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ABSTRACT

This study presents a Multi-Objective Optimization (MOQO) approach for the design of a two-stage helical
gearbox, aiming to simultaneously maximize the transmission efficiency and minimize the overall axial
length. The optimization framework integrates the Non-dominated Sorting Genetic Algorithm II (NSGA-
II) to generate a diverse Pareto front of optimal solutions, and the Multi-Attribute Ideal-Real Comparative
Analysis (MAIRCA) method to support decision-making by ranking the Pareto-optimal alternatives. A
physics-based mathematical model of gearbox geometry, load capacity, and efficiency was established to
evaluate the performance of each candidate design. The design variables include the gear ratio distribution
between the stages and the face width coefficients, subject to practical constraints, such as the gear
strength and contact ratios. The results show a clear trade-off between performance and compactness, and
demonstrate the effectiveness of combining NSGA-II with MAIRCA for identifying optimal gearbox
designs under conflicting objectives. This approach offers valuable insights for gearbox designers aiming to
balance performance and spatial constraints in modern mechanical systems. This is the first study to apply
a combined NSGA-II and MAIRCA technique for the bi-objective optimization of a two-stage helical
gearbox with the goals of maximizing efficiency and minimizing the length. The proposed method
successfully determines the optimal design parameters across a range of transmission ratios, thereby
facilitating the early-stage selection of suitable gear ratios in preliminary gearbox design.

Keywords-two-stage helical gearbox; multi-objective optimization; NSGA-II; MAIRCA; gear ratio; face width
coefficient; efficiency; gearbox length; MCDM

. INTRODUCTION capacity, smooth operation, and high efficiency. However, the

) ) ) ) ) optimal design of multi-stage helical gearboxes remains a
Hel_ICE}I gearboxes play a vital rple nvarious mecham'cal complex task, particularly when addressing multiple conflicting
transmission systems due to their superior load-carrying objectives, such as performance, volume, and structural
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compactness. Researchers have increasingly employed MOO
algorithms to tackle these challenges and identify the optimal
trade-offs in gearbox design.

The foundation of many optimization approaches lies in the
NSGA-II algorithm, which was proposed in [1]. NSGA-II is
widely regarded for its elitism and fast non-dominated sorting
capability, making it suitable for solving complex engineering
problems with multiple objectives. Authors in [2] presented a
method for the optimal design of spur gear sets using
mathematical modeling techniques. Authors in [3]
demonstrated the effectiveness of genetic algorithms in
automating the preliminary design of gear drives. Similarly,
authors in [4] compared the particle swarm optimization and
simulated annealing for optimal weight design in gear trains,
highlighting the flexibility of the metaheuristic techniques.

Research has also focused on incorporating tribological and
acoustic constraints into the optimization process. Authors in
[5] investigated the optimization of the spur gearbox by
considering tribological aspects. In addition authors in [6]
presented a comprehensive study combining design parameters
with mechanical performance indices. Authors in [7] extended
the optimization to a 3-stage wind turbine gearbox and
highlighted the importance of tribological constraints in large-
scale systems.

Multi-Objective Evolutionary Algorithms (MOEAs) have
proven particularly useful in these contexts. Authors in [8]
provided an overview of the evolutionary algorithms for
solving the MOO problems. In the specific context of helical
gear trains, authors in [9] optimized a two-stage gearbox using
NSGA-II, achieving significant improvements in weight and
volume. Similarly, authors in [10] applied heuristic algorithms
to optimize an aeroengine accessory gearbox with respect to
the power transmission efficiency and dynamic characteristics.

Various studies have also considered different gearbox
configurations, such as epicyclic and planetary gear systems.
For instance, authors in [11] used a genetic algorithm for
optimizing an epicyclical gear train, while authors in [12]
focused on the dynamic characteristics of planetary gear
transmissions. These works demonstrate the growing interest in
the MOO applications across different gearbox architectures.

Several authors have specifically targeted the optimization
of two-stage gearboxes. Authors in [13] applied NSGA-II to
minimize the volume and maximize the efficiency in a two-
stage spur gearbox. Authors in [14] used acoustic performance
metrics and response surface methodology to optimize the
gearbox design for noise control. In [15], NSGA-II was
coupled with decision-making methods to achieve well-
balanced trade-offs in a two-stage spur gearbox.

Noise and vibration reduction has also become an emerging
objective in gearbox design. Authors in [16] investigated the
noise and vibration behavior of electric bus gearboxes and
applied MOO to improve the acoustic performance. Authors in
[17] explored the use of evolutionary algorithms for multi-
speed gearbox design, showing that MOEAs can effectively
manage the multiple speed configurations and objectives.

