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INTRODUCTION  
 

ne of the most common failure mechanisms of steel structures is associated with material fatigue. A frequent task 
of engineers is to determine the design or residual service life of a steel structure, which is often associated with 
evaluating its current condition based on inspections focused on fatigue damage. O 

https://youtu.be/Z--KxiKV54U
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Failure primarily occurs due to the initiation of cracks through stress cracking followed by fatigue crack growth requiring a 
certain stress range and a sufficiently large number of cycles until final failure ensued through sudden and unstable fracture 
after fatigue growth to a critical crack size appears. The state-of-the-art review of metal fatigue has been published, e.g., in 
[1]. Numerous methods have been proposed for the evaluation of the remaining fatigue life of load-carrying steel structures 
and steel bridges [2], some of them are based on probabilistic approaches [3], as a number of factors affecting the fatigue 
behavior of structures, e.g. operating loads, material properties and environmental conditions, are random in nature. 
Numerous bridges that use high-strength steel (HSS) for the main structural components have been built recently, mainly 
owing to its material durability, architectural qualities, and strength requirements. The use of high-strength steel for civil 
engineering structures is relatively recent. Numerous bridges that use high-strength steel for the main structural components 
have been built recently, mainly owing to its material durability, architectural qualities, and strength requirements [4]. A 
significant advantage of high-strength steel is its favorable ratio of strength/mass. High-strength steel has no pronounced 
yield plateau and exhibits an early deflection from linear elastic behavior with strong strain hardening, which is a significant 
difference compared to low or medium-carbon steel (S235, S355). The shape of the stress-strain curve of the base metal in 
the plastic range ensures higher plastic moment resistance than low-medium steels. It is interesting to note that fatigue crack 
propagation rates versus stress intensity range exhibit with increasing yield strength of steels, similar to report by [5]. This 
implies that there is important place for experimental study with crack initiation and propagation in HSS. 
 
 
COMPUTATIONAL MODELS FOR FATIGUE FAILURE PREDICTION 
 

he reliability of the load-bearing structure, stressed by variable loads, is significantly affected by the degradation 
effects, caused mainly by the fatigue of the base material. The design process of these structures is based on the 
concept of the so-called Wöhler curves (or S - N  curves), in which a limited-service life until failure is allowed, 

which is very problematically determined based on a constant oscillation and an assumed number of load cycles. The 
methodology was gradually developed into procedures describing real conditions and facilitating the work of designers, e.g. 
[6]. 
Randomly appearing fatigue cracks on existing structures - crane tracks and bridges, indicate a certain imperfection of this 
design methodology. Methods are being developed considering possible defects and defects in the form of initialization 
cracks, which significantly accelerate the propagation of fatigue cracks. One of the alternatives is linear fracture mechanics, 
which has been the subject of research for many years, especially in the field of engineering, and is gradually being taken 
over and adapted to the issue of the design of load-bearing building structures. It is mainly used to determine inspection 
times and to analyze their results, which, if cracks are not detected, lead to a conditional probability of their occurrence. 
The problem solved in this paper is focused on fatigue damage of a selected bearing element of the building steel structures 
or bridges, in which the characterization of the acceptable size of the fatigue crack from the edge is evaluated. This dimension 
has a decisive role in the degradation of an element designed for an extreme combination of loads but burdened by 
operational variable effects. This is a possible traceable degradation of the designed element to the limit state of bearing 
capacity. 
Three dimensions are important for the prediction of the propagation of fatigue cracks. The first is the initiation size, the 
second is the measurable size, and the third significant dimension is the acceptable fatigue crack length size, determined 
with the reliability criterion for the limit state of the load-bearing capacity of the element under investigation. Fatigue crack 
damage is dependent on the number of cycles of stress oscillation, which represents a time factor in the course of reliability 
over the entire design life. The probability of failure increases with time and reliability decreases. 
A fatigue crack, which weakens a structural element by a certain area, is described by only one overall dimension a  when 
growth is monitored. To describe crack growth, the method of linear elastic fracture mechanics defined by the Paris-Erdogan 
equation (also known as the Paris–Erdogan law, [7]) is most often used: 
 

    ma
C K

N

d

d
          (1) 

 
where C , m  are material constants, obtained experimentally, a  is the crack dimension, N  is the number of loading cycles 
and K  is stress intensity factor range. 
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PROBABILISTIC RELIABILITY APPROACHES 
 

n general, probabilistic analysis of structures or parts thereof can be performed using many different methods. These 
can be sorted into e.g. simulation-based techniques and approximation techniques, which further branch into subgroups 
involving advanced approaches and methods. 

