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EIGENVALUES AND BIFURCATION FOR NEUMANN
PROBLEMS WITH INDEFINITE WEIGHTS

MARTA CALANCHI, BERNHARD RUF

In memory of Alan Lazer with admiration

ABSTRACT. We consider eigenvalue problems and bifurcation of positive solu-
tions for elliptic equations with indefinite weights and with Neumann bound-
ary conditions. We give complete results concerning the existence and non-
existence of positive solutions for the superlinear coercive and non-coercive
problems, showing a surprising complementarity of the respective results.

1. INTRODUCTION

This article concerns the eigenvalues for elliptic equations with an indefinite
weight function

—Au = Xa(x)u in QcCRY

(1.1)
Bu =0 on 09,

where Q C RY is a bounded domain, a : @ — R is a continuous and sign-changing
function, and B denotes a homogeneous boundary condition, say Dirichlet or Neu-
mann.

Eigenvalue problems with indefinite weights have numerous applications in en-
gineering, physics, biology, etc.; see the recent work by Sovrano [20] concerning
selection-migration models in population genetics.

The second order ODE corresponding to has been widely studied, begin-
ning with the work of Bécher [2], Hilbert [I2], and Richardson [I8]. The first
work for the Dirichlet boundary value problem in higher dimensions goes back to
Holmgren (1904) [I3] who considered the equation in bounded domains in two di-
mensions, proving the existence of a sequence of positive and a sequence of negative
eigenvalues.

For recent works on such problems we cite the work by de Figueiredo [7], Hess-
Kato [II] and Manes-Micheletti [I6] in which the indefinite Dirichlet eigenvalue
problem in Q Cc RY was studied. They proved the existence of two sequences of
eigenvalues 0 < A\ < Aj < -+ — 400 and 0 > A\] > A, > -+ — —o0, and gave
a variational min-max characterization for these eigenvalues. The aim of Manes
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and Micheletti was to generalize the assumptions for the so-called Ambrosetti-
Prodi problem: considering a nonlinearity which crosses asymptotically the first
eigenvalue of the Laplacian, Ambrosetti and Prodi (1972) [I] gave in their pioneering
result a global description of the solutions structure of the associated Dirichlet
problem, characterizing it as a global fold mapping between Banach spaces. To
achieve this, the linearization of the nonlinear mapping needs to be controlled in
every point of the domain space, which leads to the indefinite eigenvalue problems
studied by Manes-Micheletti. For interesting generalizations of these methods, see
[4, 5] [, [19].

Recently, Lépez-Gémez and Rabinowitz [I5] studied bifurcation problems asso-
ciated to indefinite eigenvalue problems. In particular, for the model problem

—Au = a(z)u — [uP'u in QcRY
u=0 on 0N

with 1 < p and a(z) continuous and sign-changing, they showed the existence at
least k pairs of solutions for A > )\,j, as well as for A < A, implying that all
eigenvalues of equation (|1.1]) are also bifurcation points.
In this article we study the eigenvalue problem with Neumann boundary condi-
tions which has been less studied.
—Au=Xa(z)u in QCRY
ou (1.2)

520 on 0.

There is again a positive and a negative sequence of eigenvalues, with the peculiarity
that Ay = 0 if [,a(z)dz > 0, and A\ = 0 if [,a(z)dz < 0; this implies in
particular that AT = Al = 0 if [, a(z)dz = 0. The variational characterization
and properties of these eigenvalues are given in section 2.

In section 3 we consider the bifurcation of positive solutions from the first eigen-
values AT for the problems

—Au = Xa(z)u+u? inQCRY

w>0 in§ (1.3)
ou
W 0 on 909

We will prove the following results, which show an interesting complementarity
between problems (|1.3) with (—) and with and (4).

Theorem 1.1. Assume that a € C(Q) and sign-changing, and p > 1. Then
equation (1.3|) with (=) has

e for A < A\ and for A > \| a positive solution,

o for A\ <A< )\1+ no positive solution.