Multiple optimization algorithms have been compared for
their applicability in gearbox design to be assessed. Authors in
[18] evaluated several algorithms and confirmed the robustness
of NSGA-II in handling competing objectives. Authors in [19]
combined NSGA-II with decision-making techniques to
enhance the final solution selection. Authors in [20] addressed
the balance between the gearbox volume and efficiency using a
hybrid MOO approach.

Applications in specialized contexts have also been
explored. Authors in [21] proposed an optimization framework
for planetary gear reducers used in mining equipment, while
authors in [22] focused on optimizing the planet carrier in wind
turbine gearboxes. Authors in [23] applied NSGA-III to
optimize the angular contact ball bearings for aircraft
gearboxes, showcasing the evolution of MOEAs toward more
advanced versions.

Stochastic methods have also found use in gearbox
component optimization. Authors in [24] performed a
stochastic MOO of synchronizers and selectors, emphasizing
the uncertainty management in the design. Finally, authors in
[25] employed the MARCOS method to optimize a two-stage
helical gearbox with double gears in the first stage, underlining
the value of hybrid techniques combining NSGA-II with
decision-making methods.

While many of the above studies concentrated on
minimizing the volume or weight and maximizing efficiency,
fewer have directly addressed the axial length—a crucial factor
in compact gear design for constrained installations. Moreover,
only a limited number of studies have employed Multi-
Attributive Ideal-Real Comparative Analysis (MAIRCA) as a
post-optimization decision-making tool. This paper aims to fill
these gaps by proposing a hybrid NSGA-II-MAIRCA
approach to simultaneously optimize the transmission
efficiency and axial length in the design of a two-stage helical
gearbox. The proposed method provides a structured trade-off
analysis and identifies the compromise solutions suited for
practical applications.

II. OPTIMIZATION PROBLEM

A. Determining the gearbox length

The length L, of a two-stage helical gearbox can be
determined as (Figure 1):

Lgp = dyi1 +dyz1/2 +dyiz2/2+dy +2:6 (1)

where 0=7+10 (mm) [26], by, d.;i, dy2i (i = 1+2) denote the
width of gear, the pitch diameter of the pinion, and the gear of
stage i, which are calculated by:

by = Xpai - Awi )
dywii =2 ay;/(u; + 1) €))
Auoi =2 ay - u; /(W + 1) 4

where Xbai and a,,; (i = 1+2) are the face width coefficient and
the center distance of stage i, respectively and a,,,; is determined
by [26]:

Ay =
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where T}; (i = 1+2) is the pinion torque of stage i, which can be
computed by:
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Fig. 1. Schematics for determination of gearbox volume.

B. Determining the Gearbox Efficiency
The gearbox efficiency (%) is determined by:

Ngp = 100 — 127 @)

Pin

where P, denotes the total gearbox power loss, which is
calculated by [27]:

Py =Py + Py + P+ Py (8)

Specifically, P, Py, Pj, and Py correspond to the power
losses due to gear meshing, bearing friction, seal resistance,
and idle motion, respectively. The computation of these losses
is performed based on the methodology presented in [27].

Two essential performance features of a two-stage helical
gearbox are addressed in this optimization technique, which are
structured as a bi-objective minimization problem:

Minimizing the gearbox length:
minfy(X) = Lgp ©))

Maximizing the gearbox efficiency:

minf,(X) = 14, (10)

The design variable vector X encapsulates the principal
geometric and performance-related parameters governing the
gearbox configuration. Although a complete geometric
definition generally involves five parameters-namely, the gear
ratio of the first stage (u;), the face width coefficients of both
stages (X,.7, Xpa2), and the aspect ratios of the first and second
stages (AS;, AS,) [28]- previous research has demonstrated that
AS; and AS, tend to reach their upper bounds in most optimal
solutions [28]. As a result, the present study focuses on the
three most influential and practically adjustable design
variables: u;, X;,;, and X;,.», leading to:

X={u1,Xba1,Xba2} (11)

C. Constrains

For a two-stage helical gearbox, the gear ratio for each
stage u; typically ranges from 1 to 9, while the face width
coefficient X,,; varies between 0.25 and 0.4 for both stages (i
=1, 2) [27]. Consequently, MOOP is subject to the following
constraints:

1<u; <9 (12)
0.25 < Xba; < 0.4 (13)
II. OPTIMIZATION METHODOLOGY

This study adopts a two-step optimization framework to
determine the optimal design of a two-stage helical gearbox,
targeting a trade-off between the transmission efficiency and
axial length. The proposed methodology integrates the NSGA-
II for generating a Pareto-optimal solution set and the
MAIRCA method to rank and select the most balanced design
alternatives. The basic contents of the two methods NSGA 1I
and MAIRCA are:

A. Optimization Using NSGA-II

NSGA-II is employed to explore the Pareto front of optimal
solutions based on two conflicting objectives. The key features
of NSGA-II [1] include:

o Fast non-dominated sorting to classify solutions into Pareto
fronts.

e Crowding distance assignment to maintain diversity.

o Elitist selection to retain high-quality solutions over
generations.