The basis of simulation-based techniques is the Monte Carlo (MC) method [8], which depends on the generation of a large 
number of randomly variable input parameters and the subsequent numerical solution. An example of the use of MC in 
civil engineering is the Simulation-based Reliability Assessment method (SBRA) [9], which uses histograms as input data, MC as 
a tool for generating random variables, and the reliability of the structure is determined by comparing the probability of 
failure and the normative design probability of failure. The disadvantage of using MC in this way is the need for a large 
number of random inputs for sufficient accuracy, and hence the high computational complexity. Therefore, more advanced 
methods have been developed, falling into the categories of stratified sampling techniques and advanced simulation techniques. 
An example of stratified sampling techniques is Latin Hypercube Sampling (LHS) [10], which is an evolution of the MC method 
and significantly speeds up the computational process itself by using distribution functions of equal probability. 
For the sake of completeness, we must also mention a representative of advanced simulation technique, where the computational 
procedure focuses on specific areas of structural failure and their primary goal is to efficiently obtain the result of the analysis. 
We include here, for example, Importance Sampling [11], Adaptive Sampling [12], Directional Simulation [13], or Slice Sampling [14]. 
The second group, approximation techniques, use, for example, analytical approximations to determine the outcome of a chosen 
phenomenon. The most important methods are First Order Reliability Method (FORM) [15] and Second Order Reliability Method 
(SORM) [16]. Both FORM and SORM use just analytic approximations to estimate the reliability index as the distance from 
the origin to the limit state surface. FORM uses a linear approximation, while SORM uses an improved quadratic or higher-
order approximation to approximate the result more accurately. Alternatively, we can then mention Response Surface Method, 
Perturbation techniques and Artificial neural networks, which differ in principle only in the approximation method used. 
As an alternative to all of these methods, the Direct Optimized Probability Computation method (DOProC) [17], which belongs to 
a separate category of numerical approaches, was selected for the presented analysis. In this regard, the Point Estimate 
Method (PE) [18] should be mentioned here for DOProC might be compared to it or at least put into the category of PE 
methods. Since MC is the most used, the results of the DOProC calculation are partially compared with those using MC. 
There are several advantages offered by an alternative approach: 
 The DOProC method does not depend on any type of randomly generated numbers. Thus, the results are 

repeatable and there is no need for a random numbers generator. There is also no requirement to consider the 
quality of such generators or their usability and effectiveness in parallel environments. 

 Use of an alternative approach can provide another set of results which can be compared with more common 
approaches. Such comparison can help to detect possible issues and problems. 

 The DOProC in its basic form can be parallelized in a way similar to the basic MC procedure. 
 
 
DIRECT OPTIMIZED PROBABILITY COMPUTATION 
 

he main overview of the method is available in [17]. The Direct Optimized Probability Computation Method 
(DOProC) uses input variables provided in form of tables - they are usually graphically represented as so-called 
bounded histograms. The main principle of the DOProC method is that all possible combinations of random 

