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GLOBAL BIFURCATION FOR SEMILINEAR EIGENVALUE PROBLEMS
INVOLVING NONLOCAL TERMS

QINGBO LIU, LAN ZHAO

ABSTRACT. We investigate global bifurcation phenomenon for a class of semilinear eigenvalue
problems involving nonlocal terms. Under certain assumptions, we demonstrate the existence
of a global continuum emanating from the first eigenvalue of the unperturbed problem. As an
application of this result, we identify the parameter interval for which positive solutions exist in
the problem with general nonlinearities f, where f exhibits asymptotic (¢ — 1)-linear behavior
both near zero and at infinity. To study the global structure of bifurcation branch, we also
establish some properties of the first eigenvalue for a semilinear eigenvalue problem.

1. INTRODUCTION

In this article, we study the global bifurcation phenomenon for the problem:
2_q
—Au = )\(/ \u|qda:) " u|i?u A4 Az, u, N in Q,
Q

u=0 on 0.

where (Q is a bounded domain in R™, n > 2, with a smooth boundary 92, and X is a bifurcation
parameter. The exponent ¢ satisfies 1 < ¢ < 2. The function h : 2 x R x R satisfies the
Carathéodory condition in the first two variable.

Problem is related to the so-called semilinear eigenvalue problem of the Dirichlet Laplacian

(1.1)

21
—Au = )\(/ |u\qu) lul""%u in Q,
Q

(1.2)
u=0 on 09,
where the exponent ¢ € [1,2*). The first eigenvalue of semilinear problem (1.2)),
Jo [Vul* dz

Ag(Q) = inf { fue WoP(Q),u £ 0},

(Joluls dr)*'*
is significant and has been extensively studies in relation to the geometry and function theory of €2,
as well as in the context of mathematical physics issues encountered in engineering. In particular,
it is associated with the sharp constant in the Sobolev embedding W, *(Q2) < L7(f):

4 qz) 9
Sq(Q) — — sup{ ((fQ ‘ul d )

VALe(€) Jo IVul? dx)1/2

S1(Q) = A 1(Q) is usually referred to as the torsional rigidity of the set £, which is a key
parameter that measures the ability of rod-like structures (such as beams, shafts, or columns) to
resist torsional deformation within the frameworks of elasticity theory and structural engineering.
For a given area, the disk (or ball) maximizes S; () (Pélya-Szegd theorem). A; 2(€2) is the principal
frequency of the membrane(more generally, the bottom of the spectrum of the Laplacian). For
a given area, the disk (or ball) minimizes A; 2(€Q)(Faber-Krahn inequality). In accordance with

1

cue Wyt (Q),u # O}.
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equation , A1,¢(92) interpolates between the torsional rigidity of a domain and its principal
frequency as ¢ ranges from 1 to 2 (see [3]).

Rabinowitz [9] studied problem with ¢ = 2 by using the topological degree argument, to be
precise, the Leray-Schauder degree. He proved the existence of two distinct continua of nontrivial
solutions, positive and negative ones, that bifurcate at the point (A1 2,0). In this article, we
hope to obtain analogous results. Unfortunately, problem is not linear, so Leray-Schauder
degree argument does not work directly. Upon recognizing that problem is homogeneous,
and drawing inspiration from the work of Petr Girg and Peter Taka¢ [7] and Pavel Drébek [5],
we employ the Browder-Petryshyn degree instead of the Leray-Schauder degree to address this
challenge.

Another distinguishing feature of problem is that the first equation contains a nonlocal
term fQ |u|?dz and hence the equation is no longer a pointwise identity. This also raises some
essential difficulties to study this kind of problems. To tackle the nonlocal term, we partially
employ the approach outlined in [4], which investigates a comparable nonlocal equation, namely
a Kirchhoff-type equation. It is crucial to highlight that the nonlocal term in [4] is formulated
using [, |Vu|? dz, which differs from our specific formulation. Therefore, our methodology does
not represent a full replication of the techniques described in [4].

Finally, we establish analogous results as discussed in [7, [9]. We believe that problem
has not been considered earlier by bifurcation arguments, thus our results with some innovative
features are extension of those existed results.

In section 2, we investigate the first eigenvalue of eigenvalue problem and give its basic
properties. This is also a contribution of this article. The remaining section is devoted to some a
priori estimates about convergence analysis and the equivalence of norms near (A1, 0) and (A, 00).
This part is essential for bifurcation analysis.

In section 3, we establish the global bifurcation result for (I.1)). Let A\; = A; 4 denote the first
eigenvalue of . Assume that

(H1) h:Q xR x R satisfies the Carathéodory condition in the first two variable and is locally
Holder continuous in the second variable. There exists a constant C' € (0,00) and p €
(2,2%) such that

|h(z,u; \)| < Clu|P~?
for a.e. z € Q and all (u,\) e R x R.
(H2) (for bifurcations from zero)

lim h(z,s,\)

s—0 S

=0

uniformly for almost every x €  and A on bounded sets.
(H3) (for bifurcations from infinity)

lim h(z,s,\)

s——+oo S

=0

uniformly for almost every x €  and A on bounded sets.

Let us point out that the advantage of working with the class locally Hélder continuous is that
we can get classical solutions of elliptic equations we deal with by means of Schauder estimates,
not merely weak solutions. The first main result of this article is the following theorem.

Theorem 1.1. Let q € [1,2] and h satisfy (H1), (H2). Then the pair (A1,0) is a bifurcation
point of (L.1). Moreover, there is a component € of the set of nontrivial solutions of (1.1]) in

R x WQL2 (R2) whose closure contains (A1,0) and it is either unbounded or contains a pair (A,0) for
some X, an eigenvalue of (1.2)) with A # Aq.

Let us reformulate Theorem I.1]in terms of bifurcation from infinity for problem at (A1, 00).
Then the second main result of this paper is stated below. We only state the result for bifurcation
from infinity without providing a proof, as the proof can be obtained by combining Theorem [I.1
and [I0, Theorem 1.6].
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Theorem 1.2. Let q € [1,2] and h satisfies (H1), (H3). Then the pair (A1, 00) is a bifurcation
point of , Moreover, there is a component 9 of the set of nontrivial solutions of n
R x Wy *(Q) which meets (A1, 00). If A C R is an interval such that A O r(L) = {\} where (L)
is the set of real eigenvalue values of and A is a neighborhood of (A1, 00) whose projection
on R lies in A and whose projection on Wol’Q(Q) is bounded away from 0, then either

(i) 2 — M is bounded in R x Wy2(Q) in which case D — .M meets Z = {(\,0) | A € R} or
(il) 2 — A is unbounded.

