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ABSTRACT

Among the numerous gear advantages, the speed ratio plays an important role in transmitting mechanical
power and control tooth geometry, which is in turn affect the bending and contact tooth strength. The aim
of this work is to study the geometry of involute teeth for a different teeth number and speed ratio
regarding the second moment of mass numerically, in addition to the investigating the induced contact
stress analytically based on the Hertz contact model, and numerically using the Finite Element Method
(FEM). The bending stress for the mating teeth has been investigated numerically for their loaded sides.
The parameters studied are the pressure angles, speed ratio and gear teeth number, as well as the contact
ratio and load sharing. The results show that in general increasing the speed ratio decreases the contact
stress for different pressure angles. Higher pressure angles have lower induced bending and contact
stresses at a contact ratio lower than 9. However, a larger contact ratio increases the 14.5° teeth strength,

where the shared load reduced by about 33%.
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I.  INTRODUCTION

Gears are fundamental components in mechanical
engineering, extensively utilized in applications, involving
power transmission, motion control, and timing mechanisms.
Their configurations vary according to the tooth profile and
alignment with the axis of rotation, offering flexibility in
functions, such as reversing the direction of rotation, adjusting
the speed ratios, and redirecting the power transmission paths.
A great amount of research has been devoted to improving the
gear performance in terms of mechanical strength, wear
resistance, vibration suppression, and noise reduction, while
also addressing manufacturing and operational cost efficiency

[1].

Authors in [2] analyzed the impact of profile modifications
on single-tooth load distribution. The impact of periodic
contact stresses on tooth failure has been shown to gradually
diminish the load-bearing capability of the system [3]. The
influence of backlash and manufacturing imperfections on
dynamic loads was evaluated using nonlinear multibody
simulations, offering guidance on selecting suitable contact

parameters, such as the friction coefficient, damping ratio, and
stiffness [4].

Authors in [5] performed analytical estimations of
transmission errors in spur gears with high contact ratios. The
evolution of the contact path on tooth surfaces during meshing
cycles has been investigated in [6]. Finite element analysis has
been employed to examine the changes in contact pressure
between meshing teeth [7], and a new approach for assessing
the contact stress during gear engagement has also been
proposed [8]. The surface fatigue life in gear pumps has been
evaluated using the cumulative damage theory in combination
with FEM simulations [9].

The dimensional difference between gear and pinion,
typically expressed through the speed ratio, has been
extensively studied for its impact on the tooth strength.
Building on this foundation, the present work explores the
combined influence of the speed ratio and number of teeth on
critical geometrical and mechanical parameters, including the
contact ratio, tooth profile, load distribution, induced contact
and bending stresses, as well as moment of inertia.
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The analytical framework employs the Hertzian contact
theory to estimate the contact stress based on geometric
relations and material properties. Complementary numerical
simulations, conducted using FEM, are utilized to validate the
analytical results and to evaluate gear geometry parameters,
such as volume and moment of inertia, taking into account the
element type and count, boundary conditions, and the
distribution of transmitted torque.

II.  SPUR GEAR SPEED RATIO

Spur gear is considered the oldest gear type and the most
widely used due to its ease of design and manufacturing
accompanied by high efficiency. The most significant
parameters that control its geometry are the pressure angle,
module, number of teeth, face width, speed ratio, and fillet
radius [10]. The most important relations are:

m=D/z ey
hg=m @
hy =1.25h, (3)
R, = 0.5mz “
¢ =Ry, + Ry o
R, =R,+h, 6)
R, =R,—m )
p=R,sina (8)

One of the primary objectives of a gear drive is to modify
the transmitted torque and angular velocity. To achieve this, the
mating gears are designed with different pitch radii, and the
ratio of these radii is defined as the speed ratio (Sr) [11],
expressed as:

Sr=23/7 )

Increasing the speed ratio significantly affects the gear
geometry. Specifically, it alters the tooth profile, making the
teeth wider at the root and flatter near the pitch point, while
also increasing the overall size of the gear set. These geometric
changes are critical for determining the tooth strength and the
gear’s ability to withstand operational loads. Among these
effects, the speed ratio has a particularly strong influence on
load sharing between meshing teeth [12]. An increase in the
gear size also leads to a higher moment of inertia, which in turn
raises the power consumption during transient conditions, a
factor that will be analyzed in this study. Additionally,
excessive gear noise can negatively impact system
performance, while in some applications, may even interfere
with human task execution [13]. Since reduced load sharing is
associated with lower vibration and noise levels, achieving an
effective load distribution is one of the primary goals of this
work.