Theorem 1.2. Assume that a € C(Q) and sign-changing, and 1 < p < % Then
equation (1.3) with (+) has

o for A < A7 and for A > )\1+ no positive solution,

e for \{ < A< Al a positive solution.

The complementarity is most striking in the degenerate case [, a(z)dz = 0.
Then we have A\]” = A\{ = 0, and hence
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Corollary 1.3. If [, a(z)dx = 0:

e problem (1.3)) with (=) has a positive solution for every A 0 (p > 1);
e problem (1.3)) with (+) has no positive solution for every A € R (1 < p <

(N +2)/(N - 2)).

2. EIGENVALUE PROBLEM WITH INDEFINITE WEIGHTS
In this section we give a short description of the spectrum, eigenfunctions, and
some of their properties for the eigenvalue problem
—A¢ = Aa(z)p inQ
d (2.1)
99 =0 on 09
v

where Q C RY is an open bounded domain, with 9Q of class C', and a = a(x) €
L*>()) is a non trivial function. As mentioned in the introduction (see also Manes-
Micheletti [16]), if @ = a(x) changes sign then there exist two sequences

(i) {)\j} of positive eigenvalues, with associated eigenfunctions {gb;r},
(ii) {A;} of negative eigenvalues, with associated eigenfunctions {¢; }.

Manes and Micheletti [I6] discussed the Dirichlet case (for more general elliptic
operators). Here we focus on the Neumann case. We define the bilinear form

S(u,v) := / a(x)uv dz
Q
Let By ={u: S(u,u) =1}, B_ ={u: S(u,u) = —1}.
Remark 2.1. Since a = a(x) changes sign, both B, and B_ are nonempty.

In what follows, we outline some properties of the eigen-pairs ()\;t,(b;tL and
rephrase the variational characterization for the eigenvalues given by Manes and
Micheletti [16], see also [3].

(a) (Quasi-orthogonality) If A, and A* are two different eigenvalues of (2.1),
and resp. ¢, @* two associated eigenvectors, then ¢., ¢* are orthogonal

/ V. Vo™ dr =0, / a(x)p.¢™ dz = 0.
Q Q

(b) (First eigenvalues)

ueEBL

Al = inf / |Vul?dz >0, A\ =— inf / |Vul*de <0
Q ueB_ o)

are simple, with associated positive eigenfunctions (ﬁ“ and @7 .
(c) (Higher eigenvalues) For k > 2,

Af = inf sup / |Vul?dx >0, A\, =-— inf sup / |Vul?dz < 0,
dim F=k yeB,nF Jo dim F=kyeB_nF.JQ

or equivalently, using MM characterization,

a(z)u? 1 a(z)u?
— = sup min 1;2(7)2, — =— sup min 7[(2(7)2. (2.2)
)‘k dim F=k WEF,u#0 fQ |V’LL| )‘k dim F=k vEF,u#0 fQ |VU‘

(d) Af — 400 and A;, = —o0 as k — +oo.
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(e) (Positivity of first eigenfunctions) The eigenfunctions corresponding to the
first eigenvalues have constant sign. Moreover, the eigenvalues \ # Ali do
not posses a positive eigenfunction.

The same results occur in both the Dirichlet and the Neumann case, but a dis-
tinction is a must: while for the Dirichlet case the inequality for the first eigenvalues
)\f is strict, i.e. A7 <0 < )\f, we have that A = 0 is always an eigenvalue in the
Neumann case. Indeed, for Neumann boundary conditions, when fQ a(z)dx = 0,
then both first eigenvalues A\]” and A" coincide with zero. On the other hand, when
the mass of the sign-changing weight a(z) is unbalanced (say, [, a(z)dz < 0), we
still have that A} = 0 fits in the characterization described above. Roughly speak-
ing, if the negative part is dominant, the first “negative” eigenvalue is the trivial
one, as stated in the following proposition.

Proposition 2.2 (Neumann case). Let a : Q — R be a continuous, sign changing
function.

(1) If [ya(x)dx <0 (resp. > 0), then
A =0and AT >0 (resp. A\{ <0 and A\{ =0).
(2) If [ya(z)dx =0, then
A =0=\.

