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EXISTENCE AND REGULARITY OF SOLUTIONS FOR ELLIPTIC SYSTEMS
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ABSTRACT. In this article we study elliptic systems involving nonstandard mixed boundary
conditions in a bounded domain, possibly multiply connected. We prove the existence and
uniqueness of weak and strong solutions of such problems in the Hilbert setting. Then, we
generalize our results to the LP-theory using some inf-sup conditions.

1. INTRODUCTION

Elliptic problems arise in various fields as in mechanics, chemistry, biology, and other fields.
There has been a considerable amount of works done in the analysis of general and particular
elliptic systems (see for instance [12] I3} [14]). The aim of this work is to study the well-posedness
of linear elliptic systems involving two different kinds of mixed boundary conditions in the Hilbert
framework and then in LP-theory.

Unless stated otherwise, we assume that  is a €% domain in R?, possibly multiply connected
and its boundary is decomposed as I'p U Ty such that Tp NTx = . In what follows, the unit
outer normal to the boundary is denoted by n.

Laplace’s equation has been mostly studied with Dirichlet or Neumann boundary conditions.
In the vector case, we can have the same boundary conditions but they do not lead to an elliptic
system. To recover the ellipticity, various types of physical boundary conditions can be imposed.
Among them, the conditions we assume in this paper.

We consider the Poisson equation

—Au=f in{, (1.1)

with the boundary conditions
u-n=0, culuxn=0 onlp, (1.2)
uxn=0, divu=0 onIly. (1.3)

The condition is called “Navier-type boundary condition” [6] or “Hodge boundary condition”
[15] or even “perfect wall” condition [I]. It is equivalent to the Navier boundary condition intro-
duced in [16] in the case of flat boundary and where the friction coefficient vanishes. It appears
in the study of climate modeling, in electromagnetism and in magnetohydrodynamics. It can be
used for ferrofluid flow models, such as those by Rosensweig and Shliomis [I7], where the condition
concerning the divergence of internal and external magnetic fields may not be constrained to zero.
In [6], the authors treated the Stokes problem with on the boundary and in particular the
system - with a free-divergence condition, which required more assumptions on the data.
Recently in [3], the authors investigated the LP-theory of an elliptic system involving the condition
on the boundary without a divergence constraint.
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For a better understanding of the conditions (1.2)) and , let us consider any point P on I'
and choose any neighborhood W of P in I', small enough to allow the existence of €’ curves on
W. The lengths s1, so along each family of curves are a possible set of coordinates in W. The unit
tangent vectors to each family of curves are denoted by 71 and 7. With this notation we have
v=v,+ (v-n)nand v, = Eizl VL Tk, Where vy, = v - 7. Consequently, we have the following
formula valuable for any u € D(Q) (or more generally for any u € WHP(Q) with Au € L"®)(Q),
see below the definition of the exponent r(p))

0

divu:dinu.,.fQKu~n+8—u~n on T (1.4)

n
where K = —% Z?:l % - T; is the mean curvature of I' and divr is the surface divergence.

J p—

Moreover, we have the following relations for any u € D(Q)

ou
curluxn= -V, (u-n)+ Au+ (a—) on T, (1.5)
n/r

where A is an operator of order zero, defined by
2
On
Aw = Z (g ~w.r>7'j.
g=1
Taking account of (1.4]), the condition (1.3 is equivalent to Fourier-Robin boundary condition
given by

Ku-n+ 6—11 -n=0.
On
For the well-posedness of the problem, a quantity that reflects the topological structure of the
domain should be added (see the last relations in Problem (£?p) Section 2).
The second elliptic problem we are interested in is given by the equation with mixed
normal and tangential components on the boundary, i.e.

ou

u-n =0, %xnzo onI'p, (1.6)
ou

uxn=0, %-nzo on I'y. (1.7)

This kind of conditions occur in the nonlinear model of a nematic liquid crystal studied by Dias
in [I1], who proved the existence and uniqueness of a weak solution in the non mixed case. In the
work of Shoenauer [18], the author studied the problem, with or on the whole boundary.
Taking f € LP(Q2), he proved the existence and uniqueness of strong solutions in W2P?(Q2). The
idea of the proof is based on the regularity near the boundary for p = 2. By a bootstrap argument,
the case p > 2 is then deduced. Finally, the case 1 < p < 2 is obtained using a priori estimates.
Brezis et al [§] treated the regularity of the solution in the non mixed case where the source term
f belongs to L!(Q). Using an additional condition on div f, they proved that the solution belongs

to WL/7=1(Q) and not only to the Sobolev space Wégn/n_l(Q). The functions belonging to the

latter space have gradients in the Lorentz space L&{"il(Q). Up to our knowledge, the problem
of mixed boundary conditions ([1.6)-(1.7) has not been treated in the literature. We assume that
f € L'®)(Q) where

3 : 3

p% if p> 3
r(p)=q1+e ifp=3

1 if1<p<3,

where ¢ > 0 is arbitrary. Note that W1"®)(Q) < L?(Q) and W' (Q) — L@ (Q).

These problems are challenging due to the unusual mixtures of physical boundary conditions
we are considering. Also, the complexity of the geometry of the domain brings more difficulties
to the problems. In fact, the domain is possibly multiply connected and we do not assume that
I'p and I' y are connected. We suppose that there exist J connected open surfaces ¥;, 1 < j < J,
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called “cuts”, contained in I', such that each surface ¥; is an open subset of a smooth manifold
and 3; N = 0 for i # j. Also, 9% stands for the union of the boundaries of ¥;.

Our investigations are separated into three categories: existence, uniqueness and regularity of
the solutions, in the Hilbert framework and then in LP-theory. We start with the existence and
uniqueness of weak solutions in the Hilbert setting of the first system —. This system is
more general than what has been studied in the literature (see for instance [4] [6, [7]) where the
authors assume that divu = 0 on 2 and add some assumptions on the source term f. The fact
that we propose here a more general setting allows this kind of problems to be applied in some
different areas like in magnetohydrodynamics. Furthermore, the solution of the system without
a divergence constraint requires less conditions on the data. In Proposition we prove that
we can recover the condition divu = 0 on . Unlike the case of Dirichlet condition, where
the Poincaré’s inequality plays a fundamental role, we need here some inequalities for vector fields
involving the operators grad, div and curl. To prove the strong regularity results, we use a partition
of unity combined with some regularity properties for the operators div and curl. Let us emphasize
that we will deal separately with the cases where 0¥ is included in I'p or in I'y. The main purpose
of this work is to give a complete LP-theory for the proposed systems not only for p > 2 but also
for any 1 < p < 2. To do so, we establish an appropriate inf-sup condition for each problem leading
to generalized solutions in WP(Q) for any 1 < p < +o0. We also give some results related to
the case of inhomogeneous boundary conditions. For the second problem , and ,
we prove a particular Poincaré condition in the case of mixed normal and tangential components.
The existence of a strong solution is deduced by using the same arguments as the first system.
For the LP-theory, we proceed using a strategy based on the first inf-sup condition leading to a
solution in WP(Q) for any 1 < p < +o00 but requiring some assumptions on the geometry of the
domain. We also provide a W2P(Q) regularity result.

Let us now briefly outline the structure of this paper. In Section [2] we state some main results.
In Section [3] we introduce the mathematical framework and review some preliminary results. In
Section 4] we focus our attention on the existence, uniqueness and regularity of the solution of
the first elliptic problems dealing with the conditions and on the boundary. Section
is devoted to the study of the second elliptic system with and in the Hilbert case and
then in LP-theory.

2. MAIN RESULTS

The first main result of this work deals with the existence and uniqueness of the solution of the
following problem where we assume that 0¥ C I'p,
—Au=f in Q,
uxn=axn, divu=g onlyy,
u'n=>s, curluxn=hxn onlp, (2.1)
<u~n,1>1~§V =0, 1<(<Ly, (unl)y, =0, 1<5<J,
where f, a, b, g and h are given data. The last relations in (2.1)) are zero-fluxes conditions across
the connected components Ff\, and the cuts X; respectively and are necessary for the uniqueness
of the solution.

Theorem 2.1. (i) Assume that 0% C T'p. Let f € L"®)(Q) with 3/2 < p < 400, ax n €
WI=/pP(Ty), g € W-YPP(Ty), b € W'=V/PP(Tp) and h x n € W=Y/PP(T'p) satisfying the
compatibility condition

/ f(Pd.’L'— <h X n,‘P>FD + <g7‘10'n>FN = 0.

Q

Then Problem (2.1) has a unique solution u € WP(Q) for any 1 < p < +oo and it satisfies
HUHWLP(Q) < C(”f”LT(m(Q) + ”g”W*l/p,p(FN) +[[h x n”wfl/p,p(rD)

+ [la X nflwi-1/mpry) + ||b||W1_1/p’p(FD)>'



4 I. BOUSSETOUAN, C. AMROUCHE EJDE-2025/103

(ii) If £ € L(Q), then there exists a unique u € W*(Q) for any s < 3 solution of Problem
(2.1) and satisfying

[ullwrs ) < C(\Ifl\Ll(m + lgllw-1rm0y) + b X 0llw-1/00(r,)

+ ||a X n”wlfl/p,p(FN) + ||b||W1*1/p'p(FD))'

(iii) Furthermore, if  is of class €%, f € LP(Q), ax n € W2=1/PP(T'y), g € WI=V/P2(Ty),
be W21/PP(Tp), and h x n € W'=1/PP(T'p), then u belongs to WP (Q) and

[ullwzr@) < C(HfHLv(n) +lgllwr—/er @y + X nllwi-1/me )

+[la x nllwe-1/mpr ) + ||b||W2*1/PvP(FD>)~

The proof of this theorem is given in Section [4] using an inf-sup condition established in Lemma
We also discuss the case where 0¥ C I'y in the same section.

