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Abstract

Teachers play a key role in promoting flexible mathematical thinking in society. There is a
growing need to develop better methods for both pre- and in-service teacher training, but
not enough is so far understood about what knowledge and skills teachers use in practical
teaching situations. The means for investigating this are few. A new analytic framework was
developed using abductive content analysis to investigate signs of script restructuring and
construction as they appear in teachers' written reflections reporting their experiences in
applying novel methods in their classrooms. Scripts are mental knowledge structures
combining formal professional knowledge and the knowledge teachers use in practical
situations with representations, assessments, and predictions of different classroom events.
Scripts enable teachers to make (rapid) shap decisions to structure their teaching and
manage classrooms to facilitate students' attention towards objectives, activities, and
information that support learning. In this multiple case qualitative study, six teachers
enrolled on the “Flexible and Adaptive Arithmetic Skills in Primary School” course, part
of the JoMa (Towards Flexible Mathematics) in-service training program, teaching
assignment and end-of-course reflections were investigated in depth. The goal was to
advance the application of script theory to the study of teachers' actions and thinking as
they engage in teaching intended to promote flexible mathematical thinking. The results
suggest that signs of script restructuring and construction can be investigated post-hoc from
textual accounts, scripts may have a considerable influence on teachers’ actions and
thinking, and by engaging in teaching practice in real-life settings and reflecting on these
accumulating experiences, processes leading to script development may be initiated. The
results suggest that the analytic framework developed is functional and robust, paving the
way for future investigations with larger samples. This study provided a more profound
understanding of how online in-service education can support teachers to develop scripts
supporting their competences to teach mathematical flexibility.
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1. Introduction

Teachers have a key role in promoting mathematical thinking across societies (Council of the European
Union, 2018; Ministry of Education and Culture, Finland, 2023; Organization for Economic Co-operation and
Development, 2023). Research has emphasized the need to promote flexible mathematical thinking
(Hickendorff et al., 2022; Verschaffel, 2024), which means having a more profound understanding and
awareness of mathematical concepts, relations, strategies, and representations. This enables the consideration
of several alternative strategies or ideas and the adaptive use of those that correspond to the situation at hand
(Hickendorff et al., 2022; Verschaffel, 2024). However, teachers’ competencies to promote this thinking may
vary widely. Teachers' understanding of the subject may be limited; they may teach math in a highly procedural
and restricted fashion and hold beliefs that inhibit their ability to promote students' flexible mathematical
thinking (Blomeke et al., 2011; Brunner & Star, 2024; Kaiser & Blomeke, 2013; Star et al., 2015). In Finland,
many aspiring preservice primary school teachers have weaknesses in basic arithmetic skills and lack a more
profound conceptual and structural understanding of mathematical principles and procedures. Many also think
of math as a difficult, boring, and rule-based subject mastered largely through learning by rote and
memorization (Ohtonen et al., 2023; Tossavainen & Leppéaho, 2018).

There is a growing need to develop better methods for both pre- and in-service teacher training to
advance teachers' understanding and appreciation of mathematics and their ability to promote mathematical
thinking. In recent decades, a lot of information and models have been proposed for the competencies that
math teachers need in order to promote their students’ mathematical understanding as well as their strategic,
creative, and adaptive use (e.g., Ball et al., 2005; Déhrmann et al., 2011; Shulman, 1986; Stigler & Miller,
2018). There is a lack of well-developed theoretical models of the knowledge which teachers use in complex
classroom situations where events take place quickly and require fast (re)actions from teachers (Blémeke et
al., 2015; Star et al., 2015).

In this study, we explore how the script theory, which was first developed in the field of medicine to
provide insight into how doctors established and used mental knowledge structures to assess patients’ illnesses
using cues and event representations (Charlin et al., 2000), could be applied to study teachers' knowledge
structures. Specifically, we investigate how teachers’ formal professional knowledge and the knowledge
teachers use in practical situations were affected when they participated in intensive in-service training aiming
to advance their understanding of flexible mathematical thinking and competencies to promote it.

Scripts are mental knowledge structures combining the formal professional and practical knowledge
needed for high-quality teaching in a readily accessible form. Scripts influence what the teachers notice as they
teach, how the noticed events are presented in the teachers’ minds, and how the teachers interpret and respond
to these events. Scripts provide teachers with a framework to make rapid assessments and decisions to manage
their classes and structure their teaching (Wolff et al., 2021).

There are currently no empirical studies that have explored teachers’ scripts as they reflect their
practical teaching experiences. This is the first scientific inquiry into how the theory can be applied to study
scripts of teachers who participated in in-service training aiming to promote their competence in teaching
flexible mathematical thinking. The goal is to investigate signs of script restructuring and construction as they
appear in teachers’ written teaching assignment- and end-of-course reflections. These reflections were
provided during the course Flexible and Adaptive Arithmetic Skills in Primary School (2022-2023). The
course was a part of the JoMa (Towards Flexible Mathematics) program, the first large-scale online in-service
program implemented in Finland intended to support early childhood education, pre-primary, primary, lower-
secondary, and high school teachers to develop competencies to teach flexible mathematical thinking. This
study furthers script theory from conceptual towards practical, paving the way for future investigations into
how scripts affect teachers’ actions and thinking as they aim to teach flexible mathematical thinking and how
in-service programs like JoMa could encourage teachers to engage in script restructuring and construction.
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1.1 Teachers’ formal professional knowledge base for advancing flexible mathematical thinking

Research has increasingly shown that differences in intelligence (e.g. general cognitive ability) or
initial skill and knowledge levels play a smaller role in students' becoming flexible mathematical thinkers than
do contextual, sociocultural, and demographic factors as well as students' and teachers' beliefs and mindsets
(Boaler & Dweck, 2015; Boaler et al., 2021; Star et al., 2015; Verschaffel, 2024). Becoming a flexible
mathematical thinker is a process that takes time and effort but nevertheless one that all students can engage
in and improve at if provided with high-quality education by skilled and competent teachers (Brunner &
Verschaffel, 2024; Newton et al., 2010; Rittle-Johnson et al., 2012).

Flexible mathematical thinkers have a more profound conceptual understanding of mathematical
principles and procedures (Hickendorff et al., 2022), a stronger sense of mathematical agency, and more
positive beliefs about their self-efficacy (Bui et al., 2023). They focus on mathematical aspects not only in
specific math tasks but also spontaneously in non-mathematical task contexts (McMullen et al., 2020), have
more adaptive knowledge about numbers and symbols (McMullen et al., 2016), and are more inclined to
approach math with curiosity and positivity (Boaler & Dweck, 2015; Boaler et al., 2021). Mathematically
flexible thinkers also possess the necessary conceptual and procedural knowledge (e.g., about mathematical
strategies) enabling them to apply mathematics regardless of the context in a way that suits them best (Hong,
etal., 2023).

Research suggests that competent teachers in advancing mathematical flexibility act proactively and
strategically to prevent disruptive events and turning students' attention towards objectives, activities, and
information that support flexible mathematical thinking (Depaepe et al., 2020). They provide their students
with information about mathematical building blocks (e.g. concepts, procedures, mathematical focusing
aspects), challenge them to think about when and how to use these, and encourage students to engage in
mathematical exploration and problem-solving in educational settings and real-life situations (Hickendorff et
al., 2022; Hong et al., 2023; Lehtinen et al., 2017; Star et al., 2015). They model mathematics using a variety
of means (e.g., drawing, diagrams, counting sticks) to illustrate mathematical concepts or procedures
thoroughly while also clearly covering their meaning (Boaler et al., 2016; Boaler et al., 2021). Competent
teachers aim to cultivate a sense of community, where making mistakes is acceptable, students can share their
thinking openly and engage in profound discussions about math and its applications (e.g., talk about the
relationship between fractions and decimals, compare multiple strategies) (Hong et al., 2023; Rittle-Johnson
et al., 2020).

Hence, to promote flexible mathematical thinking, teachers need to have a general understanding of
class management, be familiar with the content covered in math classes, and know how to create clear and
well-formulated learning opportunities that enable students to engage with mathematical contents effectively.
In this study, we use Shulman's (1986) classic conceptualization of teachers’ knowledge to differentiate
between these forms of knowing. According to Shulman (1986), math teachers’ formal professional knowledge
base consists of mathematical content knowledge (CK), mathematics pedagogical content knowledge (PCK),
and general pedagogical knowledge (GPK) supplemented by personal factors (e.g., traits, beliefs).
Mathematical content knowledge refers to knowledge about math facts, theories, principles, constructs etc.,
that are essential elements of mathematics needed to understand the subject and master its application in
practice (Blomeke, 2017). General pedagogical knowledge consists of the know-how about the general means,
practices, and strategies teachers can use to manage their classrooms and organize their teaching (e.g. ways of
promoting fruitful student-student relationships (Déhrmann et al., 2012). Pedagogical content knowledge is
information integrating the mathematical content and pedagogical knowledge needed to teach mathematics
effectively and accessibly (Star, 2023). For instance, knowledge about how to apply teaching methods and
assessment formats specifically designed to support students' understanding of the mathematical content as
well as their engagement and agency, like Number Talks and Math Walks (English et al., 2010; Parker &
Humphreys, 2018), qualifies as pedagogical content knowledge.
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1.2 Teachers’ scripts for teaching flexible mathematical thinking: merging formal professional and

practical knowledge

Teaching, like clinical medicine and -psychology and the practice of law, is a highly social and
dynamic profession where contextual factors, such as students' prior knowledge of the taught subjects, national
standards and curriculum as well as the physical learning environments have a major impact on teachers'
agency and ability to perform (Stigler & Miller, 2018). Although a lot can be learned about these and how they
affect teaching formally (e.g., through books, lectures, etc.,) such knowledge may remain disconnected from
practice. Formally acquired knowledge lacks information about many subtle cues of things and events that
teachers encounter when they work in classrooms with their students (Verloop et al., 2001; Wolff et al., 2021).
Most crucially, it is detached from the teacher’s subjective world of experience, such as his or her view of class
events and actually using pedagogical means, tools, and approaches to support students' learning. These
subjective experiences may invoke different affective responses, and they influence how teachers apply
formally learned professional knowledge in practice (van Dijk et al., 2022; Verloop et al., 2001; Wolff et al.,
2021).

