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The static and modal analysis of concrete tank filled with water
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INTRODUCTION

drinking water, industrial liquids, and even gases. With the increasing requirements for safety and efficiency in the use

of water and energy resources, the importance of static and dynamic investigations of these special structures is still
increasing. Numerical modelling using the Finite Elements Method (FEM) is one of the most effective tools for analysing
complex tank—liquid interactions. Similar finite element investigations have been reported for the above-ground steel
storage tanks under the static and the seismic loads by Salem et al. [20]. Additionally, the computational methods using FEM
can be efficiently employed for the failure pressure prediction in cylindrical pressure vessels with high accuracy, often
achieving prediction errors below 1% [7]. Modern ANSYS APDL techniques offer sophisticated approaches for linear

I n modern civil engineering, tanks and reservoirs play essential role in ensuring the reliable storage of liquids, including
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elastic fracture mechanics analysis, which can be particularly useful for assessing structural integrity of tanks with potential
crack-like defects [23]. The Ansys Mechanical environment provides comprehensive fracture simulation capabilities,
allowing engineers to use fracture mechanics principles to simulate crack effects in structural components [5]. These
computational tools have been successfully applied to various pressure vessel applications, including reactor pressute vessels
and storage tanks [3].

In this work, the focus is put both on a detailed analysis of the behavior of the cylindrical reinforced concrete tank filled
with water using the Ansys softwate package — Workbench (WB) and Mechanical APDL (M/APDL). The comparison of
numerical and analytical calculations brings useful information about the accuracy and power of various approaches to
modelling structural and fluid behavior.

There are many studies in literature devoted to the static and dynamic analysis of the structures. For dynamically loaded
members, the modal analysis has to be catried out first, in order to assess the natural frequencies and mode shapes that have
essential impact to the mechanical behavior under the dynamic load. E.g., Koubova [14] offers such stipulation of natural
frequencies and mode shape stipulation for a curved beam. Similatly, for the cylindrical tanks, the modal analysis with
various factors, such as configuration, ambience, etc., influencing their mechanical behavior are widely dealt with. The
stability analysis under the seismic load investigation is described in Jerath and Lee [11], who studied the buckling of the
tank during earthquake typical for California, Kotrasova and Kormanikova [13] focus to the seismic response of cylindrical
fluid filling tanks fixed to rigid foundations, etc. The reports of Finite element (FE) approaches in Ansys Workbench can
be found e.g. in Rodwal [18], where the different types of layered soil under the tank are considered and its impact on the
tank’s behavior resting on the ground is discussed. In Tédnase [22], we can find the comparison of the stress state
determination of the thin-walled structures with both the membrane theory analysis and FE method. In [4], Amabili et al.
bring an experimental validation of the modal parameters calculated theoretically before and explores the impact of
hydrostatic pressure to the natural frequencies. Virellla et al. in [24] offer a case study in which he examines the tank subjected
to a horizontal vibration, the results for various aspect ratios, i.e. ratio height/diameter, are dealt, resulting in changes of the
eigenvalues, natural frequencies, and mode shapes. The discrete impulsive-convective model for tanks with manholes can
be found in Zanni et al. [25]. The various tank geometry and critical fill levels are tested as well as the fluid-soil-structure
interaction. The seismic safety of industrial liquid storage and sloshing is inspected in Kangda [12]. Ruan et al. [19] reveals
the significance of the computational fluid dynamics involvement in order to enhance capabilities for analyzing complex
tank behavior, particularly in pressurized thermal shock scenarios where both thermal and mechanical effects have to be
considered.

The long-term degradation mechanisms, such as reinforcement corrosion, can affect the stress distribution, as demonstrated
by Miloudi et al. [17] and Bouzelha et al. [6] for elevated concrete tanks. The adoption of fatigue and fracture mechanics-
based approaches characteristic for pressure vessels (Majid et al. [15]), can play a significant role, too; such approaches
increase the plausibility of the employed numerical methods.