The second main result concerns the elliptic system ([1.1])-(1.7)-(L.6) in which we assume a more
general right-hand side and the corresponding boundary conditions. The proof of this main result
is detailed in Section [Bl

—Au=f+divF in Q,
uxn=0, [(Vu+F)n]-n=g onTy, (2.2)
un=0, [(Vu+F)njxn=h onTp.
where f, g and h are given data.

Theorem 2.2. (i) Assume that 0% C I'p or 9% C T'y. Let f € L"®(Q), F € LP(Q), g €
W=YPP(Ty) and h € W=YPP(T'p) then Problem (2.2) has a unique solution u € WP(Q) and
it satisfies

lwary < C (I8l oy + Flln + gl vmon) + Blw o) )-
(i4) Furthermore, if Q is of class €%, f € LP(Q), g € WI=1/PP(T'y), and h € W'=1/PP(T'p)
with F = 0, then u belongs to W%P(2) and
lullwesg@) < C(IEleo@) + lgllwi-1 o) + Bllw s, )

Note that the assumptions 0¥ C I'p or 90X C I'y are related to the chosen method.

3. PRELIMINARIES

In this section, we set some basic notation, we introduce the functional settings and we recall
some tools necessary for our analysis. We follow the convention that C' is a constant that may vary
from expression to expression. We denote by X’ the dual space of the space X and by (-,-)x/ x
the duality product between X and X’. Vector fields are designated by bold letters and their
corresponding spaces by bold capital characters.

We consider a bounded Lipschitz domain denoted w. We assume that w contains a number of
obstacles denoted Q1,€s,...,€, some of them may be non-simply connected. We set

Q= w\( U, ﬁz)
The boundary of €2 is decomposed into two parts I'p and I'y, i.e.
I'=TpUl'y, I'pNnIly=0.
More precisely,
= ( uke, F%) U ( Uk Ff\,),
where FED, 0 < /¢ < Lp are the connected components of I'p and similarly Ff\,, 0<¢< Ly are

the connected components of I'yy. We assume that there exists J connected open surfaces >,
1 <5 < J, called “cuts” contained in €2 such that
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(i) each surface ¥; is an open part of a smooth manifold M;
(ii) the boundary of 3; is contained in 02

(ili) the intersection 3; NX; is empty for i # j

(iv)

We denote by F% the boundary of each connected open surface >; and we have

% =UJ_ T%,

the open set Q° = 0O\ U}‘le ¥; is simply-connected.

FIGURE 1. Lipschitz domain 2

Note that we consider only the cases where 0¥ C I'y or 9X C I'p. The case where 90X is
included in I'p and in I'y in the same time is not handled in this article.

Referring Figure when 0% C I'p (resp '), this means that dw U095 is included in I'p (resp
T'n).

We denote by []; the jump of a function over ¥;, i.e. the differences of the traces for any
1 < j < J. For any function ¢ € WLP(Q°), Vq is the gradient of ¢ in the sense of distributions in
D’'(Q°) which belongs to LP(2°) and it can be extended to LP(£2). Therefore, to distinguish this

extension from the gradient of ¢, we denote it by g/r;iq.
We introduce the functional framework:

H?(curl, Q) = {v € LP(Q) : curlv € LP(Q)},
HP(div,Q) = {v e LP(Q) : divv e LP(Q) }
and we denote by XP(£2) the space
XP(Q) = HP(curl, Q) N HP(div, 2)
provided with the norm for 1 < p < oo

. 1/p
IVlxecoy = (V150 ey + el VIE g + 1divvIE, o))

The space D(£2) is dense in both spaces HP (curl, Q) and HP(div,2) and the closure of D(Q2) in
HP (curl, Q) and HP(div, 2) is respectively denoted by Hf (curl, Q) and H} (div, Q). We also define
the subspaces

XE@Q)={veXP(Q):v-n=0onT}, XR(Q)={veXP(Q):vxn=0onTl},
XP(Q)={veXP(Q):vxn=0onTp, v-n=0onTy},
XS(Q):{VEXP(Q)IVXIIZOOHFN, v.n=0onTp}.
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Note that as long as u belongs to HP(curl, 2), the tangential boundary value of u is defined in
WP (T') and in the case where u belongs to H?(div, ), the normal boundary value is also
defined in W™ »? (T"). Moreover, we have the Green’s formulas

VwE“ﬂWm,mxm¢h:/

u'curlcpd:cf/curluwpdm7
Q Q

where (-, -)r denotes the duality product between W_%’p(I‘) and W%’p/(I‘) and
Yo € Wl’p/(ﬂ), (u-n,p)r = / u-Vodx + / (divu)p dz,
Q Q

where (-, -)r denotes the duality product between W_%’p(l") and Wr ¥ (I"). It is also necessary to
remind the following regularity lemma given in [7].
Lemma 3.1. Let m € N* and Q of class €™'. Then the spaces

X™mP(Q) = {veLl(Q):divve W™ 1P(Q),curlv € W™ 1P(Q),v.-ne Wmfi’p(l")}
and

Y™P(Q) ={v e LP(Q) : divv € W™ 'P(Q),curlv € W™ 1P(Q),v x n€ Wm_%’p(F)}
are continuously embedded in W™P(Q). For each v in W™P(Q), we have the following estimates

), (3.1)

HVHWm,p(Q) < C(”VHLp(Q) + H CuerHWanl,p(Q) + H div v||W'nL71,p(Q) + ||V . nHWmf%’p(F)

||V||Wm,p(Q) < C(HVHLp(Q) + || CUI'IVHWm—l,p(Q) —+ || div V||Wm—1,p(Q) —+ HV X n||wm,%’p(r)).

(3.2)
We define the kernels

K5 (Q) = {veXL(Q),divv=0,curlv =0 in Q}
KR (Q) = {v e X (Q),divv =0, carl v = 0 in Q},

and the kernels when mixing normal and tangential components,
KP(Q) = {veX}(Q), divv =0, curlv =0 in Q},
RS(Q) ={ve f(g(ﬂ),divv =0, curlv = 0 in Q}.
When 0¥ C T'p, the kernel IN(S(Q) is spanned by the functions g/r;:'ls; with 1 < j < J and

1 < ¢ < Ly, where each sﬁ is the unique solution in H'(€°) of the following problem (see [4}
Proposition 3.13])

~Asf=0 inQ°,
3s§ 0 r
ain - onlp,
S§|[‘CI)V =0 and s§|p7vz =const, 1<m< Ly,
Ost
[sf]k = const and [a—;]k =0, 1<k</J, (3.3)
835
<87n71>2k — ]k7 1<k<J,
Ost 0
<7J7 1>F0 =—-1 and <7Ja 1>Fm - 5€m7 1<m< LN
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When 0¥ C I'y, the space Rg(ﬂ) is spanned by the functions Vs, with 1 < ¢ < Ly where
each s, is the unique solution in H'(2), of the following problem (see [4])

—AS@ =0 in Q,
@ =0 onIp,
on (3.4)
Sg|p?v =0 and 55|pr§ =const, 1<m< Ly,
88@ 88@
<%71>F(J]\I =-1 and <%,1>FW :(5[”“ 1 SmSLN

The kernel K§(2) is spanned by the functions g?a/dqf, 1<j<J,1<¢< Lp when 9% C 'y and
by Ve, 1 < £ < Lp when 0% C T'p satisfying the same properties as grad sf and Vsy; when I'p
and 'y are swapped. We underline that the kernels K5(Q2) and K§(£2) do not depend on p in a
¢! domain.

We recall the inf-sup conditions obtained in [4] in the case where 0% is included either in I'y
orinI'p.

Proposition 3.2. (i) If 0¥ C 'y, there exists a constant $1 > 0 depending only on Q and p,
such that the following inf-sup condition holds

[ sup | i, curl€ - curl |

inf
66\75,0(9), £#0 ”g”Wl’p(Q) ”‘PHWLp/ Q)

eV (Q), o#0

} > Bi. (3.5)

(ii) If 0¥ C T'p, there exists a constant P2 > 0 depending only on Q and p, such that the
following inf-sup condition holds

1€ - 1
[ sup |fQ curl§ - cur go|

inf
cewr (@), ex0 IEllwir@lellw e )

o/
PEWY, ,(Q), p#0

| = 8. (3.6)

where
VE,(2) = {veXj(Q),divv=0 inQ, (v-n,1)p =0,1<(< Ly},
WY, (Q) = {v e X(Q), divv=0in Q, (v n1)y =0,1<j<J (von,1)p =0, 0< €< Ly}

We review some important estimates established in [4]. Note that the space ig(ﬂ) — WLP(Q).

Theorem 3.3. Assume that §) is Lipschitz (resp. €+1).
(i) If 0¥ C T'y, then on the space X5 (Q), the semi-norm

Ly
e [ div sy + | eurlulnoo) + 3 [ n, e | (3.7)
=1
is a norm equivalent to the norm | - ||xr(qy (resp. || - [wir(q)) on X5(9).
(i) If 0% C T'p, the semi-norm
Ly J
i || divul| gy + [ eurluflpo) + Y [ n, pe +> [ <u-n, 1>y, (3.8)
=1 j=1
is a norm equivalent to the norm || - ||xr(qy (resp. || - [wir(q)) on X5(9).

