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INTRODUCTION 
 

he basic conceptions of the Finite Fracture Mechanics and the Critical Distances Theory [1] are considered in the 
links with the results of the statistically based thermodynamics of solid with defects and kinetics of damage-failure 
transition due to the metastability of free energy release and the existence of two singularities related to the stress 

field and damage localization kinetics in the Process Zone at the crack tip area [2]. These singularities represent intermediate 
asymptotic self-similar solutions and can be proposed as a physical basis of the Finite Fracture Mechanics, the nonlocality 
effects for the damage localization staging, small crack nucleation and crack advance in the presence of metastability of free 
energy release [3]. The “Critical Distances” are identified as characteristic lengths of damage localization related to the 
correlated dynamics self-similar collective modes of defects [4].  
Two types of self-similar solutions related to the Irwin stress singularity (stress intensity factor) and damage localization 
kinetics as collective modes of defects are analyzed as “intrinsic” and “extrinsic” mechanisms providing the fracture scenario 
in the variety of loads conditions [5]. Intrinsic mechanisms are an inherent property of the material caused by the universality 
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scenario of damage localization related in the Process Zone [6]. They control driving forces (or stress intensities) necessary 
to initiate Process Zone and following cracking at the crack tip area. Intrinsic mechanisms are dominantly considered as 
toughening mechanisms in ductile materials associated with crack-tip plasticity.  
The fatigue-crack growth has specific nature revealing the sensitivity to both intrinsic (damage) and extrinsic mechanisms 
which distinguishes the fatigue behavior of ductile and brittle solids. The mechanisms of fatigue-crack growth are reflected 
in the specific dependencies of crack growth rates da/dN on ∆K and Kmax [7]. 
 

    n mda
C K K

dN max           (1) 

 
where C is a scaling parameter; the exponents n and m reflect different sensitivity on ∆K for ductile and Kmax for quasi-brittle 
materials. This relationship provides the basis for the life-time prediction using the fracture mechanics approach in terms 
of the applied stress σ, initial a0 and final ac crack sizes, geometry, and properties of the material, e.g., the yield strength, σy, 
and fracture toughness, K1c. 
Material length scales are introduced into theoretical models of fracture [7] conventionally in two approaches: (i) as the 
physical length related to the microstructure of the materials (grain sizes, inclusions) and (ii) as the so-called Process Zone 
(PZ) length, where the physical length scale arises from scaling properties of failure. Commonly-used length scale L is given 
by: 
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           (2) 

 
Here Kc is the fracture toughness of the material, and σu is its tensile strength. In fatigue problems the similar kinetic equation 
is used, using material constants with the relevant cyclic parameters: the crack propagation threshold ∆Kth and fatigue limit 
∆Kc are used instead Kc and σu . The constant L is used in conjunction with stress-based or stress-intensity methods [2]. In 
these methods failure occurs when crack reaches the crack propagation threshold ∆Kth and the critical stress-intensity ∆Kc. 
for crack length close to L. The physical background for the introduction of two thresholds in the term of stress intensity 
factor is the existence of the intermediate self-similar solution (after Irwin) for the stress field at the crack tip in elastic 
material, ∆Kth and ∆Kc. However, both limit values are the consequence of two different mechanisms in the process zone at 
crack tip subordinating the crack advance according to “ductile” and “quasi-brittle” scenarios. The “ductile” scenario 
corresponds to the Paris law of crack advance with corresponding (close to the four after Paris) power exponent. The 
“quasi-brittle” scenario with higher power exponent is characteristic for the final stage of fatigue crack advance or “initial 
material brittleness”, for instance, for ceramics. There is the link between ∆Kth and ∆Kc thresholds, the value of the power 
exponent and mechanisms subordinating the staging of fatigue crack advance. The power exponents are related to the 
“master” mechanisms providing the free energy release at the process zone. It is in “ductile scenario” the numerous 
Persistent Slip Bands (PSB), when PSB correlated behavior is associated with ∆Kth and the four power Paris law. The 
following transformation of PSB into the microcrack ensembles, damage localization areas and their correlated behavior 
provides the ∆Kc threshold scenario of fatigue crack advance with higher power exponents. The correlated behavior of PSB 
and damage localization (with markings of striations) areas provides the self-similarity of crack advance in terms of ∆Kth and 
∆Kc with characteristic power exponents. Important signs of self-similarity is the existence of self-similar solutions 
(mentioned in the paper) as collective PSB and damage localization modes. 
Energy based length is derived using an energy balance similar to that of the Griffith theory assuming a finite amount of 
crack extension  
 