variable values are tested. Because of the representation of variables, there is always a finite number of combinations that 
have to be investigated. 
This is the main advantage of the method as it allows to have a repeatable solution that is only affected by the quality of the 
tabular representation of data. But it is also the main disadvantage as for every single combination the full solution (usually 
called the realization in Monte Carlo content) of the studied problem must be done. It is obvious that the numbers of such 
realizations are quite high (typically 109…1012) and much higher than for a typical Monte Carlo - based solution (106 for 
structural reliability problems). 
Another issue is the fact that the DOProC cannot work with variables represented by functions. Every such function has 
to be approximated by a table. This can be sub-optimal for many uses but it is often not a problem for engineering 
applications where much input data came from in situ or laboratory measurements. Measured data like numbers of cycles, 
load values, and material parameters are available in discrete forms. From the practical point of view, it is then easier to 
directly use such measured data for numerical analysis (of course after their verification and possible cleaning). 
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The high number of computations required is of course an issue for many possible applications. There have been developed 
techniques to greatly reduce the number of combinations that have to be investigated. They are called optimization techniques 
in [17]. It is important to note that many of these optimization techniques depend on the properties of studied input variables 
thus their effectiveness is not guaranteed for a general problem. However, they were used with great effect to solve well-
defined practical problems. In these cases, a very slow run time environment was used - the BASIC interpreter of an office 
package spreadsheet application - but feasible computational speeds were reached thanks to the correct use of above-
mentioned optimization techniques. 
 
 
PARALLEL APPROACH TO COMPUTATIONS 
 
Parallelization of Monte Carlo method 

C-based approaches are often used for practical applications like the determination of fatigue life of various 
structures or components in many areas [19]. These approaches may one finite element analysis (or other time-
consuming computation) per simulation. Reduction in computational time is often accomplished by 

parallelization of the procedure. Parallel execution of Monte Carlo computation is relatively straightforward because in the 
most basic form of the MC every simulation can be considered independent of others and thus executed in parallel. Usually, 
there is only a need to communicate between processes when the initial data are distributed and then when the results are 
collected. This allows effective use of parallel computing using, for example, single program multiple data paradigm, often 
in form of the Message Passing Interface. However, there are several challenges. For example, the more advanced forms of 
the MC (like the LHS) usually add some additional complexity which usually adds the necessity of additional inter-process 
communications. In any case, there is an unavoidable need for a reliable random numbers generator which can also run in 
parallel [20]. Several efforts exist. One of commonly used is the SPRNG (the Scalable Parallel Random Numbers Generator) 
[21]. There are several efforts to improve this generator by adding hardware support for random numbers generation based, 
for example, on the GPU hardware [22] or on the custom hardware implementation on the field-programmable gate array 
(FPGA) boards [23]. These approaches, however, require such specialized hardware to be available on the systems where 
computations are running. 
 
Serial and parallel Monte Carlo implementations 
In the presented work the Monte Carlo (MC) - based approach is used mainly for comparison with the DOProC solution. 
The basic program algorithm is the serial one. In uses input data in form of bounded histograms which is usually the form 
of data which are available from measurements and laboratory tests are often done in civil engineering area. Results of 
computations are available in the same form. 
There are several approaches to preparing bounded histograms of results - their size can be pre-defined before start of 
computation, or these parameters can be determined at run time based on the first m  simulations. Then these histograms 
can be used to store results without further changes of their boundaries and numbers of intervals. Alternatively, histograms 
can be expanded if needed but interval size cannot be further changed. Use of bounded histogram representation of both 
input and output data makes the MC - based code more compatible with the DOProC code in terms of inputs and outputs 
as the DOProC principle is based on use of bounded histogram. 
Random numbers are generated with use of an external library. The SPRNG library [21] is used. The code can use a less 
sophisticated build-in generator, too but it was not utilized for the discussed works. 
The code execution is relatively fast (a single time step of the problem studied below can be analyzed in tens of seconds if 
106 simulations are executed) but for more complex problems a parallel execution of the MC is beneficial. 
For the studied area of problems statistical dependencies between input variables are not used as these dependencies cannot 
be determined so far on basis of in situ tests and laboratory measurements. From the point of view of the computational 
procedure it simplifies parallelization because communication between parallel processes can be limited. Thus, the code uses 
the single program - multiple data approach which is implemented with the use of the Message Passing Interface (MPI) in the 
computer code. 
The initial data (input variables represented by bounded histograms) are distributed to all k  processes (with use of 
MPI_Bcast()) and then every process run k1/  of total number of simulations. At the end the data are collected from 
all processes with use of MPI_Allreduce(). 
If the size of histograms has to be determined during run-time as it was described above then there is another round of 
inter-process communication (MPI_Reduce(), ... MPI_Bcast()) to collect the data computed so far and then to 
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propagate computed parameters of histograms for results. All further changes (if any) are stored locally, and they are 
synchronized after the end of computations. 
Use of the SPRNG [21] random number generator introduces some more inter*-process communication but its influence 
on computational time is very low. 
 