The following lemma has been proved for non mixed boundary conditions where € is of class €'
(see [2]) and the result remains valid when mixing Dirichlet and Neumann boundary conditions.

Lemma 3.4. Let x € LP(QQ) such that Ax =0 in Q, x =0 on Iy, g—ﬁ =0onTlp. Then x =0
in Q.

We also recall the following result [3| Lemma 3.2].
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Lemma 3.5. Suppose that Q is Lipschitz and let w € LP(Q) be such that curlw € LP() and
w x n € LP?(T"). Then divp(w x n) € W~V/PP(T) and

divp(w xn) =curlw-n onT. (3.9)
Let us introduce the Banach space
EP(Q;A) = {u e WHP(Q) : Au e L"®(Q)},
equipped with the graph norm and the following mappings
(, : D(Q) - WYPP(T)  as ¢1(u) = curlu x n,
ly : D(Q) = WYPP(T)  as ly(u) = divu.
A vector-valued Laplace operator of a vector field u is equivalently defined as

Au = V(divu) — curl curl u.

Lemma 3.6. (i) The space D(QQ) is dense in the space EP(Q; A).

(i) The linear mappings {1 and 3 can be extended to linear and continuous mappings from
E?(Q; A) to W=YP2(T) and from EP(Q; A) to W—YPP(T) respectively.

(iii) Furthermore, the following Green’s formula holds for any u € EP(Q; A) and ¢ € W' (Q)
such that p xn=0onT'y and ¢p-n =0 onT'p

— | Au-p= / curlu - curl p + / (divu)(div ) + (curlu x n, p)r, — (divu, ¢ -n)r,, (3.10)
Q Q Q

where (-,-r,, denotes the duality product between W=1/PP(T'p) and WY/PP(Tp) and (-,-)r, the
duality product between W=1/P?(Ty) and W/P»" (D).

Proof. (i) The proof of the density of D(2) into EP(Q; A) is similar to the one given by Grisvard
in [I2, Lemma 1.5.3.9, page 59]grisvard.
(ii) Let u € D(Q) and ¢ € W' (Q), then

7/ Au~<p:/curlu~curlcp+/(divu)(div<p)+(curlu><n,cp>pf<divu,<pon)p. (3.11)
Q Q Q

Let g € W/P2(T'). We know that there exists 1 € W' (Q) such that
divyp=0inQ, @Y=p,.onl,
satisfying the estimate

H1/’||w1~p’(9) < C”NT”WUM’(F) < C”/"”Wl/PvP/(F)‘

We infer that
(curlu x n, p)r = (curlu x n, p_)r = (curlu X n, Y)r.

By replacing in (3.11]), we obtain
(curlu x n, w)r = —/ Au - — / curlu - curl ¥,
Q Q

[{curlu x n, p)r| < Clluller@:a)[¥llwio @) < Clluller@:a) [ #llwire ©)-

Consequently,
| curlu X nlly-1/.0ry < Cllul|gr(0;a),

which means that the linear mapping ¢; is continuous in D(Q2) for the graph norm of EP(Q; A).
Since the space D(Q) is dense in EP(Q;A), the mapping ¢; can be extended to a linear and
continuous one from EP(Q; A) to W=1/PP(T'p).

Now, let € W/P?(T'). We know that there exists ¢ € W2 (Q) such that

1o}
Yp=0onT, i:uonf,
on
satisfying

”"/}HW?J”(Q) < C”NHWl/p,p’(P)'
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By setting ¢ = V4 in (3.11)), we have
(divu, p)r = / Au- Vi + / (divu)(A ),
Q Q
which yields

divu, @)l < Cllullms s 18l @) < Cllalss @ il m)-
As above, the mapping /5 can be extended to a linear and continuous one from EP(Q;A) to
W—1/p2(T).

(iii) From the density of D(Q2) in EP(Q; A) and the continuity of £; and /3, we deduce that the
Green’s formula is valid for any u € EP(Q; A) and ¢ € W7 (Q). Taking ¢ xn=0on Iy
and ¢p-n=0o0n I'p in leads readily to . O

4. FIRST ELLIPTIC SYSTEM

The aim of this section is to study the elliptic system where we assume that 02X C I'p,
—Au=f in Q,
uxn=axn, divu=g only,
u-n=>5 curluxn=hxn onlp,
(wnlpe =0, 1<l<Ly, (umnl)y =0, 1<j<,
where f, a, b, g and h are given data.

Before solving the general problem (4.1f), we start with the case of homogeneous boundary
conditions given by

—Au=f in Q,
uxn=0, divu=0 on Iy,
(4.2)
u-n=0, curluxn=0 onlp,
(u~n,1)F§V:O, 1<(<Ly, (unl)s, =0, 1<j<J
We consider the space
WE(Q) = {veXhQ): (v-n,l)s, =0,1<j<J (v-n,1)pg =0,0< < Ly}

4.1. Hilbertian case. In the following theorem, we prove the existence and uniqueness of the
weak solution of Problem (4.2)) in the Hilbert space. We also discuss its strong solutions.

Theorem 4.1. (i) Assume that 0% C T'p. Let f € LS/5(Q) satisfying the following compatibility
condition for any ¢ € K3():

/f-godxzo. (4.3)
Q
Then, Problem ([4.2) admits a unique solution u € H*(Q) satisfying

alla @) < CllfllLerso)- (4.4)

(ii) Furthermore, if Q0 is of class €*' and £ € L*(Q) then u belongs to H*(Q) and satisfies the
estimate

[allgz@) < CllfllLz@)- (4.5)
Proof. (i) Since it is rather long, we split the proof into four steps.
Step 1: Compatibility condition. The weak formulation of (4.2) is

Find u € VV%(Q) such that for any ¢ € W% (Q),

/ curlu - curl  + / (divu)(div ) = / f- .
Q Q Q
As it will be shown is Step 3 that Problem (4.2)) and Problem (4.6) are equivalent, so the first

compatibility condition (4.3)) appears directly by taking ¢ € K3(Q2) in (4.6).

(4.6)
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Step 2: Existence and uniqueness. We define the bilinear form a(-,-) as
a(u,p) = / curlu - curl p + / (divu)(div ¢),
Q Q
which is coercive on W% (©) because (3.8]). Then, by using Lax Milgram’s theorem we infer that
Problem (4.6) admits a unique solution in W%(£2). Moreover,
[ullfr o) < ClifllLossollullus@) < ClifllLesso)llulm @),

and the required estimate (4.4]) is immediately checked.
Step 3: Equivalence. We show now that Problem (4.6) is equivalent to

Find u € W%(Q) such that for any ¢ € Xg(Q),

/curlu~cur1<,a+/(divu)(divcp):/f~<p.
Q Q Q

It is clear that any solution of (4.7) also solves (4.6). Conversely, we take ¢ € 5((2)(9) and we
define @ = ¢ — V6 where 6 is solution of the problem

(4.7)

00
Af=divep in, 6=0onTly, a—:OonFD. (4.8)
n
Since Tp NTx = 0, we can prove that 6 belongs to H?(Q) by an argument of partition of unity
leading to two problems with Dirichlet or Neumann boundary condition in the non mixed case.
Now, we can define the function

p=p—
(=1 j=

_ 1, —
1 H<(P - n, 1>Z,- + j<cp - n, 1>F§v)grad 55, (4.9)
It is obvious that @ € L2(2), divg = 0, curlp = curlg € L?(Q). Also @ -n = 0 on I'p and

@ xn=0onTIy, thus ¢ € X%(Q). Moreover, since ¢-n =0 on I'p and diveg = 0 in 2, we have

(@ n,)r, =(@ -n,Lir = / divepdr = 0. (4.10)
Q

Therefore using (3.3) and (4.9), we infer that for any 1 <m < Ly

- _ 1 1,_
(@ 0, 1)pm = (@-n,1)rn 72 (E<<P-n,1>gj + j<‘p'n’1>rﬁ'>'

Jj=1

So
J

- 1 _
(-, 1)ry = “In Z(ga-n,l)z;j. (4.11)

j=1
Clearly, using (4.10)), from this relation, we obtain after summing

LN J
0= Z«Bl’l,lhﬂr]\;1 == —Z<¢-n,1>zj.
m=1 j=1

Using again (4.11)), we obtain (¢ -n,1)r» = 0 for any 1 < m < Ly. In the same way for any
1 <j < J, we deduce from (4.10) and (4.9)) that
Xl 1
@ Ls, = (@ ml)n, = (@ 0 ls + 5@ m )
=1
-1, 1>2k — <¢ - n, 1>Zk = 0.

