[(Vuz, Voo, Vo) limn @+ IV oy

\5u|2dx+/ |V5u|2dx+di/ |V6d|2dx+/ 1V26d|2dx
R3 t Jr3 R3
)

+ [[(Vdi, Vda) 7 e ) (101, VOd) |72 gay)
+ 02X2(T||thu2||L3(R3) + THDtu2HLoo(R3))2.

Integrating over the time interval [0,¢] and applying the Gronwall inequality yields

Y2(t) < C(|lvpoduo|| > + HV5do||L2)6C(Hg”L1<0vt>(”h”L”(O’”JFI)HUHQLQ(o,t))
2 ; (5.3)

4C Il L1 (g, (1M Loo (0,0 FDHI 122 4 4

2
« Ol 0

where

f(t) = (tIVDruz| L3 ms) + tl| Dyuzl| Lo (r2)) + [[(Vdi, Vd2) || Loo m3),

9(t) = [(Vuz, V22, V2d1) | Lo oy, h(t) = |Vl ha
By, P (R?)

p,1

Combining this with estimate (5.1 completes the proof of the uniqueness part in Theorem
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