If (i) occurs and P — M has a bounded projection on R, then P — .M meets (X, 00) where
M #FAer(L).

In Section 4, as a extension and application of the results in Section 3, we consider the problem
21
—Au = )\(/ |u|qd:17) ' f(u) inQ,
Q
u=0 on Jdf.

We assume that f satisfies the following conditions:

(1.3)

(H4) f:R* =[0,400) = RT is a locally Holder continuous function. There exists a positive
constant 7 such that f(r) = 0, f(s)s > 0 for s € (0,7) U (7,400) and there exists a
constant k£ > 0 such that

lim 7]‘(5) =K
s—=1— T — 8

(H5) There exists fo € (0,400) such that

fls)  _
0+ |s|la—2s fo.
(H6) There exists foo € (0, +00) such that
s
) _

s—+00 ‘S‘q_28
The third main result reads as follows.
Theorem 1.3. Assume that g € [1,2]. f satisfies (H4)—(H6) and fo # foo. Then
(i) if A e (min{/\l/foo,Al/fo},max{)\l/foo, /\1/fo}], then (1.3) has at least one positive so-

lution;
(i) if X € (max{\1/foec, A1/ fo},+00), then (L.3) has at least two positive solutions.
See Figure

Y A
foc fl')
FIGURE 1. Schematic diagram of fy, foo € (0,4+00) and fo # foo-
Theorem [I.3] cannot be derived directly. In fact, Theorem [T.1]is not used in the derivation of

Theorem [1.3l By expanding f(u) at both zero and infinity, it becomes evident that the pertur-
bation of Equation (1.3]) does contain nonlocal terms, whereas the perturbation of Equation (|1.1)



4 Q. LIU, L. ZHAO EJDE-2025/105

does not include nonlocal terms. Consequently, in Section 4, we will formulate a new bifurcation
theorem that is related to .

In the appendix, we give some preliminary results concerning Browder-Petryshyn degree for
perturbations of monotone operators. The definition and basic properties can be found in [111, [12].

We now introduce some notation conventions which will be used later in this paper. Let X be
the usual Sobolev space W;**(Q) with the norm [ul|x = (/, |Vu|2)1/2 and X’ be its dual space.
Sometimes, we omit dz in the integral symbol. Denote by (-, -) the duality pairing between X and
X'. We write u, — u and u,, — u for the weak and strong convergence of the sequence {u,} in
X, respectively. Let LP be the usual Lebesgue space with the norm |ju|[, = ([, |u\pd1:)1/p. For a
measurable set A of R™ we denote its measure by |A|. Also, we denote by ¢, ¢;, C, and C;, i € N,
general positive constants the exact value may be different from line to line.

The rest of this paper is arranged as follows. In Section 2, we give some preliminaries which
will be used later in this paper. In Section 3, we give the proof of Theorem In Section 4, we
give the proof of Theorem [1.3

2. PRELIMINARIES

2.1. Properties of the first eigenvalue \;. By the compactness of the embedding Wol’Q(Q) —
LP(Q), there exists a minimizer of A\; and A\; is well defined. We are going to study the properties
of

Vu|? dz
A =i {—f9| | 27, U € W&’Q(Q),u;—éo}.
(Jqlul? dz) !
These properties are important in the study of global bifurcation phenomena.
Lemma 2.1. Let A\ is the first eigenvalue of (1.2) and p1 is an eigenfunction corresponding to

A1. Then 1 € CH(Q) for some a € (0,1) and Op1/0v < 0 if vy is nonnegative, where v is the
outer unit normal at x € 0N2.

Proof. In fact, u belongs C?(Q). The method of proof is so-called the bootstrap argument, we
refer readers to [2, Theorem 1.16]. Furthermore, if p; > 0, by the strong maximum principle(see
[8]), 0p1/0v < 0 for all z € ON. O

Lemma 2.2. Let p; be an eigenfunction associated with A1, then either p1 > 0 or 1 < 0 in €,
i.e. A1 is the principal eigenvalue of (1.2)).

Proof. We notice that if ¢; is an eigenfunction, so is v := |p1]|. Without loss of generality, we
shall assume that ||v]; = 1. So we have
—Av=X\v?! inQ,
v=0 on Jf.

By the strong maximum principle [8], we know that v > 0 in the whole domain. By the continuity
of 1, either 1 or —¢p; is positive in the whole domain. O

Remark 2.3. Eigenfunction ¢; can be normalized by ¢; > 0in Q and [, ¢f = 1.
Lemma 2.4. )\ is simple.

Proof. We only discuss ¢ € [1,2) and ¢ = 2 is easy. Consider the auxiliary problem
—Au=u?"t inQ,

2.1
u=0 on 0f. (2.1)

Reference [I, Theorem 8.4.1] states that the positive solution of (2.1) is unique with ¢ € [1,2).
Let u,v be two eigenfunctions associated with A\;. Then
——— and \| '———

1 1/q 1/q
q q

2—q U 2—q v
il |

[
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1/q
= (llloyre,
[vllq
which shows that A; is simple. O

Lemma 2.5. (1.2)) has a positive solution if and only if A = \1.

Proof. Suppose on the contrary that (L1.2]) with A > A; has a positive solution v, and let u be a
positive eigenfunction corresponding to A;. There exists a constant ¢ > 0 large enough such that
tv > u. Clearly, ¥ := tv is also an eigenfunction of (|1.2)). Define ® and ¥ on X by

_ L2 1 0\
bw) = glolk, W) = 5( [ widr)™
Then the energy functional corresponding to ([1.2)) is
_ s A 0\
J(w) = (@ = AW)(w) = 3 |ulk - 5(/911; ar) "

For all p € C°(Q), let

are both solutions to (2.1)). Hence

Then w is a weak solution of if and only if ®'(w) = A¥'(w). For ¢ > 0, we have (¥’(u), ) <
(¥’ (V), p). Then

(®'(u), ) = (M P (u), ) < (MP'(D), ) = (AT (D), @) = (2 (D), ),
where n = A1 /A < 1. Taking ¢ = (u—nv)" as a test function in (®’(u), p) < (P’ (n0), ), it follows
that V(u — no)* = 0, this implies (u —nv)* = 0 and so u < v in . Repeating this argument n
times, we obtain that 0 < u < n™v. Letting n — 400, we obtain v = 0. This is a contradiction.
So v must change sign. O

Lemma 2.6. \; is isolated.

