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INTRODUCTION
 

he construction industry widely uses reinforced concrete (RC) structures due to their excellent technical properties 
and high durability. However, the RC structures are significantly affected by corrosion when exposed to 
environments containing high concentrations of chloride ions and/or carbon dioxide. This corrosion causes a 

reduction in bond strength and the delamination of the concrete cover due to the expansion volume of the rebar rust 
products, which are many times greater than the original volume of the rebars [1, 2]. Additionally, carbon dioxide, in 
combination with atmospheric humidity, can penetrate the micropores of the concrete, where it reacts with alkaline 
substances, resulting in the carbonation of the concrete, which also leads to concrete cracking [3]. 
Numerous studies have been conducted to assess damage in the RC structures and determine the level of rebar corrosion 
by using various methods. Experimental studies are commonly employed, with the accelerated corrosion test being the 
most widely used [4-6]. The goal of the accelerated corrosion test is to induce corrosion at a velocity much faster than 
would naturally occur. To optimize research time and ensure realistic corrosion levels, current densities are typically 
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recommended to range from 100 A/cm² to 500 A/cm² [5]. Tran et al., [6] used the accelerated corrosion test with a 
current density of 300 A/cm² on the RC beams and obtained promising results. Furthermore, Qiao et al., [7] conducted 
experimental studies to investigate the impact of non-uniform and localized corrosion on crack propagation in concrete 
by immersing the RC specimens in a NaCl solution tank. Andrade et al., [8] also observed that even a very thin rust layer 
of corrosion on the rebar could lead to significant cracking in the RC structure. Additionally, the study [9] proposed the 
use of polypyrrole films applied to the rebar to protect against corrosion without compromising the bond properties 
between the concrete and rebar. These studies generally investigate corrosion along the rebar and assume either uniform 
or non-uniform corrosion to apply to the structural analysis programs. 
Besides, several theoretical studies have been developed to predict the amount of corrosion and the time to crack 
initiation in the concrete cover. Bhargava et al., [10] proposed an analytical model to assess the fracture time of the 
concrete cover by considering the remaining strength of the cracked concrete layer, as well as the combined stiffness of 
the rebar and corrosion-induced rust products. Lu et al., [1] also developed a mathematical model to investigate the 
damage time based on the relationship between the radial pressure of corrosion products and the percentage of the rebar 
weight loss due to corrosion. 
In recent decades, the high-performance computing systems have developed rapidly. Therefore, simulation methods have 
also advanced to study damage behavior due to corrosion, such as the Discrete Element Method (DEM) [11] and the 
Rigid-Body-Spring Method [12]. Pan and Lu [13] proposed the stochastic modeling of reinforced concrete cracking due to 
non-uniform corrosion based on the finite element method (FEM). Yang et al., [14] used the analytical model for non-
uniform corrosion-induced concrete cracking based on the semi-elliptical assumption.  The study [15] described the 
cracking of the concrete cover due to rebar corrosion by using the two-dimensional lattice model. Zhang et al., [16] 
developed the damage plasticity model to investigate the concrete cover crack propagation due to elliptical non-uniform 
corrosion of rebar. Du et al., [17] provided the interfacial transition zone model to simulate the damage due to rebar 
corrosion in the structures containing multiphase by considering the interfacial effect between matrix and aggregate. 
Recently, the phase-field method has emerged as a reliable numerical method to predict the structural fracture in various 
materials or under different loading conditions, including brittle/quasi-brittle materials [18-20], ductile materials [21], and 
dynamic crack development [22]. However, the studies [18-22] did not satisfy the strain orthogonal conditions as 
proposed in the theory of He and Shao [23]. This orthogonal condition combined with the phase-field method, helps 
improve the accuracy of the material response after structural damage occurs. This has been corroborated in the studies, 
where the phase-field method was integrated with strain orthogonal conditions [23] to simulate the homogeneous 
materials [24], the anisotropic materials [25], the damage considering interface effects between the phases [26], and the 
optimization of the matrix-inclusion structures [27]. 
Furthermore, in the previous studies on corrosion problems, the phase-field method has typically considered either 
uniform corrosion or non-uniform corrosion [28-30], but these studies have not satisfied the orthogonal condition [23]. 
Therefore, the present study employs the phase-field method with the strain orthogonal conditions to investigate the 
effect of the rebar positioning and uniform versus non-uniform corrosion on concrete fracture in several typical RC cross-
sections. The results obtained will provide a comprehensive overview of damage development in the realistic RC cross-
sections. This will assist in the selection and rebar installation in the RC structures exposed to corrosive environments, to 
minimize damage caused by rebar corrosion. 
To achieve the aforementioned goals, this present paper has the outlines, as follows:  The methodology section describes 
the phase-field modeling with the orthogonal condition of the strain tensor for the uniform or the non-uniform 
corrosion-induced fracture. The next section presents some numerical examples corresponding to the typical RC 
structures. In each example, we compare the crack initiation and propagation, as well as the displacement of rust 
expansion under both uniform and non-uniform corrosion conditions. Finally, several conclusions are provided. 