Teachers' formal professional knowledge can be seen as equivalent to doctors' formal biomedical
knowledge (e.g., theoretical information about the human cardiovascular system), while knowledge teachers
use in practical situations is the counterpart of doctors’ clinical knowledge (e.g., practice-based knowledge
about symptoms associated with different diseases, potential treatments, and prognoses of their effects
(Boshuizen et al., 2012; Charlin et al., 2000; Jarodzka et al., 2013; Schmidt & Boshuizen, 1993). This practical
knowledge is used by the teachers in concrete situations to structure teaching, manage the classroom, and
support learning as different events occur (van Dijk et al., 2022: Verloop et al., 2001; Wolff et al., 2015). It
includes teachers' understanding of enabling conditions (background factors determining the likelihood of
different events occurring) and teachers' mental representations of perceived events (Wolff et al., 2021). It also
includes processes and predictions affiliated with the events presented, for instance, assessments of what would
happen if auxiliary questioning were used to tackle undesirable events (e.g., students having difficulties
initiating small group discussions about the content of the lesson during revision). Teachers accumulate
practical knowledge through actual teaching experiences or by investigating the teaching of others e.g., by
analyzing teaching cases (Wolff et al., 2015; Wolff et al., 2016; Wolff et al., 2017, 2021). Doctors do the same
when they analyze clinical cases and practice medicine (Boshuizen et al., 2012; Charlin et al., 2000; Jarodzka
et al., 2013; Schmidt & Boshuizen, 1993), while lawyers accumulate practical knowledge by examining legal
cases and practicing law (Boshuizen et al., 2020).

In clinical medicine, encapsulation is a process that leads to the intertwining of biomedical knowledge
and practical clinical knowledge into illness scripts (Jarodzka et al., 2013; Schmidt & Boshuizen, 1993). These
scripts provide clinicians with a framework to draw upon to make quick assessments and act decisively, for
instance, to effectively diagnose illnesses and treat their patients (Boshuizen et al., 2012; Charlin et al., 2000).
It has been suggested that teachers' formal professional knowledge and the knowledge teachers use in practical
situations may also combine by the means of encapsulation leading to the formation of classroom management
and teaching scripts. In these mental knowledge structures, individual pieces of information are organized into
scripts (Wolff et al., 2021). For example, information about a specific environmental signal is linked to
assessments of its meaning and consequences as well as potential means to tackle it providing the teacher with
a fleshed-out model to quickly assess what is happening and respond effectively (Wolff et al., 2021).

Script theory has been used mainly in the medical field to investigate doctors’ expertise and its
development (e.g., Boshuizen et al., 2012; Charlin et al., 2000; Jarodzka et al., 2013). However, a few attempts
have been made to expand the theory to investigate expertise in other domains, like psychology, business, and
law (Boshuizen et al., 2020). Recently, Wolff et al. (2021) expanded the script theory to the realm of education
and theorized how it could be used to investigate teachers' teaching.
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Looking at the work achieved in these fields we present a detailed theoretical model of the processes
teachers engage in to restructure and construct scripts. The model (see Figure 1) has been constructed by
carefully analyzing the previous work by Wolff et al. (2021) and synthesizing the core ideas presented in the
script literature and the research conducted particularly in the medical field (e.g., Boshuizen et al., 2012;
Charlin et al., 2000; Jarodzka et al., 2013; Schmidt & Boshuizen, 1993). Our aim is to describe the various
processes associated with script restructuring and construction and how these processes are related. This
illustrates how scripts are formed and how teachers' script formation could be supported.

Our theoretical model consists of three distinct processes: formation of event representations (teacher's
mental construction of the moment), perception making (focusing of attention to points of interest), and
inferring of explanations (making mental actions of interpretation e.g., about why things are happening in
class) (Figure 1). These may be initiated by accumulating experiences which are affected by teachers’ formal
professional knowledge base and may lead to script restructuring and construction. We will next elaborate on
these processes and how reflection may support them.
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Figure 1 The processes leading to script restructuring and construction through the encapsulation of formal
professional knowledge and knowledge teachers use in practical situations

Formal professional knowledge
base

Content knowledge General pedagogical Pedagogical content
knowledge knowledge

Acquired professional knowledge influences
teachers' experiences and vice versa

A4

Accumulated practical experiences through
actual teaching or by investigating the teaching
of othersyielding practical teaching knowledge

M

An encounter with an event that
the teacher's scripts do not match

A

v Processing of internalized data

Formed assessments and predictions

Event by imposing attention

influencing sensory data input and representations
processing of the obtained data P <}/

Explanations

Fosmoamg) >

Encapsulation of professional
with practical knowledge

'(\_'/Eﬁﬂﬂﬂ

Classroom management and teaching scripts containing teacher’s
mental representation of enabling conditions, process, and
consequences linked to various teaching events

A model to respond to the event that
mismatched with the teacher’s scripts

As teachers engage with students in class, different events manifest, for instance, students may
perpetrate disruptive behavior. Learning environments are complex, with many factors, some of which are
highly context-dependent (e.g., physical space, students’ prior knowledge) and others less so (teachers' views
and beliefs, societal educational goals, etc.) (Stigler & Miller, 2018). An almost endless number of events may
occur as teachers teach, multiple events may happen simultaneously, and their boundaries may be blurred
(when one event ends and another starts?) (Wolff et al., 2021). Also, not all teachers necessarily view the same
events similarly as they may manifest differently in the teachers’ minds.
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When different events occur, teachers form event representations (Figure 1). These are teachers’
mental constructions of the events occurring and are formed based on information teachers obtain about their
surroundings by using their senses (Wolff et al., 2021). A large body of sensory information is constantly
acquired by the teacher. Most of it is irrelevant for constructing a mental presentation of what is actually going
on. To construct an event representation, the incoming information needs to be processed (Wolff et al., 2021).

Perception works on two levels: internally and externally. Externally, perception guides how teachers
notice behavior and determines what events and associated cues they notice during teaching, influencing the
nature and quality of incoming sensory information. Internally, perception determines to what signals of the
sensory information attention is paid, affecting the interpretations teachers can make about occurring events
(Wolff et al., 2021). We refer to these mental actions of interpretation as explanations which determine if the
teacher knows what is happening in class and, more importantly, why things might be happening (e.g., why
students did not engage in Number Talk and what role the teacher's actions may have played in this) (Figure
1). Teachers use their explanations to make assessments and predictions about the underlying reasons for
events, their consequences, and the effects of responses that could be used to address different events (Wolff
et al., 2021). In the medical field, doctors engage in a similar process of reasoning and hypothesis formation
when seeking to determine what disease a patient is suffering from, what its root causes are, how the disease
can be treated, and what consequences different solutions may have (Boshuizen et al., 2012; Charlin et al.,
2000; Jarodzka et al., 2013).

Classroom management and teaching scripts contain teachers’ internal representations of past events
(i.e., signals and (potential) sources of problems associated with the event), constructed by directing attention
to aspects of the environment and (sensory) information obtained. They include assessments and predictions
(process) about the reasons behind presented events (enabling conditions), their outcomes, and the results
different responses may have if used to address the events (Wolff et al., 2021). There is a bidirectional
relationship between constructed event representations, perceptions made, and explanations inferred. When
event representations are formed, they begin to influence teachers' perception, affecting what external signals
and cues they observe and to what information obtained through the senses attention is paid. As teachers infer
explanations using their event representations, their interpretations begin to guide perception. Hence, teachers’
future event representations are influenced by previously inferred explanations (Wolff et al., 2015; Wolff et
al., 2016; Wolff et al., 2017, 2021).

It is crucial to note that event representations, perception, and explanations are also affected by
teachers' personal orientations (e.g., views, and attitudes) and formal professional and practical knowledge
accumulated through experience (Figure 1; Wolff et al., 2021). For instance, when new information is absorbed
into teachers’ formal professional knowledge base, it may begin to influence their behavior, thinking, and
attention as they engage in teaching. This engagement leads to the accumulation of experiences yielding
practical knowledge potentially impacted by the changes in the teacher’s formal professional knowledge base
(Figure 1).

Through experience teachers’ formal professional knowledge and knowledge used in practical
situations is structured into scripts. The structured knowledge is also associated with information about the
(potentially) occurring event’s enabling conditions, process, and consequences. Hence, when an event
matching an established script is encountered it is activated without much conscious effort leading to action
(Wolff et al., 2021). If an event that does not match an existing script is encountered during teaching, this may
cause teachers to form new event representations using their perception and to infer explanations, for instance,
to make assessments and predictions associated with that event. This can lead to the reform of an existing
script or to the construction of a new script to meet the demands of the novel event encountered. Such are the
procedures of script restructuring and construction leading to merging (by encapsulation) of teachers' formal
professional knowledge and knowledge teachers use in practical situations (Figure 1; Wolff et al., 2021).
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1.3. Investigating teachers’ scripts in the JoMa in-service training context

An important contribution of script theory for analyzing the impact of training that aims to enhance
teachers' expertise in supporting flexible mathematical thinking is that merely acquiring formal professional
knowledge does not suffice to promote expertise (Wolff et al., 2021). The training should encourage integrating
(through encapsulation) formal professional and practical knowledge into teaching scripts. This can be
achieved by providing teachers with formal professional knowledge about flexible mathematical thinking and
its promotion as well as practical teaching experiences that enable teachers to explore the use of formal
knowledge in practice (Wolff et al., 2021). Online in-service programs present a promising accessible,
scalable, and cost-effective solution to provide teachers with this knowledge, to implement it in practice, and
to reflect on their implementation experiences (Clements & Sarama, 2021; Darling-Hammond et al., 2017;
Mulcahy et al., 2021).

The JoMa program (Joustavaan Matematiikkaan — Towards Flexible Mathematics) consists of
professional development courses that incorporate features providing a promising arena for investigating
teachers’ scripts. The program has been operating since 2018 and consists of an introductory course designed
for all participants and courses aimed at teachers working at different levels of the education system. It is
Finland's first online in-service training program intended to support teachers’ competences to enhance their
ability to teach flexible mathematical thinking. JoMa program provides participants with up-to-date research-
based knowledge and practical methods for promoting students’ flexible mathematical thinking and
instructions for how to implement these in classrooms, pre-school, or daycare. Course materials include video
recorded lectures, discussions and feedback by experts and other participants as well as various exercises,
guestionnaires, and readings. Discussion forums allow open discussion with course instructors and other
participants.