ANALYSIS OF THE CYLINDRICAL TANK — THEORETICAL BACKGROUND

Hydrostatic pressure
n the mechanical problems of building physics, it is necessary to take all essential loads into account. Within the study
I of cylindrical tanks and reservoirs, along with the self-weight of the structure and the liquid, the effect of the structure-
liquid interaction, both static and dynamic, has to be taken into account. Accordingly, the effect of hydrostatic pressure
on the walls of the tank is included in the investigation and computation [10].
Generally, the hydrostatic pressure is given by the formula (1) according to Sobota [21].

p(z)=pa(h-3) (1)

where p is the hydrostatic pressute of the liquid [Pa], p is the density of the liquid [kg/m?], gis the gravitational acceleration
[m/s?], 7 is the height of the sutface of the liquid inside the tank (above the ground) [m], 4 is the height of the tank [m].

It is a known fact, evident from the formula (1) as well, that the hydrostatic pressure increases with depth of the liquid,
hence the term hydrostatic triangle, see Fig. 1 left, is often used herein. The hydrostatic pressure magnitude affecting the inner
surface of the tank is depicted in Fig. 2.
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Figure 1: A schematic view of the analyzed tank and a discretized shell geometry.

C: Static Structural
Hydrastatic Pressure
Time: 1,5

Unit: Pa
27.2,202411:51

58860 Max
52320
45780
39240
32700
26760
19620
13080

6540

0 Min

0,000 5,000 10,000 (rn)

2,500 7,500

Figure 2: Hydrostatic pressure distribution in a fully filled tank, ANSYS graphical output.

Dynamic analysis

As far as the interaction between the tank structure and the liquid is concerned, the dynamic influences prevalently dominate
over the static ones.

During dynamic analysis, we trace the effect of the load varying in time, and its mechanical impact, the resulting deformation,
stress and inner forces depending not only on this load, but on the inertial forces, too. Let us recall the inertial forces act in
the direction opposite to the acceleration vector. Naturally, the deformations vary with time as well. The differential equation
governing the dynamic effects on a structure is given by the formula (2).

My (r)+Ci(r)+Kv(r)=F (/) @

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, F{#) is the load vector, v(z‘) is the vector

of displacements, v(#) is the velocity vector, v(#) is the acceleration vector.

219



4 4
0/ o
y A. Filip et al., Fracture and Structural Integrity, 74 (2025) 217-226; DOI: 10.3221/IGF-ESIS.74.15 s
Modal analysis

Modal analysis provides a general insight into the undamped mechanical response of a structure, which is not exciting by a
force. It studies the natural frequencies and mode shapes of the structure, during free vibration. Herein, we get the governing
Eqn. (2) directly from the Eqn. (3), putting zero damping factor C and zero exciting force F¢).

M{}(z)+Kv(z)=0 3)

The non-trivial solution of the Eqn. (3) is then determined by the nonhomogeneous attached initial conditions — either the
non-zero initial deflection or non-zero initial velocity.
Supposing the harmonic vibration (4)

v(t)=v )
and supplying to (3) we get (5):
(K-o’M)v =0 )

wherte v is the amplitude vector of harmonic petriods and w is natural frequency. The Eqn. (5) has its non-trivial solution
for discrete values of natural frequencies w;, 7 = 1, #, with # being the order of matrices K and M. Natural frequencies are
computed under the condition of zero determinant (6).

det|[K - M| =0 ©)

Each natural frequency w; corresponds to a particular mode shape of vibration v;. In FEM systems, a range of algorithms
is typically used to solve this problem — for instance; ANSYS offers seven algorithms applicable to different cases.

The objective of modal analysis is to obtain the fundamental dynamic characteristics of the analyzed structure serves to
avoiding of the resonance during life span of the construction. Moreover, modal analysis is the starting point for solving
numerous other tasks.

Many mode shapes can be achieved by calculations on more complex structures, but only a few of them are significant.
Generally, the lower the natural frequency, the more significant the mode shape. However, we can also evaluate them
quantitatively using the so-called participation factor. It expresses the degree of participation of its mode shape on the
displacements and stresses of the structure in a certain direction (7),

v, =7 Md 0

where v; is the 7/ coefficient of the contribution in the direction of the vector excitation d, M is a mass matrix of the
structure. Another useful indicator is the effective mass My, which is understood as the mass of the structure excited by
the movement of the /" mode shape in a certain direction [7]. This one is given in kilograms and is obtained by a simple
calculation, as it is in the Eqn. (8).

