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ABSTRACT

This study presents an effective control solution for a two-Dimensional Double-pendulum Overhead Crane
(2DDOC) system, which combines a fixed-time adaptive hierarchical sliding mode controller with a Fixed-
Time Extended State Observer (FxT-ESO). First, the 2DDOC model is introduced. Next, the FxT-ESO is
analyzed and designed for the 2DDOC system to estimate several state variables, which are difficult to
measure directly with sensors, such as the swing velocities of the hook and payload. Based on the system's
dynamic model, the fixed-time adaptive hierarchical sliding mode controller was designed under external
disturbance conditions, utilizing the state signals provided by the FxT-ESO. The stability of the closed-loop
system was analyzed and proven to be stable in fixed-time through Lyapunov stability theory. Finally,
simulation scenarios are presented to demonstrate the performance and effectiveness of the proposed
observer and controller.

Keywords-double-pendulum crane; fixed-time adaptive hierarchical sliding mode controller; fixed-time

extended state observer

I.  INTRODUCTION

When compared with fully actuated systems, underactuated
systems possess the advantages of reduced cost and enhanced
flexibility. Nevertheless, their underactuated and nonlinear
nature makes them difficult to control. Most studies on
overhead cranes neglect the effect of the hook and consider the
payload as a point mass, in which case the payload is assumed
to oscillate only according to the motion of the cable [1, 2].
However, the payload still oscillates around the hook when its
mass is considerable or when the hook mass cannot be
neglected. In such situations, the payload motion can be
modeled as a double pendulum [3], which further increases
system dynamics complexity. The hoisting/lowering operations
of a double pendulum crane can cause significant oscillations,
leading to positioning errors and reduced transport efficiency.
Research on double-pendulum crane systems has focused on
open-loop input—output shaping methods [4, 5], which generate
reference trajectories to suppress oscillations. However, the
performance of open-loop control may deteriorate under
adverse factors in complex working environments. To enhance
control robustness, several closed-loop control approaches have
been developed for double-pendulum crane systems, such as
the reference model-shaping based controller [6], where the
trolley position is accurately achieved with small hook and
payload oscillations. The auxiliary control input is constructed
based on the system dynamics, from which a nonlinear anti-
swing control method is designed [7]. The hierarchical sliding
mode controller presented in [8, 9] effectively suppresses the

swing angles of both the hook and payload. The double-
pendulum crane system also faces challenges with system
parameters that are difficult to determine accurately and
varying payloads. In [10], an adaptive fuzzy PID controller was
proposed, which achieved improved control performance.
Similarly, authors in [11] introduced an enhanced hierarchical
adaptive controller, where multiple oscillation-related states of
the pendulum were incorporated into the control input design,
thereby improving the sway suppression performance. Authors
in [12] designed a sliding surface containing all system states to
suppress oscillations and then employed a time-delay
estimation to calculate the model parameters. In addition, the
system is significantly affected by external disturbances during
operation. To address this issue, disturbance observers have
been employed to accurately estimate the disturbances [13-15].
Furthermore, not all state variables of the system can be
directly measured by sensors, such as the swing velocities of
the hook and payload. In [16], a linear state estimator was
presented to replace the sensors for measuring swing velocities.

The present study solves both problems. The main
contributions of this work are: 1) A novel fixed-time adaptive
robust hierarchical sliding mode control method is proposed.
This controller is integrated with an FxT-ESO, which
effectively estimates lumped disturbances and significantly
reduces the number of required sensors. 2) The proposed
approach guarantees system stability within a fixed time,
providing a clear and predictable upper bound for the settling
time, independent of the initial conditions.
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II. MODEL OF THE DOUBLE-PENDULUM
OVERHEAD CRANE SYSTEM

Figure 1 illustrates the motion of a 2DDOC with the
coordinate origin at OXY. The crane model consists of a trolley
that moves along the x-axis, lifting/lowering the payload via a
cable. In this study, the cable is assumed to be inextensible.
The cable length [; varies, whereas I, represents the distance
from the hook center to the payload center. by and b; are the
friction coefficients associated with the trolley motion along
the x-axis and hoisting mechanism of the cable, respectively.
The mathematical description of the 2DDOC system, which
uses the Euler-Lagrange formulation, is according to [12]:

M(@)q+C(q.9)q+G(@+D=F (1

where ¢ = [x, I, 6, 6,]7 is the state vector of the system,
M(q) € R** is the inertia matrix, €(q,q) € R** is the
centrifugal and damping matrix, G(q) € R*? represents the
gravity vector, D € R*1is the external disturbance vector, and
F = [F, F; 0 0] represents the control input of the system. The
matrices and vectors of the system are described in [12].

