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ABSTRACT

Robotic manipulators face significant control challenges in a wide range of industrial applications, where
stability and reliability are essential for achieving operational objectives. This paper investigates nonlinear
modeling and control strategies for a three Degree-of-Freedom (3-DOF) robot manipulator, focusing on
dynamic complexities and employing advanced techniques like nonlinear backstepping design for
trajectory tracking. The 3-DOF robot's nonlinear model is derived using Lagrange's equation.
Subsequently, a backstepping control method is developed to manage the nonlinear behavior.
Backstepping ensures precise trajectory tracking and global stability by systematically designing a
Lyapunov function for each step, leading to a robust control law. The step-by-step nature of backstepping
facilitates the design of controllers for 3-DOF robotic systems. Each joint can be controlled separately
while ensuring the overall stability of the system, making the design process more manageable. Simulation
results demonstrate the ability of the proposed control method to achieve fast and accurate tracking of
reference setpoints, even under moderate control input variations. These results highlight the effectiveness
of the approach in enhancing both accuracy and stability.
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I.  INTRODUCTION

proposed in the literature for regulating the motion of robotic

Modeling and designing effective controllers for robot
manipulators is a significant challenge due to their nonlinear
dynamics and intricate mechanical structures. These systems
are multi-input, multi-output, characterized by rapidly changing
dynamics, numerous parameters, and uncertainties such as
unknown loads and external disturbances. The development of
accurate mathematical models and control strategies is
complicated by factors such as design complexity,
environmental conditions, and specific task requirements. To
address these challenges, various techniques have been

manipulators. In [1], a dynamic model is derived using
Lagrange's equation, and a robust control approach combining
sliding mode control with a PID control scheme is introduced.
In [2], the trajectory tracking control for a nonlinear three-link
robot manipulator is presented, where computed torque control
and sliding mode control strategies are utilized. In [3], a
cerebellar control model is proposed, which uses a feedback
motor controller to train an artificial neural network. In [4], a
control system incorporating fractional-order controllers is
designed to eliminate vibrations leveraging singular

www.etasr.com

Akil et al.: Modeling and Nonlinear Backstepping Control of a 3-DoF Robot Manipulator



Engineering, Technology & Applied Science Research

Vol. 15, No. 3, 2025, 22459-22465 22460

perturbation theory and input-state linearization techniques. In
[5], fractional calculus theory is applied to design a finite-time
fault-tolerant controller using a fractional-order adaptive
backstepping approach, ensuring fast response and high-
precision tracking performance. In addition, authors in [6]
present a fractional-order system model for a robotic arm and
the development of a fractional-order PID controller. In [7], a
nonlinear backstepping controller with a velocity observer is
proposed for trajectory tracking control. Meanwhile, authors in
[8] suggest combining a neural network with adaptive sliding
mode control for trajectory tracking of a three Degree-of-
Freedom (3-DOF) planar parallel manipulator. Sliding-mode
control strategies for trajectory tracking are also discussed in
[9] and [8]. Lastly, authors in [10] present a software-in-the-
loop test for a robot manipulator driven by a brushless DC
motor. Two different control approaches, such as the classical
PID control and the fractional-order PID control are used in
[11] to improve the tracking performance of the manipulator
under study. Classic control methods like PID, which do not
account for system nonlinearity, and sliding mode control
methods, which involve complex calculations, can result in
significant computational differences that can weaken the
overall control performance. However, backstepping is
specifically designed for nonlinear systems, making it suitable
for complex and highly nonlinear control problems. Several
works have demonstrated the effectiveness of the backstepping
control method for different applications such as in [12, 13]. A
key advantage of this approach is its flexibility in formulating
the control law without requiring the cancellation of beneficial
nonlinearities. The main contributions of this study include the
development of a mathematical model for a 3-DOF robot
manipulator and the design of a backstepping nonlinear control
strategy for it. This control law is systematic, robust, and
asymptotically stable based on Lyapunov stability theory.

