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ABSTRACT 

Clustering is a fundamental problem in data science, with popular approaches including k-means and 

spectral clustering. However, while k-means is typically limited to tabular datasets and spectral clustering 

is mainly effective on network data, this work introduces two new methods, the Euclidean hypergraph 

average commute time distance-based clustering and its truncated variant (i.e., the truncated eigen 

decomposition technique), which can be applied to any dataset type. Experimental results indicate that 

both proposed techniques perform at least as well as the conventional Euclidean graph average commute 

time distance-based clustering and, in some cases, even achieve better results (as measured by the Davies-

Bouldin score) because the hypergraph structure captures higher-order relationships among samples. 

Overall, the proposed methods significantly outperform traditional k-means and spectral clustering when 

clustering feature vectors. 

Keywords-Euclidean hypergraph; clustering techniques; distant-based 

I. INTRODUCTION  

Clustering plays a vital role in data mining research. It is a 
technique that partitions samples into clusters such that samples 
are closer to others in the same clusters than those in others. Its 
applications are immense, such as mobility pattern clustering 
[1], text clustering [2-5], image segmentation [6-9], and others. 
Clustering methods have evolved significantly over the years, 
with a variety of algorithms developed to uncover intrinsic data 
structures without relying on predefined labels. The k-means 
clustering method [1], one of the most widely used partitioning 

methods, minimizes variance within the cluster but is sensitive 
to initial centroids and requires specifying the number of 
clusters in advance. Hierarchical clustering [10], which builds 
nested clusters either agglomeratively or divisively, offers a 
dendrogram representation that can provide insights at multiple 
scales, although its computational complexity can be high for 
large datasets. Affinity propagation [11] introduces a novel 
approach by passing messages between data points to 
automatically determine exemplar clusters, thus eliminating the 
need to pre-specify the number of clusters, but it may be 
sensitive to the choice of similarity measures and damping 
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factors. Other methods, such as density-based clustering 
methods (e.g., DBSCAN [12]), further extend the clustering 
toolbox, each with its strengths and weaknesses depending on 
the data characteristics and the specific application context. 
These methods are available from the Python sklearn package 
[13]. However, these techniques/methods can only be applied 
to tabular datasets. This study uses the k-means clustering 
technique as the vanilla or baseline technique for three main 
reasons: First, it is straightforward to implement, second, it 
scales to large datasets, and third, it guarantees convergence to 
final solutions.  

Other clustering techniques belong to different classes of 
clustering algorithms and can also be utilized to address the 
clustering problem but are typically suited for network datasets. 
A typical technique is spectral clustering, which has shown 
significant promise in various applications, including mobility 
pattern analysis [1], and its theoretical foundations have been 
well documented [14-16]. Another notable approach is the 
maximum modularity method, which aims to maximize the 
modularity measure of a graph to find optimal community 
structures. This method has been effectively applied in several 
contexts, such as the i-Louvain method for large-scale 
networks [17], dynamic community detection [18], and user 
clustering based on preferences in social media platforms such 
as Twitter [19]. The distributed Louvain algorithm also 
provides scalable solutions to large-scale community detection 
problems [20]. These network-specific clustering techniques, 
including articles based on semantic similarity [21], exploit 
different principles and methods to identify clusters within 
complex network data. Furthermore, template-matching 
approaches for parallelizing the Louvain method [22] and 
hybrid techniques combining data mining and statistical 
analysis [23] have been explored to enhance clustering 
performance. 

The Euclidean distance is utilized in the two clustering 
techniques described above to measure sample similarities. 
Specifically, in the k-means clustering technique, the Euclidean 
distances among all samples and all centroids are calculated in 
the first phase to know which samples belong to which clusters. 
On the contrary, in the spectral clustering technique, the 
Euclidean distances among all samples are calculated at the 
first phase to construct the similarity graph. In the last phase of 
the spectral clustering technique (i.e., the k-means clustering 
step), the Euclidean distances are utilized again to measure the 
similarities among the transformed samples and the centroids. 