Fig. 1. Dynamic model of the 2DDOC system.
III. FIXED-TIME EXTENDED STATE OBSERVER FOR
2DDOC

In the crane system, some state variables, such as the
velocity of the hook and the swing velocity of the payload, are
difficult to measure. Additionally, the system is affected by
external disturbances. This section addresses these issues by
designing an FxT-ESO to estimate both the state variables and
the lumped disturbance.

The dynamic equation (1) of the 2DDOC system can be
expressed as:

g=M"(@QF -M'(q)(Clq.qq+6q)
-M~'(q)D (2)

The state vector of the system is defined as z = [2,2,]T =
[q4]", and the dynamic system (2) is represented in the state-
space form as:

21 =z,
z, =z3+M ' (QF 3)

where (1) is the time derivative of the lumped disturbance and

z; =d(t) = -M"'(q)(C(q.9)q + 6(q)) — M~ (q)D

Assumption 1: The lumped disturbance and its time
derivative are continuous and bounded. Therefore, positive
constants &, &, exist satisfying:||d(t)|| < & and ||d(t)|| < &,.

The FxT-ESO is designed for the system as:

( 21 = 22 + Klsighzl + Klsigyzzl

| 22 = 23 + Kzsigzyl_lzl +

{ K,sig?? 'z, + M~ (z,)F “)

| 23 = K3Sig3}/1_221 +

\ K3sig®"2 %7, + Asign(Z;)
where Z; is the estimate of z;, k; is the diagonal coefficient
matrix, the estimation error is Z; = z; —Z;, (i=1+3), A is
the observer gain satisfying: A > ¢,, y; € (1 —04,1), 2 €
(1,1 + 0,), with g, and g, being sufficiently small positive
values. The gain matrices are chosen such that the matrix 4 is
Hurwitz:

—K; Iy Ouxy
A==k, O4xs Iyxs
—K3 O4xs 04y

The symmetric positive definite matrices P and Q satisfy:
ATP+PA=-Q
From (3) and (4), the observation error is defined as:
7, = 2, — K;5ig"1 %, — K;s5ig"2%,
5
= _K3Sig3y1_221 - ( )
K3sig®2727, — Asign(Z;) + 2(b)

Theorem 3.1: The FxT-ESO (4) is applied to the 2DDOC
system (1). The FxT-ESO guarantees that the observation
errors Z, and Z, converge to zero within the fixed time Ty, and
at the same time, the estimation error of the Ilumped

disturbance Zs also converges to a neighborhood of zero
within the same time Ty.

(
422 = 73 — Kysig?V171Z, — K,sig?27lz, +

Proof: The observation error, as described in (5), can be
decomposed into two components. In the initial stage, the
significant difference between the actual and the estimated
values, with the primary contribution from the coefficient y,,
drives the rapid decay of the error. Therefore, the analysis
begins with this subsystem:

N

1= Z; — Ky8ighZ,
22 = 23 - KzSigZyz_lzl (6)
23 = _K3Sig3y2_221

The Lyapunov candidate function is chosen as:
V,(v2,2) = §3,P3,, )
With:

- 121,21, 21"

N2

~1 ~1/(2y2-1 ~1/By2-2)\T17
(]/2 — [(zl/YZ)T‘ (22/( Y2 ))T‘ (23/( Y2 ))T]
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If y, is chosen as 1, then the observation error of the system
is given by: {,, = A{,, . Therefore, the time derivative of
V,, (Y2, Z) is obtained by:

V;/z(l’z) = ZIT’ZP(VZ + (IT’zPéYZ = _(]T/ZQ(VZ <
Z;T/Mmin(Q)(yz < 0 (8)

where A,i,(Q) denotes the minimum eigenvalue of
Q. According to [17], the function V,(y,,Z) serves as a
Lyapunov function for (6). If a small positive constant g, exists
such that y, € (1,1 + g,), it can be shown that the observation
error in (6) is asymptotically stable. Furthermore, according to
Lemma 4 in [18], the time derivative of the Lyapunov
candidate V,,, (v, Z) is given by:

e Dy, 2) ©)

%022 < 3 eir) 2

Subsequently, as the observation error decreases, the gain
y; facilitates the convergence of the observation errors to zero.
The latter part of equation (5) is given by:

7, = 7, — Kk;Sig"%,
Z, = Z3 — K,sig?" 'z, (10)
7y = —K3sig1?Z,

Similar to the first component, it can be readily shown that
the system described by (10) achieves finite-time convergence,
and the time derivative of the second Lyapunov candidate

V,, (v1,Z) satisfies the following condition:

—Amin(Q) ,(y1+1)/2 P
e, 2) (an
Based on Theorem 2 in [17], the estimation error Z;

converges to zero or to a neighborhood of zero within the fixed
time 7:

V}l(ylj) <

i
Amax(P) [Aan L (P) 1
O Anin(@ | 1-11 (r2-1)yr2—1

(12)

where Y is a positive constant that satisfies the condition
Y < Apin(P). The convergence of Z; to zero at T, will continue
thereafter, meaning that Z, = 0 and Z, = Z; = 0. Therefore,
there is a time instant T,, such that Z; = Z, = Z; = 0 for all
t >T,. According to [19], the following equation can be
obtained:

7y = —Asign(%;) + 2(t) = 0Vt > T, (13)

Although Z; does not converge exactly to zero due to
various factors, such as sampling, delays, and the lumped
disturbance £2(t), authors in [20] show the existence of a small
convergence region Z;|p, which allows Z; to reach the region
Z3| g within the fixed time T:

_ Z3|r

Ta=328 (14)

Thus, the upper bound of the convergence time for the FxT-
ESOis given by Ty = T, + T,;. With this, the proof of Theorem
3.1 is complete.

IV. FIXED-TIME ADAPTIVE HIERARCHICAL
SLIDING MODE CONTROL BASED ON FXT-FSO

The main objective of this study is to design the control
input U, = [F,F,]7 such that the state variables reach their
reference  values q, = [%:11+-01,0,+]7 . Due to the
underactuated nature of the 2DDOC system, the system
dynamics are divided into two subsystems: one for the actuated
states q, = [x;]7, and the other for the underactuated states

q, = [016,]":
My (@4 + My (@G, +

Mal(q)Ha + Mul(q)Hu = Ua (15)
My (@)qq + My (@) Gy, +
Mg, (@H, + My, (@)H, =0 (16)

where M,;(q) € R*?, M, .(q) € R*?, M,,(q) € R*? and
M,,(q) € R?*? are determined from the matrix M(q), H =

[H.H,]" = M~ (q)(C(q.q) + G(q) + D).

From (16), by first eliminating the variable g, in (15) and
then ¢,, the equivalent dynamic model of the system can be
derived as:

{Ma(q)qa +M,(@H, =U, (17)
M, (9)q, + M, ()H, = U,
With Ma=Ma1_Mu1M1:21Ma2 and M‘LL:Mul_

MalMaleuZ-

The auxiliary sliding surface takes the estimated state of the
2DDOC as input and is defined as:

{Sa = 22a - qar + Kallpa(ea) + KaZAa(ea)
Su = 23y — Qur + Kuahu(ey) + K24, (eg)
where 250 = [2,(D2,]7 , 22y = [2:()2,(H] s the
estimated value of §, = Zog, @y = Zoys Qar = [Xrlir )T Qur =
[00]7 represents the reference trajectory, €, = q, — qqr = [€1
e;]" and e, =q, — qu = [ese,]T are tracking errors,
Ya(eq) = [¢1¢2]T7 Yu(eq) = [¢3¢4]T7 Aq(ey) = [AlAZ]T’
A,(ey) = [434,]7, where:

(18)

W, = {sig“li(ei)leil > oy

'™ bes + pesgn(enle < o
Ny >1, v; =02~ au‘)aiau

jo®2i

4 = {Slg (edley| > g

= ) ,

b gl + i Sgn(ei)a|?i_|1< ;. s
Ny <1,vy;=(2— azi)ai 20, g = (g — 1)0i 7, 0
denotes a small positive constant (i = 1 + 4), and K,;, K45,
K, K, are positive definite constant matrices.

- legn(lf—’il—l)

, Qg s

s i = (ag; — Do,
aZi — NZSgn(l_IeiI) , 0 <

ay;—2
i 5

The proposed sliding surface is defined as:
s=s8,+ &s, (19)
where £ is a constant matrix.