Proof. (1) The first statement is trivial. Indeed, A{ = —infyep_ [, |[Vu|?*dz = 0,
since the infimum is attained by the constant function u(x) = «, where « satisfies

9 1
o=
Jo alx) dx
For Af we argue by contradiction. If A{ := inf,ep, [, |Vul|?dz = 0, there is a
sequence U, = Wy + Sp, with fQ wy, = 0 and s, € R such that

/ a(zx)u? =1, / |Vw,[?de — 0, as n — +oo.
Q Q

Therefore w,, — 0 strongly in H*({2) and s,, is bounded: otherwise we would have
(up to subsequences)

1= /Qa(x)ui = /Qa(x)(si + 2w 8, + w2 )dz = si(/Q a(z)dx + 0(1)) — —00.

Since s, is bounded, up to subsequences, s,, — s and wu,, — s strongly, from which

we obtain
1= / a(z)u? — 52/ a(z) <0,
Q Q

which is a contradiction.

(2) Let @t ={z € Q: a(z) >0} and B CC QT aball. Let v (z) = 1+ € 7, where
n € C§°(Q) is a positive smooth function with compact support in B, and € > 0.
Then

fQ|vv€|2 _ e fQ‘VT}P _ e fQ|V7]‘2

Joa@)Zz  [qa(@)+en)? e[ alz)(2n+en?)
This proves that )\f = 0. With a similar argument, taking a smooth function with
support in {2~ we obtain that A\] = 0. (]

— 0, ase—0.
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3. SUPERLINEAR EQUATIONS - BIFURCATION OF POSITIVE SOLUTIONS

We now consider superlinear equations of the form
—Au = Aa(z)u £+ h(u) in
u>0 in )

%:O on Of)

where a :  — R is continuous and sign-changing, and h € C(R*,R") is a super-
linear function. As a model function we will consider h(s) = sP,p > 1, but the
results will remain valid for a large class of superlinear nonlinearities.

We investigate bifurcation results when the parameter A crosses the eigenvalues
)\f. We obtain a rather complete picture of existence and non-existence of solutions.
We will see (see Figures |1] and [2)) that the existence and non-existence results for
the equations with —u?, resp. +u?, have a completely complementary behavior: for
\’s for which there exists a solution for with (—) there exists no solution for
(1.3) with (4), and vice versa.

(3.1)

3.1. Existence and non-existence of solutions for problem (1.3) with (—).
We remark that the corresponding Dirichlet problem has been treated by Lépez-
Goémez and Rabinowitz [15], emphasizing on the existence of a growing number
of (pairs of) solutions for increasing |\|. Here we consider the Neumann problem,
which presents some peculiarities, and we restrict attention to the existence and
non-existence of positive solutions.
Let us now consider the model problem (L.3)) with (—):
—Au= Jda(z)u—uP in
u>0 in{)
Ju
— =0 ondN

ov

(3.2)

First, we prove a non-existence result.

Theorem 3.1. Let a = a(z) € C°(Q), and suppose that a(zx) changes sign. By
Proposition we have that A\] < A\]. Then, for every X € [A\], \[], the problem
has no non-trivial solution.

Proof. If [,a(z)dz = 0, then [A],A{] = {0} and the assertion is trivial. Let
Jo a(x)dz < 0 (the other case is similar); suppose that u is a positive solution of
with (—). Multiplying by u and integrating we obtain

/ |Vul|? do — )\/ a(x)u? +/ uPTdx = 0.
Q Q Q

Now, if A [, a(z)u? < 0 the assertion is obvious. If not, [, a(z)u® > 0, and using
the characterization of A we obtain

A
O:/ \Vu|2dx—)\/a(x)u2+/up+l dx > (1——+)/ |Vu\2+/up+1 dx > 0.
Q Q Q AT Ja Q
O

Next, we show that for A outside of the interval [A;,A\]], problem (3.2) has
always a positive solution.
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Theorem 3.2. For every A\ > A\ or A\ < \| the Neumann problem (3.2) has at
least one positive solution. In particular, if fQ a(x) = 0, then for every A # 0 the
problem has a positive solution.