Proof. Let v be any eigenfunction associated to an eigenvalue A > A\; and N be its any nodal
domain. Then we have v|y € Wy ?(N). Define

v forzeN
w =
0 forx e QW

It is easy to see that w € X and we claim |[N| > C(\), where C(A) is a constant and is only
related to A\. We only consider the case n > 3, and n = 2 is simple. We have

2_1
/|Vw|2dm:)\(/ |v|qu)q /wqu.
N N N

By the Holder inequality and the Sobolev embeddings we have

9 9 2/q
lwlz < | |Vw|Pde < /\< |w|qu) < A|w
N N

where ¢ > 0 is related to the best embedding constant. Based on the aforementioned fact, we
substantiate the assertion:

N|A=25)7

2
2%

2% g
C\ 3723
V] > (X) T o,
Now we prove Lemma [2.6) by contradiction. Assume that there exists a sequence of eigenvalues

An € (A1,0) for some constant § > A; which converges to A\;. Let wu, be the corresponding
eigenfunctions. Lemma [2.5| implies that u,, changes sign. Integration by parts gives

2/
/\Vun|2dm:)\n</|un|qdm) ‘
Q Q
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We define

Junllg”
Obviously, v, is bounded in X so there exists a subsequence, denoted again by v,,, and v € X such
that v, = v in X and v, — v in L9(Q). Norm || - || x is sequentially weakly lower semi-continuous,
so we have that

Up :

/ |Vo|2de < liminf/ |V, |*de = liminf A, = A;.
Q n—-+oo Q n—-+oo

On the other hand, |v,||q =1 and v, — v in L(§2) imply that [lv|, = 1. It follows that

2/
/|VU\2d:L‘§ )\1(/ qua:) ‘
Q Q

The above inequality and the variational characterization of A\; imply that

2/
/|Vv\2d:v:)\1(/qu:v> ‘.
Q Q

Without loss of generality, we may assume that v > 0 in §2. Since v,, — v in X, passing if necessary
to a subsequence, we can assume that v, — v a.e. in €). Therefore, we arrive at the conclusion
that |B, | — 0, where B, denotes the negative set of w,. This presents a contradiction to the
aforementioned assertion. (]

Because of Lemma we have shown that A\; is an isolated eigenvalue of (1.2)); i.e. if we let
A2 = inf{\ > A1 : A is an eigenvalue of problem ((1.2))},

then A\; < A2. Moreover, we have the following conclusion.

Proposition 2.7. There exists 6 > 0 such that for all q € [1,2], there is no eigenvalue of problem
(1.2) in (A, A\ + 9]
2.2. Equivalence of norms near (\;,0) and (\;,00). The following lemma is a useful conse-
quence of hypothesis (H2) or (H3).
Lemma 2.8. Let u € L>®(Q) and u # 0 in Q.
(i) If (H2) is satisfied, then
h(x,u, A
Q —0 as ||u||Loo(Q) —0
l[ull ()

holds for a.e. x € Q0 and uniformly for every A € R.

(i1) If (H3) is satisfied, then
h(x,u, \
Ma,u, ) — 0 as |lul o) — 00

[ullo ()

holds for a.e. x € Q0 and uniformly for every X € R.
Proof. We first notice that h(z,u,\) = 0 if u(z) = 0, and estimate
o, un, M| _ [P un, D] Jun(@)] (2@, un, M|

lunllzee@) — Tun(@)] lunllLe@) = fua(2)]

if un(2) # 0. From |[uy,| ) — 0 we obtain u,(x) — 0 uniformly for a.e. x € Q. This gives (i).
To prove (ii), we split the domain as 2 = M,, U N,, where

1
My ={z € Q: |un(2)] < [lunll ;2 0) }
N, ={z€Q: |uy(z)| > ||un||2(§f(8)}
For x € M,, we infer that

1/2
h(un)| _ (h(un)] Jun ™Y [unllz= @)

unllLe@)  JunlP~ unllie@) = lunllie@)’
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For x € N,, we infer that

[alun)|  _ Wun)|  Jua| _ [R(un)
l[unl L= () [un|  Nunllze@) = |unl
Now let xas, and xu, denote the characteristic functions of the sets M,, and N, respectively. By
combining the previous inequalities, we obtain

1/2
h(uy, l[un s h(un
L R L O 120 Y
[t | o= () l[tnll Loe () |t
It is easy to see that
h(un)
T = 0 as [[uy||p~ @) — +oo
[unllLo ()
holds for a.e. x € Q. O

Corollary 2.9. Let 1 <r < oo, and (H2) or (H3) is satisfied. Then
h(z,u, \) h(z,u, \) |\ /7
(Mt Ay (M AL
l[ull L () ' llullL=(e)
as ||lull Lo @) — 0 or ||ul| o () — 00 uniformly for every A € R.

Let us consider a sequence of nontrivial solutions {(An, u,)}>2; of problem (|1 , i.e., for each
n=1,2,..., the integral identity

21
/Vunv¢dx:)\n(/ |un|qu)q /|un|q_2un¢dx+/ h(x,un; N ¢ dz
Q Q Q Q

holds for all ¢ € Wy?(2). We assume that

0<Ap<X—96, n=12 ...,
where § € (A — 1) is a constant. Because of [2, Theorem 1.16], u,, € C?(2). More over we have
the following result.
Theorem 2.10. Let {(An, upn) 2, be as above. Then the following three statements are equivalent,
as n — oo,

(1) [unlly2q) =0,
(ii) ”Un”LaQ(Q) -0,
(iii) ||Un||cl,6(§) — 0.
Proof. Clearly, (iii) implies (i) and (ii).