Based on the information provided by the FxT-ESO, the
fixed time hierarchical sliding mode controller is proposed as:
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1, .. 0
l{a = _(M(;l(q) + s’Mﬂl(‘I))A [Z3a = Gar + Kq1a(eg) +
KaZAa(ea) + E (2311. - qur + Kullpu(eu) +
Koody(e,)) + Tisigh(s) + Tasigh2(s) + I35 + Fasgn(s)] (21)
where I'; (i = 1+ 3) is a positive definite control parameter

matrix, I', is a positive control parameter, M; > 1, and 0 <
Mz < 1.

Theorem 4.1: Consider the 2DDOC system (1) under the
observer (4) and the controller (21). Then, the closed-loop
system is fixed-time stable with the convergence time Tg.

Proof: The proposed Lyapunov function is given by:
V.= isTs (22)

Taking the time derivative of (22), then substituting (20)
and (21), and after some steps of manipulation, we obtain:

Vc =sTs=s" (Kallp'a(ea) + KaZAa(ea) +

o8I (Z1g) + Ko5igP2 T (Frg) + § (Kuathu(ea) +
KuZAu(ea) +
Ko (Sig?1 ™ (Zy,) +sig?2 7 (2,))— T'ysigMt(s) —
Iysigh2(s) — I'3s — I4sgn(s)) i (23)
Where}ba =Py =P, Yy =Py — Py, 4y =45 =4y, 4y =
4y, — A4,

It follows from Theorem 3.1 that after the time Ty, the

observation errors converge to zero, which means Z; = 0 and
Z, = 0. Hence, (23) can be rewritten as:

V. < —s"(Fysig™i(s) + Ipsig¥2(s) + I'3s) < IV, —
ryy Mtz _ ey (24)

where I'; = 2M1+D/2p 5 = 20+0/%p Pt = 2T, with
Iy, I, and I';. According to [21], the Lyapunov function
given in (22) converges to zero within a fixed time T, whose
upper bound is determined by:

2
r;(1-My)

2 r; r;

T. < I (1+ E) + in(1+ r_z) (25)
Theorem 3.1 guarantees that the observation errors

converge within a fixed time Ty. The controller converges

within a fixed time T,. Therefore, the overall convergence time

of the system is T, =Ty + T.. For all t = T,., the sliding

surface § converges to zero. According to [22], s, and s,, also

converge to zero.

Therefore, the closed-loop system is fixed-time stable Ty, =
T, which completes the proof of Theorem 4.1.

V. SIMULATION RESULTS

Simulations were performed in MATLAB/Simulink to
evaluate the performance of the proposed controller and
observer. To demonstrate the adaptability and robustness of
controller (21), two simulation scenarios were implemented.

e Scenario 1: The controller’s adaptability is evaluated by
doubling the system matrices and vectors M(q), C(q,q),
and G(q). Simultaneously, the initial swing angles of the
hook and payload were set to non-zero values when the
system began to move.

e Scenario 2: The robustness of the controller, as well as the
extended state estimation capability of the observer, are
demonstrated when the system is subjected to external
disturbances.

The parameters for the system, observer, and controller are
listed in Table I:

TABLE L PARAMETERS FOR SCENARIO 2
Parameter Value

M Skg

mj 1 kg

my 5kg

15 0.2 m

b, 82 Ns/m

b, 75 Ns/m

g 9.8 m/s?

ki diag(245, 245, 245, 245)
k2 diag(298, 298, 298, 298)
bii 0.8

Y2 1.2

A 60

k3 diag(3631, 3631, 3631, 3631)
N, 1.05

N, 0.95

o; 0.001
K., diag(2, 2)
K., diag(2, 2)
K., diag(2, 2)
K., diag(2, 2)

¢ diag(0.002, 0.002)

I diag(4, 4)

I diag(2, 2)

I; diag(0.2, 0.2)

Iy 0.4

M, 1.1

M, 0.9

The trolley moves along the x-axis following an S-shaped
trajectory. Meanwhile, the hoisting/lowering cable had a pimf.
The initial position was [xg,l] =[0,5] m, and the final
position was [xg,ls] = [5,5] m. Both the initial and final
velocities and accelerations were zero. The motion time along
the x-axis was t, = 25 s.

*f
{ Xr = Xo + T osat0
L = 5 + 5pimf(t, [0 10 20 30 40])

A. Results from Scenario 1

The scenario was carried out with altered system
parameters, and the initial swing angle when the trolley started
moving was 3°. The results obtained in Scenario 1 are shown in
Figures 2 and 3.
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(a) Tracking trajectory and swing angle.
100 ' ' g
z
SR
-100 I I I I
0 10 20 t[s] 30 40 50
2001 :
£
&T 1 00 B n
0OF 4
I I I I
0 10 20 ] 30 40 50
(b) Applied force.
Fig. 2. Control performance (Scenario 1).
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(b) Lumped disturbance.