 
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2           (3) 

 
This theoretical conception of the FFM as the basis of the Theory of Critical Distances (TCD) is discussed in [1]. A finite 
amount of crack extension in FFM was introduced as conceptual theoretical basis that assumes that crack advance occurs 
in a discontinuous or branching dynamics with the size determined by the microstructure and deformation behavior of the 
material [2]. For metal fatigue L corresponds to the length of the Process Zone and is related to a microstructural parameter 
(the grain size) and damage localization. For quasi-brittle materials, composites L is approaching to the size of the damage 
localization zone [4,6,7]. In FFM the TCD conception was introduced to understand relationship of fracture in the links 
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with cohesive zone theory and non-locality effects to introduce two new material parameters: the distance L and σ0 >> σu 
as a characteristic strength for the materials. These parameters were used in present paper to characterize the material’s 
brittleness, susceptibility to size effects with aim to provide a bridge between continuum-mechanics, stress-based and stress-
intensity approaches and micromechanical models for different classes of materials. 
 
 
INCOMPLETE SELF-SIMILARITY AND FATIGUE-CRACK GROWTH 
 

he conception of self-similarity is developed to compare the original results concerning the role of the collective 
modes of defects in the power laws of fatigue crack kinetics using the assumption of the incomplete self-similarity. 
Interpretation of the incomplete self-similarity is based on the definition of structural scales following from the self-

similar solutions for defect evolution equation and estimated under analyzing scaling invariants of fracture surface at the 
Process Zone. 
The presentation of the crack advance in the form similar to the Paris power law reflects the links of intrinsic mechanism 
of crack advance and defects induced structural mechanisms of the Process Zone formation. The coherent behavior of 
defects in the Process Zone provides the staging of damage-failure transition and can be considered as scaling mechanism  
 related to the incomplete similarity [8, 9]. The methodology of the incomplete self-similarity was applied to the analysis of 
the Paris law to describe the fatigue-crack growth as the power law:  
 

   mda
C K

dN
            (4) 

 
 where ∆K =Kmax -Kmin (Kmax and Kmin are, respectively, the maximum and minimum stress intensities in the fatigue cycle), 
and C and m are experimentally determined scaling-law constants [10]. The incomplete self-similarities assume the existence 
of “materials constants” related to characteristic length caused by the subordination of observable variables (da/dN and ∆K 
in the case of fatigue) to intrinsic structural mechanism of nonlinear damage kinetics in the Process Zone. These mechanisms   
are accumulated in the power exponent. Macroscopically most meaningful intrinsic variable is the length L associated with 
characteristic scale of the Process Zone area. The value of the power exponent m reflects the intermediate self-similar nature 
of damage localization providing fatigue-crack advance. The similarity parameter was introduced in [10] as: 
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Incomplete similarity (similarity of the second kind [9]) corresponds to the range 
IC

ΔK
1

K
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the Paris law in the form 
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where α is a function of Z. Important result is that both C and m constants in the Paris law is a function of the material 
properties and intrinsic length L. This presentation of fatigue crack kinetics allows the explanation of experimentally 
measured range of the Paris law exponents that is typically between 2 and 4 for ductile materials, and approaching to 10 and 
more in brittle materials (intermetallics and ceramics) [10]. The fundamentally important problem is the explanation of 
physical mechanisms responsible for the power universality of crack advance and the nature of intrinsic length L, providing 
the intermediate asymptotic kinetics of the crack advance. 
Physical explanation of the increase of the Paris exponent m with intrinsic length can be proposed using the similarity 
parameter Z. The local plasticity length ahead of the crack tip, i.e., the plastic-zone size, ry correlates with intrinsic scales 

 Ic yL K 2 2  /  [5] and as the consequence,  yZ L r/ . The value of  yZ L r/  corresponds generally to the ratio yL r/ 1

, illustrating the difference between the plastic-zone size ry and the Process Zone L, containing mutual fatigue striation 
transforming into the Critical Distance with following crack advance. It means that Z is consistent with extensive crack-tip 
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plasticity which promotes crack advance via ductile striation formation and secondary (daughter) crack origin at the crack 
tip. 
 