This study also uses the Euclidean graph average commute 
time distance-based clustering technique, proposed in [24], to 
improve clustering performance. In summary, given an 
undirected weighted graph G = (V, E)  with � vertices, the 
Euclidean graph average commute time distance between two 
vertices 	 and 
 is defined as the expected time it takes the 
natural random walk starting at vertex 	 to travel to vertex 
 
and then back to 	 [25-27]. First, the similarity graph must be 
constructed from the tabular dataset. Then, the graph Laplacian 
must be computed. The pseudo-inverse of the graph Laplacian 
can be computed from the graph Laplacian. Finally, the 
Euclidean graph average commute time distance can be 
computed from the pseudo-inverse of the graph Laplacian. The 

k-medoid clustering technique can address the clustering 
problem with the Euclidean average commute time distance. 
This method is generally called the Euclidean graph average 
commute time distance-based clustering technique. 

Since only tabular datasets are given in this work, a graph 
must be constructed from them. The following section 
discusses the construction of the graph from the feature vectors. 
However, there is one weakness associated with the Euclidean 
graph average commute time distance-based clustering 
technique. In other words, the assumption of pairwise 
relationships among the samples in this graph representation is 
not complete. Consider the case where we would like to 
partition/segment a set of articles into different topics [28]. The 
vertices of the graph are the articles. Two articles are connected 
by an edge (i.e., the relationship) if at least one author is in 
common. Finally, the clustering technique can be applied to 
this graph to partition/segment the vertices into groups/clusters. 
It can be observed that this graph data structure ignores 
whether one specific author is the author of three or more 
articles (i.e., the co-occurrence relationship). This method leads 
to the loss of information. Therefore, the hypergraph data 
structure is employed for the above relational dataset to 
overcome this difficulty. In detail, in this hypergraph data 
structure, the articles are the vertices, and the authors are the 
hyperedges. A hyperedge can connect more than two vertices 
(i.e., articles). 

This study aimed to extend the work of [24], investigating 
the development of a novel Euclidean hypergraph average 
commute time distance-based clustering technique and its 
variation or not. The contributions of this study include: 

 Develops a novel Euclidean hypergraph average commute 
time distance-based clustering technique. 

 Develops a novel Truncated Euclidean hypergraph average 
commute time distance-based clustering technique. 

 Applies these novel clustering techniques to the Zoo, the 
tiny version of the 20 Newsgroups dataset, and the Citeseer 
datasets. 

 Compares the performance of the Truncated Euclidean 
hypergraph average commute time distance-based 
clustering technique with the k-means clustering technique, 
the spectral clustering technique for feature vectors, the 
Euclidean graph average commute time distance-based 
clustering technique, and the Euclidean hypergraph average 
commute time distance-based clustering technique. 

II. EUCLIDEAN GRAPH AVERAGE COMMUTE 
TIME DISTANCE-BASED CLUSTERING TECHNIQUE 

A. Problem Formulation 

Suppose we are given a set of samples {�
, ��, … , ��} , 
where � is their total number, and the pre-defined number of 
clusters �. In detail, the adjacency matrix � ∈ ℝ�×� is given, 
where: 

��� = �1,    if vertex # is connected to vertex )
0,   else                                                           (1) 
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and the feature matrix , ∈ ℝ�×-.  where /
 is the dimension of 
the feature vectors. The objective is to output the 
clusters/groups �
, ��, … , �0 , where �� = {) | 1 ≤ ) ≤ �  and ) 
belongs to cluster #}. 

B. Adjacency Matrix Is Not Provided 

Suppose we are given the feature matrix , ∈ ℝ�×-. but not 
the adjacency matrix � ∈ ℝ�×� . The similarity graph can be 
constructed from these feature vectors using the k-nearest 
neighbor graph. Sample i is connected with sample )  by an 
edge (no direction: undirected graph) if sample # is among the 
�  nearest neighbors of sample )  or sample �  is among the � 
nearest neighbors of sample # . Section IV discusses the 
construction of the similarity graph from the feature vectors. 
Finally, the adjacency matrix �  representing the similarity 
graph is obtained. 