 
 

METHODOLOGY 
 
Phase-field modeling with the orthogonal condition of the strain tensor 

e use a cracked solid V  
 (with  = 2, 3), and 1V     is its external boundary. A crack surface 

  which may propagate within the solid V.  In a regularized representation, a scalar phase-field variable 
( )d x  is used to describe the damage state within the solid V (i.e., ( )d x =0 when the solid is completely 

intact, ( )d x =1 when the solid has cracks). Regarding [18-20, 24], the energy total within the solid V  is 
determined as follows: 

W 
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   ˆ ( , ) , ,u c
V V

d d dV G d d dV     u            (1) 

 

in which, the operator d  is the gradient of the phase-field variable ( )d x ; the function    ,
2d l

d d d d
2l 2

     

denotes the crack surface density function, with l  is the length parameter which describes the width of the smeared 
crack; cG  denotes the fracture toughness of the material. In the case of the brittle materials, the strain tensor   is 

split into a negative part   and a positive part  such as .      When considering the major symmetry of 
the tensor of the elastic stiffness , we have: 
 

    : : : : : :           =
1 1
2 2
                (2) 

 

From [23], the strain energy     is split into a positive part     and a negative part     , it means 

               with: 

 

   : : : :, and        =
1 1
2 2
            (3) 

 

Eqn. (3) is obtained if the two strain parts  and  must satisfy the following orthogonal condition in the context of 
the inner product with the elastic stiffness tensor   behaving as a metric: 
 

: : 0               (4) 
 
and then, using the phase-field variable ( )d x  to denote the damage state of material, the function of the elastic strain 

energy density u  in Eqn. (1) is defined: 

 

      u g d                  (5) 

 

in which, the function    21 dg d d     denotes the function of the quadratic degradation, where the dimensionless 

parameter d 1 
 
helps the stability of numerical simulation after the occurrence of the structural fracture.   

 Then, the strain orthogonal condition of Eqn. (4) is analyzed into    1/2 1/2: : : 0.       We let Ε̂  being a 

transformed space of the strain tensor space Ε ,  with  1/2ˆ ˆ| andˆ ;      ΕΕ  let ˆ  and ˆ  denoting the 

positive and negative convex subsets, thus we have ˆ ˆ ˆ  Ε   . Let ˆˆ Ε being devided into ˆ ˆ   and

ˆ ,ˆ   the orthogonal condition in Eqn. (4) is analyzed as ˆ ˆ ˆ ˆ ˆ, and : 0;           in which 

   ˆˆ
minˆ ˆ ˆ ˆ ˆ ˆ:

2





   


     


 (see in [23-25]).  Thus, the two convex subsets of ˆ   are addressed by: 

 

          
ˆˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ| ; and | with

Tr
Tr 0 Tr 0           

  
 


    


Ε Ε I       (6) 

 

To satisfy the aforementioned orthogonal conditions and Eqn. (6), the two strain parts of ˆ  are analyzed by: 
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    ˆ ˆ ˆwith
1 1ˆ ˆ;devTr Tr 

 
     
 

I I       (7) 

 

in Eqn. (7), the deviatoric tensor ˆdev  is given: 
 

 ˆ ˆ 1 ˆdev Tr   


I           (8) 

 
According to Refs. [24, 25], the phase-field variable ( )d x and displacement vector ( )u x are determined by solving the 
staggered procedure of the following equation systems of (9) and (10):  
 

 ˆ , in

( ) on

( ) on

c
v

G
2(1- d) d d 0   V

l
d 1

d 0 V

  




  



   




x

x n

      (9) 

 

in which,  ,d
d

d d l d
l

      denote the derivative of the crack surface density function  ,d d   with the phase-field 

variable ;d  the function
  

  ˆ max ,
0, t

  


 

 
of Eqns. (9) is the strain history function. 