The present study investigates the experiences of teachers who participated voluntarily in the
program's Flexible and Adaptive Arithmetic Skills in Primary School course. Teachers’ scripts may have been
impacted by the course in several ways: by providing teachers with formal professional and practical
knowledge about flexible mathematical thinking and how to teach it, enabling teachers to practice and gain
experience of teaching flexible mathematical thinking, and giving them the opportunity to reflect on these
experiences.

Firstly, expert video interviews, scientific writings by academics, professorial summaries, and
recorded classroom situation examples were used to present formal conceptual knowledge about flexible
mathematical thinking and teaching. Guidelines and examples showed teachers how to integrate the "theory"
of teaching flexible mathematical thinking into practice. These may have prompted teachers to assimilate new
formal professional knowledge leading them in the future to view, assess, and interpret events differently as
they teach (Jarodzka et al., 2013; Wolff et al., 2021).

Secondly, the teachers were provided with opportunities to gain teaching practice and experience by
conducting five expert-designed teaching assignments. In these, the teachers experimented with Number Talks,
which are short, open, and explorative discussions during which students and teachers jointly investigate
mathematical concepts, relations, phenomena, etc. (Parker & Humphreys, 2018). They can be used, for
instance, to compare multiple strategies or build a class-community supportive of idea sharing and exploration
(Parker & Humphreys, 2018; Rittle-Johnson et al., 2020). The teachers also designed and implemented Math
Walks, trips to different environments, during which the students were encouraged to pay attention to math in
their surroundings (shapes, patterns, numbers, relations, etc.) (English et al.,, 2010). These provide
opportunities to practice everyday mathematical problem-solving and focusing on mathematical aspects
(McMullen et al., 2020). During the assignments, the teachers tested multiple math games with their students,
like the Number Navigation Game. This game enables students to practice applying arithmetic operations to
solve calculations using fractions, percentages, and decimals promoting adaptive number knowledge and
rational number sense (Brezovszky et al., 2019; Bui et al., 2022). The teachers also designed new or modified
verbal math tasks presented in math textbooks. Using research and practice-based guidelines, the teachers
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worked to create tasks with sufficiently challenging problems that enabled a step-by-step inquiry with time
and thought as well as creative problem-solving (e.g., sequencing the tasks components by drawing) to promote
flexible mathematical thinking (Verschaffel et al., 2020; Vicente et al., 2022). Finally, the teachers explored
concretizing mathematical operations and concepts using various means of illustration, like drawing and
geometric shapes, but also creative means, for instance, rhythmic clapping and music. These provide multiple
avenues to investigate mathematical operations, concepts, and their relations, making mathematics education
more memorable, functional, and engaging (Boaler et al., 2016; Boaler, 2019).

The expert-designed teaching assignments bridged the gap between theory and practice. They provided
the teachers with practical experience of using means, tools, and practices incorporating flexible mathematical
thinking teaching principles with their students. Considering earlier script studies (e.g., Boshuizen et al., 2012;
Boshuizen, Gruber, & Strasser, 2020; Si, 2022) such experiences may have prompted teachers to construct
event representations and infer interpretations (e.g., assessments and predictions associated with the teaching
experiences) on their basis. This may have prompted teachers to engage in procedures of script restructuring
and construction to form scripts to meet the demands of novel events they may have encountered while
implementing teaching assignments.

Thirdly, expert-designed teaching assignments and end-of-course reflections encouraged the teachers
to consider the formal professional and practical knowledge provided in relation to their pre-and course time
experiences and personal orientations (e.g., values, beliefs). By writing a short report on the course platform
after the execution of teaching assignments, the teachers had the opportunity to explore their experiences
thoughtfully and with consideration. The teachers described, for instance, how they had implemented different
means and practices, what they had observed in their classes, what their explanations for these observations
were, and what they did in response to support students’ flexible mathematical thinking. In the end-of-course
reflection task, instead of focusing on a particular teaching assignment, the teachers were prompted to delve
reflectively into their course experience as a whole. The teachers considered, for instance, what they had done
to teach flexible mathematical thinking, thought about their skills and abilities to teach it, and stated which
practices and methods they found especially effective for its promotion during the course.

According to studies conducted in medicine (e.g., Boshuizen et al., 2012; Jarodzka et al., 2013; Si,
2022), psychology, business, and law (Boshuizen et al., 2020) as well as education (Wolff et al., 2015; Wolff
et al., 2016; Wolff et al., 2017, 2021) such reflective assignments may have influenced teachers’ scripts. They
may have prompted teachers to reflect on their teaching and the associated experiences in tandem with the
formal professional knowledge the course provided and personal orientations. Such reflections may have acted
as a catalyst for script restructuring and construction, for instance, causing a teacher to pay more attention in
the future to cues relevant for learning leading to sharper event representations enabling a teacher to make
more profound interpretations of what was going on in class and why.

To conclude, the teachers’ teaching assignment and end-of-course reflections during the Flexible and
Adaptive Arithmetic Skills in Primary School course are likely from the teachers’ perspective to contain novel
information about their course-time experiences, thoughts, and actions. Hence, they provide a data-set unique
in its breadth and depth for investigating teachers’ scripts as they aim to teach flexible mathematical thinking.

2. Research objectives and questions

The goal of this study is to provide in-depth information on how signs of script restructuring and
construction manifest in the JoMa course participant-teachers’ reflections. Hence, the participating teachers’
reflections on teaching assignments designed to promote flexible mathematical thinking and end-of-course
reflections where they consider their course time experiences as a whole are investigated. Also, from these
reflections the associations between signs of script restructuring and construction and formal professional
knowledge base are investigated as well as between experiences yielded by the JoMa course and indications
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of teachers’ engaging in script formation. These aims further the understanding of how script theory can be
used to explore the processes teachers engage in to construct knowledge structures leading to in-class actions
affecting teachers’ ability to teach flexible mathematical thinking. Additionally, the study shows how signs of
script restructuring and construction can be investigated using an abductive qualitative approach laying the
foundations for future inquiries. The main research questions are:

1) How do signs of script restructuring and construction manifest in primary school teachers’ reflections,
where they consider the experiences and knowledge accumulated as well as the thoughts occurring
and actions taken during the course designed to enhance their flexible mathematical thinking teaching
competencies?

2) How are the formal professional and practical knowledge as well as experiences yielded by JoMa
course associated with signs of teachers’ script restructuring and construction based on their
reflections?

3. Data and methods
3.1. Participants

In the present study, the qualitative data consists of teachers’ expert-designed teaching assignments
and end-of-course reflections. Six teachers (N = 6) were selected from among the 226 participants who enrolled
on the Flexible and Adaptive Arithmetic Skills in Primary School course 2022—-2023 and gave their consent
to the use of these for research purposes. The course was aimed at primary school teachers who in Finland
teach grades 1-6 and work with children typically aged 7-13. The selected teachers are referred to in this article
by the aliases Sanni (age range 20—29), Julia (age range 40—46), Anna (age range 20—29), Daniel (age range
40—49), Heikki (age range 50—59) and Alexander (age range 30—39). These teachers were selected because
their reflections were particularly rich and detailed. They convey a finetuned image of the teachers' view of
the moment as they implemented teaching assignments (what was observed, how students were engaged, what
pedagogical methods were used, etc.). They also contain statements, questions, and comments rich in the
interpretation of in-class events (e.g. why things unfolded in class as they did), teaching methods (e.g. what
effects they had on students’ thinking and learning), and reflective critical thinking (e.g., what the teacher
would do differently in future to promote students’ flexible mathematical thinking). In addition, the teachers
represent a nicely diverse spectrum of age and teaching experience.

The decision to select these six teachers as objects of inquiry to answer the research questions was
preceded by a stage of preliminary investigation, during which systematic sampling was used to select 10% of
teaching assignment and end-of-course reflections provided by the 226 course enrollees. These were analyzed
sentence by sentence to see if a coding framework could be developed to identify signs of teachers' scripts as
they engaged in teaching intended to foster flexible mathematical thinking. This was necessary for identifying
teachers whose reflections provided insights into teaching scripts embedded in the wealth and depth of the
JoMa data.

3.2. Qualitative analysis

There are currently no methods for investigating scripts from written reflections. Hence, we set out to
see if an analytic framework could be developed for exploring signs of script construction from reflective
textual accounts. The first author relied heavily on script theory as a starting point. Abductive content analysis,
a common theory-guided qualitative research method was used due to its well-proven functionality for
inquiring in-depth about research subjects’ subjective experiences and internal thoughts (Cohen et al., 2018).
Guided by the established theoretical framework (script theory and studies, Shulman’s model, research about
flexible mathematical thinking and its teaching), the researcher immersed himself in the data to identify signs
(e.g., words, phrases, and statements) indicative of essential script components (event representations,
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perceptions, and explanations). Since formal professional knowledge and accumulated experiences have
important roles in script formation and alteration (e.g., Boshuizen et al., 2012; Jarodzka et al., 2013), references
to these were also searched for during the analysis to investigate how they relate to teachers’ scripts in the
reflections.

Signs of event representation construction were identified by sorting out reflections where the teachers
presented their views of events or situations that had occurred as they taught. These reflections needed to
contain information about cues and signals the teachers paid attention to during teaching and include
descriptions of what the teachers did “in class” and what transpired as a result of their actions. Also, as event
representations are formed by teachers on the basis of information they obtain and attend to using perception,
teachers accounts containing signs of event representations construction had to include references to the
teachers' points of attention i.e., their perceptions.

We concede that assessing the accuracy of the external perceptions the teachers constructed as they
implemented teaching assignments from reflective accounts is not feasible. This would have required
monitoring and documenting what really transpired in the classrooms as the teachers taught. Still, any
descriptions of detail about what the teachers thought had transpired as they implemented different teaching
assignments, for instance, about students’ actions, thinking, and emotions, indicate that the teachers’ attention
must have been focused on these as the events occurred. Moreover, if the teachers were recalling such things
they must have been deemed worthy of recounting, suggesting the teachers’ attention was also attuned to them
during the reflection process.