= (@
As a consequence @ belongs to W% (©2), which means that any solution of (4.6 also solves (4.7).
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Step 4: Interpretation. Now, we give the interpretation of Problem (4.7). More precisely,
we will prove that Problem (4.6) is equivalent to find u € H'(2) solution of Problem (4.2). By
choosing ¢ € D(R2), we deduce that

—Au=f in Q. (4.12)

Moreover, because u € VV%(QL it satisfiesuxn=0onTy,u-n=0o0nTp, (u-n, 1>F§v =0 for
any 1 </ < Ly and (u-n, 1)2]. =0 for any 1 < j < J. It remains to show that curlu x n = 0 on

—~2
I'p and divu = 0 on I'y. Multiplying (4.12) by ¢ € [X,(£2) and using the Green’s formula (3.10)
leads to

/ f-p= / curlu - curl p + / (divu)(div ) + (curlu X n, p)r, — (divu, ¢ - n)r,.
Q Q Q
Using (4.7)), we deduce that
Y € )Ai%(Q), (curlu x n, p)r, — (divu, ¢ -n)r, =0
Let p any element of H'/2(I'p). So, there exists ¢ of H'(Q2) such that ¢ =, on I'p and ¢ = 0
on 'y and
(curlu x n, w)r, = (curlu x n, gy, = {curlu x n, p)r, =0.

This implies that curlu x n =0 on I' . Now, let u be any element of H1/2(I‘N). So, there exists
¥ in H?(Q) such that g—ﬁ =ponIyand ¢ =0o0nI'p. Thus
: o0y :
(divu, p)ry = (divu, a—n>1~N = (divu,¢ -n)r, =0,
which means that divu = 0 on 'y which is the required property.

(ii) Regularity. Assume that f € L2(Q) and Q is of class ¥*!. Arguing with a partition of
unity, let # be a function defined in ‘KODQ(R3), 0 <60 <1 and such that § =1 at the neighborhood
of 'y and 6 = 0 at the neighborhood of I'p. Setting n =1 -6, v = 6u, w = nu and Fy =
Of — 2V - Vu — uAf, we look for the regularity of v € H!(Q) which satisfies

—Av=Fy in Q,

vxn=0, divv=0 on F’ (413)

where Fy € L2(Q2). Observe that divv € L?(Q) and Adivv = divFy € H~1(Q) with divv = 0 on
I'. Let x € H(2) such that Ay = divFy in Q. The function A = x — div v is harmonic and A = 0
on I' then \ is zero [2] and thus div v belongs to H!(Q2). We know that curl curl v = —Av+V/(div v)
which means that curl curl v € L?(Q) and consequently curlv € X2(Q) — H!(Q2). We infer that
v belongs to H?() because v € L%(Q), curlv € HY(Q), divv € H}(Q2) and vxn =0 on I'
according to (3.2)).

Now, we look for the regularity of w € H!(Q) satisfying

—-Aw =F, inQ,

w-n=0, curlwxn=0 onT, (4.14)

where F,, € L?(2). Setting z = curlw so z € L?() and it satisfies
—Az =curlF,, and divz=0 1inQ,
zxn=0 onT, (4.15)
(z-n,l)p, =0, V1<i<lI,

where I';, 1 < i < I, are the connected components of I' = I'p UT'y. There exists a unique
¥ € H'(Q) such that —Ay = cwrlF,, and divep = 0 in Q. Moreover, ¢ x n = 0 on I' and
(¢ -n,1)p, =0, for 1 <i<1TI[7]. The function ¢ = 1) — z satisfies A¢p =0in Q, ¢ xn=0onT
and (¢ -n,1)p, =0 for any 1 < i < I thus ¢ = 0 and then z € H'(2). Moreover

V(divw) = Aw + curlcurlw = —F,, + curlz
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which belongs to L2(2) and then divw € H(2). We deduce that w belongs to H?({2) since
w € L2(Q), divw € H(Q), curlw € H}(Q) and w-n = 0 on I thanks to (3.1). As a consequence,
u=v+we H?Q) and it satisfies (4.5)). O

Remark 4.2. If Q is only Lipschitz, Problem (4.2)) admits a unique solution in Xg(Q) that does
not belong to H'(Q) in general but to H/2(Q) due to the embedding of X2(Q2) into H/2(Q) (see
[10] for the non mixed case).

Remark 4.3. If Q is of class %! and f € L5/5(Q) then the solution of problem (4.2) belongs to
W26/5(Q). The proof follows the same lines of the one of Theorem [4.1| point (ii).

Remark 4.4. As in the step 3 of the proof of Theorem [£I} we can check that if a xn = 0

and b = 0 in (2.1)), the problem: Find u € H'(Q) solution of (2.1)), is equivalent to the weak
formulation (4.6, in which, we replace the linear form ¢ +— fQ f-pby

<P'—>/Qf'90+<h><n,90>FD—<97‘P'H>FN

In the next, we will see the equivalent version of Theorem in the case where 0% C I'y.

Theorem 4.5. (i) Assume that 0% C Ty and f € L/%(Q) satisfying (@.3)). Then the problem
—Au=f inQ,

uxn=0, divu=0 onIy,
u-n=0, curluxn=0 onlp, (4.16)
(wn,l)pe =0, 1<¢<Ly,

admits a unique solution u € H(Q) satisfying estimate (4.4)).
(ii) Moreover, if Q is of class €% and f € L2(Q) then u belongs to H?(Q) and satisfies the
estimate (4.5)).

Sketch of the proof. The space we are working here is
VE(Q) = {v e X5(Q), (v-m,1)p, =0,0< < Ly}
The weak formulation of (£%) is

Find u € \N/'%(Q) such that for any ¢ € \7(2] (),

/ curlu - curl ¢ + / (divu)(div ) = / f- .
Q Q Q
To extend (4.17) to any test function ¢ € X%(Q), we set

(4.17)

Ly

p=¢p—Vo— Z((cp = V) -n, 1) Vs,
=1

where 0 is defined in (£.8). It is clear that @ € V2(2). The remainder of the questions of the
existence, uniqueness and regularity can be solved with the same arguments as in Theorem[f.1] O

Remark 4.6. If Q) is only Lipschitz, Problem (4.16) admits a unique solution u in X2(€2) that is
not necessary in H*(Q).

In the next section, we will analyze generalized and strong solutions in LP-theory in the case
where 0¥ C I'p and then 0% C T'y. We will also treat the case of non-homogeneous boundary
conditions.
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4.2. LP-theory. Unlike the inf-sup conditions of Proposition [3.2] which involve divergence-free
vector fields, we extend in the following the condition (3.6) to a more general case where the
divergence is not specified, this result is useful in the forthcoming analysis.

Lemma 4.7. Assume that 0¥ C I'p and 1 < p < +oo. Then there exists a constant > 0
depending only on Q and p such that the following inf-sup condition holds

| o, curlu - curl  + (div u)(div )|

> 8. (4.18)

inf sup
PEWE (), 9£0 ueW (Q). u£0 [ullwrr o) llellw @)

Proof. Let g € LP(Q) and A € LP(£2). Then there exists a unique § € W1P(Q) such that § = 0 on
I'p, (V6 —g) -n=0on 'y satisfying A0 = divg in  and
[10]lw12@) < Cllglle @)

We set z =g — V6 and
Lp

Z=1z— Z(z ‘m, L)re V.
=1

Thus z € LP(Q2), divz=0in Q,z-n=0on 'y and (z-n, l)rn =0, for any 1 <m < Lp.
From [4, Theorem 4.18] where I'p and 'y are swapped, there exists a vector potential ¥ €
W£E, () such that z = curl¢ and it satisfies the estimate
IYlwrr@) < Cllzllue @) < Cllglluy)-

Now, let x € W?2P?(Q) be the unique solution of

0

Ax = Ain §, —X:OOHFD, x=0onTy

On

and satisfying
[x[lwzr @) < ClIA o (-

Now, we set v =1 + Vx and
Ly J

1 1 —
u=v-— ZZ (Em-n, s, + j<u-n,1>pfv)grads§.
=1 j=1

Then u € WHP(Q) and
curlu =curlyy =2z, divu=X in{
un=0onl'p, uxn=0only
(un,l)rp =0, 1<m<Ly, (u-nl)y =0 1<j<J
with the estimate
[allwire) < Cllgllue @) + IALe())- (4.19)
Let ¢ € Wg(ﬂ), so the following estimate holds

lellwrar gy < C(lleurl @lg g + 1l div @l 1o o) )
| [ curlp - g + (div )\ da|

=C sup
gELP(Q), g#£0, A\CLP(Q), A#£0 lgllLe @) + IAllLr o)
But
Lp
/ curlp - gdx = / curl o - <E+Vt9+ Z(z . n,1>F%ng) dz.
Q Q =1
Note that

/curlcp~V9dac:/curlgo~ngdx:0.
Q Q
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So, from (4.19) we obtain
| [ curlp - g + (div @)\ da| B | [ curl g - curlu + (div ¢)(div u) dz|

Iglle@) + Me@)y lglle) + Al ze (o)
1 | i, curl - curlu + (div ) (div u) dz| .
- [ullwe (o)
Consequently, the required condition is obtained. O

In a similar way as above, we can establish the following condition when 0¥ C I'y .

Lemma 4.8. Assume that 0% C I'y and 1 < p < +o0o. Then there exists a constant 3 > 0
depending only on Q and p such that the following inf-sup condition holds

| [ curlu - curl @ + (divu)(div )|

> 8. (4.20)

inf sup
PEVE (Q), 0 uEVE(Q), u0 ||un1,p(Q) ||‘P||w17p/ (Q)

In the next theorem, we investigate the LP-theory of the solutions of Problem (4.2)) where the
role of the inf-sup condition (4.18]) is illustrated. We recall the definition of the exponent

3p ifp > 3/2

p+3
r(p)=<1+e ifp=3/2 (4.21)
1 if 1 <p<3/2

where € > 0 is arbitrary.