We have the following equation systems (10) to handle the displacement vector ( )u x : 
 

= in

ˆ( ) on

ˆ on

bo

u

F

0 V

V

V

 


 
   





f

u x u

n F

-

       (10) 

 
in Eqns. (10), the vector n  denotes the normal vector of the external boundary ;u FV V V     where FV  and 

uV  are the force boundary and the displacement boundary, respectively; bof  is the body force in domain V ; F̂  and û  
denote the prescribed tension force and displacement, respectively;  from Eqns. (3), (5), (7) and (8), the stress tensor   is 

defined as .u






 

 
Description of the uniform/ non-uniform corrosion in the phase-field method 
The uniform corrosion condition is illustrated in Fig. 1a, where the corrosion products cause uniform displacement u , 
which is due to the radial pressure applied at the interface between the rebar and the concrete. The increase of the rust 
pressure leads to concrete cracking, and the crack propagates to the edges of the cross-section. In Fig. 1a, D  and cD

represent the diameters of the initial rebar and the corroded rebar, respectively; cd  denotes the corrosion-induced loss of 
the rebar. 
Besides, the non-uniform corrosion condition is used in this paper to adopt the semi-elliptical model of [30], as shown in 
Fig. 1b. In Fig. 1b, the rust expansion displacement  u   is varied with angle ,  as described by the following 
expression (see [30]): 
 

 
  

       
if 0

cos sin

if

2 2

2 22 2
1 2

2

R u R u
R

u R u R u

u 2

 
  

  

 
  

   


 

  (11) 
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in which R  is the radius of the initial rebar, with 2D R ; 1u  and 2u represent the maximum and minimum 

displacements caused by the rust expansion of the rebar, where / 302 1u u  (see in [30]).  
 

 
(a) 

 
 

 
(b) 

 
(c) 

 
(d) 

Figure 1:  Description of the rebar corrosion: (a) uniform corrosion; (b) non-uniform corrosion; (c) non-uniform corrosion at the 
position P1 in (b); (d) non-uniform corrosion at the position P2 in (b). 
 
Note that the rebar corrosion at the position P1 (in Figs. 1(b-c)) will differ from the rebar corrosion at the position P2 (in 
Figs. 1(b) and 1(d)). In this paper, the rebar at the position P2 is placed equidistant from both edges of the cross-section 
as depicted in Fig. 1b, so-called the concrete cover thichness c. This results in the rust expansion displacement being 
described as a combined effect, as illustrated in Fig. 1(d). Meanwhile, the rust expansion displacement at position the P1 is 
shown in Fig. 1(c). 
 
 
NUMERICAL EXAMPLES  
 

ll examples are conducted using the phase-field modeling of the strain orthogonal condition, which is described 
in the methodology section. The material properties are employed as in [31], in which: Elastic modulus 
E=25000 MPa; Fracture toughness cG  =0.005 N/mm; Poisson’s ratio  =0.25; Length parameter l =0.5 mm. 