Proof. We proceed by steps. First, we observe that the solutions of (3.2]) correspond
to critical points of the functional

1 1 A
O, :H—-R, &)(u)= §/Q|Vu|2+m/gup+lf§/ﬂa(:c)u2 (3.3)

where H := H'(Q).

Actually, the functional is well defined on H only for 1 < p+1 < % This is
not an obstacle. Lemma below provides an a priori estimate, which allows to
use the following functional instead of :

By HoR <i>>\(u):%/Q|Vu|2+/QG(u)—%/Qa(x)u2.

where
1 1
o if0<s<Cy
_ p—1.2 —1c0w ;
G(s) = 0% - gﬁC)\s if s > C)
0 if s <0,

1
and Cy := (|A|||alloc) ”7, as suggested by the next lemma.

Lemma 3.3. All solutions of (3.2)) and of
—Au = Xa(z)u —g(u) inQ
u>0 inQ
0
a—z =0 ondfd
where g(s) := G'(s), satisfy the estimate

1

0<u(z) < (M llallec) ™" :=Cr, z€Q
Proof. If w € H is a weak solution of (3.2)), it satisfies

/Vqud:E+/ (v’ — Xa(z)u)vdz =0 Yve H.
Q )

Take v = (u — Cy)*, where w' () = max{0,w(z)}, and Qf = {z € Q:u > C)\}.
We have
VuV(u—Cy\) " dx = —/ u(uP™! = Xa(z)) (u— C\)T da.

ol ol
ie.
/ IV(u—Cy)T|?de = —/ u (™! = Aa(z)) (u—Cy\) T dz <0
Q Qf

A
since uP~1 > ||al|oo|A| and u > 0 on Q. This proves that u < Cyy.
In a similar way, if u is a weak solution of ([3.4)), it satisfies

/ VuVudr + / (G'(u) — Xa(z)u)vdz =0 Yv € H.
Q Q
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For v = (u — Cy)* it holds

2 -1
= — [in\’_lu - ziC'f — Aa(z)u](u— Cy) " da
2 -1
< —/ [ crty — P crly — az)u] (u — Cy)F dae
Qf p

_ /Q O} = Ma(@)u(u — O dw <0,

so that u < Cl. (Il

Thus, all positive critical points of ®, will satisfy 0 < u < Cy, and will hence be
also critical points of ®,, and thus solutions of (3.2). In the next proposition we
show that for A ¢ [A\], \]] the functional ®, has a negative minimum.

Proposition 3.4. Let A > A\ or A < A]. Then
- inf @ :
oo < inf alu) <0 (3.5)
Proof. We first prove that the functional is coercive (this proves the first inequality).
Indeed, we have

‘b/\ un

> — /\Vun|2 /Gun —7/ (x)ui
/ Vi ? + /[ G, ) Xl jalc / it ?
Unp = >\
1 _ A
—y [vwpe et [ e ter [ - Bl [
2 p+1 [un>Ch] p+1 [un>Ch] 2 Q

> 1 /\v Pt G = W e [ e [ )"

—CY 1/ u?
P+1 0<un<Cr]

(1 p—1
> min {5, 2 M lalls } funllFs = clnlln e

For the second inequality we treat first the case fQ a # 0. Suppose fQ x)dx <0

(the case fQ z)dz > 0 is similar). For A > AJ (> 0), it is sufficient to evaluate @
on u, = edy, where ¢7 is the eigenfunction associated to A\]” and e > 0 is small.

3 <u>—€2/v¢+|2+6 +p+1—€”/a<x>|¢+|2
T2y T 2 Jo
2 A

_ ‘-2 +12 2
= 2(1 Af)/9|v¢1| +o0(e”) <0, for e small.