Theorem 4.9. Assume that 0% C I'p.

(i) Let f € L"®)(Q) with 3/2 < p < +oo satisfying the compatibility condition [.3). Then,
there exists a unique solution u € WP(Q) to Problem ([4.2). Moreover, u satisfies the following
estimate

[ullwr) < Clif[lLro ) (4.22)

z) I];f EtI]Jtl(Q), then there exists unique u € Wh*(Q) for any s < 3, solution of Problem
[@2) and satisfying

[ullws) < Cllf[lLyq)- (4.23)

(iii) Furthermore, if Q is of class €*' and £ € LP(Q) with 1 < p < +oo then u belongs to
W?2P(Q) and satisfies the estimate

[ullwzr) < Cllf]lLe@)- (4.24)

Proof. Step 1: Uniqueness. Suppose that f = 0 in  and let u € W1?(Q) solution of Problem
. Applying the divergence operator, we obtain A(divu) =0 in Q. But divu =0 on I'y and
curlu xn = 0 on I'p in the sense of W~1/P?(T'p) which implies that divp, (curlu x n) = 0 in the
sense of W~1=1/P»(T'p). Moreover, curlcurlu - n = divp, (curlu x n) = 0 on I'p. Since Au = 0
in ©, we have

curlcurlu = V(divu) in Q.

So, 2W4VW — g on T'py this yields divu = 0 in Q according to Lemma

on
Now, we set z = curlu in (4.2)), then curlz = V(divu) =0 and divz=01in Q, z x n = 0 on
I'p,z-n =0 on 'y, which means that z € K(Q2) so we can write z = éLle (z - m,1)pe Vg but

since (z-n,1)pe =0 for any 1 < ¢ < Lp, we infer that z = 0. Finally, we have
curlu=0, divu=0inQ, uxn=0only, u-n=0onTIlp.

So, u € IN(g (€2) and since the fluxes of u over X; and T'§ are equal to zero, we deduce that u =0
in € and this completes the uniqueness proof.
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Step 2: Existence. We consider the problem
Find u € Wg (Q) such that for any ¢ € Wg(ﬂ),

/curlu~cur1<p—|—/(divu)(div<p):/f-(p,
Q Q Q

We recall that the inf-sup condition holds for any 1 < p < +o00. Then, it suffices to show
that the right-hand side of is a linear and continuous form on Wg () for any 1 < p < +o0.

(i) When p > 2, since f € L"P)(Q) so the right-hand side is a linear and continuous form
on Wg(ﬂ) By the inf-sup condition , Problem as a unique solution in Wg(ﬂ) —
WLP(Q). As in the proof of Theorem we show that (4.25) is equivalent to

Find u € WQ(Q) such that for any ¢ € )N(g/(Q),

/curlu-curlgo+/(divu)(divcp):/f-go,
Q Q Q

and that is equivalent to: find u € Wg(Q) solution of Problem by using the same
arguments. Observe that W%(Q) — WLP(Q).

(ii) When 1 < p < 2, from the definition of the exponent r(p) given in (4.21)), we have f € L'(12)
and then the right-hand side of is a linear and continuous form on Wg (€) since Wg (Q) —
WP (Q) < L*®(Q). Using the same argument than above, we obtain a solution u € NW15(1)
for any s < %, satisfying the estimate (4.23)).

(iii) Regularity. Assume that € is of class ¥%! and f € LP(f2), we prove that the solution of

[.2) belongs to W2P(Q) with the same approach used in the last step of the proof of Theorem
41 O

Remark 4.10. If Q is of class %! and f € L") (Q) then the solution of problem ([#.2) belongs
to W2 () (Q).

Remark 4.11. In some previous works [0} [7], similar problems have been studied in the case where
I'ny = 0 with divu = 0 in Q and the solution is obtained when divf =0in Qand f n=0on T

are imposed. Having in mind these results, the question we may ask is under which assumptions,
the solution of (4.2) satisfies divu =0 in Q7

Proposition 4.12. Let f € Lr(p)(Q) satisfying the compatibility condition , if in addition
divf =04n Q and £ -n = 0 on T'p, then the unique solution u given in Theorem [[.9 satisfies
diva =0 in Q.
Proof. Note that the solution u satisfies A(divu) = 0 in  because A(divu) = divf in Q. Since
divu € LP(Q) thus -2 divu € W—1=1/p2(T).

We need to prove that a% divu = 0 on I', in particular that a% diva = 0 on I'p. Using the
Green formula , we have for any x € W2’1’/(Q) with % =0onTpand x=0o0onTy

—/ Au-Vyx = / (divu)(Ax) — {curlu x n, Vx)r, + (divu, %h“w-
Q Q on

(4.25)

(4.26)

But divu =0 on I'y and curlu x n =0 on I'p, so we have
(curlu x n, Vx)r, = (curlu x n, Vox)r, = —(divp(curlu x n), x)r,.

As —Au-n=f-n=0o0onTI'p and x =0 on 'y, we have

—/Au-VX:/X(divAu)—(Au-n,x>p:O
Q Q

Now, using the following Green formula gives

. . 0 . o0 ..
0= /Q(dlvu)(Ax) = /QxA(dlv u) + (a—n divu, x)r, = (a—n divu, x)r,-

We deduce that 3% divu =0 on I'p and we already know that divu = 0 on 'y and A(divu) =0
then divu = 0 in © according to Lemma [3.4] O
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In a similar way as in Theorem [4.9) we can establish the existence, uniqueness and regularity
of the solution of Problem (%) in LP-theory.

Theorem 4.13. Assume that 90X C I'y.

(i) Let £ € L"P)(Q) with 3/2 < p < +o0, satisfying the compatibility condition [&.3)) for any
¢ € K5(Q). Then, there exists a unique solution u € WHP(Q) of Problem ([4.16). Moreover, u
satisfies

lullwir@) < ClifllLre @)
(ii) If f € LY(Q). Then, there exists a unique solution u € W15(Q) for any s < 3/2 of Problem
(4.16)). Moreover, u satisfies

lallwis @) < Cllf[[Li@)-
(iii) Furthermore, if 0 is of class €*' and £ € LP(Q) then u belongs to W*P(Q) and satisfies
lullwzr @) < Clf[lLr o)

In Theorem we have studied the problem with homogeneous boundary conditions. We go
back now to the original problem including non-homogeneous boundary conditions (2.1)) in the
case where 90X C I'p.

Theorem 4.14. (i) Assume that 0¥ C T'p. Let f € L"®)(Q) with 3/2 < p < +o00, axn €
WI=V/re(Ty), g € W™PP(Ty), b € WI=/PP(Tp) and h x n € WYPP(Tp) satisfying the
following compatibility condition

/f-godx—(hxn,cp>pD+(g,cp-n>pN = 0. (4.27)
Q
Then Problem (2.1 has a unique solution u € WP(Q) for any 1 < p < +oo and it satisfies

[ullwir@) < C(HfHLNw(Q) +lgllw-1/p0 ) + IR X 0l w-1/p0(1 )
(4.28)

+ |la x n||W1—1/p,p(rN) + ||b||W1*1/P’P(FD))'

(it) If £ € L(Q), then there exists a unique u € W*(Q) for any s < 3 solution of Problem
(2.1) and satisfying

Hu”Wl,s(Q) < C(HfHLl(Q) + ||gHw—1/p,p(FN) +[[h x nHW”/P’P(FD)
+ ||a X Il||W1—1/p,p([‘N) + ||b||W1_1/p'p(FD))'

(iii) Furthermore, if Q is of class €', f € LP(Q) with 1 < p < 400, a x n € W2~1/PP(T'y),
g€ WI=U/PP(Ty), b€ W2=V/PP(Tp) and h x n € W'=1/PP(T'p) then u belongs to WP (Q) and
the following estimate holds

||u||w2m(9) < C(HfHLp(Q) + HQHWH/M(FN) + |lh x n||w171/w(rD)
(4.29)

+ la X nllwz-1/p0ry) + ||b||W2*1/P=P(FD))'

Proof. (i) Step 1: Uniqueness. By taking f =0, h=0,a=0,b =0 and g = 0 in Problem
[2.1)), we proceed as in the proof of Theorem [£.9] to deduce that u is unique.

Step 2: Compatibility condition. According to (3.11]), every solution of (2.1]) also solves

Find u € W'?(Q) such that for any ¢ € W% (1),

4.30
/curlu~curlga+/(divu)(divcp):/f~gof<h><n,cp>pD+(g,<p~n>pN. (4.50)
Q Q Q

By taking ¢ € IN(S’/(Q), the compatibility condition (4.27)) is obtained.



EJDE-2025/103 EXISTENCE AND REGULARITY FOR ELLIPTIC SYSTEMS 17

Step 3: Equivalence. We prove that (4.30) is equivalent to
Find u € W'?(Q) such that for any ¢ € igl (Q),

(4.31)
/ curlu - curlp + / (divu)(div ) = / f-o—(hxn @, +{(g9,¢ n)ry,
Q Q Q
in the same way as in the proof of Theorem
Step 4: Existence and estimate. Let x € W?2P?(Q) such that
Ax =0in , %:bonFD, x=0on Iy,
on
with the estimate
||X||W2vP(Q) < C”bHW“l/P’P(FD)'
We set
J LN 1 —
=u-Vy- ;; ( (= V) - m g, + 7 (=) m Dy, Jaradst,  (4.32)

where the properties of grAa/dsf are given in (3.3). We are now reduced to solve the following
problem

—A&=f inQ,
Exn=axn, divE=g only,
E-n=0, culé xn=hxn onTlp,
(€ nl)p =0, 1<(<Ly, (£:nl)y =0, 1<j<J

Since a, € WI=1/PP(I'y), there exists a unique (&,,79) € WHP(Q) x LP(Q) solution of
Ay +Vmp=0, divg, =0, inQ,
& =ar only, 0=0 onIp.