II.  DESCRIPTION OF 3-DOF ROBOT MANIPULATOR

The mobile manipulator under study is shown in Figure 1.
It consists of two subsystems: a rotating base and two planar
rotating joints (link 1 and link 2).

v

Fig. 1.

(a) 3-DOF physical system (b) spherical coordinates.

The base, equipped with an actuator, rotates around a
vertical axis by an angle 6),. The second subsystem includes
two masses, m; and m,, connected by weightless bars of half
lengths d; and d,. Each joint is driven by a DC servo motor to
enable arm movement. The angles 6; and 6, represent the

rotations of the first bar around the origin and the second bar
around the endpoint of the first bar, respectively. Consequently,
the system has three degrees of freedom: 8y, 6;, and 9,.

III. MATHEMATICAL MODEL OF 3-DOF ROBOT
MANIPULATOR
A. Kinematic Relationships

The equations for the x-position and y-position of link 1
are:

Px, = d, cos(0,)
Py, = d, sin(6,)

The equations for the x-position and y-position of link 2
are:

P, = 2d, cos(8,) + d, cos(6; + 6,)
PyZ = 2d1 Sln(91) + dz Sln(91 + 92)

ey

@)

The linear velocities of link 1 and link 2 are calculated
using the following formulas:

22 202 oin 2
- - Px, = di67 sin*(6,)
v, = \/pZ, + Pz, , where: { . . 3)
e Py, = di0f cos*(6,)
and v, = \/pZ, + p3,. where:
Zj;%z =4 d%ef sin 2(01) + 4d1d291(91 + 92) Sin(@l)
sin(8; + 6;) + d2 (6, + 6,)%sin?(6; + 6,) @

P2, = 44 d367 cos?(6;) + 4d,d,6; (6, + 6,) cos(6;)

L cos(6 + 0,) + d? (6, + 6,)*cos?(6; + 65)
with the derivative with respect to time t, i.e., éi =°Z—9ti,
V= % L X = %, for i = 1; 2. The angular velocities of link
1 and link 2 are calculated using the formulas w; = 6; and
w; = @.
B. Energetic Relationships

The equation of the kinetic energy for link i = 1; 2 is:

K; = %miviz 5
The equation for the kinetic energy K can be written as:
K=K +K, =
Smyd367 + my{2d30F +  3d3 (6, +6,) +
2d,d,6,(6, + 6,) cos(6,)} (6)
The total potential energy P due to gravity is given by:

P =P, +P, =mygd, cos(8,) + m,g(d, cos(6;) +
d, cos(¢)) (7

C. Dynamic Analysis

The classical nonlinear dynamic model of the 3-DOF robot
manipulator is derived using Lagrange's equation, along with
the equations for kinetic and potential energies. Its equation is
defined as:

9 9L oc
3606, o0, ()
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where 6;, 6; represent the joint position and joint velocity, and
7; is the generalized force applied to the i-th link.

The equations of motion, derived using the Euler-Lagrange
equation, are obtained by taking the difference between the
total kinetic energy K and the total potential energy P of a
mechanical system to determine the Lagrangian £ of the
system. This allows us to calculate the forces or torques applied
at each link. The Lagrangian is defined as follows:

L=K—P =-md?6} +m,(2d?6? +-d3 (6, +
92)2 + 2d,d, (07 + 6,0, ) cos(6,)} — mygd, cos(6;) —
m,g(d, cos(8,) + d, cos(0; + 6,)) )

The derivations of the Lagrangian and the Euler-Lagrange
equations are given as follows:

064 . .
2d,d, (26, + 6, )cos(6y)) (10)
2 9% _ i, d2d, + my{4d26, + d2 (6, + 6,) +
at 691 . . . ..
2d,d, (26, cos(8,) — 26, 6, sin(8) + 6, cos(6,) —
63sin(6,))} (11)
aL

Py m,gd, sin(0;) + m,g(d, sin(8,) + d, sin(6, +
1

62)) (12)

Similarly, we compute:

;_BL = mz( d% (9.1 + 92) + Zdldzélcos(GZ) (13)
2

0 0L . . .