(i) = (ii): We denote wy,, = u,/||u, || x satisfying |Jw,|x =1 and
h(z, wn[unl|x; An)

2_q
—Aw, = An(/ |wn|qu) T w9 2w, +
Q | x

Based on the hypotheses 1 < ¢ < 2 and (H1), the right-hand side, represented as f(x,w,,), satisfies
h (2, wn llunl|x, An)

[[un || x (2.2)
< C1|wn|q’71 + 02||Un||§(_2|wn|p71

where Cy and Cj are constants that are independent of |lu,||x. Our aim is to obtain a priori

flw,w,) = )‘nHwaniq‘wﬂqizwn +

estimates and determine the L°°-norm of w,,, which is controlled by the VVO1 2_norm of wy,. How-
ever, it is important to recognize that the coefficient of |w, |[P~! is associated with the value of
[t Hf)’(_z, which is variable! Consequently, a comprehensive analysis utilizing a bootstrap argument
is required. Now, we proceed as in the proof of [2 Theorem 1.16].

Step 1. By the Sobolev embedding theorem it follows that w, € L?" and satisfies
2+ < Cllwpllx =C (2.3)

where C' is a constant that is independent of ||uy,]||x.-

[|wy,
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Step 2. Based on the information provided in (2.2) and the condition p > ¢, it follows that
fz,wy,) € LT with r = % and

1 (2 wa) I < / (C a7 + Colfun 52w ||z

<Cl/ |wn|q 1)rdx+02||uan 2)7"/ |wn|(P71)rdm

r 2)r 1
= Cylwn 717 + Collun |27 nugg o
+ Collun |2 [,

<G
Hence, we derive that
1f (2, wn)lr < C "+ Ol |I5
where Cy and Cy are constants that are indopcndent of |Junl x.
Step 3. Since —Aw,, = f(x,w,), LP-estimates yields u € W>" and
[wnllw2r@) < ClIf (z, wn)r (2.5)
where C is a constant that is independent of [|uy||x.
If 2r > n then u € C%7(Q). Otherwise, we can repeat Steps 1-3. After a finite number of times,
one finally finds a number 7* such that u € W2 with 2r* > n. Then the Sobolev embedding
theorem yields again W2" (Q) < C%7(Q) with v < 1 and

(2.4)

[wnllgoq @ < Cllwnllwzr @ (2.6)

where C' is a constant that is independent of ||uy]||x.-

From ([2.3)-(2.6), we obtain
[lwall co. (@) = < C1 + Collun|% ? (2.7)

where Cy and Cy are constants that are independent of ||u,|/x. Furthermore, based on Schauder
estimates, we obtain w,, € C?7() and

[wnll ez @) < Cr + Cz||un||]§§2 (2.8)
where Cy and Cy are constants that are independent of ||u,||x. (2.8)) implies that

lunlloe < Clitnllgan @ < (€1 + Callualli 2) Junllx- (2.9)

However, because p — 2 > 0, (i) = (ii) is proved.
(ii) = (iil). proceeding as above, we obtain
[unllcn. B < Cllunl|ce. RO (Cl + Collun |5 2) l[unllo (2.10)
where C7 and Cy are constants that are independent of ||ty || co- O

Corollary 2.11. Let {(An,un) 52, be as above with ||uy||cc — 0. Then there exists subsequence,
which we denote again by A, and u,, such that as n — oo for some a € (0,1),

A= Ay em e PL Gy ol (2.11)
[[unllo l[1]lo

where Ay is the first eigenvalue of (1.2)) and @1 is an eigenfunction corresponding ;.

Proof. We denote w,, = u,/||tn||oo which satisfies
x’wn un OO’ATL
[ vuno = [unl) ™ [l [ Hteltaledd g

for all ¢ € X. Using the compact embedding C*# — C1® with 0 < o < 8 < 1, the sequence w,,
contains a subsequence that converges in C'*® to some w; we denote it again by w, — w. We let
n — oo in (2.12)) and use Corollary to conclude that w € CH must satisfy

/Qvu;wdx:A*(/Q|w|qcz:c)‘2’_l/ﬂ|w|q2w¢dw (2.13)
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where \* = lim,, oo Ap. Since 0 < A* < Ay — § and A; is the only eigenvalue of (1.2]) in the
open interval (0, A2), we must have \* = A;. In addition, A; being a simple eigenvalue, we have
w = ki in Q where k satisfies

k- flerlloe = llwlloo = llwnlloo = 1.
This gives (2.11)). O

Comparable results can be achieved concerning Theorem [2.10]and Corollary 2.11]in the context
of (A1, 00).

Theorem 2.12. Let {(An, un) 2, be as above. Then the following three statements are equivalent,
as n — oo,
)l 20 = o,
(i) [JunlLoe (@) = o0,
(iii) ||un||cl,,3(§) — 00.
Corollary 2.13. Let {(An, un)}22, be as above with ||uy||cc — 00. Then there ezists subsequence,
which we denote again by X\, and u,,, such that as n — oo for some a € (0,1)

An — A, Un 4 91 in C1*(Q)
[l oo ll¢1l0o

where Ay is the first eigenvalue of (1.2)) and @1 is an eigenfunction corresponding ;.

3. GLOBAL BIFURCATION

It is known that u € W, *(Q) is a solution of problem (L.I)) (in the weak sense) if and only if a
pair (A, u) € R x W,"*(Q) that satisfies the integral identity

/QVuV(;Sdac:)\</Q|u|qd:r>§_1/ﬂ|u|q_2u¢dx+/ﬂh(:v,u;)\)¢d:c

for all ¢ € VVO1 2(Q) The last equation is equivalent to the operator equation

O(u) = AU (u) + H(\, u)
with all terms valued in the dual space X’ = W12 (Q) of X and the operators ®, ¥, H(),-) :
X — X' defined as follows, for all u,¢ € X and \ € R:

(@(u),@X:/QVqubdx,

w0y = ([ uoar) [ jup-rusa,
(H()\,u),(b}x:/Qh(x,u,)\)qb(x)dx.

It is easy to see that the operator ® : X — X’ is continuous, coercive, strictly monotone and
satisfies condition (S4). The operator ¥ : X — X’ can be extended to a continuous operator
W L9(Q) — (L9(Q)) = L7 (Q) in a unique way. Consequently, ¥ decomposed as

VX o L9Q) B 17 (Q) o X

is compact by Rellich’s theorem. Finally, given A € R, operator H(\, ) : X — X’ is also compact
by Rellich’s theorem. Thus

Gr(u) = G\ u) =P(u) — ¥(u) — HA\u)

can be viewed as a compact perturbation of (S, )-type operator ¥ and is also (S;)-type. So its
Browder-Petryshyn degree can be defined.