 
DUALITY OF SINGULARITIES IN CRACK NUCLEATION AND PROPAGATION 
  

he explanation of the self-similarity and corresponding internal scales is based on the specific nonlinearity 
(metastability) of free energy of solid with defects (and corresponding free energy release). The duality of singularities 
of crack nucleation and propagation follows from the existence of two self-similar intermediate singular solutions: 

the Irwin solution for the stress field at crack tip (regular attractor) and strange attractor with dynamics determined by the 
set of blow-up damage localization modes (the daughter crack sizes). The duality of singularities related to internal scales 
was supported experimentally analyzing high speed framing of the intermittent (branching) crack dynamics and in situ stress 
dynamics in the preloaded PMMA plate [3, 6]. The definition of the internal scale L and the subject of damage-failure 
transition in fatigue can be studied starting from the classical Griffith results. According to the Griffith’s theory [11] the 
crack resistance was introduced analyzing the sum of the energy U of elastic materials due to the energy release and the 
energy of the development of the new surface at the crack tip (Fig.1, curve 1) 
 

   
 

 
 

U
a

a
E

2 2

2
2 4

            (7) 

 
where γ is the surface energy; σ is the applied stress; a is the crack length; E is the elastic modulus. The Griffith conception 
was developed by Irwin [12]) as the force version of the crack stability based on the intermediate self-similar singular solution 
for the stress field at the crack tip area  
 

     ik I ij IK r f K a
1

2 ,          (8) 

 
where KI is the stress intensity factor, r, θ are the coordinates of point, fij(θ) is the θ dependence in the first term of 
asymptotical solution. 

 
Figure 1: The Griffith (1) and Fraenkel (2) energy form of elastic solid with a crack. 

 
Fraenkel [13] attracted the attention concerning the physical contradiction of the Griffith’s (the global energy instability and 
singularity of stress field at the crack tip) and proposed the physically realistic form of the energy U with the local minimum 
Ue(ae) (Fig. 1, curve 2). The energy barrier ∆U=Uc-Ue   determines the work of the stress field at the crack tip under transition 

from the metastable to the unstable state of crack. This energy can be estimated as U L3
0~  and determines the finite 

amplitude energy initiating critical damage over the length L.  It was shown in [2, 8], that the metastable energy form, 
assumed by Fraenkel, has the relationship to the collective behavior of the defect ensemble in the Process Zone localized 
on characteristic length L providing daughter crack initiation and main crack advance. Incomplete self-similarity signs in 
fatigue crack advance are related to the intermediate scaling laws of damage localization kinetics [14] and can be established 
by statistical theory describing the damage kinetics as collective behavior of defects ensemble. The statistical theory of 
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mesoscopic defects (microcracks, microshears) was developed and specific type of critical phenomena in solid with defects, 
the structural-scaling transitions, was established [2,8]. The statistical approach and statistically based phenomenology 
established two “order parameters”, the defect density tensor pik (defect induced strain) and the structural scaling parameter 

 3
δ = R / d  This parameter is responsible for the current susceptibility of solid for the defect growth and represents the 

mean ratio of the spacing between defects R and size of defects d. Statistically predicted non-equilibrium free energy for 
uniaxial case F(p,σ) allowed the generalization of the Ginzburg-Landau phenomenology in terms of mentioned order 
parameters  
 

            l
c

F A p Bp C p D p p
22 4 6

*

1 1 1(1 ) (1 )2 4 6     (9) 

 
where p=pyy, σ = σyy is the stress, The bifurcation points δ*, δc play the role that is similar to characteristic temperatures in 
the Ginzburg-Landau phase transition theory. The gradient term in Eqn. (9) describes the non-local interaction in the defect 
ensemble; A, B, C, D are positive material parameters and χ is the nonlocality coefficient. Solution of  F / p = 0  gives the 
“equilibrium” dependencies p=p(σ,δ) in different ranges of δ. These dependencies and corresponding free energy form are 
presented in Fig.2  
 
 

 

 
     a    b 
 

Figure 2: The “equilibrium” dependencies p=p(σ,δ) (a) and corresponding free energy forms (b) in different ranges of δ 
 
