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Abstract

Incorporating risk into decision making is natural, if one is to
address safety concerns or operational limitations. In the con-
text of risk-aware Markov Decision Processes (MDPs), one
identifies a notion of risk which is uncertainty driven (e.g.,
CVaR). Risk, however, may also be inherent to the MDP setup
itself, e.g., to taking certain actions. In that case, we would
consider a decision policy to be better, if it either increases re-
ward or reduces risk (or both). A simple mathematical formu-
lation that expresses such a notion of improvement is the ratio
of reward over risk. Though intuitive, this ratio is inherently
non-linear, which introduces challenges for optimization. We
provide an algorithm that solves this non-linear problem in
the context of multiple risk aspects, extending upon single-
risk Extended Markov Ratio Decision Processes (EMRDPs).
We show that it is strongly polynomial under a monotonic-
ity assumption over actions, satisfied, for example, in finan-
cial market applications (e.g., Quasi-Sharpe Ratio). We tackle
non-linearity by integrating Walkup-Wets’ topological view
of parametric LPs. This topological framework highlights the
non-trivial move from a single (EMRDP) to multiple risk as-
pects, once it is interpreted as moving from triangulations of
1-dimensional to those of m-dimensional polyhedra, with all
the topological (and combinatorial) complexities this entails.

1 Introduction
A Markov Decision Process (MDP) (Puterman 1994, Sut-
ton and Barto 2018) is a fundamental model for sequential
decision making. Incorporating a notion of risk into deci-
sion making is natural if one is to address safety concerns
or operational limitations. In the context of risk-aware MDP
extensions, one identifies in the literature a notion of risk
which is uncertainty driven, stemming, say, from reward
fluctuations or modelling errors. One chief example is Con-
ditional Value-at-Risk (CVaR) MDP (Rockafellar, Uryasev
et al. 2000) which is widely used in financial markets. Risk,
however, may also be inherent to taking certain types of ac-
tions at certain types of states. A real-life example here is
high- vs. low-volume investment.

Whether in traditional or risk-aware MDPs, finding the
optimal policy efficiently is paramount to applicability. In
this work we regard efficiency through the lens of strong
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polynomiality (Zadorojniy, Osogami, and Davidovich 2023,
Numerical Stability §7.4).1 First, for traditional MDPs, op-
timal policy algorithms were found in strongly-polynomial
time in the size of the MDP in the discounted cost model
and, in some cases, in the expected average cost model.
Since risk-aware MDP extensions are of particular interest in
real-world applications, a key question is whether strongly-
polynomial optimal policy algorithms exist there as well.

Considering algorithmic efficiency for uncertainty-driven
risk, the literature is vast. To highlight just a few results,
Meggendorfer (2022) address CVaR minimization, where
the algorithm overall runtime is exponential. Chow et al.
(2015) minimize an approximate CVaR, while their finite-
time convergence error bound cannot be made zero. Borkar
and Jain (2014) maximize the expected return such that
CVaR is below a threshold; though their algorithm does not
hold for infinite horizon problems. For finite horizon prob-
lems, they require the separability of the cost function as
well as some additional function approximations.

If we regard risk as inherent to the MDP setup itself,
we would naturally consider a decision policy to be bet-
ter, if it either increases reward or reduces risk or both.
A simple mathematical formulation that expresses such a
notion of improvement most obviously is the ratio of re-
ward over (some expression of) risk. Though intuitive, this
ratio is inherently non-linear, which introduces challenges
for optimization. Previous work (Zadorojniy, Osogami, and
Davidovich 2023) has provided a solution to a special case,
known as an Extended Markov Ratio Decision Process (EM-
RDP), in which a single risk aspect in the denominator is
exponentiated.

In this work, we provide an algorithm that solves this non-
linear problem in far greater generality, incorporating mul-
tiple risk aspects, and show that it is strongly polynomial
under a monotonicity assumption over actions. Our solution
imposes natural requirements on the denominator, φ(α),
that aggregates multiple risk aspects α = (α1, . . . , αm),
namely, that it be positive, monotonic, and concave. Two im-
mediate examples that satisfy these requirements are (i) the
linear aggregator φ(α) =

∑m
i=1 ωiαi, for ωi > 0, and (ii)

1The running time of a strongly polynomial-time algorithm is
bounded polynomially as a function of problem size, independent
of numerical input size.
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the power aggregator φ(α) =
∑m

i=1 α
ωi
i , for ωi ∈ (0, 1].