Parallelization of DOProC procedure 
The DOProC approach in the proposed form can be parallelized in a relatively straightforward way. The input data (in 
histogram form) can be distributed to all processes and then every process only computes a part of the result histogram(s) 
data. These results are them collected and combined. The computer code has been made with use of the MATLAB 
environment where the SPMD functionality was used. The SMPD functionality is principally similar to the MPI approach. 
That is, computations are executed on N  independent processes with relatively expensive communication. Thus, the same 
philosophy as for the Monte Carlo - based algorithm was adopted here: the only necessary communication is input data 
distribution at the beginning and collection of results after the solution. 
To simplify the implementation a decision was made to use the same interval for all input and output variables. Such 
approach allows eliminating of any communication during the solution because parameters of result data histograms can be 
determined in the beginning. 
As it was mentioned before DOProC approach uses bounded histograms for input data. The most basic approach 
investigates all possible combinations (see Fig. 1) of input histogram intervals to compute results. Every possible 
combination of input data constitutes an equivalent to one simulation in the MC-based approach. The obvious issue is of 
course number of these combinations which depends on number of intervals in input data histograms. Thus unlike the MC 
number of such combinations is independent on target reliability level or on other parameters. 
 

 
Figure 1: Basic scheme of DOProC operation: The principle of performing numerical operations with histograms of two independent 
random variables, modified from [17]. 
 
Such a solution was implemented as the ObjectPASCAL code and successfully used in several applications, including 
practical engineering tasks of mining anchor’s reliability or the assessment of mining reinforcements. However, in this case 
it was possible and feasible to introduce several DOProC optimizations to considerably reduce number of necessary 
operations. In a general case, it can be very complicated such procedural optimizations thus it other ways of speeding up 
computations have to be used. The problem of fatigue damage prediction [24] has been so far studied as a general case 
without any considerations about random variables parameters that can be used to reduce the number of computations. 
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For purpose of presented works the DOProC procedure was re-implemented in the MATLAB procedural language. The 
problem of steel element fatigue studied below was analyzed with the use of the procedure. In the case of analysis of the 
probability of failure in one given time the computation on a modern desktop computer took tens of minutes. In cases 
where the whole expected life of the element has to be analyzed (that is, the reliability of failure was repeatedly analyzed for 
different time intervals) computational times were proportionally longer. Thus parallel implementation of the DOProC code 
was introduced. 
 

 
 

Figure 2: Schematic representation of the parallelization of DOProC procedure. 
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The DOProC procedure is similar to the MC one in terms of the requirement for data operations. The input data have to 
be represented by bounded histograms. The results of computations are obviously obtained in the same form as it is 
illustrated in Fig. 1. The number of intervals on results data histograms has to be determined before the computation starts. 
It is possible to use a similar procedure as the Monte algorithm used to determine histogram parameters at run-time but 
there was no obvious reason for it. 
The solution can be divided between k  processes in the analogy of the MC-based approach (see Fig. 2). The single program 
- multiple data was thus used in the form of the MATLAB SPMD functionality. The actual implementation utilized by the 
MATLAB is based on the MPI approach and libraries, so it is very similar in terms of strength and weak points to the MC-
based procedure described above. 
Inter-process communication is minimal in the implemented problem: the same input data are made available to all processes 
at the beginning. Then every process executes its part of the computations. At the end of computation, the data are collected. 
Thus the procedure and its implementation are relatively straightforward and code modifications against the serial version 
are minimal: the serial version code has 266 lines of code in total (heavy use of build-in MATLAB functions are obvious), 
the parallel one is 52 lines longer. 
 