I \/

For A < A7 = 0 it is sufficient to evaluate P, on ue = €, € small.
The degenerate case [, a(z) = 0 requires a special treatment. Recall that in
this case AT = A\J = 0. It is not sufficient to evaluate the functional on the



262 M. CALANCHI, B. RUF EJDE/SI/01

(constant) first eigenfunction to obtain the second inequality in (3.5). Indeed, we
need to evaluate @ on a more suitable function. Since a is continuous (and sign-
changing), it follows that there exists a ball B,.(z) C  with a(z) > 0 on B,.().
Let n € C3(Q) a positive function with supp 7 = B,.(7).

First we consider the case A > 0. We evaluate ® on v, = 5(1 t+efT n) (with
€ > 0 small).

@(vs):f/w (145 n) +

+1

-5 [ a@) 1+ )

5p+1
= /IWI2
5P+1)\
-5 e
Q

= —52+pT_1)\/ a(z)n + 0Pt <0
)

s —52'“%1/\/ a(x)n
Q

for e small, since [, a(x)n > 0.
For the case A < 0, we change n with —n. (]

The proof of Theorem [3.2] is now easily completed, observing that the infimum
of ® A < 0 is attained, since ®) is weakly lower semi-continuous. O

We can summarize the solution situation of Theorems[3.1]and [3.2)in the following
bifurcation diagrams. We recall that variational methods do not yield continuous
branches of solutions, so the figures are (possibly) a simplification.

The first plot on the left shows the standard bifurcation diagram when a(z) is
a positive weight. The plot in the middle gives the situation when a(z) changes
sign (with [,a < 0). We see that there is a bounded interval with non-existence
of positive solution, while there is existence everywhere else. Finally, the plot on
the right illustrates that in the degenerate case, that is for a sign-changing weight
a(x) with [ a(x) = 0, we have a positive solution for every X # 0. It is interesting
to note that from 0 = A] = Al emanate two bifurcation branches, albeit the
corresponding eigenspace is one-dimensional, spanned by the constant 1.

A \ A /
0] o b 0]
a(x) definite, a(z) >0  a(x) indefinite, [, a(x) <0 a(x) indefinite, [, a(z) =0

FIGURE 1. Bifurcation diagram for equation (3.2))
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3.2. Existence and non-existence of solutions for problem (1.3) with (+).
We now consider the problem

—Au = Xa(z)u+uP in

au >0 onf) (3.6)
n
W =0 on 9N

where Q C RY is a bounded domain, a = a(x) is a sign changing continuous
function, and p > 1. We first state the following existence result.

Theorem 3.5. Assume that a(x) changes sign, and that 1 < p < % If A €
(AT, AT) := I, then problem (3.6) has a positive solution.

Remark 3.6. Recall that
I, = (0,\]) if / a(z)dr < 0,
Q

I, = (\[,0) if / a(x)dz > 0,
Q

I,=0 if/a(x)d:czo.
Q

Proof. We prove the existence result for fQ a(z) < 0 via a variational approach.
The proof for [, a(z) > 0 is similar.

Let us observe that weak solutions of correspond to critical points of the
functional

A
. 1 p+1 7 2
A H(Q) =R, Uy(u /| p+1/u 2/Qa(x)u.

For A € (0,A\]) we can apply the classical Mountain Pass theorem of Ambrosetti-
Rabinowitz, and we first need to prove some geometric estimates. Theorem
then follows in a standard way, since we have compactness due to the subcritical
growth.

First, we prove that the functional ¥, has a mountain-pass geometry.

Proposition 3.7 (0 is a local minimum). Assume [, a(z)dz < 0 and A € (0, Af).
Then there exist n > 0 and p > 0 such that
Uy(u) >n>0 Yu:|ul|=np.

Proof. 1t is sufficient to prove that there exists § > 0 such that

1 A

J(u) == 7/ |Vul|? — 7/ a(x)u® > 6 >0, Yu:l||u|=1. (3.7

2 Ja 2 Ja

Indeed, if (3.7) holds, then, thanks to the compact embedding H! cc LP*+!,

)
Uy (pu) > 6p? — CpPTt > 5/)2 =1,

for a suitable p small.
Note first that J(u) > 0 for all w € H*. Indeed, if [, a(z)u?dz < 0 this is trivial.
Otherwise we use the variational characterization of )\+.

