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ABSTRACT 

This study introduces an LQR-enhanced MIMO state feedback system with integral action to ensure 

precise trajectory tracking by eliminating persistent offsets. Unlike standard LQR methods, the proposed 

approach integrates integral action without requiring separate disturbance observers, reducing 

computational complexity for embedded systems. A unique Lyapunov-based analysis, leveraging the LQR 

cost function, confirms stability with uniform ultimate boundedness despite external perturbations. 

MATLAB simulations reveal RRMSE values under 10% for longitudinal speed and yaw rate, even when 

subjected to step and stochastic disturbances. This method outperforms conventional PID and LQR-

feedforward techniques, offering a lightweight, efficient solution for DDWMR applications in industrial 

logistics, field exploration, and real-time robotic systems. 

Keywords-MIMO control; differential drive wheeled mobile robot; LQR; integral action; Lyapunov stability 

I. INTRODUCTION  

A. Background 

Differential Drive Wheeled Mobile Robots (DDWMRs) are 
valued for their mechanical simplicity and maneuverability, 
featuring two independently driven wheels and a passive caster 
for stability, enabling precise control of longitudinal speed (�) 
and yaw rate (�) for tasks like zero-radius turns and trajectory 
tracking in constrained environments. Widely used in industrial 
logistics, service robotics, and outdoor exploration [1, 2], 
DDWMRs face control challenges as a Multi-Input Multi-
Output (MIMO) system due to the coupling of �  and � , 
compounded by external disturbances such as uneven terrain or 
payload shifts. The foundational kinematic and dynamic 
models in [1] and [2] guide research, while recent advances in 
machine learning for adaptive control [3], reinforcement 
learning for unstructured environments [4], robust optimization 
for agriculture [5], and LQR-MPC strategies for precise path 
tracking [6] highlight the need for robust, efficient control 
solutions. 

B. Problem Statement 

Controlling DDWMRs is a complex Multi-Input Multi-
Output (MIMO) problem that requires precise regulation of � 
and �  amidst external disturbances, such as uneven terrain, 
wind forces, or payload shifts. Conventional PID controllers 
treat � and � independently, leading to oscillations and steady-
state errors under disturbances, as noted in [7]. Standard LQR 
approaches [8] account for coupled states but fail to eliminate 
persistent offsets from constant disturbances, such as 
inclinations, limiting tracking accuracy [9]. Advanced methods, 
including neural networks [3, 10], reinforcement learning [4, 
11], and Model Predictive Control (MPC) [12, 13], provide 
robustness but demand significant computational resources, 
making them unsuitable for embedded systems. Robust control 
with disturbance observers [14], sliding mode control [15], or 
adaptive control [16-18] ensures stability but may introduce 
complexity, chattering, or transient instability. Robust 
frameworks [19, 20] and event-triggered strategies [21] address 
specific disturbances but lack generality. Lyapunov-based 
methods [22, 23] ensure stability but often oversimplify MIMO 
dynamics. This underscores the need for a lightweight and 
robust control strategy for accurate � and � tracking and 
stability in diverse DDWMR applications. 
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C. Approach Overview 

This study proposes an LQR-based MIMO state-feedback 
controller augmented with integral action to address these 
challenges. By incorporating integral action, the controller 
eliminates steady-state errors, a key limitation of standard LQR 
[8], without relying on a separate disturbance observer, as seen 
in some robust designs [24]. Unlike complex methods such as 
MPC or neural networks [3, 12, 25, 26], this approach offers a 
lightweight solution, ideal for resource-constrained embedded 
systems. Similar computational challenges of neural network-
based methods are observed in robotic arm control and path 
planning [25, 26]. The LQR framework optimizes control 
effort across the coupled states, balancing performance and 
efficiency, while a novel Lyapunov stability analysis leverages 
the LQR cost function to prove uniform ultimate boundedness 
under bounded disturbances. This approach contrasts with 
neural networks, RL, and MPC by offering a lightweight yet 
robust solution, and advances beyond traditional Lyapunov 
methods by integrating optimality with stability analysis. 

D. Summary of Main Findings 

Extensive MATLAB simulations over a duration of 2.5 s 
demonstrate the controller's effectiveness. The RRMSE for � 
and �  remains below 10%, even under step and random 
disturbances. Stability is confirmed through negative 
eigenvalues of the closed-loop system and bounded Lyapunov 
trajectories. Compared to PID and standard LQR with 
feedforward, this method provides improved tracking accuracy 
and effective disturbance handling, positioning it as a practical 
solution for DDWMR applications. 

