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ABSTRACT 

Studying the hydrodynamic regime of groundwater, particularly the formation of new freshwater reserves 

and monitoring their quantitative and qualitative indicators, holds significant scientific and practical 

importance. In this research, the main causes of groundwater level variations in two-layer media were 

analyzed, including precipitation and evaporation, water extraction and recharge sources, geological 

structure and interlayer permeability characteristics, hydraulic gradient, flow directions, water infiltration 

due to irrigation, filtration coefficient, porosity, layer thickness, drainage, and artesian wells. To accurately 

model the variations in the water levels of unconfined and confined aquifers, a mathematical model was 

developed that accounts for the physical-geological and hydrogeological parameters of the study area. The 

problem was described through mathematical and numerical modeling of geofiltration and geomigration 

processes. The model is represented by nonlinear differential equations, which do not have an analytical 

solution due to the presence of free variables. Therefore, a fully stable numerical solution scheme based on 

high-precision approximation was proposed. The solutions were obtained using iterative calculations and 

forward-backward substitution methods. The research also considered parameters, such as soil density, 

effective porosity, and third-order open boundary conditions. As a result, the model provides reliable 

forecasts for identifying groundwater movement and quality changes. This method offers practical 

Psolutions that can be applied in water resource management and planning. 

Keywords-groundwater hydrodynamics; groundwater modeling; numerical simulation; geofiltration   

I. INTRODUCTION  

The artificial recharge of riverbed lenses is an effective 
measure for increasing the freshwater reserves and improving 
the groundwater quality. However, in the downstream sections 

of the rivers in Central Asia, freshwater inflow is now 
concentrated mainly during flood periods due to changes in the 
water management practices. As a result, the reserves of 
freshwater lenses are declining, and the extracted water often 
exceeds permissible limits of salinity and hardness. This makes 
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the artificial formation and replenishment of riverbed lenses an 
urgent scientific and practical task. 

The procedure of the artificial recharge involves 
hydrogeological, hydrological, and technical measures aimed at 
supplementing riverbed aquifers, stabilizing their flow, and 
improving groundwater quality. It is implemented by 
introducing freshwater into aquifers adjacent to river channels, 
typically in areas with reliable flow and increases both the 
storage capacity of lenses and the overall water reserves. 

The scientific analysis of the water structure indicates that 
there are two main approaches to modeling this process: 
homogeneous and heterogeneous models. This distinction 
becomes especially evident when describing the interaction of 
nonelectrolytes with aqueous solutions. Research confirms that 
only heterogeneous models, particularly the two-structure 
model, can accurately explain the mutual solubility process of 
non-polar gases in water. According to this model, each 
structural component possesses specific physicochemical 
properties and occupies a definite volume in space. 

To analyze the movement processes of groundwater 
components within the pores and fractures of rocks, it is 
necessary to thoroughly study the migration processes of 
subsurface fractured-porous fluids. In this context, it is 
essential to account for the physicochemical transformations 
that occur as groundwater interacts with geological formations. 
The hydrodynamic principles of groundwater migration, based 
on the concepts of heat and mass transfer, serve as a 
fundamental basis for developing quantitative methods to 
assess the qualitative composition of water during flow 
processes. These principles enable the creation of 
methodological tools necessary for scientifically justifying and 
effectively managing the mechanisms of artificial recharge of 
riverbed lenses. 

The Artificial Intelligence (AI) and Machine Learning 
(ML) approaches have gained prominence in forecasting 
groundwater level fluctuations. These methods have 
demonstrated high predictive accuracy and can enhance the 
traditional deterministic modeling techniques by increasing 
precision and reducing computational time [1, 2]. Despite these 
advancements, the present study focuses on developing a three-
dimensional deterministic model, with ML techniques 
employed only for validation and comparative analysis. 

Numerical and deterministic modeling has been widely 
applied to groundwater flow and salinization processes, 
including MODFLOW and MT3DMS simulations, as well as 
studies on urban, coastal, and agricultural areas [3-5]. These 
approaches provide a framework for predicting salinization 
risks, climate impacts, and anthropogenic influences on 
groundwater quality [6-8]. Research on artificial recharge 
techniques, long-term salinization prediction, and saltwater 
intrusion further demonstrates the practical application of 
modeling for water resource management [9-11]. 