EE':.mz( d% (91 + 92) + 2d1d291 COS(Gz) -
2d,d,6,6,sin(6,)) (14)

oL A A A .

E = —2m2d1d2 (912 + 9192 ) Sln(GZ) +

m,g(d, sin(6; + 6)) (15)

D. DC Servo Motor Model

The mathematical model of a DC servo motor describes the
dynamic relationship between the input (voltage) and the
output (position). The internal structure of the DC servo motor
is shown in Figure 2. Here, J represents the moment of inertia
of the load attached to the motor's drive shaft.

Electric Armature

Current R Resistance

1o | p— |
Input Lt L — A

Voltage .
Back Electromotive ;

+ Force 1

1

BN €,
1

Inductance | ‘

Electro-mechanical scheme of a DC motor.

Moment of
Inertia

Load

Fig. 2.

The electrical differential equation for a DC servo motor
can be expressed as follows:

u;(t) = K.N;6;(t) + R i;() + Li—it" +¢ (16)

Let i;(t) be the armature current and w;(t) be the voltage
applied to the armature. R, L and &; represent the resistance,
inductance, and the back Electromotive Force (EMF) of the
armature, respectively; éj is the angular velocity, and N; is the
gear ratio, where j=1;2;b . The first-order differential
equation for §j(t) is:

D = L [NK by + R+ £ — ) 7

The equation of motion for the rotor is derived using
Newton's second law of rotation. The DC servo motor torque
can also be written as:

T = NjK7i = J,w + Bew + T (18)
where K (Nm/A) is the torque constant.

The friction torque Ty opposes the motor torque, where J,
and B, are the moment of inertia and the friction coefficient of
the motor and load, respectively. By substituting (22) into (23),
we obtain the following expression for the armature current:

E. Global Model

The nonlinear mathematical model used to construct the
robust control based on backstepping is derived as follows. The
state variables of the system are defined as: x; = 8, x, = 0,,
Xz = lp, Xy = 04, X5 = 0, Xg = iy, X7 = 05, Xg = 05, Xg = i.
The state vector of the system is x = [8,,60,,60,] ¢, and the
control input vector is denoted as u = [uy,u;,uy] ¢ . The
complete model of the 3-DOF robot manipulator is given by
the following equations for the subsystems Sys 1, Sys 2, and
Sys 3. The equation for the subsystem Sys 1 is:

] . B
e w] + e
NjKT NjK

ij+mTf (19)

X1 = Xy (20)
¢ = KT |Be R S

X, = VA Npx, + o Ty x3] 21
ity = = [KeNpXy + R X3 =y + &3] (22)
The equation for the subsystem Sys 2 is:

Xy = X5 (23)
. -1 2.

X5 = (m1d?+my4d?+myd3+4amydid; cos(xy)) {mz( dyig +

2d;d,(—2x5 xg sin(x,) + xg cos(x;) — x? sin(x7))) —
m,gd, sin(x,) — m,g(d; sin(x,) + d, sin(x, + x,)) —
N1Krxe} (24)

566 = _Tl [NlKexS +R Xg + & — ul] (25)

The equation for the subsystem Sys 3 is:
X7 = Xg (26)
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Xg = #Tlnz{(éld%mz + 2m,d, d, cos(x;))xs — (b3 = X3 — Qp1 37
2myd; dyxsxg sin(x;) + 2myd dy (x2 + x5xg ) sin(xy) + = (b3 =
M2 (dy sin(xs + x7)) = NpKr o} @7 K Nyxy + Rxy + g5+ Lig] + 34 (38)
. -1
Yo =T [NKeXg + R xo + &£, — 15 (28) The effective command input u,, can be expressed as:

The first subsystem has the state vector 8, controlled by
the voltage u,, the second subsystem has the state vector 6,
controlled by u;, and the third subsystem has the state vector
6,, controlled by u,. A general mathematical model of a 3-
DOF robot manipulator with rigid links and a rotary base is
multivariable, strongly coupled, nonlinear, and time-varying.
This model is typically sufficient for control synthesis.