The boundary condition and the loading condition are depicted in Figs. 1(a-b). The lower-left node is fixed in both 
vertical and horizontal directions. The lower-right node: the vertical displacement is fixed, while the horizontal 
displacement is free. Both uniform corrosion and non-uniform corrosion conditions are applied in each example. For 

the case of the uniform corrosion, the rust expansion displacement of each simulation step -510 mmu =  around the 
rebar is assumed to be constant during the simulation process. In the case of the non-uniform corrosion, we use the 

maximum expansion displacement -510 mm1u = , the minimum expansion displacement is used as / 30,2 1u u   and 

the other positions have the expansion displacement  u   in polar coordinates, as depicted in Eqn. (11). 
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The objective of these examples is to use the phase-field method with cases of both uniform and non-uniform 
corrosion, as outlined in the methodology section, to investigate the crack initiation and propagation, as well as the rust 
expansion displacement at the time of the crack initiation (so-called the time 1t ) and at the time when the crack 

propagates to the edge of the structure (so-called the time 2t ) in the following problems: (i) The arrangement of one 
rebar or numerous rebars such that the area total of the rebars is equivalent, and the concrete cover thickness is fixed 
c=15mm. In this regard, the paper simulates the damage of the cross-sections containing various numbers and diameters 
of the rebars, which are asymmetrically arranged, as detailed in Tab. 1 and Figs. 2(a-d), respectively; (ii) The investigation 
of the arrangement of four D10 rebars symmetrically positioned at the four corners of the cross-section (denoted the 4-
D10-T2 type) and the four edges of the cross-section (denoted the 4-D10-T3 type), with the concrete cover thicknesses 
c=10mm, 15mm, and 20mm, as shown in Fig. 2(e) and Fig. 2(f), respectively; (iii) The simulation of the damage in the 
type of 4-D10-T3 containing the periodically distributed pores with the pore diameter of 8mm and the concrete cover 
thickness c=20mm (as shown in Fig. 2(g)). The RC cross-sections have the dimensions LH=100 100mm, and the 
boundary conditions are as described in Figs. 1(a-b). 
 

Samples 
 

One D20 rebar 
 

 
Two D14 rebars 

 

 
Three D12 rebars 

 

 
Four D10 rebars 

 
Label 1-D10 2-D14 3-D12 4-D10 

Total area (mm2) 314 308 339 314 
 

Table 1: Cross-section containing one rebar or numerous rebars with the equivalent rebar area fractions. 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

Figure 2: Dimensions of the cross-section containing the rebars: (a) 1-D20; (b) 2-D14; (c) 3-D12; (d) 4-D10-T1; ((a)-(d) concrete cover 
thickness c=15mm); (e) Type of 4-D10-T2 with c=10mm, 15mm, and 20mm; (f) Type of 4-D10-T3 with different values of c=10mm, 
15mm, and 20mm; (g) Type of 4-D10-T2 containing the pores with c=20mm (so-called 4-D10-T2-P-C20). 
 
Investigation of the corrosion-induced damage with equivalent fractions of the rebar area 
The proposed phase-field method of the strain orthogonal conditions can be validated by comparing the complete crack 
path between the simulation result and the result of the realistic accelerated corrosion experiments from our project, 
using two D14 rebars and the concrete cover thickness of c=15mm, as shown in Fig. 3. It is observed that the crack 
paths between the two aforementioned methods are very similar. Therefore, this proposed simulation method can be 
applied to the next examples to achieve the objectives of this paper. 
Figs. 4-9 compare the initiation and development of the cracks in the samples containing one rebar or numerous 
asymmetrically arranged rebars. The fixed concrete cover thickness is c=15mm.  Fig. 4 shows that, for the uniform 
corrosion condition, the crack propagates directly to the edge of the cross-section (see Figs. 4(a-b)). Regarding this 
problem, the rust expansion displacements from the times 1t  and 2t  are very small (see Fig. 10). In the case of non-
uniform corrosion, in addition to the crack propagating to the edge of the cross-section, two other branches of the crack 
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developing along the edges of the cross-section (see Figs. 4(c-d)). Thus the rust expansion displacements at these two 
times 1t  and 2t are larger compared to the uniform corrosion case (see Fig. 10). 
 