Note that since &, € WHP(Q) and AE, € [Hgl (div, Q)]’, so curl €, x n makes sense in W~1/7-P(T")
according to Corollary 4.2 [6]. Setting z = £ — &, so Z satisfies

—Az=f+ A inQ,
zxn=0, divz=g only,
z-n=0, curlzxn=hxn-curl§; xn onIp,
<E-n,1>F§V:O, 1<t<Ly, (z-nl)s, =—(§nl)s, 1<j<J

We finally set
Ly

J
1
= Z ( z-n,1)pe +—(z-n 1)y )grads
Ly

j=1¢=

=

we obtain
—Az=f+ A, inQ,
zxn=0, divz=g onlIy,
(4.33)
z-n=0, cul(z+&)xn=hxn onTp,
<z~n,1>F§V =0, 1<{<Ly, (z-mn1)y, =0, 1<5< 0
This problem is equivalent to

Find z € Wg () such that for any ¢ € Wg (),

/ curlz - curl p + / (divz)(dive) = / f- Lp—/ curl, - curlp — (h x n, )r, + (9, - n)r, -
Q Q Q r
7 (4.34)
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Note that the right-hand side is a linear and continuous form on VV’E’(Q) for any p > 2, by use

of the inf-sup condition (4.18)), this problem admits a unique solution z € Wg(Q) — WLP(Q)
satisfying

I#llwoe) < C (€]

Lo @) T 9lw=1/p0@y) + I X 0llw-1/001,) + || CurlEOHLP(Q))
< C<||fHLT(P)(Q) +llgllw-1/pp @y + X 0llw-1/00,) + lax n||w—1/p,p(rN))-
From the construction of z, we have
||§Hw11p(sz) <C (||a X n||w171/p,p(rN) + ||Z||W1v1’(ﬂ)) .
By , we have
[ullwrr@) < [I€llwrr@) + IVXIwir@) < Illwir@) + [10lwi-1/m00,)-

The estimate (4.29) is then deduced.

Step 5: Interpretation. To give the interpretation of (4.31)), otherwise, to prove that (4.31) is
equivalent to find u € WHP(Q) solution of Problem (2.1, we use Remark and we follow the
same lines of the proof of Theorem

(ii) When 1 <p < %7 we prove that there exists a unique solution u € "W1#(Q) for any s < %
using the same arguments than in the proof of Theorem point ii).

(iii) Regularity. Assume that f € LP(£2) and 2 is of class ¢! as in Theorem We can prove
the W2P(Q) regularity by means of a partition of unity such that v = 6z and w = nz. Indeed,
A(divv) = divFy € W=LP(Q), divv = g on ' where g € W=1/PP(T) so divv € WhP(Q).
Moreover, v € W1P(Q) thus curlv € X’%(Q) — WLP(Q). As, veLP(Q) and vxn=0onT
hence, v € W?2P?(Q) according to (3.2).

Setting A = curlw, so —AX = curlF,, divA =0in Q and Axn =hxn € W1i-1/pp(T)
then A € WP(Q) referring to [7]. Thus, V(divw) = —F, + curl A € LP(Q2). So w € L*(Q),
curlw € WLP(Q) and divw € WHP(Q) with w-n = 0 on I, we deduce that w belongs to W2P(Q)
thanks to . Therefore, z € W2P(Q) and consequently u belongs to W2P(Q)) satisfying
@29). O

Also, Problem (4.16)) can be considered in the case of non-homogeneous boundary conditions
and can be solved with the same tools as above.

Theorem 4.15. Assume that 90X C I'y.

(i) Let £ € L™®)(Q) with 3/2 < p < +oo, axn € WI=VPP(T'y), g € W-V/PP(Ty), b €
W'=1PP2(T'p) and h x n € WYPP(Tp) satisfying the compatibility condition E27). Then the
problem

—Au=1f inQ,
uxn=axn, divu=g only,

u-n=5 curluxn=hxn onlp, (4.35)

(u~n,1>rzlzv =0, 1</{¢<Ly,

has a unique solution u € WP(Q) satisfying (4.28).

(ii) If £ € LY(Q) then there exists a unique u € W*(Q) solution of Problem

(iii) Furthermore, if 0 is of class €%, £ € LP(Q), ax n € W2=1/PP(I'y), g € WI=V/PP(Ty),
be W2=1/PP(T'p) and h x n € W'=1/PP(T'p) then u belongs to W>P(Q) and the estimate
holds.

We consider now a more general right-hand side than Problem (2.1). This choice is motivated
by the generalized Neumann problem which allows to have a right-hand side in negative spaces
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and this explains the boundary condition on I'p.
—Au="f+curlF in Q,
uxn=0, divu=g only,
un=0, (cwlu—F)xn=hxn onTlp, (4.36)
(u~n,1)1~§V =0, 1<(<Ly, (unl)s, =0, 1<5<J

Theorem 4.16. Assume that 0X C I'p.

(i) Let £ € L"®)/(Q), F € LP(Q) with 1 < p < 400, g € W /PP(Ty) and hxn € W1/P2(Tp)
satisfying the following compatibility condition for any ¢ € K§(£2):

[ £pdn = hxngl, + (g0 e, =0 (4.37)
Q
Then, Problem ([4.36) has a unique solution u € WP (Q) and it satisfies

lullwis) < C(IElro) + 1Flle) + lgllw-/moiy) + 10X lwrmn,y)  (438)

(i4) Furthermore, if  is of class €', f € LP(Q), g € W'~V/PP(Ty) and hxn € W'=1/PP(T'p)
with F = 0 then u belongs to W2P(Q) and the following estimate holds

lullwes(@) < C(IEles@) + lgllwi-moqey) + B X nllwi-smr,) ). (4.39)
Proof. (i) The weak formulation of Problem (4.36)) is
Find u e Wg(Q) such that for any ¢ € VV; (),

Cur1u~cur1<p+/ divu)(div ¢
/. [ (vive) (w10

:/f-so+/F~cur1<p+<h><n,so>rD+<g7so~n>rN~
Q Q

By use of the inf-sup condition (4.18)), then Problem (4.36]) admits a unique solution u € W1P((2)
satisfying the estimate (4.38]). The rest of the proof is similar to that of Theorem
(i) With F = 0, we can prove that u belongs to W2?(Q) using the same arguments of Problem

(2.1) in Theorem [4.14] O

Remark 4.17. In item (ii) of the the above theorem, we have assumed that f € L?(€)) and
F = 0 to get a solution in W2P(Q). In the case where F # 0, it suffices to take f € L?(£2) and
curl F € L?(Q) to have the same regularity result.

Remark 4.18. We can also consider the same generalized right-hand side for Problem (4.35) and
we obtain the same results as for (4.36]).

5. SECOND ELLIPTIC PROBLEM

We recall the elliptic problem
—Au=f+divF in Q,
uxn=axn, [(Vu+F)n]-n=g onTly, (5.1)
un=5b, [(Vu+F)njxn=h onTp,

where f, a, b, g and h are given data. We start as the for the first problem by the following special
case:

—Au=f+divF in Q,
uxn=0, [(Vu+F)n]-n=g onTy, (5.2)
un=0, [(Vu+F)njxn=h onTp.
We introduce the space

V%T(Q):{VGWL”(Q), v.n=0 onl'p, vxn=0 onDy}.
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Remark 5.1. Let © be a Lipschitz domain and v € EP(A; ), then % € W=1/PP(T) and we
have for any ¢ € W#'(Q) the Green formula
0
/go-AV—f—/Vv:ch:(—v,ga}p, (5.3)
Q Q on

Furthermore, if Q is of class €'*+%, then (g—ﬁ)q_ makes sense in W=/7(T") and for any ¢ € W' (Q)
such that ¢ -n=0o0n T,
/ cp-Av—f—/ VV:V§0=<(@) @)r. (5.4)
[¢) Q on T’

In the next proposition, we prove that the Poincaré inequality holds for all u € VI _(Q).

Proposition 5.2. For any v € V), _(Q2), we have
[VlLe ) < ClIVY[Lr (o) (5.5)
where C' > 0 is a constant that only depends on ).
Proof. Reasoning by absurdity and assuming that (5.5)) is not valid. Then, we can find a sequence
{vi}r € VI (Q) such that
1
[VVillLe @) < EHV/@HLP(Q)- (5.6)

Setting then uy = we deduce that (uy) is bounded in W2(Q) with [ug| L) = 1.

Vi
VillLe (o)’
Moreover

Vu, — 0 strongly in LP(Q),
otherwise Vu = 0 in D’(Q). Since  is supposed to be a connected set, we have u = a where a is a
constant in R?. Because of the weak convergence of uy, to a in W1?(Q) and that 0 = u,-n — a-n

in W'=1/PP(T'p), also 0 = up x n — a x n in W'=1/PP(I'y) thus a = 0 on I'. Therefore
u, —» 0 in LP(Q),
which contradicts ||ug||Le o) = 1. O

According to Lemma we recall that the space D(Q) is dense in EP(A; Q) and the mapping

v = 2% is continuous from EP(A; Q) into W—1/PP(T).