In the teachers’ reflections there are a lot of references to the content the teachers covered, the
pedagogical methods they used, and signs of the interpretations the teachers inferred during the teaching
assignments. Based on the aforementioned definition of perception, the teachers must have oriented their
attention to these “in the moment” of teaching and during the reflection process. However, since the formal
professional knowledge base and explanations categories covered such factors, they were not coded separately
as signs of making perceptions. Instead, the focus was kept on students. We wanted to comprehend how the
teachers’ perceived students, for instance, when they implemented particular teaching methods or made
interpretations about their effectiveness (e.g., how the students engaged with each other, if their learning was
impacted and how).

We also had an interest in exploring how the teachers perceived learning environments as they taught
(e.g., classrooms, outdoor spaces, public spaces like the library). It is well established that perceptions of the
environment impact teachers’ acting and thinking, influencing their scripts in multiple ways (e.g., the quality
and content of event representations and explanations inferred from these) (Wolff et al., 2015; Wolff et al.,
2016; Wolff et al., 2017, 2021). When developing the coding framework, it was discovered that the teachers'
reflections contained hardly any signs of the teachers making perceptions associated with learning
environments that afforded insight into how they might have influenced the teachers' actions and thinking.
Hence, this avenue was not further pursued.

Based on the theoretical frame, teachers’ statements, questions, and comments rich in inferred
explanations (e.g., assessment, and predictions associated with various events) had to be accompanied by
references to different events, methods, tools, approaches, or actors (students, parents, co-workers, etc.) to give
them context and meaning (Boshuizen et al., 2020; Charlin et al., 2000; Wolff et al., 2021). Hence, signs of
teachers constructing event representations, making perceptions, and referencing formal professional
knowledge base and accumulated experiences were first identified and then assessed to determine if they
included indications of the teachers' mental striving towards inferring explanations. The correctness of these
explanations was not of interest, rather the depth and breadth. To be counted as signs of inferring explanations,
the teachers had to describe what they thought about the reasons behind classroom events and situations,
student behavior and thinking, or affects related to different tools, practices, approaches, etc., used to teach
flexible mathematical thinking.
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Guided by Shulman’s (1986) conceptualization and the existing research on teachers' professional
knowledge (Blomeke, 2017; Dohrmann et al., 2012; Star, 2023), references to teachers’ formal professional
knowledge base were identified and sorted according to whether they contained information about content,
general pedagogical, or pedagogical content knowledge. Many of the references identified were not so
profound, but rather assertive in nature. For instance, a teacher might have reported having explored fractions
in class through joint discussion using geometric shapes without providing specifics as to exactly how this was
done or to what affect. Also, the teachers’ accounts of exploring mathematical content by pedagogical means,
approaches, tools, etc., might not include any indications that the teachers directed their attention to the
environment to make perceptions or sought to infer explanatory accounts about the reasons, consequences, or
solutions related to the situation.

Identifying references to teachers’ formal professional knowledge base was nevertheless valuable. It
enabled us to establish the context for many of the teachers’ remarks. For example, when a teacher was
describing using Number Talk to support students’ fundamental understanding about the concept of equality,
we were able to code what mathematical content was covered and how. If such a description contained
indications that the teachers’ engaged in script restructuring and construction processes (e.g., made
perceptions, inferred explanations), these were coded separately. Hence, the depth and meaningfulness of the
teachers’ accounts of formal professional knowledge base was determined by the references to script
restructuring and construction processes that may or may not have accompanied them.

We were also interested in investigating how the teachers’ course experiences were associated with
the signs of script restructuring and construction according to their reflections. Therefore, the teachers’
reflections were scrutinized for phrases and paragraphs containing indications of changes like statements “I
now know understanding math profoundly enables adaptivity” or “I have started to use Number Talks daily in
my class”. References to experiences pre-dating course participation were not categorized as accumulated
experiences resulting from the JoMa course. As indications of change related to course time experiences were
discovered, associated references to script restructuring and construction processes and formal professional
knowledge base were also coded and grouped. This enabled us to explore how the teachers’ accumulated
experiences were related to manifestations of script restructuring and construction as the teachers reflected on
teaching flexible mathematical thinking.

During the analysis, it became apparent that, in addition to reflecting on experiences that occurred
during the course, the teachers consistently referred in their accounts to the time and experiences preceding
the course. For instance, they compared pre-, during-, and post-course teaching experiences and described
impacts on their perceptual behavior by comparing what they had done previously and aimed to focus on after
the course. Also, some teachers talked about being unable to implement expert-designed teaching assignments.
The reasons included that the teachers were currently on maternity leave or working part-time or as special
needs educators, so they did not have classes of their own. In their reflections, these teachers often described
teaching experiments they had conducted before the course, using methods included in the expert-designed
teaching assignments, like Number Talks and Walks. Given these findings, a time dimension was included in
the coding framework to try and distinguish between references referring to pre-, during-, and post-course
time.

The first author completed multiple cycles of reading and coding establishing numerous main,
subcodes, and sub-subcodes. This process of structuring and differentiation led to the emergence of three main-
and seven subcategories deriving firmly from the established theoretical framework. The nature and content
of the established categories was jointly discussed by the co-authors on multiple occasions. Coloring was used
to differentiate units of analysis indicative of information relating to different main and subcategories.

The final version of the coding framework developed consisted of three main codes, seven subcodes,

and three time codes, including one for coding references where the time dimension could not be inferred.
Instructions were written with multiple examples of when and how to use main and subcodes in tandem with
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the time codes. Also, coded references were included as illustrative examples for using the codes. A simplified
version of the coding framework developed is presented in Table 1. For the full framework, see Appendix 1.
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Table 1 A simplified version of the developed coding framework.

Moberg et al

Main References to formal professional knowledge base (FPKB)
category
. References to math facts, - E.g., references to geometry,
Mathematical content . . ; : . .
theories, - principles, - constructs | arithmetic, equality, number line,
knowledge (MCK) . .
etc. unit conversion, etc.
References to general means,
practices, and strategies for E.g., accounts of engaging in
General pedagogical classroom management and teacher-teacher collaboration,
knowledge (GPK) organization (e.g., ways of promoting action-based learning,
Sub- forming fruitful student-student | etc.
category relationships).
References to integration of E.g., references to teaching mgth
. through Number Talks, engaging
. . mathematical content-, . - . !
Mathematical pedagogical . S in mathematical modelling with
pedagogical-, and didactical . .
content knowledge - students (using geometric
knowledge (e.g., descriptions of
(MPCK) . shaped, blocks, etc.),
using Math Walks and Number : -
. incorporation math play or
Talks as a part of teaching). A )
exploration in teaching, etc.
(Ii/la?e;gory Signs of restructuring and constructing classroom management and teaching scripts (CMTYS)
Descriptions of events occurring during the teaching assignments
written with details of what cues and signals the teachers paid
Event representations (ER) | attention (e.g., how students engaged with the task) that also include
descriptions of what the teachers did “in class” and what transpired as
a result of their actions.
No previous Presentation Accounts indicating that no previous event presentation had been
(NPP) formed (e.g., participant had never conducted a Math Walk).
References to the teachers’ E.g., students' strategies for
points of attention as they solving geometric puzzles are
Sub- Perception (P) implemented the teaching described, students' emotions
category P assignments (e.g., students’ evoked by the expert-designed
interactions or engagement with | tasks are highlighted.
the assignments).
Statements,_que_stl_ons, and . E.g., the teacher estimates
comments rich in interpretation L .
students' prejudices affected their
(e.g., what effects Number Talk | : . h H
. had on students’ thinking, why mtere.St In math games, the .
Explanations (E) . i effectiveness of Math Walks is
students did not engage with the L
: evaluated by mirroring
assignment, what the teacher L . .
: . situational observations with
would do differently in future
student feedback.
and why).
Main .
References to accumulated experiences (AE)
category
References indicating that E.g., the teacher reports having
course-time experiences affected | adopted Number Talk into
Sub- Accumulated experiences the teachers’ thinking and personal teaching arsenal, the
category | (AE) teaching (e.g., adoption of new teacher’s prejudices towards
teaching methods, new mathematics textbooks have
perspectives gained). decreased during the course.
Time Pre-course (1) Course-time (2) Post-course (UN)
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The following is an extract by Alexander coded using the framework. Colors refer to different sub-categories
in this example.

- The students quickly got into the game, once we started playing together from the same
points and had a joint discussion about how to play the game (2. CMTS-P Students’ engagement
with learning tasks/content) (2_FPKB- GPK Game based learning) (2_CMTS-EP-IS) (2_FPKB-GPK
Collaboration, teacher with students) (2_FPKB-GPK Joint reflection)

This example shows how a single sentence could contain references to signs of multiple script restructuring
and construction processes. In Alexander's reflection, he describes his event representation (ER) formed while
engaging with students in a game-based learning session. This event took place during the course. Hence, Time
Code 2 precedes other codes used. In the analytical framework, game-based learning is a part of teachers'
formal professional knowledge base (FPKB), specifically categorized as a general pedagogical knowledge
(GPK) based way of promoting learning. Alexander talks about playing the game with his students, an action
also categorized as a part of teachers' general pedagogical arsenal (GPK Collaboration, teacher with students).
From Alexander's description, it is possible to infer signs that he paid attention to how his students engaged in
gaming and the actions supporting this. Hence, his perception (P) was aimed at students' engagement with
learning tasks/content. This signals that Alexander engaged in a process of perception-making associated with
restructuring and constructing classroom management and teaching scripts (CMTS) during the implementation
of the expert-designed teaching assignment. Also, Alexander used joint discussion, a general pedagogical
approach, to support this engagement. Hence, the extract also received codes 2_CMTS-P Students’
engagement with learning tasks/content and 2_FPKB-GPK Joint reflection.

The preliminary investigation on the selected 10% of the data yielded by the 226 course enrollees was
conducted rigorously, reflectively, and self-critically to derive results representing signs of the teachers' scripts
restructuring and construction and their relations to formal professional knowledge and accumulated
experiences as truthfully as possible. The results were discussed collectively on multiple occasions among all
co-authors. Based on these discussions, the coding framework was developed, and the data were analyzed
repeatedly until a level of consensus was reached. Also, the findings were presented to the members of XXXX
research group. The members provided additional comments and suggestions on the coding framework. The
preliminary investigation culminated in writing the coding framework presented in Appendix 1.