  
(a) (b) 

 

Figure 3: Comparison of the crack development on the 2-D14 cross-section between simulation method (a) and experiment (b). 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4: Crack development on the 1-D20 cross-section and c=15mm: (a) crack nucleation and (b) complete crack development due 
to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5: Crack development on the 2-D14 cross-section and c=15mm: (a) crack nucleation and (b) complete crack development due 
to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
Fig. 5 compares the nucleation and the propagation of the cracks on the RC cross-section of the 2-D14 type under the 
two corrosion conditions. In Fig. 5(b), for uniform corrosion, the crack propagates from the rebars and spreads 
horizontally toward the edge of the structure. Unlike Fig. 5(b), in Fig. 5(d), for non-uniform corrosion, the crack 
propagates toward the edge with a tendency to incline towards the corner of the structure, because in this zone of the 
structure, the rebars are subjected to the most severe corrosion, which corresponds with the position P2 (see Fig. 1(b) and 
Fig. 1(d)). Additionally, other cracks develop parallel to the other edges of the RC cross-section. 
Figs. 6-7 illustrate the corrosion-induced damage for the 3-D12 and the 4-D10-T1 cross-sections, in which the rebars are 
arranged into a single row and evenly spaced (see in Figs. 2(c-d). It is observed that for these two types of structures, the 
crack initiation and propagation trends are similar. However, the differences of the crack patterns emerge between the two 
corrosion conditions. For the uniform corrosion, the crack propagates horizontally from the rebars toward the edge of the 
structures (see Figs. 6(b) and 7(b)). In the case of the non-uniform corrosion, the cracks propagate to the edges of the 
structure, directed toward the corner of the cross-section. Additionally, other crack branches develop parallel to the two 
vertical edges of the structures (see Figs. 6(d) and 7(d)). 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6: Crack development on the 3-D12 cross-section and c=15mm: (a) crack nucleation and (b) complete crack development due 
to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7: Crack development on the 4-D10-T1 cross-section and c=15mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
From Fig. 10, it is observed that for the three structural types of the 2-D14, 3-D12, and 4-D10-T1, the rust expansion 
displacement distances between the two times 1t  and 2t of the uniform corrosion condition are smaller than the results of 

the non-uniform corrosion condition. The the rust expansion displacement values at the time 1t of the non-uniform 

corrosion are smaller than ones of the uniform corrosion. In contrast, the rust expansion values at the time 2t  of the non-
uniform corrosion are larger than ones of the uniform corrosion. When considering both uniform and non-uniform 
corrosion conditions, the rust expansion displacement values at the two times 1t  and 2t  decrease progressively across the 
2-D14, 3-D12, and 4-D10-T1 structures. For the 2-D14 structure, the rust expansion displacement distance between the 
two times 1t  and 2t  is very small. It can be inferred that after corrosion begins, the larger the diameter of the rebar, the 
greater the volume of rust products generated, which leads to faster crack propagation. 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 8: Crack development on the 4-D10-T2 cross-section and c=15mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
Fig. 1(e) describes the RC cross-section containing four D10 rebars, which are arranged symmetrically at the four corners 
of the structure (denoted the 4-D10-T2 type). From Fig. 8, it can be seen that, for this rebar arrangement, the crack 
development is similar under both uniform and non-uniform corrosion conditions. Specifically, the four cracks propagate 
towards the four corners of the cross-section, while the other cracks tend to develop parallel to the edges of the cross-
section, causing the entire concrete cover layer to detach from the rebars (see Figs. 8(b) and 8(d)). 
Fig. 1(f) depicts the symmetric arrangement of the four D10 rebars at the four edges of the cross-section, (denoted the 4-
D10-T3 type). From Fig. 9, for this rebar configuration, the clear difference is observed in the crack development between 
the uniform corrosion and the non-uniform corrosion conditions. For the uniform corrosion, it can be seen that the 
cracks develop in the diamond-shaped pattern, meaning that, in addition to cracks propagating directly to the edges of the 
cross-section, the remaining cracks connect to each other along the shortest distances between the rebars (see Fig. 9(b)). 
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In contrast, under the non-uniform corrosion condition, the main cracks propagate parallel to the edges of the cross-
section, leading to the delamination of the concrete cover layer (see Fig. 9(d)). 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

Figure 9: Crack development on the 4-D10-T3 cross-section and c=15mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
From Fig. 10, for the 4-D10-T2 and the 4-D10-T3 types, the rust expansion displacement at the time 1t  under the non-
uniform corrosion condition is smaller than the corresponding value under the uniform corrosion condition. In contrast, 
the rust expansion displacement at the time 2t  under the non-uniform corrosion condition is significantly larger than the 
displacement under the uniform corrosion condition. 