��� = �1, if sample # is connected to sample )
0,   else                                                             (2) 

Note that this phase is required for spectral clustering and 
Euclidean graph average commute time distance-based 
clustering techniques if only the feature matrix is provided. 

C. Euclidean Graph Average Commute Time Distance-based 
Clustering Technique 

Currently, the set of feature vectors {�
, ��, … , ��} and the 
adjacency matrix are given. Note that �� ∈ ℝ
×-.,  1 ≤ # ≤ � 
and � ∈ ℝ�×� . Let 6  be the diagonal degree matrix of �. In 
other words, 6�� = ∑ ���� . Next, the Laplacian matrix of the 
graph can be computed as / = 6 − �. Then the pseudo-inverse 
of the graph Laplacian can be computed as /9 . The naïve 
definition of the pseudo-inverse of the graph Laplacian is 
/9 = (/:/);
/:. The average commute time distance can be 
calculated as follows: 

<�� = =>?@� − @�A:/9?@� − @�A   (3) 

where @�  is the basis vector where the i-th element of @�  is 1 
and =>  is the volume of the graph G (=> = ∑ ����,� ). Finally, 
the clustering problem can be addressed using the k-medoids 
clustering technique with the Euclidean graph average 
commute time distance. The k-medoids clustering technique 
can be found in [29, 30]. 

III. EUCLIDEAN HYPERGRAPH AVERAGE 
COMMUTE TIME 

A.  Problem Formulation 

Suppose a set of samples {�
, ��, … , ��}, where � is their 
total number, and a pre-defined number of clusters �. In detail, 
the incidence matrix B ∈ ℝ�×� is given, where: 

B�� = �1,   if sample # belongs to hyperedge ) 
0, else                                                             (4) 

and the feature matrix , ∈ G�×-. , where /
 is the dimension of 
the feature vectors. The objective is to output the 
clusters/groups �
, ��, … , �0  where �� = {)|1 ≤ ) ≤ �  and ) 
belongs to cluster #}. 

B. Incidence Matrix of the Hypergraph Is Not Provided 

Suppose the feature matrix , ∈ ℝ�×-. is given but not the 
incidence matrix B ∈ ℝ�×� . The incidence matrix B  can be 
constructed from these feature vectors using the k-nearest 
neighbor graph. In other words, sample # belongs to hyperedge 
) if sample # is among the � nearest neighbors of sample ) or 
sample ) is among the � nearest neighbors of sample #. Finally, 
the incidence matrix B  is obtained, which represents the 
hypergraph. 

B�� = �1,   if sample # belongs to hyperedge ) 
0, else                                                             (5) 

If only the feature matrix is provided, this phase is required 
for the Euclidean hypergraph average commute time distance-
based clustering technique. 

C. Euclidean Hypergraph Average Commute Time Distance-
based Clustering Technique 

Currently, we have the set of feature vectors {�
, ��, … , ��} 
and the incidence matrix B  of the hypergraph. Note that 
�� ∈ ℝ
×-. ,  1 ≤ # ≤ � and B ∈ ℝ�×H, where I is the number 
of hyperedges in the hypergraph. In some cases, the feature 
matrix is also the incidence matrix. In these cases, /
 = I.  

Let J(@) be the weight of the hyperedge @. Then K is the 
GH×H  diagonal matrix containing the weights of all 
hyperedges in its diagonal entries.  

From the incidence matrix B and the weight matrix K, the 
degree of vertex 
  and the degree of hyperedge @  can be 
defined as follows: 

<(
) = ∑ J(@)ℎ(
, @)M∈N    (6) 

<(@) = ∑ ℎ(
, @)O∈P     (7) 

Let 6O  and 6M  be two diagonal matrices containing the 
degrees of vertices and hyperedges in their diagonal entries, 
respectively, where 6O  is an G�×�  matrix and 6M  is an GH×H 
matrix. In many clustering applications, if no extra information 
is available to differentiate the hyperedges, the weight of the 
hyper-edge J(@) is set to 1. However, if there is a similarity 
among the vertices that belong to the hyperedge, J(@) can be 
defined to reflect that. For example, one may set: 

J(@) = 

Q(M) ∑ R(	, 
)(S,O)

⸦M    (8) 

In the above formula, R(	, 
)  is the similarity between 
vertex 	 and vertex 
. 