Additional studies have examined the impact of irrigation, 
fertilizers, and climate change on groundwater salinity, 
highlighting the importance of integrated modeling in resource 
management and salinity mitigation [12-14]. Investigations into 
analytical and numerical methods, remote sensing, and 

geophysical monitoring have provided further validation and 
operational insights for managing groundwater quality [15-18]. 
Modeling and simulation continue to be essential tools due to 
their practical applicability and ability to support complex 
analyses [19-22]. 

Based on this body of research, the development of an 
improved three-dimensional mathematical model expressed 
through nonlinear differential equations is both scientifically 
and practically necessary. The proposed model will describe 
groundwater level variations in a two-layer subsurface system 
adjacent to riverbeds and will provide an integrated framework 
to evaluate climate impacts, hydrogeological conditions, 
anthropogenic pressures, and artificial recharge effects. It will, 
thus, support effective strategies for groundwater resource 
management. 

II. PROBLEM STATEMENT AND MATHEMATICAL 

MODEL 

The study of groundwater level dynamics is a key issue in 
hydrogeology, water resource management, and environmental 
monitoring. In a two-layered subsurface medium, fluctuations 
in groundwater levels arise under the combined influence of 
natural and anthropogenic factors, including precipitation and 
evaporation, water abstraction and recharge, geological 
structure and permeability, as well as the regional hydraulic 
gradient and flow direction. 

To analyze these processes, mathematical and numerical 
modeling of geofiltration is employed, providing tools for 
effective monitoring and practical recommendations. The 
governing problem can be formulated as a system of nonlinear 
differential equations (1), which represent a three-dimensional 
mathematical model describing groundwater level variations in 
two-layered media [28-30]: 
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where h(x,y,z,t), H(x,y,z,t) denote the levels of unconfined and 
confined groundwater, respectively, μ1, μ2 are the coefficients 
of water loss, k1, k2 are the filtration coefficients of the upper 
and lower formations, f is the external source, n0 is the porosity, 
ω is the evaporation, m is the thickness of the separating layer, 
Q is the debit, and η is the coefficient for converting the model 
into a dimensional form (the mass balance coefficient). 

The system of equations (1) is solved under the following 
initial (2) and boundary conditions (3-8): 

0 0 0 0 0
( , , , ) ,  ( , , , ) ,  h x y z t h H x y z t H t t= = =  (2) 
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where h0 and H0 are the initial levels of phreatic and confined 
waters and Lx, Ly, Lz are the spatial coordinates along the 
Cartesian axes corresponding to the principal directions of the 

three-dimensional Euclidean space ( x y z
L L L L= = = ). 

This framework has practical applications in Uzbekistan, 
particularly in the Amu Darya and Syr Darya basins, where 
irrigation-induced rises in groundwater levels contribute to 
salinization. The model quantifies the impact of infiltration 

( )1 2,  µ µ and evaporation (ω) associated with irrigation 

practices. In urban areas, such as Tashkent, groundwater rise 
threatens construction stability by undermining foundations. 
Here, the model assists in predicting groundwater movement 
and optimizing drainage systems for urban planning. In oil and 
gas fields, the interaction of unconfined and confined water 
levels h(x,y,z,t), H(x,y,z,t), filtration coefficients (k1, k2), and 
external sources (f) influences hydrocarbon extraction. 
Modeling these processes enables improved resource 
management and exploitation efficiency. 

The model incorporates several physical parameters 
essential for capturing the hydrogeological processes. The 
filtration coefficients (k1, k2) describe soil permeability, which 
varies across regions. For example, sandy soils in Tashkent 
enhance filtration, while clay layers in Bukhara limit it. 
Porosity (n0) reflects the capacity of soils and rocks to retain 
water. Its value is high in sandy desert formations and low in 
mountainous terrains. Evaporation (ω) accounts for climatic 
effects. In Karakalpakstan, high temperatures and arid 
conditions lead to significant groundwater losses. The thickness 
(m) of the separating layer influences storage potential, as 
thinner layers in regions like Bukhara may limit reserves. Debit 
(Q) captures the discharge and infiltration processes, which are 
especially relevant in Surkhandarya, where drainage systems 
actively regulate groundwater. 