II. SYSTEM MODEL 

Effective control design for DDWMRs begins with a robust 
system model that encapsulates the robot's electromechanical 
dynamics, control inputs, measurable outputs, and external 
disturbances. The DDWMR is modeled as a MIMO system 
with a state vector x = [���, ��, ��
 , �
]� , where ���  and ��
 
are the right and left motor currents, and ��  and �
  are the 
corresponding wheel angular velocities. Control inputs are 
defined as u = [���, ��
]�, representing the voltages applied to 
the right and left motors, respectively. The outputs of interest, y = [�, �]�, denote the robot's longitudinal speed and yaw rate, 
derived from wheel velocities via kinematic relationships. 
External disturbances, such as terrain-induced forces or 
payload torques, are captured by d = [�� , ��]�, where �� is a 
disturbance force and �� is a disturbance torque. 

The system dynamics are expressed in state-space form: x� = Ax + Bu + B�d, y = Cx,   (1) 

where the matrices are: 

A = �−61.8667 −38.1972 0 049.0604 −0.9419 −18.3173 0.35170 0 −61.8667 −38.1972−18.3173 0.3517 49.0604 −0.9419 (, 
B = �66.6667 00 00 66.66670 0 ( , )� = � 0 0−1.1836 −12.97020 0−1.1836 12.9702 (, 

C = *0 0.0187 0 0.01870 0.0937 0 −0.0937+  
This model builds upon prior work [27], where a general 

state-space representation of DDWMRs was introduced with 
distinct parameters for the left and right motor-wheel systems 
to capture asymmetric characteristics. In contrast, this study 
assumes identical parameters for both sides, simplifying the 
model while retaining its MIMO structure. A key improvement 
over [27] is the incorporation of external disturbances �� and ��, represented through the disturbance input matrix B�, which 
enhances the model's applicability to real-world scenarios 
involving terrain variations or payload shifts. The A  matrix 
reflects the interplay of motor electrical dynamics and 
mechanical coupling between wheels, derived from physical 
parameters such as resistance, inductance, and viscous friction. 
The B matrix shows direct voltage influence on motor currents, 
while B�  captures the asymmetric impact of disturbances on 
wheel velocities due to the differential drive layout. The C 
matrix translates wheel velocities into �  and �  tied to wheel 
radius and robot base width, consistent with kinematic models 
in [1, 2]. Figure 1 illustrates the robot's configuration, and 
Figure 2 provides a block diagram of the state-space model, 
highlighting signal flow from inputs and disturbances to 
outputs. 

 

 

Fig. 1.  Schematic diagram of a DDWMR. 

This model comprehensively represents the DDWMR's 
behavior, serving as the foundation for controller design. Its 
fidelity to established modeling principles ensures its suitability 
for both theoretical analysis and practical implementation in 
real robotic systems. 

 

 

Fig. 2.  Block diagram of the DDWMR state-space model. 
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III. CONTROLLER DESIGN AND STABILITY 

ANALYSIS 

Designing a controller for DDWMRs requires addressing 
steady-state errors and ensuring robustness against disturbances 
such as terrain variations. This section presents an LQR-based 
MIMO state feedback controller with integral action, followed 
by a detailed stability analysis. 

A. Controller Design 

Here, an LQR-augmented MIMO feedback mechanism is 
designed with integral terms, addressing steady-state errors and 
ensuring robustness against disturbances such as terrain 
variations. The goal is to follow a desired path defined by r = [�ref, �ref�� , producing outputs y � ��, ��� . The tracking 
error is e � r � y , and integral action is introduced via 

xint � . e/0 12342 , with dynamics x� int � e . Augmenting the 

original state x  with xint , the state vector becomes xaug �
�x� , xint� ��, and the system dynamics are: 

x� aug � Aaugxaug � Baugu � B�
augd � Eaugr,  (2) 

where: 

Aaug � * A 0
�C 0+, Baug � *B0+, B�

aug � *B�0 +, and Eaug � *0I+ 

are the augmented system matrices. Figure 3 depicts this 
structure, showing the feedback loop with integral action. 

 

 
Fig. 3.  Block diagram of the augmented control system with integral 

action. 