III. LOAD SHARING

The operational behavior of gears is characterized by the
continuous engagement of successive teeth during which the
transmitted load is distributed among the teeth that are in
contact at any given moment. The key parameter governing

this load distribution is the contact ratio (Cr), which is defined
as [14]:

/Réz—Rf,2+ /R?H—Rf,l -(Rp1+Rp2) sina
Cr = (10)

mmecos a

In this context, subscripts 1 and 2 denote the pinion and
gear, respectively, while o represents the pressure angle. By
substituting (2) through (6) into (9), the contact ratio can be
formulated as:

__ VA+VB-0.5zym (1+sy) sina
Tmcos a

Cr

e8Y)
where A, B corresponds/correspond to:

{A =m?(0.025(z;5,)%(sina)? + (z;5,) + 1)
B =m?(0.025z,%(sina)? + z, + 1)

It is evident that the contact ratio depends on significant
gear design parameters, including the module, number of teeth,
pressure angle, and speed ratio. In most practical gear
applications, the contact ratio typically ranges between 1 and 2.
This implies that, during operation, the number of teeth in
contact varies from one to two. The highest load concentration
occurs when contact takes place near the pitch point, where
only a single tooth carries the entire load [15]. Figures 1 and
Figure 2 illustrate the maximum load values for single and
double-tooth contact when Cr<2, while Figures 3 and 4

correspond to the condition Cr=2.
S. T

Course of action

Fig. 1. Tooth maximum load value for single and double tooth contact,
Cr<2.
Fig. 2. Transmitted load distribution along the tooth profile, Cr<2.
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Fig. 3.
Cr=2.

Tooth maximum load value for single and double tooth contact,

Fig. 4. Transmitted load distribution along tooth profile, Cr=2.

IV. CONTACT STRESS

One of the predominant failure modes in gears is surface
degradation, often caused by manufacturing defects, improper
installation, or harsh environmental conditions. Among the
various factors affecting gear wear, the accurate estimation of
contact stress is one of the most critical challenges in predicting
and assessing the wear behavior [16]. Wear plays a key role in
determining the service life of the moving mechanical
components [17].

Due to the repeated occurrence of high localized contact
pressure and relative sliding, gear teeth gradually wear down,
eventually deviating from their original involute profile. In
some cases, wear may partially compensate for minor
misalignments in gear meshing [18]. In general, gear tooth
contact is evaluated using the Hertzian theory, which models
the interaction between two cylindrical bodies with parallel
axes. This assumption is most valid near the pitch point, where
the contact stress is the highest and the relative sliding between
mating teeth is negligible [19]. The induced contact stresses
between two aligned cylindrical surfaces are primarily
determined by the mechanical properties of the materials and
the geometry of the contact surfaces, and are given by [20]:

o = J;: 12)

where F*, E* correspond to:

F*=4Fn(i+i)

R1 Ry
E*=bm (1_17% + —1_1;%)
Eq E3

V. FINITE ELEMENT MODEL

Given its broad range of capabilities including the analysis
of vibration, stress, wear, and even aerodynamics, FEM has
become an essential and widely accessible tool in modern
engineering simulations. Contact stresses can be effectively
simulated using a commercial FEM software, such as
COMSOL, ANSYS, and other advanced solvers [21].

In the present study, ANSYS Mechanical APDL is
employed to construct 3D models of spur gear teeth under
varying design parameters. Each model represents a single
pinion tooth meshing with a single gear tooth. The effect of the
speed ratio and consequently the contact ratio is incorporated
through the application of the corresponding transmitted load
on the tooth. The primary outputs of the FEM analysis include
the moment of inertia, bending stress, and contact stress. The
mechanical properties and microstructure of steel are important
in evaluating the structural integrity of the components
operating under severe thermal and mechanical conditions [22].
In this analysis, both the gear and the pinion are assumed to be
made of the same steel material, with a modulus of elasticity of
200 GPa and a Poisson’s ratio of 0.3. The models are
discretized using solid brick elements, which are particularly
well-suited for simulating rotors, bearings, and gear
components [23].

All cases are based on a module of 7mm, face width of
56mm, and a transmitted load of 5.6kN. The contact analysis is
performed in 2D using target element type 170 and contact
element type 174 for the mating surfaces. The optimal mesh
consists of 2400 brick elements and approximately 200
elements, each for the target and contact surfaces. In the
simulation setup, the gear is fixed, while the pinion is allowed
to rotate about its axis. The results obtained for contact stress
will be compared with and validated against theoretical
calculations

VI. RESULTS AND DISCUSSION

The analytical results were derived using the fundamental
equations for contact ratio and contact stress, while the
numerical analysis was conducted using ANSYS Mechanical
APDL 15. Graphical representations of the outcomes are used
to facilitate interpretation, with emphasis given on identifying
both advantageous and detrimental effects across the design
scenarios. Improvement percentages are also calculated to
quantify the influence of the design parameters. Figure 5
illustrates the effect of the speed ratio on the moment of inertia
for different pressure angles, based on finite element analysis.
As expected, increasing the speed ratio leads to a higher
moment of inertia due to the increase in the pitch radius and
tooth size. Specifically, a tenfold increase in the speed ratio
results in an approximate 150% increase in inertia across all
pressure angles. Among them, the gears with a 14.5° pressure
angle exhibit the lowest inertia, which is attributed to their
more compact tooth profiles compared to those with higher
pressure angles.
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Fig. 5. Effect of speed ratio on gear teeth inertia per unit density and unit
width for different ressure angles.