Overall, the model provides a comprehensive mathematical 
framework for analyzing groundwater and pressurized water 
dynamics, supporting monitoring in irrigated zones, forecasting 
for urban infrastructure, and assessing layer interactions in 

hydrocarbon fields. The governing equations and boundary 
conditions account for critical processes, such as evaporation, 
infiltration, filtration, porosity effects, external influences, 
drainage, and artesian well impacts, ensuring that the model 
realistically reflects geological environments, enabling its 
application in groundwater forecasting, risk assessment, water 
conservation, and sustainable management strategies. 

III. SOLUTION METHOD 

To solve the problem expressed by (1-8), the following 
dimensionless variables are introduced [23-24]: 
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Thus, the initial problem takes the following form: 
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where 
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with the initial and boundary conditions expressed as: 

0 00 0
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Using the dimensional variables (9), equation (10) takes the 
following form: 
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with the initial and boundary conditions expressed as: 
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Since this problem represents a system of nonlinear partial 
differential equations, an analytical solution is not feasible. 
Therefore, the finite difference method is applied [24-25]. A 
computational grid is introduced to approximate the solution 
domain D, which is defined as the spatio-temporal region 
where the governing differential equations are solved. Within 
this domain, all initial and boundary conditions are specified, 
enabling the evaluation of parameters, such as pressure, 
concentration, and velocity, across space and time. The domain 
is expressed as: 

4( , , , ) 0 , 0 ,

0 , 0

x y z t R x L y L
D

z L t N

 ∈ ≤ ≤ ≤ ≤ 
=  

≤ ≤ ≤ ≤  
 (27) 

where x, y, z are the spatial coordinates, t denotes time, and L, 
N are the respective upper bounds of the domain in space and 
time. 

This continuous domain is discretized into a grid: 

( ) ( ), , , , , , , , ,x y z i j k nx y z t i x j y k z nτω τ∆ ∆ ∆ ∆ = = ∆ ∆ ∆ ∆ (28) 

with 0,1,2,... , 0,1,2,... , 0,1,2,... , 0,1, 2,...,i I j J k K n N= = = = . 

Since the system is nonlinear with respect to the surface 
functions, it is reformulated into a quasi-linear approximation. 

Using a grid with 
1

3
n + layers in time and , , ,x y z τω∆ ∆ ∆ ∆  points 

over time, the explicit finite difference scheme is applied and 
the nonlinear term is linearized using: 

2 22h hh h≈ −% %      (29) 

This leads to the quasilinear system: 
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The algebraic system of (30, 31) is solved using the sweep 
method and the following recurrence relations: 
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where 
1, , 1, , 1, , 1, ,

, , ,
i j k i j k i j k i j k

α β α β
+ + + + are the sweep coefficients. 

Replacing i with i-1, the recurrence equations (38) take the 
next form: 
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Assuming i=1, the system of tridiagonal linear algebraic 
equations (30, 31), along with the recurrence equations (39), 
leads to: 
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By simplifying the boundary conditions, we obtain: 
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By comparing (40) and (42) the values of 
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By comparing (41) and (43) the initial values of the 

coefficients 
1, , 1, , 1, , 1, ,

, , ,
i j k i j k i j k i j k

α β α β
+ + + +  are determined: 
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Assuming i=I in the tridiagonal linear algebraic system of 
(30, 31), as well as in the recurrent equations (38), we get: 
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Simplifying the boundary conditions (32) and (35), we 
obtain: 
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Comparing (45) with (46) the values for 
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Comparing the equalities (46) and (48) the boundary values 
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Finally, groundwater levels are computed via the backward 

sweep method, extended across all layers: 
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on. After the values are obtained, the convergence of the 
iterative process is checked based on: 
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where ε is the accuracy level of the iterative process and s is the 
order of the iteration. 