For LQR design, consider the disturbance-free, reference-
free case (d � 0, r � 0): 

x� aug � Aaugxaug � Baugu    (3) 

The cost function to minimize is: 

7 � . 180 xaug� Qxaug � u�Ru34;,    (4) 

with Q � diag1�1,50,1,50,5 < 10=, 5 < 10>�3 , emphasizing 
integral states for error elimination, and R � I? . Solving the 
Algebraic Riccati Equation (ARE): 

Aaug� Paug � PaugAaug � PaugBaugRABBaug� Paug  

�Q � 0    (5) 

yields Paug, and the feedback gain is Kaug � RABBaug� Paug. The 

control law u � �Kaugxaug results in closed-loop dynamics: 

x� aug � 1Aaug � BaugKaug3xaug � B�
augd  (6) 

B. Stability Analysis 

Stability under bounded disturbances ( ∥ d ∥E 4FGH ) is 

assessed using a Lyapunov function � � xaug� Paugxaug , where 

Paug from the ARE is positive definite. The time derivative is: 

�� � xaug� 1Acl� Paug � PaugAcl3xaug � 2xaug� PaugB�
augd (7) 

where Acl � Aaug � BaugKaug. Using the ARE property: 

Acl� Paug � PaugAcl � �1Q � Kaug� RKaug3   (8) 

(7) is simplified to: 

�� � �xaug� 1Q � Kaug� RKaug3xaug � 2xaug� PaugB�
augd (9) 

The first term is negative definite, and bounding the 
disturbance term gives: 

�� E �IFJK ∥ xaug ∥?� 2 ∥ PaugB�
aug ∥∥ xaug ∥ 4FGH  (10) 

where IFJK is the minimum eigenvalue of Q � Kaug� RKaug. For 

large ∥ xaug ∥ , �� L 0 , ensuring convergence to a bounded 

region proves uniform ultimate boundedness [28]. This aligns 
with Lyapunov-based analyses for autonomous mobile robots, 
where nonlinear dynamics are stabilized under bounded 
conditions [29]. Unlike observer-based methods [24], this 
approach relies on LQR and integral action for robustness, 
reducing complexity. 

 

  
Fig. 4.  Flowchart of the MATLAB simulation framework for the 

DDWMR control system. 
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IV. SIMULATION RESULTS 

To evaluate the proposed MIMO LQR controller with 
integral action, MATLAB simulations were carried out over a 
2.5-s duration, reflecting realistic DDWMR operating 
conditions. The simulations were carried out using a MATLAB 
script, implementing numerical integration of the DDWMR 
state-space model described in Section II, as illustrated in the 
simulation flowchart in Figure 4. The controller was compared 
against PID and LQR-feedforward (LQR-ff) baselines, selected 
for their widespread use and comparable complexity in 
embedded systems [7, 8]. Two disturbance scenarios, step and 
random, were examined to simulate challenges such as terrain 
changes or noise, assessing tracking accuracy, disturbance 
rejection, and computational efficiency. 

A. Disturbance Scenarios 

1) Step Disturbances 

Step disturbances simulate abrupt external forces or 
torques, such as terrain variations or payload shifts. The profile, 
detailed in Figure 5, includes �� and �� variations over 0-2.5 s. 

 

 

Fig. 5.  Step disturbance profiles for force ��  (N) and torque ��  (N ⋅m) 

applied to the DDWMR system over the simulation duration. 

2) Random Disturbances 

Random disturbances emulate stochastic disturbances such 
as uneven terrain or wind gusts, modeled as Gaussian noise 
with zero mean, standard deviations of 20 N for �� and 5 N⋅m 
for ��, and applied over 0-2.5 s. Noise values are segmented 
into 0.1 s intervals, with bounds of ��30,30�  N for ��  and 
��10,10] N⋅m for ��. Figure 6 shows the profile. 

 

 

Fig. 6.  Gaussian disturbance profiles for force �� (N) and torque �� (N⋅m) 

applied to the DDWMR system over the simulation duration. 

B. Controller Structures for Comparison 

To provide a comprehensive evaluation, the proposed LQR-
based MIMO controller with integral action was benchmarked 
against two established methods: a traditional Proportional-
Integral-Derivative (PID) controller and a standard Linear 
Quadratic Regulator with feedforward (LQR-ff). The structures 
of these baseline controllers, implemented as part of the 
simulation framework, are summarized based on their design 
and tuning for the DDWMR system. 