Two-walls potential reflects qualitative different scenarios of defects kinetics, that follows to the evolution inequality [4]: 
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and the kinetic equations for the defect density p and structural-scaling parameter δ  
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where Γp>0 and Γδ> 0 are the kinetic coefficients. 
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INTERMEDIATE SELF-SIMILAR COLLECTIVE MODES OF DEFECTS 
 

he scaling laws follow to the nonlinear dynamics of defect density tensor in the process zone and both 
scaling-law constants (C and m) describe the universality of critical system dynamics in term of observable 
variables (KI in our case).  This situation is analogous to the classical scaling laws in the phase transition 

theory near the critical points. It can be shown that the incomplete self-similarity in the Paris power law is the consequence 
of the existence of the intermediate self-similar solutions of Eqn. (11) subordinating characteristic stages of defects kinetics 
both ductile and quasi-brittle materials in the Process Zone. As it follows from the solution of Eqns. (11), (12) the transitions 
through the bifurcation points δc and δ* lead to a drastic change of defects kinetics. In the range δc < δ < δ* macroscopic 
modes of the defect density pik with pronounced orientation appear due to the nature of free energy metastability. 
Orientation transition in defect ensemble and following plastic strain localization in the form of numerous Slip Bands reveals 
the dynamics of solitary waves [2] p(ζ) = p(x-Vt)   
 

           
a S S
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p p tahn L L
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       (13) 

 
where SL  is the front length of solitary waves of strain localization. The velocity of solitary wave front is expressed as 

   a mV A p p 2/ 2 , where (pa-pm) is a jump in the metastability area that is governed by the kinetics of structural-

scaling parameter Eqn. (12). These numerous Slip Bands-SB can be considered as mesoscopic precursor of Striations, in 
the Plastic-Zone area with the size ry (S1, Fig.3). 
The kinetics of the structural-scaling parameter plays the crucial role in the formation of the defect-ordered phase providing 
the effective mechanism of strain localization. It was shown in [15] that self-similar defects orientation kinetics according 
to the solution (13) subordinates the plastic zone formation on the length ry due to the interaction of several SB areas 
providing the scaling with the power exponent m~4. Similar scenario is observed as the 4th power universality of plastic 
wave fronts in shocked materials [16]. Important feature of the power law universality is the critical behavior in defect 
ensemble and as the consequence the anomaly of the energy absorption in the presence of the stress singularity [17]. 
Dramatic changes occur in material responses due to the path of the critical point δc (entering into the area δ < δc ≈ 1]. Eqn. 
(11) can be re-written in the vicinity of critical point pc for the free energy release term as the power form for p > pc [2,3] 
 

        
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c c
dp p

G p p p
dt x x
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and a new type of the defect collective modes appears as the blow-up self-similar solution of Eqn. (14) 
 

 
 

Figure 3: Self-similar solutions corresponding to solitary wave (S1) and blow-up (S2) collective modes of defects. 
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where τc is the so-called "peak time" (p → ∞ at t → τc for the self-similar profile f(ξ) of defects localized on the scale LH), 
G > 0, m > 0 are the parameters of non-linearity characterizing the free energy release for δ < δc. The blow-up self-similar 
solution Eqn. (15) describes the damage kinetics for t → τc, p → pc on the set of spatial scales LH =kLc, k=1,2…K , where 
Lc and LH stand for the “simple” and “complex” blow-up dissipative structures [2]. The scale Lc represents the “quantization 
length” of damage localization in the process zone providing the variety of the crack paths in the presence of two 
singularities: intermediate asymptotic solution for stress distribution at the crack tip area and the blow-up damage 
localization kinetics in the process zone [6].  
The free energy metastability of solid with defects in the range δ < δc ≈ 1 (Fig.2) allows the explanation of the Fraenkel 
energy form (Fig.1) and the link of damage localization kinetics on the set of lengths LH at the crack tip with transition from 
steady to branching crack dynamics [15].The existence of three types of self-similar solutions related to the stress intensity 
factor, solitary and the blow-up  defects collective modes reveals the duality of the singularities providing different crack 
kinetics [3,15]. The interaction of the SB areas as new mesoscopic defects leads to the pass of critical point δc and initiation 
of self-similar blow-up modes on the set of lengths LH =kLc, k=1,2…K .  The blow-up modes have pronounced structural 
image for quasi-brittle materials as the mirror zones on the fracture surface [6].  
The parameter m in Eq (15) characterizes the free energy release nonlinearity with the rate that exceeds essentially the kinetics 
of defects in the metastability area δc < δ < δ* providing the set of the SB areas. It explains the high value of the power 
exponent in quasi-brittle material in Eqn.(1) due to the qualitative new nature of the intermediate self-similar blow-up 
solution for defects kinetics in comparison with self-similar solitary wave solution (13) subordinating the fatigue crack 
advance in ductile materials. 
To follow the definitions in [18] the collective modes of defects with solitary wave and blow-up dynamics  can be associated 
with Shear Transformation Zones (STZ) and Damage Transformation Zones (DTZ) localized on the spatial scales of 
corresponding self-similar solutions (13), (15). 
 