The main steps of the algorithm are:

1. Initialization: Generate an initial population of candidate
solutions within predefined bounds.

2. Fitness Evaluation: Compute objective function values
(efficiency and axial length) for each solution using the
mathematical model of the gearbox.

3. Non-Dominated Sorting and Ranking: Classify solutions
into different fronts based on Pareto dominance.

4. Crowding Distance Calculation: Measure the density of
solutions around each individual.

www.etasr.com

Dinh et al.: Optimal Design of a Two-Stage Helical Gearbox Using NSGA-II and MAIRCA ...



Engineering, Technology & Applied Science Research

Vol. 15, No. 4, 2025, 26100-26106 26103

5. Selection, Crossover, and Mutation:
operators to produce offspring.

Apply genetic

6. Environmental Selection: Form the next generation by
combining parent and offspring populations and retaining
the best individuals.

After a predefined number of generations, the algorithm
yields a Pareto front representing a set of optimal trade-off
solutions.

B. Decision-Making Using MAIRCA

The MAIRCA method is employed to rank the Pareto-
optimal solutions obtained from NSGA-II based on multiple
criteria. The procedure consists of the following steps [29]:

e Construct the decision matrix X=[x;], where x; is the value
of criterion j for alternative i:

X117 Xin
x cee x

x=|n 2n (14)
Xmn " Xmn

e Assign equal selection probability to each criterion using:
J=12,..,n (15)
where m is the number of alternatives.

e Compute the ideal preference matrix:

Py * w; (16)

J

by =

where w; is the weight of criterion j.

e Calculate the real performance matrix fr; using one of the
following: For the maximization criteria, the efficiency:

_ (XX
tTij - tl’ij <x£"_xi—) a7
For the minimization criteria, the axial length:
+
— Y il
tTij - tl’ij <"i_‘xi+) (18)

where xj+ and x;~ are the best and worst values of criterion j,
respectively.

e Compute the deviation matrix:
9ij = Ly — try (19)
Calculate the overall gap for each alternative:
Qi = Xit1 9y (20)

The alternatives are ranked in ascending order of Qi. The
lower the Qi is, the better is the compromise solution.

IV. RESULTS AND DISCUSSION

A. Relationship between the Stage Gear Ratio and the Overall
Transmission Ratio
To investigate the distribution of the gear ratio across

stages, a regression analysis was performed between the first-
stage gear ratio (u;) and the overall transmission ratio (uy).

Figure 2 illustrates the linear trend derived from the best
Pareto-optimal solutions:

u, = 0.1456 - u,, + 1.1758 @1

6.5

o —e—Mean u, (data) F,
= =Linear Fit
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Fig. 2. Linear regression of u, versus u;, based on the best Pareto solutions.

This strong linear correlation (with R = 0.9930) confirms
that the optimal distribution of the total gear ratio tends to
allocate a progressively larger portion to the first stage as u,
increases. This provides a practical design guideline,
suggesting that the first-stage ratio can be estimated early in the
design phase using this regression model.

B. Comparison with MAIRCA-Based Best Solutions

To assess the MAIRCA decision-making outcomes, the
same regression was repeated on the best-ranked solutions
from the MAIRCA method. As shown in Figure 3, a similar
linear trend was observed:

u, = 0.1470 - u,, + 1.1857 22)

The negligible difference in the slope and intercept between
the two regressions implies that the MAIRCA method
effectively selected solutions aligned with the overall design
tendency captured from the Pareto fronts.

C. Trade-Off Trends: Gearbox Length Versus Efficiency

Figure 4 presents the average gearbox length and mean
efficiency at different transmission ratios u,. As uy, increases,
the efficiency consistently decreases, whereas the gearbox
length initially decreases slightly before increasing. This
exhibits a clear trade-off: compact designs with high gear ratios
tend to compromise the mechanical efficiency.

This behavior is attributed to the higher losses in the
second-stage gears and bearings as their gear ratio u, = u,/u;
becomes large, especially at higher u, values.

D. Pareto Fronts and Impact of u,

The complete distribution of Pareto fronts across different
u;, values is portrayed in Figure 5. Each front represents the
trade-off surface between the gearbox efficiency and axial
length. Lower u;, values (e.g., 5-15) offer solutions with both
high efficiency and short gearbox length. Conversely, higher u,,
values (e.g., 30-35) exhibit a shift toward longer gearboxes
with reduced efficiency. This emphasizes the importance of
appropriately choosing u;, to ensure a balanced gearbox design.
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E. Final Designs Selected by MAIRCA

Table I summarizes the gearbox configurations selected by
the MAIRCA method for different u,, values.