IV. RESULTS AND DISCUSSION 

Simulations were performed to analyze the dynamics of 
unconfined (upper) and confined (lower) aquifers in a two-
layer groundwater system. The proposed three-dimensional 
mathematical model was implemented in MATLAB R2023a 
and Python 3.11. The numerical computations employed the 
finite difference method, with Python libraries, such as NumPy, 
SciPy, and Matplotlib, used for calculations and visualization. 
MATLAB was deployed for cross-validation, stability checks, 
and performance verification of the model. 

The computational grid parameters, including spatial steps
, ,x y z∆ ∆ ∆ , time increment, and convergence criteria, were 

carefully calibrated to ensure accuracy and numerical stability. 
At each time step, the system was assembled in matrix form 
and solved iteratively, providing a spatio-temporal 
representation of groundwater level variation. 

This dual-platform approach, with Python and MATLAB, 
improved the robustness and reproducibility of the framework. 
The algorithm followed a structured sequence: grid generation, 
system assembly, iterative solution, and visualization. The 
resulting 3D graphs were normalized within the range [0, 1] 
and reflect the spatial distribution of the levels over time (Table 
I). 

TABLE I.  VALUES OBTAINED 

μ1 μ2 k1 k2 n0 m 

0.3 0.2 1×10-4 1×10-5 0.35 10 

f ω Q η t 

1×10-3 5×10-5 1×10-3 0.8 432000 

 
Utilizing the described numerical algorithm, the spatial and 

temporal variations in groundwater levels for both unconfined 
(upper) and confined (lower) aquifers were simulated through a 
three-dimensional, two-layer differential model. The upper 
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aquifer (Figure 1) exhibited dome-shaped saturation zones 
corresponding to recharge areas, while the confined aquifer 
(Figure 2) displayed a gradual pressure decline, especially near 
boundaries, consistent with drainage or abstraction. 

 

 

Fig. 1.  Variation in the surface water level over time. 

 

Fig. 2.  Variation in the pressure water level over time. 

The domed contours of the graph in Figure 1 show the 
maximum, close to 1, and the minimum, close to 0, values of 
the water level. In natural conditions, this indicates zones with 
high filtration rates or saturation due to external influences, 
such as rainfall or irrigation. The high-intensity changes are 
caused by factors, such as porosity, evaporation, and external 
influences. 

In the graph in Figure 2, a significant downward trend in 
the pressure water level is observed, which indicates a decrease 
in the amount of water in the pressurized layer, caused by an 
increase in the water extraction rate or by the interaction with 
the upper layer (filtration flow). In the pressurized layer, a 
reduction in water pressure is observed from the center toward 
the outer zones, which may indicate water flow extracted 
through geophysical fractures or industrial equipment. 

To benchmark performance, results were compared with a 
conventional 2D MODFLOW simulation. This solution 
underestimated localized pressure changes within ±0.05 units, 
whereas the proposed 3D model detected variations up to ±0.21 
units in fractured zones. This demonstrates the ability of the 
new model to capture complex vertical leakage and 
depressurization processes often obscured in lower-
dimensional frameworks. 

Another presentation of the data in the Table Ι is the 
isohyet, contour plots of groundwater levels. In the unconfined 
aquifer (Figure 3), tightly clustered contours indicate steep 
gradients and active recharge or filtration zones, while the 
confined aquifer (Figure 4) displayed broader spacing, 
consistent with a stable but slowly declining pressure regime. 

 

 

Fig. 3.  Contour graph of the variation in the surface water level over time. 

 

Fig. 4.  Contour graph of the variation in the pressure water level over 

time. 

The isohyet analysis of Figure 3 showed that groundwater 
in the unconfined aquifer was most frequently distributed 
within the 0.4–0.5 range with 409 points, indicating stable 
operating levels. Lower values in the range of 0.0–0.3 with 382 
points reflected evaporation, low porosity, or slow infiltration, 
while the intermediate ranges captured gradual declines. In the 
confined aquifer (Figure 4), pressure levels were also 
concentrated in the 0.3–0.5 range with 745 points, suggesting 
stable operating conditions. Lower values in the range of 0.0–
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0.1 with 183 points revealed localized depressurization, likely 
linked to pumping, drainage, or fracture-induced leakage. 