My =y, ®

STATIC AND MODAL ANALYSES OF THE CYLINDRICAL TANK

n this chapter, the results of the static and modal analyses ate presented. The comparison of the results obtained from

Ansys Workbench and Ansys APDL with existing analytical solutions is provided and discussed.

The first comparison intended, is an evaluation of the agreement between the Ansys computations and analytical results
in a simple hydrostatic calculation and in a modal analysis. For the static analysis, within the Workbench platform, a function
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of hydrostatic pressure was employed. The results obtained were then compared with the analytical calculations from Sobota
[21] and, moreover, with the numerical calculations Haladej [8], where the author uses the method of the hydrostatic triangle
(TRIAN) within the Ansys platform M-APDL, using the FLUID30 element type.

The Ansys Workbench package was used to model our tank fully filled with water, both in the case of WB;LIN and
WB;QUAD. In the WB;LIN calculations, the linear acoustic elements FLLUID30 were used for water and air. In the
WB;QUAD calculations, the quadratic acoustic elements FLUID220 (cube/pyramid/prism) and FLUID221 (tetrahedron)
were used for water and air. As in the aforementioned work by Haladej [8] so in ours, we used shell elements to model the
tank itself.

Geometry

All computations presented in this paper were carried out on a thin-walled (shell-type) cylindrical tank with a
base radius » = 5 m, wall height /= 6 m, and wall thickness #= 0.2 m. Fixed support at the foundation was assumed as
boundary condition.

Material characteristics

The focused cylindrical tank is made of reinforced concrete, with a Young’s modulus of elasticity £ = 21 GPa and
Poisson’s ratio » = 0.167. It is fully filled with water, with a density g = 1000 kg/m?, the value of gravitational acceleration
9.81 m/s? is taken.

Static analysis of the focused tank

As mentioned above, in addition to the self-weight of the tank filled with water, hydrostatic pressure also acts on the
structure. Due to this hydrostatic pressure applied to the cylindrical tank, the so-called "elephant foot" shape appears.
Moreover, this special deformation effect is monitored in the static analysis, focused on the deflection of the walls of an
axially symmetric tank, see Fig. 3.

C: Static Structural
Total Deformation
Type: Total Deformation
Unit: m

Time: 15

13,2, 2024 13:50

0,00024872 Max
0,00022108
0,00019345
0,00016581
0,00013618
0,00011054
8,2007e-5
5,5271e-5
2,76%6e-5
0 Min

Figure 3: Static analysis: deformations caused by hydrostatic pressure.

Meter by meter along the height, the computed horizontal deformations in the direction of the outer normal are then taken.
The results of the individual analysis are summarized in Tab. 1. All deformations are given in millimetres. Our computation
was carried out in ANSYS Workbench software; the results are provided in the last two columns of Tab. 1, denoted by WB.
The hydrostatic pressure was employed in both method WB. In the case WB;LIN, the tank was modelled by the linear shell
clements SHELL181 (4-nodes), in the case WB;QUAD the second other shell SHELL281 (8 nodes) was used. Our
numerical results from ANSYS Workbench are then compared with analytical ones and the with two numerical ANSYS
Mechanical APDL outputs of Haladej [8], see the third and fourth columns in Tab. 1. In M/APDL TRIAN, the hydrostatic
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pressure was modelled by using the hydrostatic triangle method, in M/APDL;FLUID30 by using the acoustic elements
FLUID30.

g Rl WADL WL T i wnqua

0 0.000 0.000 0.000 0.001 0.000
1000 0.191 0.209 0.210 0.186 0.195
2000 0.249 0.261 0.262 0.251 0.248
3000 0.188 0.189 0.189 0.188 0.187
4000 0.120 0.122 0.121 0.119 0.119
5000 0.059 0.061 0.060 0.058 0.059
6000 0.000 0.000 0.000 0.000 -0.008

Table 1: Static analysis — Deformations in the outer normal direction due to the hydrostatic pressure.