Next, six teachers, whose reflections were rich and detailed, were selected to show how the coding
framework could be used to explore teachers' script restructuring and construction signs in relation to
references of formal professional knowledge and accumulated experiences. The first author chose the teachers
included in the preliminary investigation best suited for this. These choices were discussed together with all
co-authors. He delved into the dataset to find and code the missing teaching assignment and end-of-course
reflections for a few of the teachers. These were not included in the preliminary investigation because of the
systematic sampling. Complete profiles for the selected teachers were constructed which included all their
teaching assignments and end-of-course reflections coded using the established framework. The following
section is devoted to exploring these findings.

4, Results

We begin by describing and presenting in detail with reference examples how signs of script
restructuring and construction (event representations construction, making perceptions, and inferring
explanations) appeared in the selected teachers’ reflections. Next, we report how references to formal
professional knowledge and accumulated experiences manifested in the reflections. We conclude by exploring
how references to formal professional knowledge and accumulated experiences were associated with signs of
script restructuring and construction in the teachers’ reflections.

4.1 Signs of script restructuring and construction
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In the six teachers’ reflections signs of constructing event representations were descriptive accounts
containing information about the teachers’ experiences, observations, and interpretations as they implemented
teaching assignments (what was observed, how students were engaged, what pedagogical methods were used
etc.). They conveyed these teachers’ recounted views of specific events and situations they had experienced
as they engaged in teaching to promote flexible mathematical thinking. These were accompanied by references
signaling what perceptions the teachers made during these events and situations. This makes sense as event
representations are mental presentations of what is going on and why, constructed on the basis of perception.
The following account by Sanni shows how signs of constructing event representations and making
perceptions appeared together in the teachers’ reflections. In this assignment, teachers were instructed to
explore using Number Talks to investigate equivalence by adding arithmetic sentences on both sides of the
equal sign to maintain the equivalence.

| tried the Number Talk method with third graders. | deliberately carried out the experiment very
much following Teija's instructions on the video. We haven't tried anything similar with the class
before. Of course, we have previously explored a few different counting options, but in such detail
and duration, the matter has not been discussed. Like in Teija's video, | drew _ =25-5. The
students first looked at the equation with their mouths open, and when | told them that this would be
discussed together for the whole hour, they were really amazed. | introduced them to the seesaw and
because of the S2 students [Finnish as second language], a lot of time had to be spent to foster a
conceptual understanding of it. At first, the students mainly came up with additions and subtractions
[as solutions], and only after a while was | able to guide them to think, for example, of using
multiplication and division. This was a very eye-opening experience - - | realized as a result of this
experience that rushing doesn't benefit anyone, but on the other hand, for some students,
concentrating on one task seemed to be really challenging and they were unable to focus on thinking
about the solutions to the task.

There are a few interesting points that warrant attention in the extract. First, Sanni indicated she had
not used the Number Talk method before with the class. This lack of experience is accompanied by a reference
to exploring only “a few different counting options”. These accounts indicate that Sanni has not previously
formed an event representation, which would correspond to the situation described in the rest of the extract.
The novelty of the situation sets a promising premise for Sanni to engage in a new event representation
construction by making perceptions and inferring explanations as things evolve. Indeed, Sanni’s depictions of
students’ reactions throughout the account are detailed, showing that her perception was tuned towards the
students as she was forming her event representation. There are also signs of her inferring explanations on the
basis of her experience as she reports realizing that "rushing doesn't benefit anyone". Sanni’s remark at the
end that “This was a very eye-0Opening experience™ even suggests that her previously held notions have been
impacted by the experience, leaving the door open to the beginnings of a script development. Yet Sanni also
shows signs of doubt. She concludes her recollection of the event representation by drawing attention to her
perception that some students’ concentration was challenged by the task, and they seemed unable to focus on
coming up with solutions.

Of all the processes associated with restructuring and constructing scripts, accounts where the teachers
made explicit their inferred explanations gave the most profound information about the reasons, hypotheses,
and assumptions the teachers’ related to different events they encountered. They provided a glimpse into what
was going on in the informants’ minds at the level of interpretation (e.g., about their evaluations, reflections,
and thoughts). To illustrate, we analyze the next quotation by Alexander.

The game [Number Navigation] immediately inspired students to play. There was a desire [among
the students] for a little more personality and personalization options when it came to the selection
and modification of characters. The students quickly got into the game, once we started playing
together from the same stage and discussed how to play the game. At some point, it was difficult [for
the students] to perceive the starting and target locations [in the game], so they could have been
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visually highlighted in a slightly different way. | also wondered if it would have been easier if the
"calculator" [tool for giving answers in the game] had been on the right side instead of on the left.
Maybe we were left missing that there was a little bit of storytelling in the game too? Yet the game’s
idea was good, and the students liked it. | believe this is a good game for both math lessons and as a
short waiting exercise.

In the quotation, there are signs that Alexander constructed an event representation on the basis of his
perceptions and formed explanations about the gaming method he tested with students. Alexander is recalling
his mental representation of the gaming event and describes how the students responded and interacted with
the game leading him to state that the students had some difficulties with it. This signals that his perception
was attuned to the students’ engagement during the teaching assignment. Next Alexander suggest how to
develop the game and even introduces the idea that it could be used not just in math classes but more generally
as a “short waiting exercise”. Alexander's assessments, development ideas, and suggestions are explanations
of the game’s functionality and potential. He seems to have in part inferred these on the basis of his perceptions
of how the students responded and engaged with the game. These signals about Alexander’s explanations and
perceptions indicate that this positive experience may have left him open to incorporating the game, which is
designed to enhance students’ adaptive number knowledge and rational number sense, into his teaching as a
new pedagogical approach. Hence, with time and more practice, Alexander could form scripts into which
formal professional knowledge about the Number Navigation game has been integrated with knowledge of
using it in practical situations. This teaching assignment at least started to provide him with practical
experiences needed for this.

As the two previous examples by Sanni and Alexander illustrated, often teachers seemed to infer
explanations as a response to certain events, like the difficulties the students were perceived to have faced
during a task. Indeed, accounts of teaching events that were challenging included more signs of forming
explanations than those that seemed to go smoothly according to the six teachers’ reflections where they
recalled the mental event representations they had constructed. Yet there were cases where the reflective
assignments themselves seemed to act as triggers that prompted the teachers to offer explanations unrelated to
any specific teaching situations or events. The following account, in which Heikki considers why crafting tasks
for students of all ages might be a potential way to support learning, demonstrates this.

In my opinion, you can craft more interesting and challenging tasks for all ages. Even with a very
small toddler, you can try to make a tower out of different blocks/items and see how the tower is
created and how high it is or even a really long line of small cars can be built that stretches from the
front door to the back. What’s important is that the child grasps the idea and that it’s comprehended
in a way that’s meaningful to the child. For a long time, my respect for educational resource
providers was high, meaning that | had to learn to do things by myself and work together with the
students aiming to promote their learning. Vygotsky's theory of the zone of proximal development
has been an important part of my approach to learning.

Unlike Alexander, Heikki's explanations for why and when task crafting works are not based on
teaching experiences yielded by the course. Yet Heikki’s ideas are signaling that the reflective assignment led
him to engage in mental effort and make explicit his explanations for why using toys, blocks, or various items
to craft tasks could be an inspiring and engaging way to support student learning. The notions at the end, where
Heikki says this is something he has had to learn by himself and that Vygotsky's theory has guided his
approach, strengthens the argument that he has arrived at these explanations through past experiences and
accumulated knowledge.
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4.3. References to the formal professional knowledge base and accumulated experiences

Nine times out of ten signs of script restructuring and construction were accompanied by references to
the formal professional knowledge base and its subcategories. References to content knowledge provided
information on the subject matter the selected teachers covered with their students. Often these also indicated
what mathematical concepts they related to a particular content or a teaching method. The teachers used
general pedagogical and pedagogical content knowledge to manage the classroom and teach the subject matter
covered. For instance, when Anna tried the Number Navigation game with third graders, she recalled being
able to support students through verbalization and questioning:

Playing the game and using different strategies seemed difficult for [students] at first.

Although they were skilled counters, the game was not easy at first. As a teacher, | guided the
gaming situation through verbalization and by asking auxiliary questions that supported the students
in understanding how to use different strategies. When the students learned to play the game, all
went smoothly, and the game seemed to motivate the students.

As she constructed her event representation, Anna proceeded to assess the situation considering
students' mathematical skills and initial difficulties with the game on the basis of her perceptions. Anna’s
assessment of the situation seems to have led her to conclude that verbalization and auxiliary questioning were
viable means of supporting “the students in understanding how to use different strategies” at that moment. As
a result, Anna used them to structure her teaching and manage the situation. This caused her to feel successful
in supporting students’ learning and engagement based on her following observations: the students learned to
play the game, and they had seemingly smooth and motivating experiences.

To consider utilizing the aforementioned general pedagogical approaches, Anna must have
incorporated knowledge about them into her professional knowledge base. However, formal professional
knowledge may remain static and unusable if not accompanied by knowledge of how and when to use it in
practical situations. This knowledge is formed on the basis of experiences and assessments, predictions, and
interpretations associated with these. Through experience, the processes associated with script construction
and restructuring (event representations construction, making perceptions, and inferring explanations) may be
initiated potentially starting formal professional and practical knowledge to combine and be structured
(through encapsulation) in teachers’ minds into scripts. Hence, accumulating experiences is essential for the
formation of scripts. To illustrate, here is another example from Anna, where she reflects on her Number Talk
implementation experience:

We started by looking at different numbers and calculations and discussing what these brought to
mind. The students verbalized that the numbers and calculations were "easy" and "difficult”. Next,
we took a closer look at the "difficult” numbers and calculations and pondered together if something
could be done to make them nicer and easier to calculate. At first, the students couldn't figure out
ways to do this. Through joint discussion and auxiliary questions, the breaking down of humbers and
calculations slowly started, and the students internalized the idea. | intend to continue these Number
Talk discussions, as the students already began to realize that calculations can be solved using
different strategies, which turns them into a more easily calculable form. What another great idea to
be used in daily work!