 
INTERPRETATION OF THE BATHIAS-PARIS DIAGRAM 
 

he illustration of singularities role related to the intermediate self-similar solutions (8), (13) and (15) can be given by 
the interpretation of the Bathias-Paris diagram of fatigue crack growth [19,20], when both, stress and stress-intensity 
based scenario of damage-failure transition, are presented in Fig. 4.  

The diagram illustrates that short crack growth is determined by the Herzberg kinetic, which is sensitive to the structural 
Burgers vector parameter, and long crack advance follows to the Paris kinetic Eqn. (4). The factor x in this paper defines 
the transition point from short crack to long crack scenario and depends on the load ratio [20]. The transition from STZ 
(solitary wave) to DTZ (blow-up) kinetics is the consequence of specific nonlinearity in the presence of the metastability of 
free energy release and non-locality effects. This allows the explanation of transition from short crack initiation and growth 
to fatigue crack nucleation and propagation in terms of two limit values, ∆Kth and ∆Kc. Both limit values are the consequence 
of two different mechanisms in the process zone at the crack tip subordinating the crack advance according to “ductile” and 
“quasi-brittle” scenarios. The “ductile” scenario corresponds to the Paris law of crack advance with corresponding (close to the 
four after Paris) power exponent. The “quasi-brittle” scenario with higher power exponent is characteristic for the final stage of 
fatigue crack advance or “material brittleness. There is the link between ∆Kth and ∆Kc. thresholds, the value of the power exponents 
and mechanisms subordinating the staging of fatigue crack advance. The power exponents are related to the “master” mechanisms 
providing the free energy release at the process zone. It is in “ductile scenario” the numerous Persistent Slip Bands (PSB), when 
PSB correlated behavior is associated with ∆Kth and the four power Paris law. The following transformation of PSB into the 
microcrack ensembles, damage localization areas and their correlated behavior provides the ∆Kc.  threshold scenario of fatigue 
crack advance with higher power exponents. The correlated behavior of PSB and damage localization (with markings of striations) 
areas provides the self-similarity of crack advance in terms of ∆Kth and ∆Kc with characteristic power exponents.  
The ∆K- independent area of fatigue crack initiation corresponds to the DTZ kinetics with explosive jump from structure 
dependent scales of defects aint to macroscopically recognized small cracks a0. The power law da/dn=b(a/a0)n/2 reflects the 
self-similar (blow-up) stage of damage kinetics over the scale Lc that allows the estimation of a0 ~ Lc  . Starting from the 
scales a0 the singularity related to the stress intensity factor ∆K is combined with STZ spatial-temporal dynamics (13), that 
provides numerous STZ initiation and material refining up to the scale a1. The drop of the crack velocity is the consequence 
of subjection of crack kinetics to the stress intensity factor ∆K according to the Paris law. The process zone scale in this 
case is associated with the length L ~ LH.  
 

T 



 
 
 

O. Neimark et alii, Frattura ed Integrità Strutturale, 70 (2024) 272-285; DOI: 10.3221/IGF-ESIS.70.16 
 

279 
 

 
 

Figure 4: Crack advance diagram in HCF [19,20]: b is the Burgers vector, ∆K0 and ∆Keff are stress intensity factors corresponding to the 
crack lengths a0 and a1. 
 