Now, we give a result that shows discontinuity for Browder-Petryshyn degree at the first eigen-
value A\;.
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Lemma 3.1. For allr >0 and all 0 < 6 < Ay — A1 we have
Deg [® — (A £ 6)¥; B,(0),0] = F1.
Proof. Given R > 0 fixed, we define ¢ : RT — R as

0 for 0 <t <R,
b(t) =< & (t - R)? for R <t < 2R, (3.1)
20(t —2R) +0R for 2R <t < 0.

Clearly, v is continuously differentiable, monotone increasing, and convex on RY satisfying

0 for 0 <t <R,
Y(t)=¢ 2(t—R) for R<t<2R, (3.2)
26 for 2R <t < 0.
Now we consider the functional T : X — R defined as
1 A 1
Ta(u) = 5(®(w),u) = SV, )y + (5w, u)y ).
Every critical point ug € X of T) is a solution of the operator equation
1
T (u) = ®(u) — [)\ - w’(i(ql(u),ub()} () =0 inX’. (3.3)

Next we investigate the above equation. Assuming A < A1 + § < Ay we have
1
A28 <A ¢’(§<\I'(u),u)x> <A<+ < Do

Therefore, if (3.3)) is valid, we have following two cases: (i) ug = 0, and (i) A=’ (2 (¥ (ug), uo) x) =
A1 and uwp = ayp; for some constant o € R\ {0}.
Here 7 is an eigenfunction corresponding to A; satisfies ||<,01H§ = 1, and «, because of the

homogeneity, satisfies
al?
A ’(—‘ )=
W(5) =M
Because a depends on A, we sometimes write a = a,. Next, we discuss the value of A\ in three
cases.

Case 1: A\ < A\;. We have

¥ (|la]?/2) =X = A\ <0.
Combining with , the only zero of T) is the u = 0 € X; it is the global minimizer for 7). We
apply Theorem to conclude that

Deg[Ty; B;(0),0] =1 for all r > 0. (3.4)
Case 2: A = ). In this situation,
¢ (la]*/2) = A1 — A = 0.
Combining with , we have 0 < % < R. Combining with again, it is easy to see that
Ty, (ar,p1) =0.
Case 3: A\{ < XA < A\; + 6. In this situation,
V' (lef?/2) € (0,0].

Combining this with (3:2)), we have R < |a,|?/2 < 3£, It can be known by direct calculation
that Ty, +s(E£an, +6¢1) < 0 = Ty. According to , 0 and *ay, 4591 are the whole set of zeros
of Ty, +s. Next, we proof Ty is coercive on X. In fact, we fix %(‘I’(u),u)x = 2R. Thisis a C!
manifold and contains origin © = 0. Then we have

T () = 5 (@), uhx — G (0(w)u)x +25( G (¥(u), u)x — 2R) +OR
= L), uyx — 22 25<\I/(u),u>x - 30R

2 2
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> %(@(u),u)x - Al; O (@), u)x — 3R
> (1- AlA: %) @(w).u)x — 3R

1
_ 5(7 O(u),u) x — 3R).
o CORTE
Let ||u||x — oo, we obtain T (u) — co. Thus, +ay, +5p1 are the global minimizers for Ty, 5. By
Theorem [5.8] again, we obtain
Deg [T}, 1 s; Bo (£, +5¢1),0] =1 for every o > 0 small enough. (3.5)

Without loss of generality, we assume o < %Oé,\1+5||<,01||x. Set rs = 2ax,+slle1llx, then rs >
ax +slle1llx +o. Let

Ty(u) = tTy, _s(u) + (1 —t)Ty, ;5(u) t€[0,1] and [lul|x > 7s.

Noticing that T3 (u) # 0 holds for all u € 9B,,(0) and ¢ € [0,1] due to choice of o and rs, by the
homotopy invariance of degree, we obtain

Deg [T}, 15; Br(0),0] = Deg [T}, _s; B;(0),0] =1 for every r > rs. (3.6)
On the other hand, 0 is also an isolated zero of T} with A = A\; + ¢ and
Deg [T}, 45; B> (0),0]

is well defined for every ¢’ > 0 small enough. Without loss of generality, we still assume o’ <

1
700, +slle1llx-
From (3.4), (3.6) and additivity property of the degree we deduce for all r > r;,

Deg [T5, 455 Bo(ax,+5%1), 0] + Deg [T 45; Bo(—an, +5%1), 0] + Deg [T}, 15; Bo(0), 0]
= Deg [T/<1+6; B,«(O),O}
= Deg [Tgl_é;Br(O),O] =1
From , we obtain
Deg [T}, ,s; B>/ (0),0] = —1.

To complete the proof, we only need to prove that there exists ¢’ small enough such that
(U (u),u)x < R for ||ul|x <o’. This is because, if that is correct, from (3.2) we have

1
() = (1 + )W) = O(u) = [ +8) + /(5 (), u)) [ ¥(w) = T3, ().
Then
Deg [® — (A1 + 6)¥; B,/ (0),0] = Deg [T}, 455 Bo(0),0] = —1.
Indeed that is true. Because, from the definition of A1, we have
A (u), u)x < (@(u),u) = [lufx.

Since u = 0 € X is the only solution to the operator equation ®(u) = (A1 + §)¥(u). We obtain

Deg[® — (A1 +6)¥; B,.(0),0] = =1 for every r > 0.
By analogous arguments, we infer that

Deg[® — (A1 — 0)¥; B,(0),0] =1 for every r > 0. O
Proof of Theorem[I.1 According to [6], if (A,0) is a bifurcation point, then X is an eigenvalue
for the nonlinear eigenvalue problem ®(u) — A¥(u) = 0. So for each A € (0, \2)\{\1}, u =
0 € X is an isolated solution of G(u) = 0. Thus one can find R > 0 small enough, such that

Deg[Ga, +5; Br(0), 0] remains constant with respect to r € (0, R).
Now, we assert that there exists R’ € (0, R) such that

B(u) — (A £ 0)T(u) — tH(\ +6,u) #0 (3.7)
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for all w € 9BR/(0) and ¢ € [0, 1]. If not, for all R’ € (0, R) there exist u € dBg/(0) and ¢ € [0, 1]
such that

D(u)— (M £0)T(u) —tH(A\ £0,u) =0.
Thus, we can find a sequence {r,}>2; C (0, R), r, — 0, with {u,}>, C X, u, € 9B,,(0), and
{tn}52, C [0,1], such that above equation holds with w,, and ¢, in place of u and ¢, respectively.
So, for all ¢ € C°(12), we have

/QVunVQS:()\1j:é)(/ﬂ|un|q>§_1/9|un|q_2un¢+tn/ﬂh(x,un,)\)¢. (3.8)

Since u, € 0B, (0), we have |lu,|x — 0. Dividing both sides of the equation by |u,|x and
denoting u,, /||u.||x by w, the sequence {w,} is bounded in X. This means that there exists a
w € X and subsequence that we call again w,,, such that

wy, — w in X;

w, = win LP(Q), Vp € [1,2%);

wp(z) = w(z) a.e. in Q;

there exists v € LP(2) such that |w,(z)| < v(z) a.e. in Q and for all n.