1 A 1 A
== v2——/ 2>71——/V2>0.
2/Q| ut -3 Qa(x)“ —2( Af) Q‘ ul” 2
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We now prove (3.7) by contradiction: suppose that there exists a sequence {u,,}
such that

lua| =1 and J(u,)— 0.

Split w,, = w, + a,, where a,, = W, so that [, a(z)wy(z)dz = 0. We
Q

have a,, — 0, since otherwise, up to subsequence, |a,| > d > 0, for some positive

6, and
a2 A2
Tun) = Iwa) + 252 [ a@)] 2 5] [ ato)
) Q
Thus we have 1 = |[u,[|? = ||w,||* + o(1).

Then there is n > 0 such that fQ |Vw,|? > n > 0. If not, up to subsequences,
Jo IVwn|* = 0 and (w, is bounded in H') and w,, = w in L*(€), and hence there
exists w such that

wy, — w weakly in H! and strongly in L>

In particular ||[Vw||2 = 0, so that w is a constant of norm 1. But this leads to a
contradiction, since

Oz/ﬂa(x)wn%w/a(x) £0.

Q
Now, since [, |Vw,|? > 7 > 0, we can use again the argument above to obtain
2

o) = J(w) = 5 [ 1V = 5 [ oty + 252 [ atw] = 31 - Q)n,

which is a contradiction. Hence, (3.7) holds. Il

To complete the geometric requirements of the Mountain Pass Theorem, we
need to find a function @ such that ¥y (@) < 0. But this is trivial: it is sufficient to
evaluate W) on constant functions «:

1 A
Uy(a) = ———— ap+1—f/axa2—>—oo, al = +oo.
s0) == [t =3 [ ata) o
Finally, we can apply the mountain-pass (MP) theorem of Ambrosetti & Rabi-
nowitz and find a non trivial solution of problem (1.3). This completes the proof
of Theorem [3.5] 0

Remark 3.8. We note that by means of minimization arguments concerning the
ground state level given by the MP-Theorem, the positivity of the solution is stan-
dard (see e.g. [21]).

Next, we turn to non-existence results for equation (3.6]).

Theorem 3.9. Suppose that a(x) changes sign, that 1 < p < %, and assume

that X & (A, A\). Then equation (3.6)) has no positive solution.

Proof. First we note that for A\ = 0 there is no positive solution in any case.
Suppose that [, a(z)dz < 0. We show that then the problem has no
positive solutions for A > A or A < 0.
(a) Consider first A > A\ > 0: suppose by contradiction that u is a positive
solution of (PT). We may read u as a positive eigenfunction (associated with the
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eigenvalue \) of the problem
—At) = Ab(z)y, inQ

3.8
8—#} =0 on 99, (3:8)
Oov
where b(x ) a(x) () in Q.
If [,b(x)de >0 (thls is the case, for instance, when [, a(z)dz = 0) we are

done: from property (e), the unique positive eigenfunctions are related to Ay (D)
and /\+(b) where A} (b) < A (b) = 0.

If fQ x)dx < 0, the unique positive eigenfunctions are related to 0 = A or
AT (b), so it must be A = A (b). But since b(x) > a(z), we have the inclusion
B*(a) C BT (b), where

Bt(a)={ve H": / a(z)v®* >0}, BT (b)={veH": / b(z)v* > 0}.
Q Q
Therefore,

2

b) fQ fQ

so that A < A", To exclude the case A = )\1+, observe that both infima are actually
minima, and hence A\f(b) < AT

(b) Consider A < 0: suppose by contradiction that u is a positive solution of

(PT). Again we may read u as a positive eigenfunction (associated to the eigenvalue
A) of the problem

+
=\,

—AY = Ab(z)y, inQ

3.9
8—7’& =0 on 99, (3.9)
v
where b(z) = a(z) (z) in Q, with [, b(x)dz < [, a(z)dz < 0.
Since fQ x)dx <0, the unique positive elgenfunctlons are related to A\] =0 or

AT (b) > 0, so it must be A > 0. The case [, a(z)dz > 0 is handled similarly. O

Again we can summarize Theorems [3.5] and [3.9]in the following bifurcation dia-
grams.