In the real hypergraph dataset, some hyperedges may be 
more important than others and thus will have weights larger 
than that of others. Hence, this will also lead to the high 
performance of clustering methods and classification methods 
associated with the weighted hyperedges of the hypergraph. 

Next, the unnormalized Laplacian matrix of the hypergraph 
can be computed as  

/TUV = 6O − BK6M;
B:   (9) 
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Then, the pseudo-inverse of the hypergraph Laplacian can 
be computed as /TUV9 . The naive definition of the pseudo-
inverse of the hypergraph Laplacian is: 

/TUV9 = ?/TUV:/TUVA;
/TUV:   (10) 

The average commute time distance can be calculated as 
follows:  

<�� = =>?@� − @�A:/TUV9?@� − @�A  (11) 

where @�  is the basis vector where the i-th element of @�  is 1 
and =>  is the volume of the hypergraph W . In other words, 
=> = XY(6O). Finally, the clustering problem can be addressed 
using the k-medoids clustering technique with the Euclidean 
hypergraph average commute time distance. The k-medoids 
clustering technique can be found in [29, 30]. This work is 
illustrated in the following graph. 

 

 
Fig. 1.  K-medoids clustering with Euclidean hypergraph average 
commute time distance. 

D. Truncated Euclidean Hypergraph Average Commute Time 
Distance-based Clustering Technique 

The approximation of /TUV9  is calculated before the 
Euclidean hypergraph average commute time distance. 
Suppose /TUV9 is given. All eigenvalues and eigenvectors of 

/TUV9are calculated and sorted in descending order. The first � 

eigenvectors 

, 
�, … , 
0  of /TUV
9  are picked. �  can be 

determined in the following two ways:  

 �  is a number such that 
Z[

Z[\.
 is largest for all  

1 2 � 2 |=| − 1,  

 �  is the number such that ]0 − ]09
  is largest for all 
1 2 � 2 |=| − 1.  

Let _ ∈ G|P|�0  be the matrix containing the vectors 


, 
�, … , 
0 as columns and ∑ ∈ G0�0 be the diagonal matrix 
containing the � max eigenvalues in the diagonal entries.  

Let /TUV
`VVabc9

= _∑_:.  

The truncated average commute time distance can be 
calculated as follows:  

<��
daS�e`dMQ = =>?@� − @�A

:
/TUV

`VVabc 9
?@� − @�A (12) 

where @�  is the basis vector where the i-th element of @�  is 1 
and =>  is the volume of the hypergraph W (=> = XY(6O)).  

Finally, the clustering problem can be addressed using the 
k-medoids clustering technique with the truncated Euclidean 
hypergraph average commute time distance. 

IV. EXPERIMENTS AND RESULTS 

A. Datasets 

This study employed the Zoo dataset and the tiny version of 
the 20 Newsgroups dataset to test the proposed methods. The 
Zoo dataset [31] is a well-known resource in the field of 
machine learning and data mining, mainly used for 
classification and clustering experiments. It contains 101 
instances, each representing a different animal, and includes 17 
attributes that describe various physical and biological 
characteristics, such as hair, feathers, eggs, milk, airborne, 
aquatic, predator, and toothed. The dataset also includes a 
categorical label that classifies each animal into one of several 
classes (e.g., mammal, bird, reptile). This dataset is valued for 
its simplicity and interpretability, making it an excellent tool 
for exploring feature selection, rule-based classification, and 
various clustering techniques. In this dataset, each attribute is 
the hyperedge. 