Then we obtain

/Qanng(/\115)(/Q|wn|q)§_1/ﬂwn|qzwn¢+tn/ﬂh(x’u"’>\)¢. (3.9)

l[unllx

Next, it is sufficient to show that
lim h(z,tn, A)

n=e Jo o [lunlx

¢dz = 0. (3.10)

Since combining with weak convergence, Holder inequality and Lebesgue dominated convergence
theorem, we can obtain that

/anv¢dx—>/VwV¢dx,
Q Q

2_1 2_1
(/ |wn|qda:) ! / |wn |9 2wp ¢ da — (/ |w\qu) ! / |w|? 2we da.
Q Q Q Q

This means that there exists 0 # w € X satisfying

/Qvu;v(;sdx:(Alié)(/ﬂ|w|de)?’_1/Q|w|q—2w¢dx.

This contradicts that A; + § are not eigenvalues. Now we prove (3.10)).
From Lemma [2.9] and Theorem [2.10, we have

Q Q

lunllx [unlloo Ilunllx

_ h(x, Up, A
< (€1 + Callunli% 2)/Q(M)¢dx 0.

l[wn oo
Therefore, the degree of the homotopy operator
D(u) — (N £0)¥(u) —tH(A £0,u), te]0,1],
is well defined. This operator connects G, +s with ® — (A; & 6)¥. Consequently, by Lemma [3.1]
we have
Deg[G,+5; Br(0),0] = Deg[Gx, +5; Br/(0),0] = Deg[® — (A £ §)T; Br/(0),0] = F1.

Next, we can proceed step by step as in the original proof of Rabinowitz [9]. This concludes the
proof. U O

By Corollary and Corollary 2.13] we have the following result.

Corollary 3.2. Let € is a component of the set of nontrivial solutions of (1.1) in R x X in
Theorem and 9 is a component of the set of nontrivial solutions of (1.1) in R x X in Theorem
2
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(1) If (in,un) € € and is near (A1,0), then u, = spp1 + Wy, where wy, = o(|sy|) as |sp] — 0
and [, wpprde = 0.

(i) If (i, un) € Z and is near (A1, 00), then u, = Spp1+wy, where wy, = o(|sy]) as |sp| = o0
and [, wpprde = 0.

4. POSITIVE SOLUTIONS

In this Section, we consider the problem

—AuzA(/@uV’dm)ilf(u) in Q,

(4.1)
uw=0 on 0.
Using (H5) we define ¢ : RT™ — RT as
F(s) = fols|"s + &(s)
with
O
s—0+ |8]972s
Then (4.1)) is transformed into
2_1 2_1
—Au =\ Yz )" |ul"Pu+ A Idz) " in O
u fo(/Q | x) |u]9™%u + (/Q |ul (E) &(u) in Q, (4.9)

u=0 on 09,

as a bifurcation problem from the trivial solution axis. We intend to utilize Theorem in the

context of Problem . However, we observe that Equations and are not entirely

identical; they share a similar structure only in certain aspects. To be precise, it is observed that

the second term on the right-hand side of Equation includes a nonlocal term, ( [, |u\qu)%71,

whereas the second term on the right-hand side of Equation does not incorporate this term.

Consequently, it is necessary to formulate a theorem analogous to Theorem for Equation .
To ensure comprehensiveness, we generalize into the following equation.

—Au = /\(/ |u|qu) |92 + (/ |u|qu> g(z,u,A) in Q,
Q Q
u=0 on 01,

where ¢ : 2 x R x R satisfies the Carathéodory condition in the first two variable and is locally
Hélder continuous about the second variable. There exists a constant C' € (0,00) and p € (2,2*)
such that

(4.3)

l9(@, u, \)| < ClufP™
for a.e. z € Q and all (u,\) € R x R. Furthermore, we assume that g satisfies the following
hypotheses:
(H7) (for bifurcations from zero)
lim 9(@.5.2)
s—0+ 871

=0

uniformly for almost every x € 2 and A on bounded sets.
(H8) (for bifurcations from infinity)

lim g(x,s,\)

=0
s—+00 Sqfl
uniformly for almost every x €  and A on bounded sets.

We aim to provide a proof of the subsequent theorem.

Theorem 4.1. Let q € [1,2] and g satisfies (H7). Then the pair (A1,0) is a bifurcation point
of {.3). Moreover, there is a component ¢ of the set of nontrivial solutions of (4.3) in R x X
whose closure contains (A1,0) and it is either unbounded or contains a pair (/\, O) for some A, an

eigenvalue of (1.2) with X\ # \;.
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Upon examining the proof of Theorem [1.1} it becomes evident that the critical component lies
in the demonstration of . However the validity of is contingent upon Lemma and
Theorem Consequently, it is imperative to establish analogous conclusions for the function
[ull2=9g(x,u, X). We shall now continue with this verification. Initially, it is evident that the
analogue of Lemma [2.8] can be established through a proof that is analogous to that of Lemma
[2:8] This constitutes the subsequent lemma.

Lemma 4.2. Let u € L>®(Q), u# 0 in Q.
(i) If hypothesis (HT) is satisfied, then
g(x,u,\)

q—1

=0 as ||lullpe) — 0
Hu”Loo(Q)

holds for a.e. x € Q0 and uniformly for every A € R.
(i) If hypothesis (H) is satisfied, then
g(@,u, \)

qg—1

=0 as  |ullpeo) — 00
Hu”Loo(Q)

holds for a.e. x € Q and uniformly for every A € R.