1) PID Controller 

The PID controller independently regulates the � and � of 
the DDWMR, following the classical approach outlined in [7]. 
It employs separate PID loops for � and �, with control inputs 
���  and ��
  calculated as combinations of these outputs. The 
control law is defined as: 

For �: NO = PQRSO + PTR∫ SO4; + P�R
�UR
�/

 

For �: NV = PQWSV + PTW∫ SV4; + P�W
�UW
�/

 

where SO = �ref − � and SV = �ref −� are the tracking errors. 
The control inputs are then: 

��� = NO + NV and ��
 = NO − NV 

The gains, tuned manually to optimize simulation 

performance, are set as PQR = 400, PTR = 300 , P�R = 10 for 

� , and PQW = 20 , PTWX
= 100 , P�W = 0.5  for � . Discrete 

approximations are applied for the integral and derivative terms 
using a time step of 4; = 0.001  s, with input saturation 
enforced at ±48 V to reflect practical motor constraints. 

2) LQR with Feedforward (LQR-ff) 

The LQR-ff controller combines state feedback with a 
feedforward term to improve tracking, as described in [8]. The 
state feedback gain Klqr  is derived by minimizing the cost 

function 7 = ∫ (
8

0
x�Qlqrx + u�Rlqru)4; , with Qlqr = 0.2 ⋅

diag([1,1,1,1])  and Rlqr = 300 ⋅ I? . These weights balance 

state regulation and control effort. The feedforward gain 
Kff = −(CAABB)AB is calculated to eliminate steady-state error 
in the absence of disturbances by inverting the steady-state 
output mapping. The control law is u = −Klqrx + Kffr, where x 

is the state vector and r = [�ref, �ref]
� is the reference. Control 

inputs are saturated at ±48 V, consistent with system limits, 
and stability is ensured by verifying that all eigenvalues of 
A − BKlqr have negative real parts. 

These controller designs provide a robust foundation for 
comparison with the proposed method, enabling an assessment 
of their performance in terms of disturbance rejection, tracking 
accuracy, and computational efficiency within the simulation 
environment. 

C. Tracking Performance under Step Disturbances 

Figure 7 illustrates how well �  and �  align with their 
targets amid abrupt disturbances. Performance is evaluated 
using the Relative Root-Mean-Square Error (RRMSE) [30]. 
The developed system (pink dotted line) adheres closely to the 
intended path (gray solid line), yielding RRMSE scores of 
9.2% for � and 8.5% for �. In contrast, the PID controller (blue 
dashed line) struggles to track the reference, showing 
significant steady-state errors with RRMSE values of 13.4% 
for � and 39.2% for �, particularly failing to correct deviations 
in �. Meanwhile, the LQR-ff (red solid line) exhibits smaller 
but persistent deviations, with RRMSE values of 9.5% for � 
and 9.4% for �, despite sudden force changes. 
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Fig. 7.  Performance of � (m/s) and � (rad/s) under step disturbances. 

The control voltages ��� and ��
 in Figure 8 reveal distinct 
controller behaviors under step disturbances and reference 
changes. The proposed controller (gray) demonstrates a smooth 
and rapid response, maintaining ���  and ��
  within the 
saturation limit of ±48 V. This smooth behavior, driven by 
LQR optimization and integral action, ensures effective 
handling of disturbances and reference tracking while 
minimizing control effort. The PID controller (blue) exhibits 
significant oscillations, particularly during disturbance 
transitions and reference changes, leading to a chattering effect 
that can induce mechanical stress on the motors and increase 
energy consumption. The LQR-ff controller (red) shows 
smaller oscillations than the PID but fails to eliminate steady-
state errors due to the absence of integral action. These findings 
highlight the controller's excellent capability to balance 
performance, stability, and energy efficiency, making it well-
suited for practical DDWMR applications where step 
disturbances and dynamic reference changes are common. 

 

 

Fig. 8.  Control voltages ��� and ��
 (V) under step disturbances. 

D. Tracking Performance under Random Disturbances 

Under random Gaussian disturbances, the proposed 
controller demonstrates superior performance compared to the 
baselines (Figure 9), achieving RRMSE of 9.4% for �  and 
9.5% for � that indicate robust tracking accuracy. In contrast, 
the PID controller yields higher RRMSE of 12.4% for � and 

40.6% for �, while the LQR-ff controller records 9.6% for � 
and 10.3% for � . These larger errors highlight the limited 
robustness of both PID and LQR-ff to stochastic disturbances. 