F. Comparison with the Taguchi—GRA Based Study [30]

To further validate the effectiveness of the current
optimization framework (NSGA-II and MAIRCA), a
comparison is made with the optimal design results reported in
[30], where the same two-stage helical gearbox structure was
optimized using the Taguchi method and Grey Relational
Analysis (GRA). Both studies share the same design

objectives—namely, maximizing the gearbox efficiency while
minimizing the axial length—under equivalent design
constraints and physical assumptions.

TABLE L MAIRCA-BASED OPTIMAL DESIGNS FOR
VARYING uh
U u; Xbar Xbaz Length (m) Efficiency (%)
5 1.70 0.4 0.4 0.47186 95.89
10 2.74 0.4 0.4 046211 94.75
15 3.51 0.4 0.4 0.6395 93.87
20 4.26 04 04 0.46555 92.60
25 491 0.4 0.4 0.46896 91.56
30 5.57 04 04 0.47185 90.54
35 6.21 0.4 0.4 0.47458 89.74

Table II presents the optimal design parameters for varying
overall gear ratios (), as obtained in [30]. Meanwhile, Table
IIT provides a quantitative comparison of the gearbox length
(Lgy) and efficiency (7,,) between the present study and [30],
along with their percentage deviations.

As shown in Table III, the gearbox length obtained from
this study is consistently shorter than that in [30], with a
maximum reduction of approximately 19.87%. In terms of
efficiency, the results are largely consistent, with deviations
typically below £3%. These findings confirm that the proposed
NSGA-II and MAIRCA approach can identify gearbox designs
that are not only efficient, but also more compact compared to
those derived from the classical Taguchi-GRA methods.

TABLE IL. OPTIMAL DESIGN PARAMETERS OBTAINED BY
TAGUCHI-GRA IN [30]
up u Xbat Xba2 AS; AS,
10 1.00 0.25 0.40 350 420
15 1.57 0.25 0.40 350 420
20 2.12 0.25 0.40 367.5 420
25 2.68 0.40 0.40 367.5 420
30 3.23 0.40 0.40 367.5 420
35 3.79 0.40 0.40 350 420
TABLE IIL COMPARISON OF GEARBOX PERFORMANCE
BETWEEN THE PROPOSED METHOD AND TAGUCHI-GRA
METHODS
Gearbox length L, Gearbox efficiency #,,
Proposed [30] Difference Proposed (30] Difference
method (%) method (%)
0.462 0.573 19.35 94.75 91.800 3.11
0.464 0.579 19.87 93.87 93.862 0.01
0.466 0.537 13.31 92.60 94.428 -1.97
0.469 0.514 8.760 91.56 91.374 0.21
0.472 0.512 7.720 90.53 91.016 -0.54
0.475 0.502 5.400 89.12 91.134 -2.26

V. CONCLUSIONS

This study proposed a comprehensive framework for the
optimal design of a two-stage helical gearbox by integrating the
Non-dominated Sorting Genetic Algorithm IT (NSGA-II) with
the Multi-Attribute  Ideal-Real =~ Comparative  Analysis
(MAIRCA) method. The bi-objective optimization aimed to
simultaneously maximize the transmission efficiency and
minimize the axial length, which are two conflicting objectives
in the gearbox design.
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Through NSGA-II, diverse Pareto fronts were obtained for
different overall transmission ratios (i), revealing that lower u;,
values (typically 5-15) provide more favorable trade-offs
between compactness and performance. A strong linear
correlation was found between the first-stage gear ratio (u;) and
the overall ratio (u,), offering a practical guideline for gear
ratio distribution in preliminary design.

The application of the MAIRCA method effectively
prioritized the optimal solutions by evaluating both ideal and
realistic expectations. The selected designs consistently
featured the maximum allowable face width coefficients,
emphasizing their influence on the load-carrying capacity and
efficiency.

Overall, the integration of NSGA-II and MAIRCA has
proven to be a robust approach for multi-objective gearbox
optimization, providing not only a rich set of optimal trade-
offs, but also practical decision support for selecting the most
balanced configurations. This is the first study to apply a
combined NSGA-II and Multi-Criteria Decision-Making
(MCDM) method to achieve the bi-objective optimization of a
two-stage gearbox, explicitly targeting the maximization of the
transmission efficiency and the minimization of the axial
length. The proposed method successfully identified the
optimal design parameters across a wide range of overall gear
ratios (u;), thereby enabling informed and convenient selection
of the appropriate gearbox ratios at the early stages of design.
Future work may extend this framework by incorporating
additional objectives, such as gear noise or manufacturing cost,
or by validating the optimal designs through experimental
testing.
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