 
COMPARATIVE CALCULATION 
 

he DOProC method has already been successfully used in the past to estimate the fatigue resistance of some 
structures. In [24] was performed the probabilistic assessment of a steel/reinforced concrete bridge from the 
highway in Slovakia using code FCProbCalc, which is possible to design the system of the inspections focused on a 

detail, where a longitudinal steel beam connects to a steel transversal beam, which tends to suffer from fatigue damage. 
The demonstration of using the methodology for the prediction of fatigue damage over time was made in [24] for the single 
edge-cracked steel element with rectangular cross-section under various loading based on experimentally obtained data and 
subsequently derived calibration functions that describe fatigue crack propagation for different types of stress. It is necessary 
to mention the fact that in all solved cases, the DOProC method has proven itself due to the accuracy of the solution, easy 
implementation, and, in the case of the use of the mentioned optimization techniques, also to the satisfactory calculation 
time. 
 
Description of the computational model 
A three-point bending laboratory sample with pre-defined crack a  was studied as a benchmark test example. The scheme 
of the analyzed sample is shown in Fig. 3. This particular problem was thoroughly experimentally investigated by the 
Institute of Physics of Materials of the Czech Academy of Sciences [25] thus necessary input data for numerical analysis 
have been available. 
 

 
 

Figure 3: Testing sample scheme. 
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The probability of failure Fp  is defined as the probability of the occurrence of a situation where the load effects E  exceeds 

the structural resistance R , i.e. a situation where the safety margin failG  is negative: 

 

        
acF a failp P R E N P G 0X         (2) 

 
where X  is the vector of random properties (material properties, geometric properties of the structure, load effect 
parameters, and - in the studied area of problems - parameters of fatigue crack).  
The analytical formulation is based on the Paris-Erdogan law, the load effects function E  can then be described by the 
equation: 
  

      m
aE N C N N0           (3) 

 
where: C , m  are material constants (fatigue parameters) from laboratory tests,   is stress range,  N0  is the number of 

cycles before the start of analysis (0 in the studied case), and aN  is the number of cycles for which the computation is 
executed.  
The resistance function was a form of: 
 

  


 


ac

ac

a

a ma
R a

a f a0

1
 d           (4) 

 
The a0  parameter is the initial fatigue crack size and the a  is the actual crack size. These parameters have to be compared 

with the maximum acceptable fatigue crack size from the edge of the specimen aca : 
 

 
 

 
PB

ac
y

F l
a h

w f
33

2
           (5) 

 
where PBF3  is force load of the sample, yf  is yield stress of the material, w  is width of beam, h  beam height and l  span 

of the specimen. 
To define the resistance R  the calibration function  f a  is necessary to derive. In the studied case (a three-point bending 

laboratory sample with a ratio of beam height h  to beam span l  of h l/ 4 ) this function was obtained from [25] in the 
form: 
 

                  
     

a a a
f a

h h h

2 3

1.0618 1.0658 2.9787 1.0435       (6) 

 
where a  is length of fatigue crack. 
 
Input data 
Deterministic and random input quantities are given in Tab. 1 and Tab. 2. 
In the model were defined four random variables: the number of cycles aN , the yield stress of material yf , the initial fatigue 

crack length a0 , and the loading force  PBF F3 . Random functions of variables were represented by histograms. All of 
these histograms have 64 bins.  
Obtaining the histogram aN  was slightly more complex as only a histogram N  which represented load cycles in one year 
was available. The probabilistic calculation is carried out in time steps where one step typically equals one year of the service 
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life of the construction. If there is a need to compute results at a different time than one year ( y 1 year) it is necessary to 

compute a histogram for such time. In accordance with [24] the aN  for given number of years y  can be computed as: 
 




y

a i
i

N N
1

 ,            (7) 

 
where iN  is the histogram for cycles in one year and the y  is number of years. 
This computation can be done with supporting tools of the ProbCalc software package or computed directly with DOProC 
approach (it was done in the case of MATLAB-based implementation of the DOProC). 
To avoid any DOProC-related influence on the Monte Carlo-based solution the aN  was also obtained by the computation 
in the Monte software. For this case, another user-level routine in the C language was developed and used (the solution was 
executed for 100,000 simulations). 
 