The tiny version of the 20 Newsgroups dataset is a reduced 
and curated subset of the widely used 20 Newsgroups corpus 
for text categorization and clustering research [32]. This subset 
retains the core structure of the original dataset by including 
documents from 20 distinct newsgroups, each representing 
different topics such as politics, sports, technology, and 
science, but with significantly fewer documents per category. 
The smaller size is especially useful for rapid prototyping and 
algorithm development, as it allows researchers to test and 
benchmark their methods on a manageable volume of data 
without the heavy computational burden of processing the full 
dataset. Despite its reduced scale, the tiny version preserves the 
inherent diversity and structure of the full dataset, making it an 
ideal resource for educational purposes, preliminary 
experiments in machine learning, and exploring advanced 
methods in text clustering and classification. The tiny version 
of the 20 Newsgroups dataset contains binary occurrence data 
for 7929 words across 387 posts. In this dataset, each word is 
the hyperedge.  

The Citeseer dataset consists of 3,312 scientific 
publications classified into one of six classes: Agents, AI, DB, 
IR, ML, and HCI [33]. The citation network consists of 4,732 
links. This Citeseer citation network contains 3,312 nodes (i.e., 
scientific publications) and 4,732 edges (i.e., citation links). 
Each publication in the Citeseer dataset is described by a 0/1-
valued word vector indicating the absence/presence of the 
corresponding word from the dictionary. The dictionary 
contains 3,703 unique words. This gives an Gff
��fghf feature 
matrix. In this dataset, each word is the hyperedge. Therefore, 
the feature matrix is also the incidence matrix, as in the 
previous two datasets [33-37]. Therefore, there is no need to 
construct the hypergraph from the feature matrix 

In the case the adjacency matrices are not given, the 
similarity graph must be constructed from the feature vectors of 
the datasets in the following ways:  

 The i-neighborhood graph: Connect all the samples whose 
pairwise distances are smaller than i.  

 k-nearest neighbor graph: Sample i is connected to sample j 
by an edge (no direction: undirected graph) if sample i is 
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among the k nearest neighbors of sample j or sample j is 
among the k nearest neighbors of sample i 

 The fully connected graph: All samples are connected. In 
this case, the k-nearest neighbor graph is used to construct 
the similarity graph from the feature vectors of the Citeseer 
dataset. Please note that � is chosen to be 5.  

B. Experimental Results 

The performance of the Truncated Euclidean hypergraph 
average commute time distance-based clustering technique was 
compared to those of the Euclidean hypergraph average 
commute time distance-based clustering technique, the 
Euclidean graph average commute time distance-based 
clustering technique, the k-means clustering technique, and the 
spectral clustering technique for feature datasets. These models 
were tested using Python on Google Colab with an NVIDIA 
Tesla K80 GPU and 12 GB RAM.  

This Davies-Bouldin score was employed to compare the 
performance of the clustering techniques. This score is an 
average similarity measure of each cluster with its most similar 
one, where similarity is the ratio of within-cluster distances to 
between-cluster distances. Thus, farther apart and less 
dispersed clusters result in a better score. The minimum score 
is zero, This definition shows that the lower the Davies-
Bouldin score, the better the clustering results. 

Table I shows the performances of the Truncated Euclidean 
hypergraph average commute time distance-based clustering 
technique, the k-means clustering technique, the spectral 
clustering technique for feature vectors, the Euclidean graph 
average commute time distance-based clustering technique, and 
the Euclidean hypergraph average commute time distance-
based clustering technique on the Zoo dataset. Tables II and III 
show the performances of these methods on the tiny version of 
the 20 Newsgroups dataset and the Citeseer dataset.  

TABLE I.  ZOO DATASET: COMPARISON OF THE 
CLUSTERING TECHNIQUES 

Number of clusters 2 3 4 

Truncated Euclidean hypergraph average 
commute time distance-based clustering 

0.4429 0.4359 0.5160 

Euclidean hypergraph average commute time 
distance-based clustering 

0.7426 0.7273 0.7181 

K-means clustering 1.0035 0.9206 0.8319 
Spectral clustering for feature vectors 3.8923 4.4692 4.8032 