 
 

Figure 10: Comparisons of total displacement of the rust expansion between the cross-section containing rebars: 1-D20 ; 2-D14 ; 3-
D12 ; 4-D10-T1 ; 4-D10-T2; 4-D10-T3 with the concrete cover thickness c=15mm. 
 
The following observations are also provided in Fig. 10: (i) For each structural configuration with the different rebar 
arrangements, the rust expansion displacement values at the time 1t  under the uniform corrosion condition are always 
greater than those under the non-uniform corrosion condition. In contrast, the rust expansion displacement values at the 
time 2t under the uniform corrosion are always smaller than those under the non-uniform corrosion, except for the 1-D20 
configuration; (ii) For the 1-D20 and the 2-D14 configurations, under the condition of the uniform corrosion, the 
difference between the rust expansion displacement values at the times 1t  and 2t is very small, meaning the crack 
propagates very quickly to the edges of the cross-section after the crack initiation; (iii) For the four D10 rebars, the rust 
expansion displacement values at the times 1t  and 2t are increase progressively with the 4-D10-T1, 4-D10-T2, and 4-D10-
T3 configurations for both two corrosion conditions. 
 
Investigation of the corrosion-induced damage with the rebar layout and the concrete cover thickness changed 
This section investigates the damage in the cross-sections containing the four D10 rebars arranged at the four corners 
(denoted the 4-D10-T2 type in Fig. 2(e)) and the four rebars arranged along the four edges (denoted the 4-D10-T3 type in 
Fig. 2(f)), with varying concrete cover thicknesses. 
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(a) (b) (c) (d) 

Figure 11: Crack development on the 4-D10-T2 cross-section and c=10mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
Fig. 11 illustrates the crack propagation paths under the conditions of the uniform and the non-uniform corrosion for the 
4-D10-T2 type with the concrete cover thickness c=10mm. The primary crack paths between these two corrosion 
conditions include the cracks propagating toward the corner of the cross-section and other cracks extending parallel to the 
edges of the cross-sections (see Fig. 11(b) and Fig. 11(d)). Fig. 16 compares the rust expansion displacement values at the 
times 1t and 2t for these structures under the two corrosion conditions. It is observed that the rust expansion 

displacement values are quite similar at the times 1t and 2t , which can be explained by the thin concrete cover thickness, 
this phenomenon leads to the similar crack propagation paths. 
Fig. 12 provides the crack propagation under the conditions of the uniform and the non-uniform corrosion for the 4-
D10-T3 type with the concrete cover thickness c=10mm. Figs. 12(a-b) describe the damage due to the uniform corrosion 
condition. The crack propagation direction is generally similar to that observed for the 4-D10-T3 type with the concrete 
cover thickness c=15mm (see Fig. 9(b)). In this case, the main crack paths include: the cracks propagate toward the edge 
of the cross-section, and the secondary cracks develop in the diamond pattern between the shortest distances of the rebars 
(see Fig. 12(b)). In contrast, under the non-uniform corrosion condition, the primary crack propagation direction is 
parallel to the edges of the cross-section, leading to the delamination of the concrete cover layer from the cross-section (as 
shown in Fig. 12(d)). 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 12: Crack development on the 4-D10-T3 cross-section and c=10mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
Fig. 16 shows that, at the time 1t , for the 4-D10-T3 type with the concrete cover thickness of c=10 mm, the rust 
expansion displacements under the two corrosion conditions are nearly identical and also similar to the rust expansion 
displacement at the time 1t  for the 4-D10-T2 type. However, at the time 2t , the rust expansion displacement value for the 
non-uniform corrosion condition is significantly larger than that for the uniform corrosion condition, due to the distinctly 
different crack propagation trends between the two corrosion conditions. 
Fig. 13 compares the initiation and the development of the cracks in the 4-D10-T2 type with c=20 mm under the two 
corrosion conditions. Similar to the crack propagation trends observed for this type of the cross-sections with c=10 mm 
(see Fig. 11) and c=15 mm (see Fig. 8), for the concrete cover thickness of c= 20 mm, the two main types of the crack 
remain as follows: the cracks propagate toward the corner of the cross-sections, and the secondary cracks develop parallel 
to the edges of the cross-sections, leading to delamination of the concrete cover layer. The damage progression trends 
under both corrosion conditions are quite similar, resulting in similar rust expansion displacement values at the times 1t  

and 2t  between both corrosion conditions (see Fig. 16). 
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(a) (b) (c) (d) 