The influence of tooth number and speed ratio on the
contact ratio is explored in Figures 6 and 7. Figure 6 displays
how the number of teeth affects the contact ratio under unity
speed ratio for different pressure angles, while Figure 7
demonstrates the impact of varying speed ratios with a fixed
pinion tooth count (z:=14). A contact ratio of 2 can be achieved
using 14.5° pressure angle teeth within the studied range, while
such a value is unattainable with greater pressure angles due to
their shorter line of contact. In Figure 6, for z:=z.=36, the
contact ratio reaches 2, and the corresponding center distance,
as determined from (4) and (5), is 252 mm. In contrast, Figure
7 shows that a contact ratio of 2 is also achieved at z;=14 and
speed ratio Sr=9, yielding a center distance of 490 mm. These
findings suggest that achieving a high contact ratio is possible
either by increasing the number of teeth or by adjusting the
speed ratio. However, opting for more teeth at unity speed ratio
results in a 48.5% reduction in gear radius, enabling a more
compact design. This size advantage, though, comes with a
trade-off, as Sr=/ implies no change in angular velocity
between the gear and pinion.
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Effect of teeth number on contact ratio for different pressure

Figures 8 and Figure 9 present the calculated contact stress
for different combinations of tooth number and speed ratio,
considering various pressure angles. For speed ratios below 9

or at unity speed ratio with fewer than 36 teeth, higher pressure
angles (20° and 25°) provide greater strength due to their more
robust tooth geometry. These profiles offer increased root
thickness and larger radii of curvature, resulting in improved
stress distribution. Conversely, at higher speed ratios (Sr > 9)
or when the tooth count reaches or exceeds 36 under unity
speed ratio, gears with a 14.5° pressure angle outperform their
counterparts. This is attributed to their higher contact ratio of 2,
which ensures that two teeth remain in contact throughout the
meshing cycle, effectively reducing the load borne by each
tooth by approximately 33.3%.
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Fig. 7. Effect of speed ratio on contact ratio for different pressure angles.
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Fig. 8. Effect of speed ratio on contact ratio for different pressure angles.

The numerical analysis confirms the analytical results. For
Sr=1:3, increasing the pressure angle from 14.5° to 25°
reduces the bending stress by approximately 50 % in the pinion
and 40% in the gear, and the contact stress by 28 %, due to
thicker tooth roots, reduced tangential forces, and larger
curvature radii. For Sr=1:9, the 14.5° teeth exhibit lower
stresses than those with a 20° angle, emphasizing the advantage
of high contact ratios, where load sharing reduces the peak
stress at the pitch point.
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Fig. 11.  Contact stress (MPa), a = 14.5° S,;= 1:3, z;=14, Cr<2.
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In general, across all studied cases, the difference in
bending stress between mating teeth (pinion and gear) increases
as the contact ratio decreases. This trend is more pronounced at
lower pressure angles, where fewer teeth are engaged
simultaneously, leading to greater load concentration, and thus
increased stress disparity between the two components.

VII. CONCUSION

Based on the analytical and numerical results presented in
this study, several key conclusions can be drawn regarding the
influence of the pressure angle, speed ratio, and contact ratio on
the spur gear performance. For speed ratios less than 9, higher
pressure angles generally result in increased bending and
contact strength due to their inherently more robust tooth
geometry. However, at higher speed ratios, specifically in the
range 955r<31, lower pressure angles are more favorable, as
they lead to reduced contact stress and improved load
distribution through higher contact ratios. Within the examined
design ranges, it was observed that a higher contact ratio can be
achieved using a greater number of teeth at a unity speed ratio
rather than increasing the speed ratio itself. This approach
allows for a significant reduction in the gear size without
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sacrificing contact performance, thereby contributing to lower
power consumption. Furthermore, the results indicate that as
the contact ratio increases, so does the difference in bending
stresses. This disparity becomes more pronounced at lower

pressure

angles, where fewer teeth are in contact

simultaneously.

These findings provide valuable insights for optimizing

spur gear design under varying operating conditions, balancing
strength, compactness, and efficiency.
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NOMENCLATURE
b Gear face width (mm)
c Center distance (mm)

Cr  Contact ratio

D Pitch diameter (mm)
E Modulus of elasticity (GPa)
F Tangential force (N)
Fn  Normal force (N)

h Tooth height (mm)

ha Addendum (mm)

ha Dedendum (mm)

m Module (mm)

R:  Inion pitch radii (mm)
R Gear pitch radii (mm)
Addendum radii (mm)
Base radii (mm)

Sr Speed ratio

zy Number of teeth

Z, Number of teeth

a Pressure angle (deg.)
v Pinion Poisson’s ratio
v, Gear Poisson’s ratio
Oc Contact stress (MPa)
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