In Anna’s remarks there are hints that formal professional knowledge about the Number Talk method
has started integrating with practical knowledge of using it because of her experience. Anna’s recollection of
her event representation signals the teaching assignment enabled her to gain hands-on practice with the
Number Talk method introduced during the course, make assessments of the evolving situation using her
perception, and elaborate on the impact of the method on students' thinking and actions. Her explanations
about the impacts on students’ learning at the end indicate she believes this experience improved students'
comprehension of how multiple strategies can be used to solve calculations. This suggests she may have made
a connection that Number Talks can be used to promote flexible mathematical thinking by enabling students
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to understand that with different strategies numbers and calculations can be turned “into a more easily
calculable form” which may be simpler to solve. Anna’s mental representation of what was happening and
why as she used the method, which took shape on the basis of her observations and assessments of the situation,
seems to reinforce this notion. Anna’s beliefs about the potential of the method and intention to use it more
present in the quotation were also evident in her end-of-course reflections:

| feel that the course increased - - my understanding of flexible mathematical thinking and
problem-solving and gave me many concrete means of teaching mathematics - - Next year,
| want to focus more on using Number Talks - - and foster my students' understanding that
mathematics is so much more than book assignments and lessons at school. I will try to add
a problem-solving lesson to the weekly program and start almost every lesson with an
assignment that supports students' flexible mathematical thinking, like a short math
discussion. | feel that | have become enlightened about the potential of mathematics, and |
am really excited about it. Thanks to both the educators and my course mates. It's been an
amazing journey! :)

Here again Anna’s reactions are quite strong. She uses exclamation marks, words, and expressions
that intensely indicate her willingness to change her established thinking and acting patterns because of her
course-time experiences. Descriptions of accumulated experiences like Anna’s, which included references to
formal professional knowledge and signs of constructing event representations, making perceptions, and
inferring explanations, contained the strongest indications that the six teachers’ scripts were affected by their
experiences. Yet, even when the formal professional knowledge base was referenced and signs of most script
restructuring and construction processes were found, hints of knowledge encapsulation leading to script
development did not always manifest in the teachers’ accounts. The next example by Julia shows this well:

| tried the Number Navigation game in my small class. The students were fifth graders, and
some had mathematics as a differentiated [the content and objectives of the teaching have
been modified to match the student's limited skills and competencies] subject. It quickly
became apparent that the game was too challenging for most students. Even understanding
the concept of the game was difficult for [the students] because it was so multi-dimensional.
Also, the lack of immediate performance awards, like those that students are used to from
previous games, reduced the students' interest in the game.

Julia describes how the game was too difficult for the students, some of whom had difficulties in
mathematics. She constructed an event representation considering why this was the case explaining how
multidimensionality made the game complicated and that lack of immediate rewards, like those the students
were accustomed to, reduced their interest. Yet Julia’s perceptions about the students and explanations aiming
to infer reasons for their disengagement do not result in clear indications that she altered her behavior or
thinking, or that she is more inclined to do so in the future because of the experience.

4.4. Formal professional knowledge, accumulated experiences, and script restructuring and

construction: further explorations

Encouragingly, in the six teachers’ reflections, there are multiple accounts suggesting that the JoMa
course teaching assignments and reflective tasks gave the teachers opportunities to experiment with new
teaching methods and take time to contemplate these experiences. Such experiences could lead to the
beginnings of knowledge encapsulation, an essential part of script restructuring and construction, of which we
already saw hopeful signs in Anna’s case. To demonstrate this further, we look at a few more examples. The
next one is from Daniel, who explored fractions with second graders:

We did a lot of practical things: used geometric shapes and coloring, investigated the
meaning of sequences and their parts using blocks and by dividing students into groups, and
above all, there was a lot of Number Talk and a focus on correct terms. For example, "The
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denominator names the fraction, it tells how many parts the whole is divided into". My
intention was to bring fractions into students' everyday lives and their world of experience.
Afterwards, it seemed that this goal was reached by many of the students. That is, they
understood what fractions really are about. It remains to be seen what they have really
internalized and how well they actually learned the next time we discuss the topic.

In his teaching assignment reflection, Daniel describes using multiple means (e.g., geometric shapes,
student grouping) to “bring fractions into students' everyday lives and their world of experience.”. He is guided
by an overarching goal of enhancing students’ understanding of “what fractions really are about”. Daniel’s
remarks allude that his efforts are based on pedagogical content knowledge, since he seems to think that
modeling fractions using multiple means connects them to students’ life-experiences, supporting them to
develop a more profound understanding of fractions. Daniel also emphasizes the importance of using the
“correct terms” as they explored fractions. This suggests that Daniel considers terminological correctness
essential in mathematics and is keen on focusing on it. Interestingly, though Daniel believes his actions lead
many of the students towards a more profound understanding of fractions, he also expresses some doubt. This
signals that his experience did not entirely convince him that his actions lead to his goals. Daniel does not
exactly state why he feels this way. For instance, did he make observations using his perception leading to
such doubts as he taught. Still, his slight skepticism hints that this single experience, the event representation
he formed, and the assessments and predictions Daniel associated with the experience on the basis of his
representation, need further testing and validation. This could mean that more teaching practice may be needed
for Daniel to encapsulate formal professional and practical knowledge about teaching fractions with the
aforementioned various illustrative means into script(s) aimed at supporting students’ profound fractional
understanding as well as using the associated mathematical terms correctly. Daniel seems to be keen to do this
in the future according to his end-of-course reflections:

During the course, | noticed that over the years | have reduced the role of practical learning
in my teaching for several reasons, though | have always considered it important. Now, |
am going to return, for example, to completely practical math lessons. - - One thing that's
clearly changed in my thinking is my attitude to solving word problems. Until now, | have
insisted on a solution marked with numbers, for instance, for students to receive full marks
in exams. In the future, | will be more willing to accept a pictorial or verbal explanation for
a task if it reveals the way the student was thinking and how the solution was reached.

At the beginning of the extract, Daniel shows increased awareness of how his teaching has evolved
over the years to be less practical. According to his words, this is something he has realized during the JoMa
course. Daniel also says he will “return, for example, to completely practical math lessons”. Daniel’s
reflections on his course-time experiences strongly suggest that his awareness has increased, and he is more
committed to teaching math more practically in the future. In the latter part of the extract, Daniel also states
that his views have shifted to be “more willing to accept a pictorial or verbal explanation for a task if it reveals
the way the student was thinking and how the solution was reached.”. Considering his previous remarks about
exploring fractions practically to promote his students’ better understanding of them, Daniel’s end-of-course
reflections suggest that he wants to pursue these aims in the future. Moreover, Daniel shows that he is inclined
to do so using pedagogically solid ways proven to promote students’ flexible mathematical thinking: making
mathematics education more practical, accepting different types of answers, and emphasizing thinking over
correct solutions.

It is also worth considering if Daniel’s hesitation after implementing the teaching assignment could
have something to do with his teaching having become less practical over the years. Daniel may have become
less familiar with methods combining content and pedagogical knowledge to teach fractions practically. Could
this partly be why Daniel felt unsure if he was able to achieve the goals he had set for his teaching? If so,
Daniel’s reflections suggest that his course-time experiences have not deterred him further. They may actually
have increased his confidence to pursue actions yielding more teaching practice. If Daniel could follow these
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impulses which the JoMa course seems to have initiated, this could lead him to gain more experience enabling
him to form event representations, make perceptions, and infer explanations. These processes could support
Daniel in forming scripts into which knowledge used in practical situations and formal professional knowledge
has been encapsulated enabling him to teach math more practically in the future.

Here we look at one more example where Alexander describes his creative approach to revising
division with his students:

| implemented a game-based session that included expressionist elements with my fifth
graders centered on divisions (12 students were present). We had practiced divisions
previously and | decided to use this session to review things we had been covering with the
students. We established teams, and each team had to make a small play/illustrative
presentation of division calculation. The other team had to guess what the team's division
was and solve the calculation. For each correct answer, the teams always got a point. The
game was played on a best-out-of-five principle. The teams could use role-playing clothes,
music, etc., in their plays/representations. In other words, they could be creative. The tasks
were, for example, 34.50 euros divided by 4, 76 meters divided by 10 meters, etc. So, the
actors also had to be careful about what the calculation was actually about. This was fun for
the students. The fifth graders already have quite a lot of trust in each other, so they dare to
engage in such activities and express themselves. All the tasks were solved except for one.
A lot of thinking was required to create the plays/representations, understand what the
divisions were, and solve the calculations. But at least the math became grounded and
concrete.

In the teaching assignment reflection, Alexander describes how he used less conventional means of
teaching mathematics to support students’ creativity and to promote their engagement in revising division. It
seems Alexander also aimed to set up a real-life premise for the students’ plays and representations by
combining both team’s calculations into specific topics (e.g., dividing money or lengths). By making divisions
and their use more “grounded and concrete” Alexander perhaps hoped to support the students’ understanding
that division is something that is needed and encountered in everyday life to advance their flexible
mathematical thinking. The experience appears to have been successful on many fronts. According to
Alexander's recollection of his event representation and signs included in the extract of his perceptions, the
students were having fun, dared to plunge into expressing their creativity, and had to think a lot to create,
understand, and solve divisions presented using the aforementioned creative means. When contrasted with
Alexander’s end-of-course reflections, his decisions and subsequent actions to emphasize creativity, self-
expression, and students’ enjoyment, were based on a continuum of experiences preceding his participation in
the JoMa course:

I am a classroom and special education teacher by training, so many things presented during
the course were familiar. However, it is important to keep revising and updating my
knowledge. Thirty-two years as a teacher have given me experience and [this] is not my first
math course. Through Malaty [George Malaty], Varga Nemenyi, other functional courses,
and by utilizing Ekapeli [GraphoGame], my mathematics teaching has evolved, and my
understanding of learning mathematics has improved. What | think would be important for
a young teacher is precisely flexibility in teaching mathematics. One's thinking should not
be "locked-in", nor should teaching be textbook-centered drill-and-practice aimed at
execution. Assessment should support learning, not just be affirmative. The math culture of
the classroom must be created and made joyful and suitable for everyone.