Fig. 3. Observer performance (Scenario 1).
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B. Results of Scenario 2

The system was subjected to external disturbances, as
illustrated in Figure 4(a). The results obtained in Scenario 2 are
depicted in Figures 4 and 5.

\ D(1) D(Z
10F
2 \‘ ) ‘ l
I hﬂ{‘ﬂl R ) ij o "
«? 0
it w s i M IRy
é l | I ' -100 I I I I
-1 0 10 20 30 40 50
0 2 t s 20 20 50 t[s]
: 5—'_‘ o) b] . 200 . T T T
i-; 150 " ‘ ‘ A
4 100—M¢M M, - - - 1
% 0 Z 50 ‘_*‘Tﬁ wummw‘r ’q“»lW’“W ‘ } L R —— il
: T o RN ]
:>_50 10 20 % 20 s0 50 ' ' 1 y '
i 0 10 20 30 40 50
(a) White noise. (b) Applied force.
| —— Qar - = Qa
6 -
—4r
=)
8 2f
0 . i i
0 10 20 t [s] 30
10}
— of
£,
~ 7T
5
40 10 20 30
t [s]
__0.aF '
=
E o Qi oy .”".--
’ ) ¥
§_0'1 i | W \:‘ml*-*-! | ;; HH ""'H'
0 10 20 30 40 50

t [s]
(c) Tracking trajectory and swing angle.

Fig. 4. Control performance (Scenario 2).
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Fig. 5. Observer performance (Scenario 2).

Based on the simulation results from both scenarios, the
controller demonstrates its ability to track the trajectory shown

in Figures 2(a) and 4(c). Under conditions of model uncertainty
or external disturbances, the trajectory of the trolley's position
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along the x-axis and the cable length [; consistently follow the
reference trajectories to the desired positions, with control
errors being very small, almost negligible. Additionally, the
swing angle results for the hook and payload in Figures 29(a)-
4(c) also demonstrate that, under different operating conditions,
the controller consistently ensures the ability to limit and
reduce the amplitude of the swing angles within an acceptable
range (< 6%). The control forces shown in Figures 2(b) and
4(b) illustrate the performance of the controller. The force F, is
generated appropriately, corresponding to the acceleration and
deceleration of the trolley, while the force F; reflects the
necessary and reasonable adjustments for the payload
hoisting/lowering trajectory. The values of these forces are all
within an acceptable range, without causing large force spikes.
This exhibits that the controller operates effectively and is
energy-efficient.

The FxT-ESO operates with high accuracy and reliability.
This is demonstrated by estimating the state variables and
extended states under various operating conditions, including
model uncertainty and external disturbances. As shown in
Figures 3 and 5, the observation errors are very small, and the
oscillations remain within an acceptable range. This confirms
that the FxT-ESO is an effective tool for estimating the
necessary states for controller design, reducing the number of
sensors needed, and mitigating the effects of external
disturbances. Thus, the simulation results indicate that the
proposed controller and observer for the double-pendulum
overhead crane system in two-dimensional space operate
effectively under various operating conditions. The system
achieves accurate trajectory tracking while suppressing the
oscillations of both the hook and the payload, thanks to the
reliable state estimation capability of the observer.

VI. CONCLUSIONS

This study successfully presents and validates an Adaptive
Hierarchical Sliding Mode Controller (AHSMC) integrated
with an Fixed-Time Extended State Observer (FXxT-ESO) for a
two-Dimensional Double-pendulum Overhead Crane (2DDOC)
system. The performed simulations confirmed the effectiveness
of the proposed approach in trajectory tracking and significant
swing suppression under model uncertainties, with the FxT-
ESO accurately estimating the states and disturbances. The
main contribution of the current work is the novel synergistic
AHSMC-FxT-ESO architecture for this application, offering
two main advancements over previous work: The design
ensures closed-loop system convergence within a
predetermined time Ty, independent of initial conditions. This
is a critical theoretical advantage over both asymptotic and
finite-time control, providing time-deterministic performance.
The FxT-ESO enables fixed-time estimation of unmeasured
states and lumped disturbances, thereby enhancing structural
robustness  against uncertainties and relaxes sensor
requirements, which improves upon traditional state-feedback
strategies. This successful validation lays a strong foundation
for future hardware implementation.
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