Figure 13: Crack development on the 4-D10-T2 cross-section and c=20mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 14: Crack development on the 4-D10-T3 cross-section and c=20mm: (a) crack nucleation and (b) complete crack development 
due to the uniform corrosion; (c) crack nucleation and (d) complete crack development due to the non-uniform corrosion. 
 
Fig. 14 predicts the damage for the 4-D10-T3 type with c=20mm. For the uniform corrosion condition, the crack 
propagation trend of this case is similar to that observed for the 4-D10-T3 type with c= 10mm and 15mm. The two 
distinct types of characteristic cracks as follows: the cracks propagate straight toward the edges of the structures and the 
cracks have the diamond shape (see Figs. 9(b), 12(b), and 14(b)). 
The non-uniform corrosion condition, as presented in Fig. 14(d), results in complex crack propagation due to the large 
concrete cover thickness. However, the crack propagation pattern can still be observed, revealing the following trends: 
The first type of crack tends to develop perpendicular to the edge of the cross-section from the rebars, while the second 
crack path arises from the competition between the cracks which are parallel to the edges of the structure and the cracks 
which take on the diamond shape of the uniform corrosion (see Fig. 14(d)). The second crack type exists because the 
distance between the adjacent rebars is relatively small, and the corrosion-induced expansion between these two adjacent 
rebars affects each other. Fig. 16 demonstrates that, at the time 1t , for the 4-D10-T3 type with c= 20 mm, the rust 

expansion displacements for both conditions are nearly the same and closely resemble those observed at the time 1t for 

the 4-D10-T2 type. However, for this structural type, at the time 2t , the rust expansion displacement value for the non-
uniform corrosion condition is significantly greater than that for the uniform corrosion condition, due to the distinct 
differences in the crack propagation trends between the two corrosion conditions. 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 15: Crack development on 4-D10-T2 cross-section containing pores and c=20mm (denoted type 4-D10-T2-P-C20): (a) crack 
nucleation and (b) complete crack development due to the uniform corrosion; (c) crack nucleation and (d) complete crack 
development due to the non-uniform corrosion. 
 
This final example predicts the damage of the 4-D10-T2 type with c= 20 mm, containing 13 uniformly distributed circular 
pores with their diameter of 8 mm (denoted the 4-D10-T2-P-C20 type), as presented in Fig. 2(g). The aim of this example 
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is to investigate the effect of the pores on the crack nucleation and propagation, as well as on the rust expansion 
displacements, under both the uniform and the non-uniform corrosion conditions. 
 

 
Figure 16: Comparisons of total displacement of the rust expansion between the cross-sections of 4-D10-T2 and 4-D10-T3 with c=10 
mm, c=15 mm and c=20 mm. 
 
Fig. 15 compares the damage between the two corrosion conditions. It is observed that, for the 4-D10-T2 type, with 
varying concrete cover thickness values and the presence or absence of the pores, the crack development is quite similar 
between the uniform and the non-uniform corrosion conditions. Specifically, the first crack type develops to the corner of 
the cross-sections, and the second crack type propagates parallel to the edges of the cross-sections. Therefore, the rust 
expansion displacement difference between the two corrosion conditions at the corresponding times 1t  and 2t  is not 
significant (see Fig. 16). However, when compared to the 4-D10-T2 structure without the pores and with c=20 mm, the 
rust expansion displacement values at the two times 1t and 2t are greater for the 4-D10-T2-P-C20 type, as shown in Fig. 
16. This difference can be attributed to the higher overall stiffness of the structure without the pores compared to the 
structure with the pores. 
From Fig. 16, it can be observed that for the 4-D10-T2 type and the 4-D10-T3 type, as well as for each corresponding 
corrosion condition, when the concrete cover thickness increases, the rust expansion displacement values at the two times  

1t  and 2t also increase. This indicates that structures with a larger concrete cover thickness are less affected by corrosion 
conditions. 
 