In the ANSYS Workbench platform, the walls of the tank were discretized using either LIN — linear shell elements
(SHELL181- 4 nodes), or QUAD — quadratic shell elements (SHELL281 -8 nodes). The geometric model consists of 1741
shell quadrilateral elements, with approximate edge longitude of 0.4 m. We have verified that by a subsequent refinement
of the FE net, the results are précised only negligibly, and the number of elements is optimal. On the other hand, Haladej
[8] uses 3792 elements of type SHELLA43.

Statistical validation

The accuracy validation is based on the following statistical calculation by a recently developed methodology. The data are
assessed successively. First, one by one, the deflections in the direction of outer normal of particular level are compared
with reference values. Taken the differences from the reference values per unit height, the so-called relative error E, arises,
given by the formula (9).

Er(ﬁ,gz-)ﬂoo% 9)

i

in which £ is the 7 level of height — the value yielded based on a numerical method and g is the # reference value — the
value yielded analytically.

We assess the accuracy of individual model based on the mean absolute percentage error ( MLAPE ) according to (10), from
Statistics How to [16]:

MPE(f’g):@iﬂ (10)

N3 7

In which fstands as an identifier of the used numerical method, gis the reference value, N is the number of measurements,
N =7 in our case. Mean Absolute Percentage Error MAPE is a statistical measure that helps us to determine how accurate
our results from numerical calculations are in relation to analytical values. By comparing the MAPE of different models, we
can evaluate which model performs better in terms of accuracy. Lower values of MAPE indicate higher accuracy, while
higher values indicate lower accuracy.

The relative errors (9) and MAPE values (10) for the particular tools are presented in Tab. 2.

From the MAPE values presented in Tab. 2, we can briefly conclude that WB:QUAD works best. It can be observed that

the results obtained from Workbench are generally better than those from other methods presented here.

As expected, using quadratic elements provides results that are more accurate. On the other hand, it is somehow surprising
that the calculations in ANSYS Workbench, when considering the hydrostatic triangle load (WB), achieved more accurate
results than the calculation with the acoustic elements (FLUID30) in the ANSYS Mechanical APDL environment
(M/APDL;FLUID30) as it is typical in static analysis. This question can stand as an object of further exploration involving
a case study.
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WD WADE i vaaun
0 0.00% 0.00% N/A 0.00%
1000 8.61% 9.05% -2.55% 2.10%
2000 4.60% 4.96% 0.96% -0.27%
3000 0.53% 0.53% -0,02% -0.57%
4000 1.64% 0.83% -1.16% -0.67%
5000 3.28% 1.67% -0.99% -0.41%
6000 0.00% 0.00% N/A N/A
MAPE 2.67% 2.43% 1.14% 0.67%

Table 2: Static analysis — Relative errors of the numerical methods (hydrostatic pressure involved).

Modal analysis of the focused tank

As mentioned above, since the natural frequencies strongly affect the mechanical response of a construction to a dynamic
load, the modal analysis should precede each dynamic analysis. The modal analysis theory is based on the fact that each
body has a spectrum of natural frequencies, which depend on the number of degrees of freedom with which it can vibrate.
From a physical point of view, these frequencies correspond to the exchange of energy between different forms; in this
case, vibrational energy is converted to kinetic energy, Harish [9]. Advanced numerical techniques using finite element
methods have been successfully applied to study the seismic behaviour of unanchored steel tanks, particularly focusing on
uplift phenomena that can significantly affect structural integrity [2]. These computational approaches provide valuable
insights into dynamic tank r under various loading conditions.

The frequency at which natural resonance occurs is called the eigenfrequency, and the corresponding shape of the vibrating
body is called the mode shape. The first four mode shapes for fully filled tank, graphical output from Ansys Workbench
can be seen in Fig. 4.