Lemma 5.3. For each v € EP(A;Q), the following relations hold

divv=divFvT—2Kv~n+g—:’1~n on T, (5.7)
curlv xn= -V (v-n)+Av+ (g%) on T, (5.8)

Proof. Using the above density, there exists a sequence (vi)r € D(Q2) such that v, — v in
E?(A; Q). Thus

divvyg =divp v, — 2KV -n + % -n onl. (5.9)
Since vi, — v in WHP(Q) and Avy, — Av in L"®)(Q) then divv, — divv in W~1/P2(T).

Moreover vy, — v, in W1—1/p7p(1-‘) thus
divp v, — divp vy in W—l/p,p(l-\)_
Since n € W1>(Q), we have
2Kvj-n— 2Kv-n in W'™VPP(T),

Now, since % — g—l’l in W=1/PP(T") so

ovi ov . “1/pp
o P75, ™ in W (T).
Therefore, the relation ((5.7) holds. Then we follow the same lines as when proving (5.8)). O
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Definition 5.4. Given f € L™®)(Q), F € LP(Q), g € W~/PP(T'y) and h € W=/P?(T'p) such
that h-n = 0 on I'y then a function u € V] _(Q) is called weak solution of Problem (5.2)) if it

satisfies for any ¢ € Vﬁ:T(Q) that

[vuive= [foo- [ FiVes thpin, + (g0 niry. (5.10)
Q Q Q

Next, we prove that (5.10) and Problem (5.2)) are equivalent.

Proposition 5.5. Let f € L"®P)(Q), F € LP(Q), g € W~V/PP(Ty) and h € W~V/P2(Tp) such
that h-n =0 on 'y then the following statements are equivalent:

(i) w e Vi _(Q) is solution of (5.2)) in the sense of (5.10).
(ii) There exists (u,m) € WLP(Q) x LE(Q) satisfying

—Au=f+divF, divu=0 1inQ,
uxn=0 only,
[(Vu+F)n] - n=g in W /PP(Ty), (5.11)
u-n=0 onlp,
[(Vu+F)n]_ =h in W /PP([p).
Proof. If u € W1P(Q) is solution of , thanks to Green’s formula , it is easily checked

that u is a weak solution of ([5.2) in the sense of ([5.10).
Conversely, we can let u € VI _(Q) be a weak solution of (5.2). Taking the test function

@ € D(Q) in (5.10) leads to

(=Au, @) pra)yxp@) = / Vu: Ve = / fp— / F:Ve.
Q Q Q

So

—Au=f+divF in Q. (5.12)
Asu € VI _(Q), we have u xn =0 on 'y and u-n = 0 on I'p so it remains to show that
[(Vu+F)n] - n=gonTIyand [(Vu+F)n|_ =honIp. Taking the dual product of with
p e Vﬁ:T(Q) and from (5.3), we infer that for any ¢ € Vfl:T(Q),

((Vu+F)n, @, )rp + ((Vu+ F)n] n,o-mir, = (@, )ry + (9,9 )
Let u € WY/PP (T'p), so there exists ¢ € WP (Q) with dive = 0 in Q and such that ¢ = p.,
on I'p and ¢ = 0 on I'y. We can then write
((Vu+F)n], — b, w)r, = {(Vu+ Bl — b, ), = (Va+ F)nl, — b, @)r, = 0.

Thus [(Vu +F)n]_ = h in W=/»2(T',). Now, let y be any element of W/P* (T y). Then there
exists ¢ € WP’ (Q) such that Av = 01in Q, g—ﬁ =ponIl'yand ¥ =0on'p. By setting Vi) = ¢
we have

(Va4 B -0 — g, = ((Vu+ Fn) -0 g, %), = ((Vu+F)n] -0 — g, n)r, =0

which implies that [(Vu +F)n] -n =g € W=1/PP(T'y). O

5.1. Hilbertian case. In the following, we prove the existence and uniqueness of weak and strong
solutions associated to Problem (5.2) in L2-theory.

Theorem 5.6. (i) Assume that f € L/°(Q), F € 1L2(Q), g € H-Y/?(I'y) and h € H™'/2(I'p)
such that h-n =0 on Ty. Then, Problem (5.2) admits a unique solution u € V3 () satisfying

[uller @) < € (Iflluers @) + [Fllzzc) + lglla-172wy) + Dlla-1200,)) - (5.13)

(ii) Furthermore, if Q is of class €*', £ € L2(Q), g € HY?(Ty) and h € HY?(Tp) then the
solution of Problem (5.2)), with F = 0 belongs to H%()) and satisfies the estimate

[ullezz(0) < C (I[fllLa@) + gl a2y + [bllarzr,,)) - (5.14)



22 I. BOUSSETOUAN, C. AMROUCHE EJDE-2025/103

Proof. (i) The bilinear form
a(u,go)z/Vu:ch (5.15)
Q

is continuous and coercive on V,QW (Q) due to Poincaré’s inequality . Moreover, the second-
hand side of is a linear and continuous form on V%J(Q), one may then apply the Lax
Milgram theorem in order to get the existence and uniqueness of a solution u € V?LJ(Q) to
satisfying (5.13).

(ii) Regularity. Assume that f € L2(2) and  is of class %! so there exists a unique u € H*(Q)
solution of . The idea of the proof is basically similar to that of Theorem with a partition
of unity where v = fu and w = nu, we look for the regularity of v € H!(Q) satisfying

—Av=Fy in Q,
5.16
vxn=0, —V-nzﬁg on I ( )
on

where Fy = 0f — 2V0 - Vu — uAf € L2(Q2). From (5.7) we have
divv=-2Kv-n+6g onl.

Since K belongs to W1 °(I') because of the €' regularity of ©, divv belongs to H'/2(T).
Moreover, we have Adivv = divFy € H~(Q) then divv belongs to H(Q2). Let x € H*() such
that Ax = divFy in Q and x = —2Kv-n+60g on I'. The function A = x — div v is harmonic and
A =0on T then X is zero [2] and thus divv belongs to H'(Q2). We know that curlv € L?(Q) and
curlcurl v = —Av + V(div v) which means that curl curl v € L%(Q) and divcurl v = 0. According
to Lemma we have curlv-n = divp(v xn) = 0 on I" since v x n = 0 on I". Consequently
curl v € X2.(Q) — HY(Q). Because v € L?(Q2), curlv € H (), divv € H*(Q) and v x n = 0 on
I, we infer that v belongs to H*(2) from (3.2).
Now, we look for the regularity of w € H!(Q) satisfying
—-Aw=F, inQ,

ow (5.17)

w-n =0, 6n><n:nh on I

Setting z = curlw so divz = 0 in 2 and —Az = curl F,, in €. Since w-n = 0 and %—"r‘l’ xn =nh
on I', we deduce from ([5.8) that

zxn=Aw-+nh onT,
thus z x n € HY?(T") so z satisfies
—Az = curlF,, and divz =0 in ,
zxn=Aw+nh onT, (5.18)
(z-n,1)p, =0, V1<i<I,
as in the proof of Theorem point (ii), we can show that z € H!'(Q). Since V(divw) =

—curlcurl w+ Aw = — curlz — F,, € L(Q); therefore, divw € H'(2). Moreover, w € L?() and
w-n =0 on I', we infer that w belongs to H*(Q) by (3.1). As a consequence, u € H?(Q). O

5.2. LP-theory. The task now is to introduce a strategy to get a solution in W1P(Q) for any
1 < p < 400, based on some inf-sup conditions and on where 0% lies.

Theorem 5.7. Assume that 0¥ C I'p or 05 C T'y. Then for any £ € [Vﬁ:T(Q)]’ the problem:
Find w e VI _(Q) such that for any ¢ € VfLI)T(Q) such that

a(u, @) = (£, ¢),
where the bilinear form a(-,-) is defined in (5.15), has a unique solution.
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Proof. (1) We assume that 0¥ C I'p:
Step 1: Case p > 2. Since [Vg/’T(Q)]’ — [V2_.(Q)]' by the Lax Milgram theorem, there exists a
unique solution u € V2 _(Q) such that

a(u, @) = (€, @), Yo e Vi (Q). (5.19)

Recall that we proved an inf-sup condition in Lemma [1.7] associated with the form
b(u, ) = / curlu - curl ¢ + (divu)(div ¢) dz.
Q

Let v € H'(Q) with Av € L5/5(Q2), so we have the following Green formula for any ¢ € V2 (1),

o
—(Av,p)o = / Vv :Vedr — <al>¢>r
Q n

but we know that v = v, + (v - n)n thus
ov ov ov

a?z(a?)’+(a?'

n)n.