Alexander’s notion that “One's thinking should not be "locked-in", nor should teaching be textbook-
centered drill-and-practice aimed at execution” indicates his appreciation for flexibility in teaching
mathematics. Also, by highlighting that assessment needs to be less affirmative to support learning Alexander
is implying that he is attuned towards using more constructive forms of evaluation. In fact, looking back at his
earlier reflection, there is an argument to be made that Alexander aimed partly at this as he implemented the
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game-based session. Having already practiced divisions with his students, he made a conscious decision to use
the session “to review things we had been covering with the students”. Is this one way for Alexander to assess
students’ comprehension of divisions that is practical, functional, and elaborative in nature? Finally, the
statement at the end about the math culture of the classroom and the need to make it joyful and suitable for all
students, suggests that Alexander believes in the power of positivity and joy when it comes to teaching
mathematics. This is made quite evident and concrete by his creative approach to revising divisions.

The signs of script restructuring and construction (e.g., Alexander’s perceptions about his students, the
causes and effects of the creative teaching methods he used) and references to formal professional knowledge
(e.g., grounding mathematics to make it more concreate, promoting students agency through creativity means)
contained in both Alexander’s reflections are alluding that he may have formed scripts encapsulating formal
professional and practical knowledge enabling him aim at “practicing what he preaches”: to create a positive
and accepting classroom culture, to support student agency through joy and practical teaching, and to nurture
thinking over fast performance. At least the JoMa course offered him additional practice needed to engage in
script restructuring and construction processes needed to form such scripts. Alexander himself recognizes the
importance of this by stating that “it is important to keep revising and updating my knowledge" despite feeling
that he already has a solid experience and knowledge base because of his long teaching career and systematic
efforts to develop his competencies.

5. Discussion and conclusions

This study, which is the first scientific inquiry aimed at analyzing signs of script formation from
teachers' reflective textual accounts, aimed to highlight the connections that exist between different processes
of script restructuring and construction. Also, references to formal professional knowledge base and
accumulated experiences were investigated from selected teachers’ reflections. This enabled us to explore how
references to formal professional knowledge and accumulated experiences were associated with signs of script
restructuring and construction in teachers' reflections.

The results of this study indicate that signs of teachers constructing event representations, making
perceptions, and inferring explanations could be identified from the teachers' textual accounts using the
abductively developed coding framework. As expected based on our theoretical framework (e.g., Boshuizen
et al., 2012; Jarodzka et al., 2013; Wolff et al., 2021), the six teachers, whose written accounts were studied,
recalled event representations they had constructed as they reflected on the teaching assignments, which
offered the teachers practical experiences of teaching with methods designed to foster flexible mathematical
thinking. Also, as teachers recalled their event representations signs about the perceptions they had made when
implementing the course assignments appeared. This is in line with our predictions, since teachers construct
their mental representations of events using their perception (Wolff et al., 2021). Signs of explanations the
teachers inferred, for instance, about what was happening and why when they were teaching, appeared
frequently in the teachers’ reflections. The teachers’ explanations offered insight into the formal professional
and practical knowledge they had mustered, and into the nature of the experiences the course provided the
teachers. Taken together, these insights enabled us to construct a picture of how accumulating experiences and
formal professional knowledge may be related to teachers engaging in script restructuring and construction
processes in the JoMa context.

Based on our analysis, when the studied teachers were given the opportunity to explore by teaching
the use of different pedagogical tools, approaches, and methods and had freedom and time to reflect on these
teaching experiences, the teachers showed indications of knowledge structuring. Their recollections of
constructed event representations and signs regarding their perceptions might be accompanied by detailed
accounts to inferred explanations. These could lead the teachers to discover new perspectives (e.g., about
themselves or their students), assess the functionality of different tools, approaches, and methods, and make
predictions about their usability in teaching. Also, according to the teachers’ reflections, teachers’ course-time
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experiences did frequently foster enthusiasm and commitment in them to use these in the future to promote
their students’ flexible mathematical thinking. These findings suggest that accumulating practical teaching
experiences can support teachers to engage in script restructuring and construction processes and that reflecting
on these experiences may strengthen their effects. Hence, practical teaching experiences may be capable of
initiating the encapsulation of formal professional (e.g., about the importance of mathematical modeling with
various means) with practical knowledge (e.g., how to conduct Number Talks in an engaging and thought-
provoking manner). With time, more practice, and reflection it is possible that these initial steps of
encapsulation will continue to grow and lead to more comprehensive knowledge structuring in the form of
teaching scripts.

However, gaining more experience may not in itself always be enough to initiate script restructuring
and construction potentially leading to knowledge encapsulation in scripts. Many of the teachers’ reflections
about course-time experiences remained “superficial” (did not include profound and detailed signs about the
teachers constructing event representations, making perception, or inferring explanations). Accumulating
experiences must encourage teachers to form event representations, make perceptions, and, most importantly,
provoke mental effort that can yield insightful and thought-provoking interpretations of these experiences
(Boshuizen et al., 2012; Jarodzka et al., 2013; Wolff et al., 2021). When the teachers’ reflections included hints
of these processes, indications that the teachers’ experiences had encouraged script restructuring and
construction, possibly leading to knowledge encapsulation, were observed. This highlights just how important
it is that the accumulated experiences are of good quality.

The findings of this first explorative study are encouraging. Firstly, they indicate that it is possible to
investigate signs of script restructuring and construction post-hoc from teachers’ textual reflections using a
coding framework developed abductively. The results obtained with the framework aligned with some of the
findings of earlier script studies (Boshuizen et al., 2012; Boshuizen et al., 2020; Si, 2022; Wolff et al., 2021)
conducted in multiple fields with methods designed to elicit in-situational thinking and behavior reaffirm
notions that scripts are not simple perception-response mental structures. They are amalgamations of teachers’
experiences, formal professional and practical knowledge as well as personal orientations, and script
development may well require continued practice, experiences, and conscious deliberation (Wolff et al., 2021).

The teachers whose reflections we have studied only had initial opportunities to gain practical and
reflective experiences related to flexible mathematical thinking and its teaching during the JoMa course. Yet
we were able to identify signals of script restructuring and construction and references to formal professional
knowledge and accumulating experiences that implied they had formed event representations based on their
perceptions and inferred explanations leading to assessments and predictions (e.g., about events, tools,
approaches, etc., encountered). These signs and references as well as the positivity and commitment teachers
expressed in their reflections about their experiences give us hope that the course as a whole may have
catalyzed the teachers to work to gain more practical and reflective experience of using pedagogically solid
and expertly designed tools, methods, approaches, etc., they were introduced to in order to promote their
students’ flexible mathematical thinking. If this is the case, the teachers could be more prepared to embark on
a path where they gain additional formal professional knowledge about flexible mathematical thinking and
knowledge of how to promote it in practical situations that may be encapsulated into scripts.

Limitations and further studies

The study aimed at testing the applicability of script theory in analyzing impacts of an in-service course
on teachers’ knowledge structures with data which has certain limitations. From reflective accounts it’s not
possible to be certain that the studied teachers’ recollections of their event representations and perceptions
match what actually happened as they taught. The possibility must be acknowledged that certain things may
not have been recalled accurately. It is known that humans have a tendency to cognitive biases when recalling
past events and to make interpretations of these that could impair the content and accuracy of the teachers’
reflections (Pinker, 2021). Human memory has also been shown to be malleable by contextual and subject-
related factors, which at their worst, can even lead to false memories (Loftus, 2005). Still, research also shows
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that recollections of past events can be far more accurate than might be expected and indicate what the subjects’
points of interest were as these occurred (Bainbridge et al., 2019; Diamond et al., 2020). Most crucially,
subjectivity is actually an essential part of scripts. Mental representations formed on the basis of perceptions
and the explanations associated with these representations are meant to present teachers’ subjective views of
various classroom events and situations (Wolff et al., 2021). Teachers' scripts may not and need not be based
on the most realistic depictions of different events. This does not diminish their great influence on teachers'
actions and thinking impacting their ability to manage and structure teaching to support flexible mathematical
thinking.

Despite the limitations related to the data used in this study, signs of script restructuring and
construction could be identified with a comfortable degree of certainty using the novel analytical coding
framework. Yet the functionality of the framework needs to be further investigated to assess the validity and
reliability of the method. In the future, studies conducted with a more quantitative orientation with larger
sample sizes and multiple coders could be used. Investigating interrater reliability between coders by counting
kappa values for each established category is recommended.

The causality between the signs of teachers' engaging in processes associated with restructuring and
constructing scripts and accumulating experiences yielded by the JoMa course cannot be investigated with
cross-sectional studies like this one. This would require longitudinal follow up and intervention studies, which
would benefit from incorporating additional research methods capable of inferring teachers’ acting and
thinking “in the moment” (e.g., Wolff et al., 2015; Wolff et al., 2016; Wolff et al., 2017). In the future, the
findings of this inquiry could be used to design such studies by providing information about what content,
assignments, and methods are likely to prompt teachers to engage in script restructuring and construction
processes (e.g., guidelines and examples showing how to integrate the "theory" into practice, practical teaching
assignments, reflection tasks, etc.). Also, the findings of this study provide researchers with information about
which cues and signals are potentially indicative of signs of script restructuring and construction and
beginnings of knowledge encapsulation into scripts. This could help future researchers to direct their attention
to those aspects which are informative of teachers’ scripts.

It was also beyond the scope of this inquiry to delve deeply into qualitative differences between the
JoMa course enrollees’ scripts from the perspective of teaching flexible mathematical thinking. Future studies
should examine if teachers' scripts differ in their ability to promote this by contrasting more the exact content
of teachers' scripts with knowledge about pedagogical practices shown to support students' flexible
mathematical thinking. Through this, categories or groups might be formed to differentiate scripts on the basis
of their potential to support or hinder teachers as they aim to teach flexible mathematical thinking and to
highlight differences between expert and novice teachers in this regard. The information provided by such
inquiries would promote a more profound understanding of the mental knowledge structures that enhance or
inhibit teachers' teaching. This knowledge could be used to further develop in-service programs, like JoMa, to
support teachers in altering their scripts promoting their ability to teach flexible mathematical thinking.