\ 7 7 7 7 7

0] 0] \Ar 0]

a(x) definite, a(z) > 0 a(z) indefinite, [, a(z) <0 a(x) indefinite, [, a(z) =0
FIGURE 2. Bifurcation diagram for equation (3.6))

In the first plot on the left we show the situation for weights a(x) > 0. We see
that it is complementary to the situation in Figure |[I} the branch covers now the
negative half-line of the A parameters The plot in the middle shows the situation
for sign-changing weights a(z), with [, a(x)dz < 0. Now there exist solutions for
every A between the two first eigenvalues )\1 = 0 and )\1 , and no solution for all
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other \’s. Again, we see that the situation is complementary to the situation in
Theorems and We have drawn the branch as a curve connecting A} and A}
This is justified for 1 < p < % by Theorem which gives an a priori bound
for all positive solutions for A in a bounded interval. For % <p< % we do
not have currently a proof of such a bound, we refer however to the proofs of such
bounds for related equations with Dirichlet boundary conditions by de Figueiredo-
Lions-Nussbaum [8] and Gidas-Spruck [10]. Finally, for the plot on the right we
have the surprising result that for the degenerate case fQ a(z)dr = 0 we have no
positive solution, for any A € R; again, this is complementary to the situation of
Theorems [3.1] and where we have existence of a positive solution for all A # 0.

3.3. A priori bound for positive solutions of equation . In Figurewe
have drawn a solution curve connecting the first eigenvalues A] and Af. This is
justified by the following a priori bounds for positive solutions of equation (1.3),
in the case that 1 <p < N/(N —2).

Theorem 3.10. Let 1 < p < % Then for every A > O there exists a constant
co = co(A) such that for |A| < A it holds ||ux|| < co, for every positive solution u)
of equation
—Au = Aa(z)u+uP  in
u>0 onf

ou

— =0 o0

£y on

Proof. (a) First we integrate equation (3.10) over £ and obtain
0 :/ —Audz = )\/ a(x)u(x) dm—i—/ u? dx
Q Q Q

lully < A llalloo /QU(»T) de < d|jull,

(3.10)

It follows that

and hence
ullp < ¢ (3.11)

for all positive solutions.
(b) Now multiply equation (3.10)) by « and integrate,

/Q|Vu\2dm = )\/Qa(m)uQ(x) dx—{—/gupﬂdx < c\|u||§i} (3.12)

Now we use the well-known Gagliardo-Nirenberg inequality, see Nirenberg [I7]
which reads: suppose that Q C RY is a bounded domain with the cone-property.
Then there exist constants ¢; and ¢ such that for all w € W™ (Q) N L1(Q)

ID7ully < exl| D™l lullg™ + callullq

where 1 ) L 1
J m
. - = 1—qa)=
2N + a(r N) + ( a)q
Applying this inequality for j =0, p > p+1,r=2, m =1, ¢ — p, we obtain
ullp1 < ellVullgllull,™ + cllull, (3.13)
where 1 1 1 1
Y 1—a)=
g a(2 N) +( a)p
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This condition implies

Aol L1 1
p N 22 p p+l pp+1)
and hence
1 2N

T pr12N (N _2)p
By (3.13)) and (3.11]) we now have

+1 +1
[ullP] < e | Vulg P + ¢

and hence by (3.12))
2N
IVull3 < e[ Vull 3727 +c

We want that m < 2, which is the case if

l<p<

N -2
Then ||Vullz < ¢, from which we obtain that ||u|| < c. O

For p € [%, %) we have no a priori bound for positive solutions readily

available, and so we cannot exclude that the solution branches explode when A —
0 = A\] or A\ — A. However, in view of the a priori bounds for the Dirichlet
problem by de Figueiredo-Lions-Nussbaum [§] and Gidas-Spruck [10] we tend to
believe that this does not occur.
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