Next, we investigate Theorem the equivalence of norms. An analysis of the proof of
Theorem reveals that a pivotal aspect is the establishment of (2.2) and Step 2. When h is
replaced by ||u|\3_qg(x, u, A), the resulting expression is as follows

||“n||3_q9($7 wnHunHXa )\n)

[[nlx

[z, wy,) = /\nllwn||3_q|wn|q_2wn +

< Clugf=t 4 Nenlli? g 0nllunllx, An)

[Junlx [t || %

ClwalP un |5
[

= Cllwn‘q_l + CQ“UH‘|§7q|wn|p_l

< Clw, |17t + 024

where C; and Cs are constants that are independent of |lu,||x. Considering that p — ¢ > 0, it can
be inferred that Theorem remains valid when h is substituted with [Jul|2~9g(x,u, X). This
constitutes the subsequent theorem.

Theorem 4.3. Let {(An, un)}22, be solutions of (4.3). Then the following three stateents are
equivalent, as n — oo:
(1) lunllwpr2q) =0,
(i) |lunllzo () — 0,
(ili) [[unllcr.s @) — O
Similar to Theorem we have Theorem Moreover, similar to Theorem we can draw
conclusions regarding bifurcation from infinity.

Theorem 4.4. Let q € [1,2] and g satisfy (H8). Then the pair (A1, 00) is a bifurcation point of
. Moreover, there is a component & of the set of nontrivial solutions of in Rx X which
meets (A1,00). If A C R is an interval such that A N r(L) = {A\1} where r(L) is the set of real
eigenvalue values of and A is a neighborhood of (\1,00) whose projection on R lies in A
and whose projection on X is bounded away from 0, then either

(i) 9 — A is bounded in R x X in which case D — M meets Z = {(A,0) | A € R}, or

(il) 2 — A is unbounded.

If (ii) occurs and 9 — M has a bounded projection on R, then & — .# meets (X,oo) where
A1 # A er(L).

Similar to Corollary [3:2] we have the following statement.
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Corollary 4.5. Let € be a component of the set of nontrivial solutions of (4.3) in R x X in
Theorem and 9 is a component of the set of nontrivial solutions of (4.3) in R x X in Theorem

144

(1) If (un,un) € € and is near (A1,0), then u, = spp1 + Wy, where wy, = o(|sy|) as |sp] — 0
and [, wpprde = 0.

(i) If (i, un) € Z and is near (A1, 00), then u, = Spp1+wy, where wy, = o(|sy]) as|sp| —
and [, wpprde = 0.

We will now proceed with the examination of (4.1). Let
E={uecC'@):u=0 ondQ}
with the usual norm
Juller = max u] + max| V.
Q Q

Set

+ . ou

P :{uEE:u>0 1nQanda—<00naﬂ}
w

where w is the outward pointing normal vector to 0).

Lemma 4.6. Assume (H4) and (H5) hold. Then (A1/fo,0) is a bifurcation point of (4.1)) and the
associated bifurcation branch ¢ C R x E whose closure containsf()\l/fo, 0) is either unbounded or
contains a pair (\/ fo,0) where X is an eigenvalue of (1.2) and X\ #£ A;.

The above lemma is an application of Theorem [£.1]

Lemma 4.7. Assume (H4) and (H5) hold. Then € C ((R x P%) U (A/fo,0)) and the last
alternative in Lemmal[4.0] is impossible.

Proof. By the strong maximum principle [8], any nontrivial solution (A, u) belongs to R x f+. So
we have ¢’ C ((Rx P*)U(Rx{0})). Suppose on the contrary that there exists (A, u,) — (A/ fo,0)
with (An, un) € €, u, # 0 and A # Ay. Let v, = up/||tn oo, then (A, v,) satisfies

! _ [[unll3— U,
/anv¢: Anfo(/ |Un|q) / |vn|? 2'Un¢+)\n g—q/ dt q11¢
Q 0 Q unllse™ Jo ([uall

o0

for all € X. We obtain that there exists a subsequence v,,, — v as m — +o0o. Now v verifies the

equation
_ 21
/VvV¢dx:A(/ |U|de)q /|u|q*2v¢dx.
Q Q Q

Hence v must change sign, and this is a contradiction. Furthermore, it follows that ¥ C (R x
PT)YU (A1/fo,0) and € is unbounded in R x E. O
Using (H6), we define n : RT — RT as

F(s) = fools|%s +(s)
with
nis) _
1 =
s—+400 |s|q_23

Then (4.1)) is transformed into

2_q 2_q
—Au = )\foo</ |u|qu) i+ )\(/ |u|qd:v) " p(u) in Q,
Q Q (4.4)
u=0 on 0F,
as a bifurcation problem from infinity. Similar to Lemma[£.6] [£.7] we have the following statement.

Lemma 4.8. Assume (H4) and (H6) hold. Then (A1/fs,0) is a bifurcation point of (4.1)).
Moreover, there exists a continuum 2 C (R x PT)U (A1/foo,0)) of solutions of problem (4.1])
meeting (\1/ foo, 00) and satisfying at least one of the alternatives of Theorem .
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Proof of Theorem[1.3 Firstly, we define
- {f(s) if0<s<T,

0 otherwise

and consider the problem
2

2.1
—Au = )\(/ \u|qu) f(u) in 9,
Q
u=0 on J.

Utilizing Lemma there exists a continuum % of nontrivial solutions of problem ema-
nating from (\;/fo,0) such that € C ((R x P*)U (A1/f0,0)), meets oo in R x E. We claim that
u < 7 for any (A, u) € €. Suppose, by contradiction, that there exists € Q so that u(z) > 7.
Since u € C1(Q), we can find Q; C Q so that u(z) > 7 in Q1 and u(z) = 7 on Q4. This leads to
the equation

(4.5)

—Au =0 in Qq,
w=7 on 9.

This leads to a contradiction, as it follows that w(z) = 7 in £; by maximum principle. This
substantiates the assertion and consequently indicates that w is also a solution of for any
(A, u) € €. Subsequently, we will demonstrate that the projection of ¥ on R is unbounded. It is
adequate to demonstrate that the set {(A,u) € € : A € (0,d]} is bounded for any fixed d € (0, +00).
Arguing by contradiction, if there exists (An,u,) € €, such that A\, — X < d,u, — 400 as
n — +o0o. Let w, = uy,/||un]/cr. Then we have that

||un||3_q f(un) )

n P -1
”un”clq Huancl

Wy = Q()\

where Q = (—A)~1. Clearly, we have that

fun) < max|f(s)].