Self-similarity of fatigue damage-failure transition corresponds to self-similar pattern of fracture surface that was studied in 
[21] calculating spatial (scaling) invariant (the Hurst exponent) of the fracture surface roughness for the identification of 
characteristic lengths, associated with defects spacing lsc (close to the Burgers vector b in the Bathias-Paris’s diagram) and 
the process zone LPZ related to mentioned scales ry and L. These lengths correspond to the range of scales [lsc, LPZ] 
characterizing correlated behavior of defects in the process zone LPZ. Mentioned scenario can be illustrated by the 
morphological images of crack nucleation and propagation in the conditions of VHCF, Fig.4. Taking into account the ratio 

SC

PZ

l
<<1

L
 that is characteristic for the incomplete self-similarity the intermediate asymptotic equation for the crack velocity 

da/dN can be written as [17]: 
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where α is the power exponent for the area 2 (Fig. 4) in the range of scales [lsc, LPZ ] corresponding to multiscale correlation 
of defect induced roughness, Kth ~ E√lsc. The Paris law corresponds to the area 3. As it follows from (16) the constant C 
reads: 
 


 
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 

C
L pz

l sc l sc
           (17) 

 
Two scales lsc and LPZ were estimated analyzing the roughness of fracture surface of aluminum alloy in VHCF regime by 
interferometer-profiler New View 5010 to establish quantitative invariant characteristics of the fracture surface in terms of 
the scaling Hurst exponent [22].  
 
 
SCALING INVARIANCE OF FATIGUE CRACK GROWTH IN VHCF REGIME 
 

atigue crack growth tests were carried out under fully reversed tension (R = −1) in mode I, following a methodology 
that was similar to that prescribed in the ASTM E647 standard. The material is a non-standard hot rolled low alloy 
steel grade (named R5 according to the International Classification Societies of Offshore Systems) with a typical fine 

grain microstructure, composed of tempered martensite and bainite. This steel is used after a double quenching in water, a 
first period at 920 °C and a second period at 880 °C, and then tempering at 650 °C with water cooling. Following this heat 
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treatment, the material exhibits the following mechanical properties: hardness 317 HB, yield strength 970 MPa, ultimate 
tensile strength UTS = 1018 MPa, Young's modulus E = 211 GPa under monotonic quasi-static tension. The R5 high-
strength steel reveals at the room-temperature the fatigue limit of 600 MPa for 106 cycles at 10 Hz. 
Fatigue symmetric tension–compression test at 20 kHz was conducted on an ultrasonic fatigue testing machine for the R5 
high-strength steel specimens (Fig. 6) with the purpose to establish damage induced scaling properties in the process zone.  
The testing apparatus comprised the following principal components: a generator, which transformed 50 Hz fluctuations 
into an ultrasonic electric sinusoidal signal with a frequency of 20 kHz; a piezoelectric transducer, which generated 
longitudinal ultrasonic waves and produced mechanical action at a frequency of 20 kHz; and an ultrasonic waveguide, which 
augmented the amplitude of mechanical stresses in the (operating) central region of the specimen. An air-cooling system is 
employed to prevent the sample from overheating. The stress in the center of the specimen is set by a software-controlled 
displacement of the free end of the specimen. The crack length is measured with an optical digital camera. 
 

 
a)         b) 

Figure 5: Schematic picture of the specimen with lengths in mm a) and experimental setup b) 1 - horn, 2 - specimen, 3 - cooling system 
4 - displacement sensor; 5 controlling and analog-digital converter system, 6 – analyzing software, 7 - camera lens for measuring crack 
length. 

 
Initially the fatigue crack with a length of ~1.5 mm was initiated, and the following growth was controlled by varying the 
load amplitude stress intensity increment ΔK calculated by formula: 
 




 

E

K A Y a w
a 02 ( / )

(1 )
         (18) 

 
where E is the Young’s modulus, ν is the Poisson ratio, A0 is the amplitude of oscillations, Y is the polynomial factor, and 
w is the specimen width. The polynomial factor for a given sample geometry (Fig. 5) was as follows: 
 

   Y a w a w a w a w a w2 3 4( / ) 0.635( / ) 1.731( / ) 3.979( / ) 1.963( / )      (19) 
 
Following the completion of the experimental procedure, the samples were subjected to cooling in liquid nitrogen with aim 
to open fracture surface. Its pattern is presented in Fig. 6, which also includes images of the crack advance areas resulting 
from the modulation of the stress intensity factor. The change in the stress intensity factor led to the appearance of a thin 
trace on the fracture surface, which allowed it to be divided into three areas: 1 - small crack propagation area, 2-long crack 
propagation area, 3-initial crack area. 
The fracture surface pattern was studied using the high-resolution profilometer (New View 5010) with a vertical resolution 
of 0.1 nm and a lateral resolution of 0.5 μm for determining the scaling invariants of defects induced roughness in the 
Process Zone (Fig.7). Two characteristic scales are assumed on the fracture surface. The first, lsc, is related to the length at 
which the defects interact to form the relief of the fatigue crack, and the second, Lpz, is the size of the zone in which this 
interaction occurs. 
At each stage of the crack propagation path, three-dimensional images of a 105x1040 mm surface were taken and 13 one-
dimensional profiles were analyzed. 
The scaling invariant in term of the Hurst exponent H was estimated by the averaging of difference in roughness heights 
z(x) on the Process Zone surface according to the formula [21]: 
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    H

x
C r z x r z x r

(1/2)2( ) ( ( ) ( ))          (20) 