Keypoints
& A novel analytical framework for investigating signs of script restructuring and construction
was developed

» The application of script theory to the study of teachers' teaching competencies was
advanced
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Appendix

!\ﬂaln category FPKB: Extractf containing references to the three comp?nents of teachers’ formal |.}rofessmnal References to formal professional knowledge base (FPKB)
ledge base (Mat al led, 1 ped I} ledge, Matt al ped |
content knowledge) receive the main code FPKB. The references do not have to provide detailed information about Sub-sub codes are granted based on the exact content of extracts coded under main and sub-categories Ie £., the
what is thought or how contents associated with the formal professional knowledge base are understood. Itis extract contains references to try, whichis a c t of L ledge, game-based | Reference examples
enough that the extract contains a reference to the knowledge base's contents (e, g ., the participant states that Juti apart of g I ped ical | ledge are referred to, Number talk is mentioned as a subject
fracti were explored in class through joint di i usmg ic sh didactical approach used in class).
Subcategory MCK: Extracts containing references to Math I k ledge like math facts, - theories, - Addition Mathematical strategies The game experiment opened my eyes to the fact that basic calculations (+,
principles, - constructs receive subcode MCK. Conceptual/terminological correctness in  Multiplication -, + and x) still need to be practiced and strengthened a lot (2_FPKB-GPK
mathematics Mumber bonds Game based learning) (2_CMTS-ER]) (2_AE: New perspective(s) gained)
Mathematical | Decimals Mumber formation (2_FPKB-MCK Addition) (2_FPKB-MCK Subtraction) (2_FPKB-MCK
content Division Mumber line Multiplication) {2_FPKB-MCK Division).
knowledge Equals sign Open ended questions / tasks
(MCK) Equations Percentage
Exponentiation Subtraction
Fractions Unit conversion
Mathematical flexibility and adaptivity Verbal math tasks
Subcategory GPK: Extracts containing references to General pedagogical knowledge like general means, practices, Action based learning Story elements I tried the game with my students who are currently in third grade (2_CMTS-
and strategies for classroom management and organization (e.g., ways of forming fruitful student-student Auxiliary questioning Student-led inquiry ER) (2_FPKB-GPK Game based learning) - - As a teacher, | guided the gaming
relationships) receive subcode GPK. General Collaboration, teacher with students Subject boundary crossing situation verbalization auxiliary questions that
pedagogical Ga.me based. learning Taking time / focg:»_ supported the students in understand how to use different strategies
knowledge Joint reflection Task / content editing [2_CMTS-ER]) (2_FPKB-GPK Game based learning) (2_FPKB-GPK
(GPK) Mnemonics Teachers’ co-cperation \..ferballzatlonJ[Z_F PKB-MPCK Auxiliary guestioning)
Promoting student-student interaction Verbalization (2_CMTS-P Students learning) (2_FPKB-MCK Mathematical strategies).
Recollection practice Vygotsky's zone of proximal development
Reflection ‘Workstation learning activities
Subcategory MPCK: Extract containing references to Mathematical pedagogical content knowledge i.e. about the Decompasing Maodelling, geometric shapes | opted to try the Math Walk method {2_CMTS-ER) (2_FPKB-MPCK Math
integration of mathematical content-, pedagogical-, and didactical knowledge (e.g., descriptions of using Math Walks Deduction Maodelling, grid paper times 100 walk). | took the third graders to the library (2_CMTS-ER) (2_FPKB-MPCK
and Number Talks as a part of teaching) receive subcode MPCK. George Malaty Maodelling, music Taking math "beyond the classroom”).
Mathematical | Number Talk Modellﬁng, rhythmic clapping . B
pedagogical Math Walk Modelling, toys The students also ha.d to consider, how many days the Io_an period was for
content Mathematics textbook Number / math concept “play” / exploration each type of materl_al and !’10\.\.r penalty fees \.\:'ere invoiced (2_CMTS-ER)
knowledge Modelling, blocks E.—a,_-ﬁc? apsp;gaNh?;FanlatTma_ﬁcs (2_FPKB-MPCK Practical application of mathematics).
(MPCK) Mudellfng, CUStut"ES X S,En;m:jg " Eniencs The students then counted how many Butt Detective, Harry Potter, and
Modell!ng, count.'lng sticks Taking math "beyond the classroom” Warrior Cats books they found in the libraries berrowed section (which there
Modell!ng, dla\o.vlng Varga—Neményi -method were the most and the least?) (2_CMTS-ER) (2_FPKB-MPCK Promoting
Modelling, folding SFON/SFOR tendencies).
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Main category CMTS: Extracts contzining references to Signs of restructuring and constructing classroom
management and teaching scripts i_e., indications of event representation consztructions, perception making, or
explanation inferring receive the main code CMTS.

Signs of restructuring and constructing classroom management and teaching scripts (CMTS)

Subcategory ER: Extracts containing descriptions of events occurring during the teaching aszignments written with
detzils of what cues and signals the teachers pzid attention [e.g., how students engaged with the task) that also
include descriptions of what the teachers did "in class” and what transpired as a result of their actions receive
subcode ER.

Event
Representations
(ER)

| tried the Number Talk with students in my class (2_CMTS-ER) (2_FPKE-
MFPCK Number Talk) - - We started by looking at different numbers and
calculations and discussing what these brought to mind (2_CMTS-ER)
[2_FPKB-GPK Joint reflection).

The students verbalized that the numbers and calculations v
difficult” {2_CMTS-F Students engagement with learning tasks/content
[2_FPKB-GPK Verbalization) (2_CMTS-ER).

Subcategory MPP: Extracts containing indications that the participant has not previously formed event representation
[e.5.. participant has never conducted a Math walk, participant has not utilized geometric shapes with his/her

Mo Previous

We haven't tried anything similar with the class before, of course we have
explored previously a few different counting options, but with such detail

current class) receive subcode NPP. Presentation and duration, the matter has not been discussed. (1_ CMT3-NPFP) |1_FPKE-
(PP} MCK Mathematical strategies)
Subcategory P: Extracts containing references to the participants’ points of attention as they implemented the Sub-subcodes are granted based on the exact content of extracts coded under the sub- Like in Teija's video, | drew = 25-5(2_FPKB-MPCK Modelling, drawing)
teaching assignments (e.g., students’ interactions or engagement with the assignments] receive subcode B category [e.g., students’ strategies for solving geometric puzzles are described, students' (2_CMTS-ER-I3) [2_FPKE-MCK Equations).
emotions evoked by the expert-designed tasks are highlighted).
The students first looked at the equation with their mouths open, and when
| told them that this would be dizcuszed together for the whole howr, they
were really amazed (2_CMTS-P Students engagement with learning
tasks/content} (2_CMTS-ER) {2_FPKB-GPD Joint reflection) {2_CMTS-P
Students emotions).
lintroduced them to the seessw and
a lot of time had to be spent to foster conceptual
understanding of it {2_CMTS-ER] {2_KS- MPCK Maodelling, seesaw
(2_K5-GPK Taking time/focus).
Perception (P}
At first, the students mainly came up with additions and subtractions [as
solutions], and only after 2 while | was able to guide them to discover, for
example, to use additions and subtractions (2_CMTS-ER) (2_CMTS-P
Students engagement with learning tasks/content) (2_FPKE-MCK Addition)
[2_FPEB-MCK Subtraction) {2_ FPKE-MCK Multiplication).
I realized a5 2 result of this experience that rushing doezn't benefit anyone,
but on the other hand, for some students, concentrating on one task
seemed to be really challenging and they were un to focus on thinking
about the solutions to the task (2_AE: New perspective(s) gained) (2_CMTS-
ER) {2_FPKB-GPK Taking time / focus) (2_CMTS-P Students engagement with
learning tasks / content).
Sub-category E: Extracts containing statements, guestions, and comments rich in interpretation (e.g., what effects Sub-subcodes are granted based on the exact content of extracts coded under the sub-
Mumber Talk had on students’ thinking, why students did not engage with the assignment, what the teacher would category (the participant estimates that students' prejudices affect their interest in trying “quickly enriched tasks by
do differently in future and why) receive subcode E. math games, the effectiveness of Math Walks is evaluated by mirrering cbservations with teacher”
student feedback, improvisation and theatrical methods are presented as a solution to teach | [UN_FPEB-GPK Task/ content editing)
critical mathematical thinking, etc.)
E ations

taking my time

{2_FPKB-GPK Taking time / focus)
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Main category AE: Extracts contzining references indicating that course-time experiences affected the teachers’
thinking and teaching |e.g., adoption of new teaching methods, new perspectives gained) receive main-code AE.

References to Accumulated Experience (AE)

Moberg et al

Accumulated
experience
(RE)

Sub-subcodes are granted based on the exact content of extracts coded under the main
category (Math talk has become an essential component of participants® teaching arsenal,
prejudices towards Mathematics textbooks have increased, future teaching is being planned

with enthusiasm and motivation emphasizing students' perspectives, etc.)

Increased desire to promote students flexible mathematical thinking
Increased desire to take students perspective { thoughts into consideration
Increased motivation / excitement [ commitment

Increazad self-confidence

Increased teaching flexibility

Mew perspective(s) gained

Mew teaching methods adopted

Mo significant changes

| feel that thanks to the entire training module | have somehow become
enlightened about the possibilities of mathematics, and | am really excted
abaout it [2_AE: New perspective(s) gained) (2_AE: Increased motivation |
excitement / commitment)!

- - next year | want to inwvest in teaching mathematics comprehensively, to
increase the role of Number Talks, practice problem-zalving skills and to
promote student understanding that mathematics is so much more than the
text-book assignments and lessans at school {2_AE: Increased motivation |
excitement |/ commitment) (2_AE: New teaching methods adopted)
(2_FPKB- MPCK Number Talk) (2_AE: Increased desire to promote students
flexible mathematical thinking) (2_FPKB- MPCE Mathematics textbook).

Time: Tima code (1 pre-or during-course 2) is used based on whether the extract contains references referring to ons
of the mzin or subcategories before [e.g., teaching experiment carried out before the course is described) or post
[e.g., changes in thinking and acting that occurred during the course are detailed) course participation. If this can't
be inferrad the extract gets the Undefined (UN) timecode. EACH CODED EXTRACT RECEIVES A TIMECODE.

Pre-course (1)

During-course (2]

Undefined [UN)
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