(0,7]
It means that ~
[un 379 f(un)
n 2= —1
[[nlloa® lun G
By the compactness of ), we obtain that for some subsequence w, — 0 as n — 4oo. This
result stands in contradiction to the assertion that ||w,|c1 = 1. This, in conjunction with the
observation that € joins (A1/fo,0) to infinity, indicates that

(A1/ fo, +00) € Proj(%)

where Proj(%) denotes the projection of € on R.

Applying Lemma there exists a continuum 2 C (R x PT) U (A/foo,0) of solutions of
problem meeting (A1/fx,00) and satisfying at least one of the alternatives of Theorem 4.4
In addition, it is relatively straightforward to confirm that (\1/feo,00) is the unique bifurcation
point of positive solutions of from co. We will demonstrate that these two components, ¢
and 2, are disjoint. Let

—0 asn— +oo.

F={ueC(Q):u=0on0Q}
with the usual norm
[ull oo = max|u].
Q

It is sufficient to show that % and & are disjoint in R x F. We first claim that & is unbounded
in the direction of F. And this only requires proving that (A1/fs,0) is a blow-up point of &
in R x F. Otherwise, there exists M > 0 such that [Juy|lcc < M for any (\n,u,) € 2 with
An = A1/ foo @s n — +o0. Applying [8, Theorem 8.33 of], we obtain that ||u,|c1 < M’ for some
positive constant M’, which contradicts the fact of 2 meeting (A1/fs,0). Let us assume, for
the sake of contradiction, that € N2 # ) in R x F. Since 2 is unbounded in the direction of F,
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there exists (A\*,u*) € (¢’ N 2) such that maxgu* = 7. Due to (H4), there exists 0 < k < 400
such that f(s) < k(T — s) for any s € [0,7]. So we have

—A(T —u") + )\*/s||u*||(21*q(7 —u*)>0 inQ,
T—u">0 ondQ.

The strong maximum principle of [§] implies that 7 > « in Q. This statement presents a paradox.

Thus 2 — 4 is unbounded, where .# is a neighborhood of (\1/fs,o0) whose projection on
R contains A;/fs and whose projection on E is bounded away from 0. We claim that 2 — .#
has an unbounded projection on R. This only needs to examine that the case of 2 — .# meeting
(Aj/ foc,00) for some j > 1 is not feasible, where \; denotes the eigenvalue of jth of eigenvalue
problem . If not, we assume that 2 — .# meets ()\;/f,00) for some j > 1. So there
exists a neighborhood N C M of (Aj/foo,0) such that uw must change sign for any (\,u) €

(2 —#)N (</1,7\ (Aj/feo,))), where .# is a neighborhood of (A;/fs,00) which satisfies the
assumptions of Lemma This contradicts that 2 C ((RxPT)U(A1/feo, +00)). The anticipated
conclusions are now evident, see Figure 1. O

5. APPENDIX: BROWDER-PETRYSHYN DEGREE

We need some theories on the Browder-Petryshyn degree. We list some of its definitions and
properties. For detailed information, we refer readers to [I1), 12]. Now let X be a Banach space
and D is a subset of X. We consider an operator A, in general nonlinear, defined on a subset of
X, with values in X’.

Definition 5.1 (condition (S)4+ or condition a(D)). Operator A belongs to the class (S)4 if for
any sequence u, € D, u, — ug and lim, _, o (Aty, u, — up) < 0 imply u,, — up.

Definition 5.2. The operator A is said to be demicontinuous on D, if for any sequence u,, € D
strongly converging to ug € D, we have the equality

lim (Au,,v) = (Aug,v) for all v e X.

n—oo

Definition 5.3. For F' C D we denote by A(D, F) the set of all bounded demicontinuous mappings
A: D — X' satisfying condition condition «(F). When F' = D, we write A(D) instead of A(D, D).

We define Deg(A, D,0) —the degree of a mapping A on the set D with respect to the origin of
the space X’— under the conditions:
(a) A€ A(D),
(b) Auw # 0 for any element u € 0D.
Let {v;}, i = 1,2,..., be any complete system of the space X and suppose that for every n the

elements vy, ..., v, are linear independent. Denote by F;, the linear hull of the elements vy, ..., v,.
Define for every n = 1,2, ... the finite-dimensional approximation A, of the mapping A in the
following way:
n
A u = Z(Au,vz)vi forueD,, D,=DNEF,. (5.1)
i=1

Lemma 5.4. Let A be an operator satisfying conditions (a),(b). Then there exists N such that
for n = N the following assertions hold:
(1) the equation A,u =0 has no solutions belonging to 0D, ;
(2) Leray-Schauder degree deg(A,, Dy,0) of the mapping A, on the set D,, with respect to
0 € F,, is defined and independent of n.

By Theorem lim,, o0 deg(A,,, Dy, 0) exists and we denote it by D{v;}.
Lemma 5.5. Suppose that the conditions (a), (b) are satisfied. Then the limit
D{v;} = lim deg(A,, D,,0)
n—oo

does not depend on the the choice of the sequence {v;}.
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The [6.4] and [5.5] justify the following definition.

Definition 5.6 (Browder-Petryshyn degree). For an operator A satisfying conditions (a) and (b),
by its degree on the set D with respect to the point 0 € X’ we mean the number
lim deg(A,, D,,0),

n—oo

where A,,, D,, are determined in accordance with (5.1)). This degree is denoted by Deg(A, D, 0).

The degree of a mapping, introduced above, possesses all the natural properties of the degree
of finite-dimensional mappings.

Definition 5.7 (index of isolated zero point). The number

lim Deg(A, B, (u0), 0)
r—0
is called the index of the mapping A at the isolated zero point ug and is denoted by Ind(A4, ug).

Lemma 5.8. Suppose that a mapping A of class A(D) has only isolated zero points in D and
Au # 0 for u € OD. Then there exists only a finite number of zero points and the equality

I
Deg(A,D,0) = Ind(A,u;),
=1

holds, where u;, i =1,...,1, are all zero points of the mapping A in D.
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