Quantity Value 

Material constant m   3  

Material constant C   
 

mm /2 1MPa m    132.2 10  

Height of the rectangular cross-section  h m   0.1  

Width of the rectangular cross-section  w m   0.01  
Span of the element  l m   0.4  

Target probability of failure  dp     d0.02277  2  
 

Table 1: Overview of input deterministic quantities. 
 

Quantity Distribution Mean value   
Standard deviation 

  

Total number of stress peaks per year N  [-] Normal  510   610  

Yield stress yf  of S690 steel [MPa]* Lognormal  817.1   6.15  

Force in three-point bending test PBF3  [kN] Normal  6   0.6  

Initial size of the fatigue crack a0  [mm] Lognormal  0.2   0.05  
*Note: Calculated from measured data 

 

Table 2: Overview of input random quantities expressed by bounded histograms. 
 
Analysis of achieved results 
The simulation in the Monte software was executed with the use of the above-mentioned custom procedure. The 
computation was done with the use of 100 000 simulations. The time of complete computation was under 10 seconds on 
the 3.8 GHz POWER9 computer. Due to the nature of a simulation-based method, the computation was repeated 5 times 
and average results are presented in Tab. 3. 
 

Years Monte Carlo DOProC 

35 0.018 0.013 

65 0.043 0.047 
 

Table 3: Resulting probabilities of failure FP  in specified time of structural operation. 

 
Fig. 4 demonstrates the accuracy of the calculation by the DOProC method when comparing serial and parallel calculation. 
It can be mentioned that differences between the results of serial and parallel computations were minimal (the first five 
decimal points of numbers were always identical for both serial and parallel case). The graph shows the increasing value of 
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the failure probability for the operating time of the analyzed structure. The chart also shows that the calculated probability 
of failure Fp  reached the specified target value between the years 53 and 54 when an inspection focusing on fatigue damage 
should take place on the analyzed detail in the real structure. 
 

 
 

Figure 4: Comparison of results for serial and parallel DOProC computations. 
 
Fig. 5 shows the influence of the number of computing units of parallel computing on the resulting machine time of the 
analysis. 
 

 
 

Figure 5: Parallel DOProC computational speed. 
 
The DOProC code was running in an interpreted mode on a different computer thus the computational times are not 
directly comparable with the Monte Carlo - based analysis. These results were obtained from computations on the 3.7 GHz 
AMD CPU-based Windows 11 machine with 12 CPU cores. However, the results showed in Fig. 5 demonstrate the relative 
speedup of the DOProC solution related to the use of the certain number of CPU cores. For the given problem there is 
considerable speedup for at least 8 cores: for the single CPU core the time was 6,345 seconds and for 8 CPU cores the time 
was 904 seconds, for 12 cores the time was 685 seconds. It can be thus concluded that the 685 seconds (11.4 minutes) time 
should be an acceptable time even for civil engineering practice. 
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CONCLUSIONS 
 

he article proposed the new parallel implementation of the Direct Optimized Probabilistic Computation method 
(DOProC). The main objective of this work was speedup up the DOProC method computation times because one 
of the main disadvantages of this method is an extremely large number of repeated computations required. It leads 

to long computation times which may be made this method unattractive for potential practical applications. The change 
from serial execution to parallel one is the thus obvious approach to lessen the above-mentioned disadvantage of the 
DOProC. 
The algorithm was demonstrated on a procedure which was applied to experimentally obtained data from a three-point test 
of a steel specimen with a predefined crack. The calculation was compared with the classical Monte Carlo method. The 
basic parameter for comparison was the value of the probability of calculation and then the speed of calculation in case of 
using parallel calculations. 
The obtained results show that the parallel execution of computations leads to a noticeable reduction in computational 
times while the precision of the solution is not considerably degraded. 
The created software for parallel calculation is going to be applied for fatigue damage prediction in the next period for the 
analysis of more complex details of real HSS structures. In this probabilistic calculation, the author's team will try to consider 
other factors affecting the fatigue resistance of the supporting element, for example, the effect of corrosion. It is assumed 
that this code will also be used on a supercomputer platform. 
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