So we obtain

ov ov
_<Ava§0>Q = /QVV :Vepdr — <(%)T7<PT>FD - <% ", n>FN'

On the other hand, we have the Green formula for any ¢ € V2 _(Q),

—(Av,p)a = / curl v - curl ¢ + (div v)(div ¢p) — {curl v x n, )p, — (divv, ¢ - n)p, .
Q

Then, we can write

/ Vv:Vedr = / curlv - curl ¢ + (div v)(div o) — (curl v x n, )1,
Q Q

. ov ov
- <C11VV, ®- n>FN + <(87H>T7SOT>FD + <87n "n, P n>FN'

From the relations (1.4) and (1.5, we deduce that

(5.20)

=Av—-V,.(v-n).

divv — ?-n: —2Kv-n+divpv,y, curlvxn-— (—V> =
-

n On
Replacing this in (5.20) gives that v € D(f) satisfies

Vv :Vedr = / curlv - curl p + (divv)(divey) — (Av,@)r, + 2(Kv -n,p -n)r,. (5.21)
Q Q
From the density of D(Q) into H'(Q), the formula (5.21) holds for any v € V2 () and ¢ €

V2 . (€). Consequently, (5.19) becomes
/ curlu - curl p + (divu)(dive) = (£, ) + (Au,)r, — 2(Ku-n,p -n)r,.
Q

We discuss the regularity of the solution u case by case.

(i) For any p < 6: Since Q is of class €', we have K € L>®(T") and u-n € H'/2(I'y) = L*(T'y).
Thus Ku-n € L*(Ty) — W~1/65(I'y) and similarly Au € L*T'p) < W~/65(T'p). Since p < 6
then Ku-n € W~Y/PP(Ty) and Au € W—/PP(I'p) so that the mapping

(L) = (£.9) + (Au,@)r,, - 2Ku-n,¢-n)r,, Ve VI (Q) (5.22)

defines an element in the dual space of VﬁlT(Q) Then, according to the inf-sup condition (4.18])
and Babuska-Brezzi theorem, there exists a unique w € V1, _(Q2) satisfying

/chrlw -curl o + (divw)(div ) = (L, ¢>[W§’(Q)]/xW§'(Q)’ Y € Wg Q). (5.23)
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Note that g/rja/ds‘f eV2_(Q) = Vp/ -(£2) and we have

(L, grads ) = (e, grads )+ (Au,grAajdsﬁﬁD —2<Ku-n,gr/\a/ds§ -n)r,

[WE ()] xWE ()

:/curlw-curlg’r;dsg+/(divw)(divg?a/d$:§) = 0.
Q Q

To extend (5.23)) to any test function ¢ in VEZZT (Q), we set

Ly J

1 —
p=¢- ZZ( (p-m, 1), +J<90'n71>p§v)gradsf
(=1 j=1

which yields (L, ¢) = (L, @) and @ € Wg(Q) Thus, we obtain

/ curl w - curl ¢ + (div w) (div ) = / curlw-curlc?;dx—l—/(divw)(div p)dx = (L,p) = (L, p).
Q Q Q

We deduce that w € VI () satisfies
/ curlw - curl o + (divw)(divp) = (L, ), Ve € VZ _(Q). (5.24)
Q
Since V2 _(Q) <+ VE _(Q), we infer for any ¢ € V2 _(Q) that

/ curlw - curl ¢ + (divw)(div ) = / curlu - curl ¢ + (divu)(div ¢),
Q Q

taking ¢ = w — u leads to curlw = curlu and divw = divu in Q. Finally, since u € L%(Q) —
LP(Q), curlu € LP(Q2) and divu € LP(Q). Moreover u-n =0 on I'p and uxn = 0 on I'y, hence
u € WHP(Q) according to [4, Corollary 3.5].

(ii) For any p > 6: we have u € W%(Q) thus u-n and u, belong respectively to W*=1/6:6("y)
and W1=1/65(I'p). But W'=1/6.6(T") < W~1/PP(T"), then the mapping L defined in is an
element in the dual space of Vﬁ:T(Q). Thus, there exists a unique w € V5 _(Q) such that
holds for any ¢ € VI;’L:T(Q). Then, we infer similarly that u belongs to W1 (Q).

Step 2: Case 1 < p < 2. We consider the operator A € L(VE (), (Vﬁ/’T(Q))') associated with
the bilinear form

a(u, p) = /QVu : Vedz,

such that < Au, ¢ >= a(u, ). From the first step and by virtue of the Babuska-Brezzi theorem,
we deduce that the operator A is an isomorphism for p > 2 and its dual A’ is an isomorphism
from Vg:T(Q) into (V% (Q))" for p’ < 2. This means that the operator A is an isomorphism for
any p < 2. Consequently the following inf-sup condition holds for any 1 < p < oo,

inf sup ‘ fQ Vu: V(P’

> 0.
eev? @ uevz (@ [[Vullue@)lIVellL @

This completes the proof for this first case.

(2) We now assume that 0% C I'y. The proof is exactly the same as above except the case
where p < 6, in which we recall the inf-sup condition (4.20)) and Babuska-Brezzi theorem, to prove
the existence and uniqueness of w € V7, _(€Q2) satisfying

/chrlw -curl ¢ + (divw)(div ) = (L, SD)[VS/(Q)]’XVS,(Q)’ Yo € VE (). (5.25)

Note that Vs, € V2 _(Q) — Vﬁl, (©) and we have

(L, Vsg) V2 @) <V () = (€,Vsg) + (Au, Vsg)r, —2(Ku-n,Vsg-n)r,

= / curlw - curl Vs, + / (divw)(div Vsy) = 0.
Q Q
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To extend ([5.25) to any test function ¢ in Vﬁ:T(Q), we set
Ly

@=¢—> (¢-m1)p Vs
=1

which yields (L, ) = (L, ) and ¢ € \76’/ (©). The remainder of the proof is exactly the same as
above. O

Applying the Babuska-Brezzi theorem, we obtain the following result.

Proposition 5.8. Assume that 0% C I'p or 0¥ C I'y then there exists a constant v > 0 depending
only on Q and p such that the following inf-sup condition holds

Vu:V
inf [ sup | fQ go| ] >
eVE (Q), 90 buevr_ (), uzo [[ullwir @) |ellwre @)
Now, we are in position to show that the solution of Problem (5.2)) belongs to W17 (Q).

Theorem 5.9. (i) Assume that 0% C T'p or 98 C T'y. Let f € L"®(Q), F € LP(Q), g €
W-YPP(Ty) and h € W=Y/PP(I'p) then Problem (2.2) has a unique solution u € WP(Q) and
it satisfies

(5.26)

[ullwir@) < C(IImemm) + 1 Mlee @) + gl -2/m0 0y + ||hHW—1/p,p(FD))-

(ii) Furthermore, if Q is of class €*', £ € LP(Q), g € WI=1/PP(Ty) and h € WI=V/P2(T'p)
with F = 0, then u belongs to W2P(Q) and the following estimate holds

[ullwzr @) < C(||f||LP(sz) + lgllwr-1/ppry) + ||h||w171/p,p(rD))~

Proof. (i) The first result is straightforward due to Proposition

(ii) Assume that f € LP(Q) < L") (Q), there exists a unique solution u € W?(2) solution of
[2.2). We recall the systems and in Theorem [5.6] as their solutions v and w remain
in WHP(Q). We have

divv = Kv-n+ g e Wi=1/Pr(T)
since K € WH°°(T'). Moreover, —A(divv) = divFy, € W=1P(Q). It follows that divv belongs
to WhP(Q). As —Av = curlcurlv — V(divu) then curlv € X%4.(2) — W'?(Q). Consequently,
v E W2P(Q).

Similarly, taking z = curlw in Problem leads to —Az = cwlF,, € W~17(Q) and
zxn = Aw + nh € W'=1/PP(Q). Following the regularity step in the proof of Theorem
we obtain that curlw € WP(Q) and V(divw) € LP(Q) leading to divw € WHP(Q). Thus
w € W2P(Q), we finally infer that u belongs to W2P(Q). O

Remark 5.10. Note that the condition 0% C I'p or 9% C I'y is not natural due to the boundary
conditions of Problem (5.2)). However, it gives a generalized solution in W1?(Q) for any 1 < p <
+00.

Remark 5.11. Without any restriction on 93, we can prove that the solution of Problem (5.2
belongs to W1P(Q) for any p > 2 using a partition of unity and with F = 0.

Remark 5.12. In the case where F =0 and f € Lr(p)(Q) for any p > %, the solution of Problem

(5.2) belongs to W1P(Q) and when f € L!(Q), the solution belongs to W#(Q) for any s < 3/2.

In the sequel, we generalize the existence, uniqueness and regularity of the solutions of Problem
(5.2) to the case of non-homogeneous boundary conditions introduced above and call it (2).

Theorem 5.13. (i) Assume that 0% C Tp or 0¥ C I'y. Let £ € L'P)(Q), F € LP(Q), axn €
WI=V/r2(Ty), g € W-YPP(Ty), b € WI=1/PP(Tp) and h € W~V/PP(T'p) then Problem (5.1)
has a unique solution u € WP(Q) and it satisfies

lullwise) < C(JIf]

Lo @) Tt IFllLe@) + l9llw-1rrry)
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Bl -y + 12 X Bl + [Bllwi1/mse,) )-

(ii) Purthermore, if Q is of class €', f € LP(Q), a x n € W2=V/PP(Ty), g € WI=V/P2(Ty),

b€ W2 1/PP(Tp) and h x n € W'=V/PP(T'p) with F = 0, then u belongs to W2P(Q) and the

fol

lowing estimate holds
lullwesge) < C(I€luo@) + lgllwi-moqey) + Bllw e,
+ lla X a1y + [bllwe-vmoqes) )-
We skip the proof in this paper as it can be done with the same arguments as for Problem (2).
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