IV. NONLINEAR BACKSTEPPING DESIGN OF 3-DOF
ROBOT MANIPULATOR

The backstepping controller system is designed to stabilize
the robot's motion by addressing the dynamics of each
subsystem and ensuring robust performance under different
operating conditions. For each system (h) with h = 1; 2; 3, the
number of design steps required is equal to 3. In each step, an
error variable ; and a stabilizing function a; with i = 1;2; 3,
Jj=0,1,2,and | = b; 1; 2 are designed.

A. Backstepping Controller for Rotating Base

Step 1: The tracking error between the motor position at the
base and desired position x] = 6} is defined as:

(b1 =x1 — x| (29)
=G =% —H =x,— % (30)
Using (30), the virtual controller is:

Apo = Xz = —C18p1 + X (31)

by using a;, as the virtual control input. The previous equation
can be expressed as:

$b1 = —C10p1 (32)
where the controller gain parameter c; is a positive constant.

Step 2: The error between x, and a;, tends towards O as
possible:

Cb2 = X2 — App (33)
= Gpp = _Tl [KNpxy + Rx3 —up + 6] —dpp  (34)
The virtual controller is chosen as:
Op1 = X3 =

%[Kerx2 —up + &, + Ly — Lcygq] (35)

by using a; as the virtual control input. The previous equation
can be expressed as:

Crz = —C20p2 (37)
where controller gain parameter c, is a positive constant.

Step 3 (final): The error between x; and ajq is driven
towards 0 as possible:

1 .
u,(t) = —c3g, + Z[Kerx2 + R x3 + &, + Ldp,1(39)
For this, the previous equation can be expressed as:

b3 = —C30p3 (40)

where the controller gain parameter c; is a positive constant.
The derivative of the candidate Lyapunov function is given by:

U1 () = $p1lp1 + 28p2 + Cp3lns (41
= 01(t) = =185 — 285, — €383 <0 (42)

B. Backstepping Controllers for Link 1 and Link 2

The virtual controllers and effective commands for each
link are determined using the same calculation steps described
in this section. Only the results of each step are presented for
link 1 and link 2.

1) Backstepping Controller for Link 1

Stepl: The tracking error between the motor position x;
and the desired position x] = 07 is defined as:

C11 = X4 — X3 43)

The virtual controller is:

@10 = X5 = —C4G11 + X5 (44)

The dynamics of the error is given by:

$11 = —Cal11 (45)
where the controller gain parameter c, is a positive constant.

Step 2: The error between x, and the desired position a4,
tends towards O as possible:

C12 = X5 — Q19 (46)
The virtual controller is:

_ (mqd?+my4d?+m,d3+4am,d, d; cos(x,)) (C ¢ —
N,Kp 551

a1 =
o) +

{mz( d2xg + 2d;dy(—2xs xg sin(x,) + %g cos(x;) —

xZsin(x;)) —mygdy sin(r) = myg(d; sin(x,) +
d, sin(xy + x7))} 47)

The dynamics of the error is given by:
12 = —C5612 (48)
where the controller gain parameter cg is a positive constant.

Step 3: The error between x3 and a4 tends towards O as
possible:

C13 = Xg — Q11 (49)

The effective command input u; can be expressed as:
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ul(t) = —LC2Q13 + NlKexS + R Xe + &1 + Ldll (50) _63<b +%[K8Nbx2 + R x3 + gb + Lde] (65)
The dynamics of the error is given by: wy () = —Leyoys + NyKoxs + R xg + &, + Ly, (66)
613 = —C6S13 (51) wy () =
where the controller gain parameter ¢4 is a positive constant. L .
—L(c9023 — tt23) — [NoKoxg + R x9 + &5] (67)

The derivative of the candidate Lyapunov function is given by:
U1(t) = 611611 + 612612 + 613613 (52)
= 01(t) = —¢461; — €56%, — 6613 <0 (53)

2) Backstepping Controller for Link 2

Stepl: The tracking error between the motor position x;
and the desired position x7 = 65 is defined as:

021 = X7 = X7 (54)

The virtual controller is:

Q1 = Xg = —C7021 + X7 (55)

The dynamics of the error is given by:

021 = —C7021 (56)
where the controller gain parameter c; is a positive constant.