 
The log-log plot log2C(r) ~log2(r) allowed the estimation of the roughness exponent as a spatial invariant corresponding to a 
constant slope in corresponding range of scales [lsc, Lpz], (Fig.8).  
 

 
 

Figure 6: Fracture surface image (electronic microscopy) of the R5 steel reflecting the crack advance staging: 1 - area of small crack 
growth, 2 – area of long crack growth, 3 – area of initial crack. 

 
Figure 7: Schematic image of the process zone at the crack tip and typical image of the surface roughness. 

 
 

 
(a)      (b) 

Figure 8: a) The surface roughness profile, b) the log2C(r) vs log2(r) plot. 
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Resolution of the New View profilometer ensures the determination of upper and lower boundaries providing the power 
law of the roughness correlation. The value of the lower boundary of the linear section of the function C(r) was taken as 
the value of the critical scale lsc , that is the minimum spatial scale in the Process Zone, at which scale-invariant relief patterns 
manifests as defect induced structural scale, the value of the upper boundary Lpz was taken as the length associated with the 
maximum area of correlated roughness behavior. The length lsc determines the so-called cross-over point separating the 
long-range correlation corresponding to the Paris crack advance and the Critical Distance formation with the length Lpz 
(Fig. 8b). The average values of the characteristic lsc and Lpz values obtained from measurements on 13 cross-section profiles 
for various crack propagation states are presented in the Tab. 1.  

 
 

𝛥𝐾, MPa√𝑚 𝛥𝑎,m , cycles lsc, m Lpz , m H 

6.200 6.80·10-4 2.05·106 1.7±0.8 28.2±7.5 0.41±0.04 

5.890 2.00·10-4 2.82·106 0.9±0.3 38.1±7.1 0.49±0.03 

5.596 3.20·10-4 4.74·105 1.7±0.7 34.1±8.6 0.41±0.04 

5.316 2.20·10-4 4.22·105 0.9±0.3 38.2±11.9 0.43±0.03 

5.050 2.60·10-4 7.37·105 1.3±0.5 34.1±7.3 0.44±0.03 

4.797 1.60·10-4 2.75·105 1.3±0.5 42.2±10.9 0.50±0.02 

4.558 3.20·10-4 7.13·105 1.4±0.5 31.1±4.7 0.52±0.02 

4.330 4.93·10-4 4.33·107 1.3±0.5 39.5±6.8 0.47±0.03 
 

Table 1: Test conditions, characteristic scales lsc , Lpz and the Hurst exponent H for different stages of crack advance. 
 
3D New View roughness data (Fig.8) revealed the existence of two characteristic scales: the scale of process zone Lpz and 
correlation length lsc , that is the scale, when correlated behavior of defect induced roughness has started. The measured lsc 
and Lpz scales from Tab. 1, substituting them into Eqn.(16), allow the estimation of the power-law exponent for various 
stages of crack advance. The exponent α ~2.51 corresponds to the linear slop for the small crack advance defined essentially 
by the surrounded damage area (Fig. 9). The exponent α ~3.88 is characteristic for the Paris crack advance determined 
mainly by the stress intensity asymptote. 
 

 

Figure 9: Characteristic plots 𝑙𝑛 ቀ
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Critical distance under fatigue loading of the R5 steel corresponds to the value Leff ~ Lpz≈38 µm for the Paris crack and 
threshold stress intensity factor ∆Kth ≈ 4.33 MPa√m. Substituting the experimental data for Lpz and ∆Kth into Eqn. (2), the 
value of the fatigue limit for steel R5 can be determined. The fatigue limit obtained by this formula for steel R5 is equal to 
σo ≈ 396 MPa which is 4% more than the experimentally found fatigue limit in VHCF  tests was reported in [24] (σo ≈ 
381 MPa, R = – 1, in air and room temperature, Nc ~109 cycles). High frequency conditions of VHCF loading provides the 
unique opportunity to study the role of different factors and mechanisms of damage localization and crack advance. 
Qualitative difference of small crack and the Paris crack advance is reflected in the values of power exponents and 
corresponding leading mechanisms responsible for damage localization at the process zone area. Power exponent α ~2.51 
characterizes the leading role of the blow-up self-similar solution (5) for small crack kinetics and the dramatic changes of 
leading mechanisms and the power exponent α ~3.88 for the Paris crack, when the damage localization in the process zone 
follows to the stress intensity factor at the crack tip area.  
 