 
CONCLUSIONS 
 

his paper employs the phase-field modeling with the strain orthogonal condition for the damage caused by the 
uniform corrosion or the non-uniform corrosion to investigate the crack initiation and propagation, as well as the 
rust expansion displacements at the two times 1t  and 2t in the typical RC cross-sections. The obtained numerical 

results lead to the following conclusions: 
 In the case of one bar or multiple rebars asymmetrically arranged such that the equivalent area fractions of the rebars, 

with c=15mm, the damage under the uniform corrosion condition results in a single continuous crack that propagates 
to the edge of the cross-section. In contrast, for the non-uniform corrosion condition, in addition to the crack 
propagating to the edge of the cross-section, the other crack branches develop parallel to the edges of the structure. 
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This leads to the larger rust expansion displacement value at the time 2t  for the non-uniform corrosion condition 
compared to the corresponding values of the uniform corrosion. 

 For the 1-D20 and 2-D14 configurations under the uniform corrosion condition, the crack propagates rapidly to the 
edge of the structures after the first crack appears. 

 When c=15mm, the rust expansion displacement values at the times 1t  and 2t increase progressively for the structural 
types 4-D10-T1, 4-D10-T2, and 4-D10-T3. This phenomenon can similarly be observed when the value of the 
concrete cover thickness c is changed. 

 For both the uniform and the non-uniform corrosion conditions, and for the 4-D10-T2 type, when the concrete 
cover thickness changed, the crack pattern always follows this sequence: the first crack type develops from the rebar 
to the corner of the structure, and the second crack type propagates parallel to the edges of the structure, leading to 
the complete delamination of the concrete cover at all four edges. Since the crack paths are relatively similar between 
the two corrosion conditions, the rust expansion displacement values at the times  1t  and 2t are also relatively similar. 

 For the 4-D10-T2-C20 type with the pores, the crack propagation trend is similar to that of the structure without 
pores, meaning there are the cracks those develop to the corner of the structure and the other cracks propagate 
parallel to the structural edges under both corrosion conditions. However, the corresponding rust expansion 
displacement values of the structure with the pores at the times 1t  and 2t are smaller than those of the structure 
without the pores. This may be due to the overall stiffness of the structure with the pores being weaker than that of 
the structure without the pores. 

 For both the uniform and the non-uniform corrosion conditions of the 4-D10-T3 type with varying concrete cover 
thicknesses, the crack patterns between the two corrosion conditions differ significantly. Specifically, for uniform 
corrosion condition, the two main crack types exist, as follows: the first crack type propagates straight to the edges of 
the structure, while the second crack type develops in the diamond shape along the shortest distances between the 
two adjacent rebars. In contrast, for the non-uniform corrosion, the main crack propagation direction is parallel to the 
edges of the structure. Except for the case when c = 20mm, where the rebars are very close to each other, the damage 
occurs in the competition between the cracks propagating parallel to the structural edges and those in the diamond 
shape. Due to the more complex crack propagation path under the non-uniform corrosion condition, the rust 
expansion displacement value at the time 2t is much greater compared to that under the uniform corrosion condition. 

 In all cases of varying concrete cover thicknesses and for the 4-D10-T2 type and 4-D10-T3 type, the increase of the 
concrete cover thickness values leads to a corresponding increase in the rust expansion displacement values at both 
times 1t  and 2t . This indicates that a larger concrete cover thickness results in the RC structure being less affected by 
the corrosion conditions. 

The above conclusions provide designers with an overall understanding of the damage caused by both uniform and non-
uniform corrosion conditions, considering the position and the diameter of the rebars within the RC cross-sections. This 
insight is valuable for the appropriate arrangement of the rebars in the RC structures, helping to minimize the damage 
and enhance the durability of the RC structures under the corrosion conditions. In future study, we plan to extend the 
present work in the accelerated corrosion test on the aforementioned typical RC cross-sections, under the condition with 
or without stirrup reinforcements. 
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