Step 2: The error between xg and the desired position
tends towards O as possible:

Q22 = Xg — 021 (57)

The virtual controller is:

412m, . 1 2
QA = X9 = — (cg022 — da1) + m{(‘l'dzmz +

NoKr
2m,dd, cos(x;))xs — 2mydy dyxsxg sin(x;) + 2m,d, d, (x2 +
XsXg ). sin(xy) + myg(d, sin(x, + x7))} (58)

The dynamics of the error is given by:
022 = —Cg022 (59)
where the controller gain parameter cg is a positive constant.

Step 3: The error between x4 and a,, tends towards 0 as
possible:

023 = X9 — Q23 (60)
The effective command input u, can be expressed as:
uy () =

—L(c9023 — tt23) — [NoKexg + R xq + &5] (61)

The dynamics of the error is given by:

023 = —C9023 (62)

where the controller gain parameter cq is a positive constant.
The derivative of the candidate Lyapunov function is given by:

D5(t) = 021021 + 022022 + 023023 (63)
U,(t) = —c70%1 — Cg032 — Co033 < 0 (64)
C. Global Backstepping Controller

Considering the backstepping control input vector:

up(t) =

The backstepping controller is designed to stabilize the
system using the following candidate Lyapunov function:

v(t) = vp(8) + v, (8) + v, (8) (68)
The derivative of v is given by:
v(t) =v,(t) +v,(t) +v,(t) <0 (69)

The closed-loop system of the 3-DOF robot manipulator is
globally asymptotically stable, which is achieved by the
controllers designed for stabilization and tracking. A positive
definite Lyapunov candidate function is used for stability
analysis, and its negative definite derivative guarantees
stability.

V. SIMULATION TESTS

To illustrate the effectiveness and performance of the
proposed nonlinear backstepping control for the 3-DOF robot
manipulator, simulation tests are conducted in Simulink, as
shown in Figure 3. To analyze the performance of the tracking
by backstepping controller, the base and joint angle transitions
of the manipulator from the starting point to the target point
along the desired trajectory are shown in Figures 4, 5, and 6.
The results show that joint 1 has a response time of
approximately 0.008 s, whereas joint 2 and the rotating base
have a response time of about 4.8 x 107 s. The backstepping
controller effectively tracks the desired trajectory for angles 6,
0,, and 6;,, with minimal and acceptable angle errors that do
not affect system performance. The system remains stable, with
no divergence or chaotic behavior, and switches quickly
between desired values. The continuous angular displacement
curves confirm smooth robot movement, and the system
achieves accurate position tracking without overshoot,
undershoot, or oscillations.

VI. CONCLUSION

This study presents a comprehensive approach to modeling
and controlling a three Degree-of-Freedom (3-DOF) robot
manipulator. The developed mathematical model effectively
captures the manipulator's dynamic and kinematic properties
while addressing key challenges such as nonlinearity, coupling
effects, and external disturbances. A backstepping controller is
designed for each joint, and its stability is verified through
Lyapunov analysis. This new control strategy is proposed to
ensure the asymptotic stability of the whole system, as well as
to improve the accuracy and the transient dynamic response of
the 3-DOF robot. The accuracy and stability problem that many
existing manipulators suffer from has been addressed using this
classical control technique such as PID control. The
effectiveness of the proposed control method is demonstrated
through Simulink simulations, which confirm the feasibility,
performance, and efficiency of the system. Future work will
focus on experimental testing of the proposed manipulator
system to further validate the approach.
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Fig. 3. The Simulink model and submodels for the backstepping controller.
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Fig. 4. Position tracking of the joint 1 with backstepping controller.
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