 
CONCLUSION 
 

hermodynamic basis of FFM was formulated as the metastability of the free energy release in solids with defects in 
the presence of macroscopic cracks. Statistical thermodynamics and kinetics of damage-failure transition represent 
generalized Ginzburg-Landau approach, that link the crack advance with generation of collective modes of defects 

having the nature of the intermediate asymptotic solution of the defect evolution equation. These modes have self-similar 
singular spatial-temporal dynamics (solitary waves as STZ and blow-up modes as DTZ) subordinating the staging of plastic 
strain localization and damage localization in the Process Zone area at the crack tip in the condition of specific type of 
critical phenomenon in solids with defects, the structural scaling transition. Two ranges of structural scaling parameter that 
are responsible for the current material susceptibility to defects growth correspond to qualitative different forms of free 
energy metastability and free energy release dynamics. The set of the STZ provides “two walls” metastability decomposition 
and the anomaly of the energy absorption in the Process Zone subordinating the crack advance in ductile materials with the 
power exponent for stress intensity factor close to 4. Drastic change of the free energy metastability (with infinite depth of 
the second minima predicted by Fraenkel) leads to the generation of the set of DTZ with blow-up dynamics of damage 
localization and the energy absorption kinetics at the Process Zone with high power exponent for stress intensity factor. 
Characteristic length L of the Process Zone depends on the interaction of STZ for ductile materials and DTZ for quasi-
brittle materials that determines the length associated with the Critical Distances. 
The interaction between STZ and DTZ was studied analyzing the correlation properties of fracture surface roughness 
calculating the Hurst scale invariant for ductile material. Two structural lengths were identified characterizing the range of 
correlated behavior of defects [lsc, Lpz]. These structural lengths were used to determine the scaling parameter of the 
incomplete self-similarity, characteristic stress intensity factors Kth ~ E√lsc, ∆Keff = ∆K(Lpz/lsc) to derive the kinetic equation 
for fatigue crack advance. The interpretation of the Bathias-Paris diagram was proposed using this kinetic equation and 
original experimental data of staging for the damage-failure transition in the condition of VHCF. The origin of small crack 
a0 was identified as the blow-up collective mode (DTZ) of damage localization over Lc fundamental length.  The advance of 
the small crack is subordinated by Kth ~ E√lsc up to the Paris crack length.  The Paris crack advance follows to the effective 
stress intensity ∆Keff with the power exponent close to conventional value 4. 
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NOMENCLATURE 
 
N  : Number of cycles; 
a : Crack length; 
KI  : Stress intensity factor; 
ΔK : Range of stress intensity factor; 
Kmax : Stress intensity value at maximum applied stress; 
∆Kth  : Crack propagation threshold; 
Kc  : Fracture toughness; 
C  : Scaling parameter; 
,m,n : Experimentally determined constants; 
σy : Yield strength; 
K1c  : Fracture toughness; 
σu  : Tensile strength; 
E : Young’s modulus; 
L  : Length scale; 
Z  : Similarity parameter; 
ry  : Plastic-zone size; 
U  : Energy of elastic materials; 
γ  : Surface energy; 
σ  : Applied stress; 
θ  : Coordinates of point; 
pik  : Defect density tensor; 
  : Structural scaling parameter; 
F(p,σ)  : Free energy for uniaxial case; 
A, B, C, D : Positive material parameters; 
χ  : Nonlocality coefficient; 
lsc : Scale related to the correlated behavior in the ensemble of defects; 
Lpz : Scale associated with the process zone; 
b : Burgers vector; 
C(r) : Correlation function; 
H : Hurst exponent; 
z(x) : Surface relief height; 
r : Size of window; 
 : Poisson’s ratio; 
A0  : Amplitude of oscillations; 
w : Specimen width; 
Y : Polynomial factor; 
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