Euclidean graph average commute time 
distance-based clustering 

0.4429 0.4359 0.5160 

TABLE II.  TINY VERSION OF THE 20 NEWSGROUPS 
DATASET: COMPARISON OF THE CLUSTERING 

TECHNIQUES 

Number of clusters 2 3 4 

Truncated Euclidean hypergraph average 
commute time distance-based clustering  

0.9602 0.9676 0.9645 

Euclidean hypergraph average commute time 
distance-based clustering  

0.9602 0.9602 0.9602 

K-means clustering  11.598 11.2901 11.4197 
Spectral clustering for feature vectors 2.3318 2.1220 2.5451 

Euclidean graph average commute time 
distance-based clustering  

0.9602 0.9669 0.9664 

 

TABLE III.  CITESEER DATASET: COMPARISON OF THE 
CLUSTERING TECHNIQUES 

Number of clusters 2 3 4 

Truncated Euclidean hypergraph average 
commute time distance-based clustering  

1.3864 1.6787 1.5310 

Euclidean hypergraph average commute time 
distance-based clustering  

1.3864 1.6787 1.5310 

K-means clustering  3.2186 3.6726 4.7252 
Spectral clustering for feature vectors 10.5742 11.3985 10.0772 

Euclidean graph average commute time 
distance-based clustering  

0.6120 0.6318 0.6429 

 
These results show that the Truncated Euclidean 

hypergraph average commute time distance-based clustering 
technique and the Euclidean hypergraph average commute time 
distance-based clustering technique are at least as good as the 
Euclidean graph average commute time distance-based 
clustering technique, and sometimes have better performance 
since the hypergraph data structure employs the high order 
relationships among the samples. This will not lead to loss of 
information. Moreover, the Truncated Euclidean hypergraph 
average commute time distance-based clustering technique and 
the Euclidean hypergraph average commute time distance-
based clustering technique are much better than k-means 
clustering and spectral clustering for feature vectors. 

These proposed techniques can be applied not only to these 
three datasets (i.e., graph or hypergraph datasets) but also to 
others, such as tabular datasets. This study described how to 
construct the hypergraph from the tabular dataset in Section III. 
If samples in the tabular dataset are high-dimensional vectors, 
dimensionality reduction methods, such as PCA, Laplacian 
Eigenmaps, etc., can be applied before applying clustering 
techniques to the tabular dataset. Due to a lack of time and 
space, such experiments and comparisons were not carried out.  

However, there is one weakness associated with the two 
novel proposed clustering techniques. When new samples 
arrive, they cannot predict to which clusters these samples 
belong (unlike the k-means clustering technique). This means 
that there is a need to update the incidence matrix, to 
recompute the hypergraph Laplacian, etc. Thus, this technique 
can only be considered as an off-line clustering technique, 
although its performance is much higher than the performance 
of other online clustering techniques (for example, k-means). 

V. CONCLUSION 

This paper introduced two innovative clustering techniques: 
the Euclidean hypergraph average commute time distance-
based clustering technique and the Truncated Euclidean 
average commute time distance-based clustering technique. 
Experimental results demonstrated that these novel methods 
can effectively utilize high-order relationships within the data, 
leading to better clustering performance compared to 
traditional methods. This study showed that hypergraph-based 
approaches preserve more information and provide superior 
clustering results by applying them to the Zoo dataset, the tiny 
version of the 20 Newsgroups dataset, and the Citeseer dataset. 
Specifically, both the Euclidean hypergraph average commute 
time distance-based clustering technique and its truncated 
variant outperformed the k-means and spectral clustering 
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techniques, highlighting the advantages of incorporating 
hypergraph data structures in clustering tasks.  

Although this work presents improvements in clustering 
accuracy, it still needs to be completed. Future research will 
focus on integrating deep learning techniques with the 
pseudoinverse of the hypergraph Laplacian to further enhance 
clustering performance. This integration will address 
limitations and open new avenues to solve complex clustering 
problems in various domains. Due to lack of time and space, 
integrating deep learning techniques with the pseudoinverse of 
the hypergraph Laplacian was not performed, but the reader 
can check recent works involving combining deep learning 
techniques with classical clustering techniques [34-36]. The 
scope of this work involved the development of the classical 
clustering methods associated with the pseudoinverse of 
hypergraph Laplacian. 
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