The comparison of two different tools (M/APDL and WB;QUAD) performance is presented in Tab. 3, the first four
eigenfrequency solutions related to the first four mode shapes are issued. The data are provided for both empty and fully
filled tank. In M/APDL approach [8], the liquid is modelled by FLUID30 element and tank walls by SHELL43 with linear
approximating polynomial, while in our investigation using WB, quadratic element SHELL281 and hydrostatic pressure are
employed. Since the results are similar across the various methods used, we can briefly conclude that the model is valid and
that the results are physically consistent.

a) (b)
A: Modal Acoustics ( A: Modal Acoustics

Total Deformation 7 Total Deformation 12
Type: Total Deformation Type: Total Deformation
Frequency: 11,751 Hz Frequency: 12,952 Hz
Sweeping Phase: 0, * Sweeping Phase: 0, *
Unit: m
20.2.202419:37

Unit: m
20,2, 20241937
2,295e-6 Max
2,04e-6
1,785¢-6
153e-6
1,275¢-6
1,02¢-6
7,6501e-7

2,3336e-6 Max
2,0743e-6
1,815¢-6
1,5557¢-6
1,2064¢-6
1,0371e-6
7,7785-7
5,1857-7
2,5028¢-7
0Min

5,1001e-7
2,55e-7
0 Min
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A: Modal Acoustics
Total Deformation 19
Type: Total Deformation (C)
Frequency: 15,609 Hz

A: Modal Acoustics
Total Deformation 30 (d)
Type: Total Deformation
Frequency: 18,226 Hz
Sweeping Phase: 0, *

Sweeping Phase: 0, *
Unit:m

20.2. 20241937 Unit: m
20,2, 20241938
1,6961e-6 Max
1,5076¢-6
1,3192¢-6
1,1307-6
94227e-7
7,5382¢-7
5,6536e-7
3,7691e-7
1,8845¢-7
0 Min

1,3269e-6 Max
1,1795¢-6
1,032¢-6
8,8450e-7
7,3716e-7
5,8073¢-7
442207
2,0486¢-7
1,4743¢-7
0Min

Figure 4: Modal analysis: the first four natural shapes a), b), c), d) of the fully filled tank. Output from WB;QUAD.

Mode sh Empty tank Empty tank Fully filled tank Fully filled tank
ode shape M/APDL [8] WB; QUAD M/APDL [8] WB; QUAD
a 20.38 Hz 19.38 Hz 12.00 Hz 11.75 Hz
b 21.49 Hz 20.96 Hz 13.36 Hz 12.95 Hz
c 28.96 Hz 28.40 Hz 15.83 Hz 15.61 Hz
d 29.29 Hz 29.40 Hz 19.02 Hz 18.23 Hz

Table 3: Modal analysis — The first four eigenfrequencies of the empty a fully filled tank, computed by M/APDI aWB;QUAD.

CONCLUSION

symmetrical tank made of reinforced concrete filled with water. The use of different approaches in the ANSYS

Workbench and M-APDL environments offers detailed analysis of the influence of hydrostatic pressure on the wall
deformation and the vibration frequency characteristics.
The results show a good level of agreement between the analytical calculations and the numerical simulations. The suitability
of the given model and the accuracy of the calculations achieved were assessed, using the mean absolute percentage error.
Lower MAPE values indicate higher accuracy, while higher values indicate lower accuracy. As expected, the use of quadratic
elements reduces computational error. It is worth emphasizing the results of the modal analysis, which reveal the importance
of the eigenfrequencies knowledge in order to future ensuring the safety and the reliability of these structures to resonance.
The data obtained are relevant to engineering practice, especially when designing safe water-storing structures exposed to
the loads and external influences that obviously vary in time.
Moreover, the recent developments in fracture mechanics analysis using advanced computational techniques, including
virtual crack closure techniques and p-refinement finite element methods, offer promising avenues for enhanced structural
integrity assessment of cylindrical shells and pressure vessels [1]. These methodologies provide efficient approaches for the
damage-tolerant design strategies in various engineering applications, from aerospace to matrine structures. This investigation
points out to the fact that properly selected computational approach can efficiently model the real behavior of the structure.
Hence, it is an essential tool for designing and optimizing similar engineering systems.

T he study presented in this paper provides a comprehensive overview of the static and modal analysis of a rotationally
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