The model accuracy was validated against control well data 
over five simulation days using two widely accepted statistical 
metrics: Root Mean Square Error (RMSE) and Nash–Sutcliffe 
Efficiency (NSE) (Table II). 

TABLE II.  ERROR METRIC VALUES 

RMSE 

Unconfined aquifer 0.036 

Confined aquifer 0.042 

NSE 

Unconfined aquifer 0.81 

Confined aquifer 0.77 

 
The dual-layer 3D model advances the hydrogeological 

analysis by explicitly incorporating porous–fracture flow 
interactions. Its key features include: the simulation of vertical 
leakage between hydrostratigraphic units, identification of 
pressure sink zones caused by abstraction or recharge, and 
representation of anisotropic flow due to heterogeneous 
porosity and permeability. 

These strengths provide clear practical applications like: 

• Water resource management: accurate delineation of 
recharge zones and optimization of artificial infiltration. 

• Risk assessment: early detection of depressurization or 
overexploitation. 

• Infrastructure planning: improved wellfield design with 
minimized hydraulic interference. 

• Environmental monitoring: predictive evaluation of 
groundwater response to climate and human impacts. 

Overall, the 3D two-layer model provides a realistic 
representation of groundwater dynamics, revealing that the 
unconfined aquifer is more sensitive to recharge, evaporation, 
and porosity, while the confined aquifer exhibits slower but 
sustained pressure declines. The frequent isohyet range of 0.4–
0.5 in both layers represents the main operating level of the 
system. With improved accuracy, structural detail, and 
interpretability, the model constitutes a robust tool for both 
scientific research and decision-making in groundwater 
management. 

V. CONCLUSIONS 

This study confirms the effectiveness of mathematical and 
numerical modeling based on differential equations for 
analyzing hydrodynamic processes in groundwater systems. 
The proposed two-layer model enabled the simulation of 
groundwater level variations in both unconfined and confined 
aquifers, with the results visualized through 3D relief and 
isoline graphs and validated using statistical indicators. 

The modeling framework incorporated key hydrogeological 
parameters, such as filtration coefficients, porosity, 
evaporation, external recharge, interlayer permeability, and 
abstraction rates. The results showed that the unconfined 
aquifer exhibited significant spatial variability, particularly 

within the 0.3–0.5 range, where dense contour zones indicated 
active filtration processes. In contrast, the confined aquifer 
displayed a gradual but stable decline in pressure head, 
reflecting a more controlled regime. The analysis also 
identified irregular flow disruptions arising from the interaction 
of Newtonian and viscoelastic fluids for which mathematical 
stabilization conditions were formulated. 

The scientific contribution of this work lies in extending 
geo-filtration modeling, which was traditionally applied to 
single-layer systems, to a two-layered framework while 
accounting for both internal and external influences. This 
enhancement increases the realism and applicability of the 
model and provides a basis for investigating groundwater 
salinization dynamics. 

From a practical standpoint, the software implementation of 
the proposed algorithm improves the accuracy in monitoring, 
forecasting, and assessing groundwater mineralization. It also 
reduces the need for extensive field experiments by enabling 
efficient computer-based simulations. Beyond its academic 
value, this modeling approach offers practical solutions for 
sustainable water management, including the identification of 
new freshwater reserves, optimization of groundwater use, 
design of hydraulic engineering systems, and support for 
environmental monitoring. 

NOMENCLATURE 

• ( , , , )h x y z t , ( , , , )H x y z t  - are the levels of ground and 

pressure waters (m) 

• μ1, μ2 – are the dimensionless coefficients of water loss 

• k1, k2 – are the filtration coefficients of the upper and lower 
formations (m/s) 

• f – is the external source (%) 

• n0 – is the dimensionless porosity  

• ω – is the evaporation (%) 

• m – is the thickness of the separating layer (m) 

• Q – is the debit (m3/s) 

• η – is the coefficient for converting the model into a 
dimensional form (1/m2) 

• L – is the characteristic length 

• (k1)0, (k2)0 – are the maximum filtration coefficients 

• m0  – denotes the maximum layer thickness 

• Q0 – represents the maximum discharge 

Note: The dimensionless formulation normalizes all 
variables within [0, 1] to ensure numerical stability when 
parameters with different units are involved. 
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