 

 

Fig. 9.  Performance of �  (m/s) and yaw rate �  (rad/s) under random 

Gaussian disturbances. 

To analyze the controllers' responses to Gaussian 
disturbances, Figure 10 displays the control voltages ���  and 
��
 in the interval of 0.6 to 0.75 s for all three controllers: the 
proposed (gray), PID (blue dashed), and LQR-ff (red). During 
this period, the Gaussian noise changes rapidly, with a 
minimum segment width of 0.1 s, causing continuous 
fluctuations in the system states, particularly �� and �
. The 
PID controller exhibits pronounced high-frequency variations 
in its control signal, driven by the sensitivity of its proportional 
and derivative components to rapid noise-induced error 
changes. The LQR-ff controller, produces a nearly constant 
control signal, unable to respond effectively to the fast-
changing noise due to its design, which lacks integral action, 
resulting in persistent steady-state errors. In contrast, the 
proposed controller delivers a significantly smoother control 
signal, leveraging the LQR optimization framework and an 
anti-windup mechanism to effectively manage integral error 
accumulation under noisy conditions. 

 

 

Fig. 10.  Control voltages ���  and ��
  (V) under Gaussian disturbances 

from 0.6 to 0.75 s. 

These control signal characteristics have significant 
practical implications, as observed throughout the entire 
simulation duration (0- 2.5 s). High-frequency variations in the 
PID controller can lead to the chattering phenomenon, which 
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degrades tracking accuracy and imposes mechanical stress on 
the motors, potentially reducing their lifespan. The LQR-ff 
controller, while avoiding variations, sustains a nearly constant 
control signal that fails to adapt to disturbances, leading to 
steady-state offsets that compromise tracking precision. 
Meanwhile, the proposed controller consistently maintains a 
smooth response with minimal variations, demonstrating 
superior disturbance rejection and tracking performance. These 
findings highlight the effectiveness of the proposed approach in 
challenging operational scenarios, such as off-road navigation 
or automated warehousing, where random disturbances are 
common. 

E. Comparative Analysis 

Table I summarizes the RRMSE values for both 
disturbance scenarios. The proposed system reliably delivers 
the smallest RRMSE, showcasing strong path-following 
capability and robust disturbance rejection. Stability is further 
confirmed by the negative eigenvalues of the closed-loop 
system matrix A[\ . Its efficient design, which does not rely on 
disturbance observers, combined with its robust performance, 
renders it ideal for real-time use in DDWMRs in settings such 
as automated logistics and rugged terrain navigation. 

TABLE I.  PERFORMANCE COMPARISON UNDER STEP 
AND RANDOM DISTURBANCES ACROSS CONTROL 

METHODS 

 Step disturbances Gaussian disturbances 

Method 
RRMSE 

(]) 

RRMSE 

(^) 

RRMSE 

(]) 

RRMSE 

(^) 

PID 13.4% 39.2% 12.4% 40.6% 

LQR-ff 9.5% 9.4% 9.6% 10.3% 

Proposed 9.2% 8.5% 9.4% 9.5% 

 

V. CONCLUSION 

This study introduced a robust MIMO LQR controller with 
integral action for DDWMRs to achieve precise trajectory 
tracking under external disturbances. By integrating integral 
action, the controller eliminates steady-state errors, while a 
novel Lyapunov-based analysis leveraging the LQR cost 
function ensures uniform ultimate boundedness. MATLAB 
simulations demonstrated RRMSE values below 10% for 
longitudinal speed and yaw rate, outperforming conventional 
PID and LQR-feedforward methods in both step and stochastic 
disturbance scenarios. Compared to complex methods such as 
MPC [12], the proposed approach offers a simpler and 
computationally efficient solution, ideal for resource-
constrained real-time systems. The simulations utilized realistic 
physical parameters, such as wheel radius and base width, 
enhancing the applicability of the results. However, the method 
assumes bounded disturbances and fixed system parameters, 
which may limit performance under large or uncertain 
disturbances or varying conditions, such as payload changes, 
and experimental validation on physical DDWMR hardware 
remains pending. Future work will focus on real-world 
implementation, adaptive tuning to handle uncertain 
disturbances and parameter variations, and integration with 
higher-level path planning for enhanced autonomy. 
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