The latter (ii) incorporates the MDP (ωi ≡ 0), the Markov
Ratio Decision Process (MRDP) (m = 1, ω1 = 1, (Derman
1962)), and the quasi-Sharpe ratio (m = 1, ω1 = 0.5). The
linear aggregator (i) can be shown, in fact, to translate back
to MRDP and hence reduces to the latter example (ii).

We tackle non-linearity by integrating two crucial com-
ponents. The first is CMDP theory (Altman 1999), which
we use to formulate a parametric linear programme (LP) re-
duction of the non-linear problem. The second is Walkup-
Wets’ topological formulation of parametric LPs (Walkup
and Wets 1969). Such topological formulation reveals the
inherent combinatorial nature of the problem and, crucially,
localizes the search for the global and (what turns out to
be) deterministic optimal policy. It also highlights the non-
trivial move from a single to multiple risk aspects, once it is
interpreted as moving from triangulations of 1-dimensional
polyhedra to those of m-dimensional polyhedra, with all
the topological (and combinatorial) complexities this entails.
Our topological interpretation exposes the relation of multi-
risk EMRDP to deep questions concerning the statistics of
graph diameters, which explains why strong polynomiality
for single or multi-risk EMRDP, in its utmost generality,
would be a hard nut to crack.

A high level outline of our arguments is as follows.
CMDP theory (5) allows us to cast EMRDP (9) in terms of
a parametric LP (Proposition 2). Using Walkup-Wets theory
(Theorem 1) applicable to parametric LPs (11), we can es-
tablish a minimal search set (Corollary 6) to solve (9) per
reward vector r. Moreover, the triangulation arising from
Walkup-Wets theory allows us to establish a search proce-
dure (25) via a local criterion (Theorem 7), which is key
both for establishing and proving the correctness of Algo-
rithm 1 (Theorem 8) as well as its strong polynomiality and
runtime under a monotinicity assumption (Theorem 10).

2 Background
Markov Decision Processes
A Markov Decision Process (MDP) is a tuple ⟨S,A, P, r⟩
that consists of finite sets of states S and actions A, a tran-
sition probability matrix P of size n × nk, where n = |S|
and k = |A|, and an immediate reward vector r ∈ Rnk. Let
St and At denote the random variables representing the state
and action of the process at time t and consider an infinite
time horizon t → ∞. We define P = [P (a1), · · · , P (ak)]
to be the concatenation of the k square matrices P (a) of
size n × n, for a ∈ A, where the entries of P (a) equal
P (a)s′,s = P(St+1 = s′|St = s,At = a). We let r(s, a)
denote the immediate reward for taking action a at state s.

Throughout this paper, we consider stationary policies
π : S → ∆A, where ∆A denotes the set of probability
measures over A, and denote their collection by Π. A de-
terministic policy is a stationary policy whose image is con-
tained in the subset of Dirac measures over A. We denote
the subset of deterministic policies by Πdet ⊂ Π. A strictly
m-randomized policy is a stationary policy π ∈ Π whose
support satisfies |Supp(π)| = n + m. We denote their col-
lection by Πm−rnd ⊂ Π.

Fix an initial state distribution ν ∈ ∆S and a discount
factor β ∈ (0, 1]. We consider two reward models in the in-
finite horizon setting: discounted and expected average. We
use the occupation measure to represent these two reward
models in a unified manner. Specifically, for π ∈ Π, let

ρπ(s, a) = (1− β)
∞∑
t=0

βt Pπ(St = s,At = a) (1)

be the occupation measure for the discounted reward model,
where β ∈ (0, 1), and let

ρπ(s, a) = lim
T→∞

1

T

∑
t<T

Pπ(St = s,At = a) (2)

be the occupation measure for the expected average reward
model where we regard β as equal to 1. Then, the discounted
reward is given by

r(π) := r⊤ρπ = (1− β)
∞∑
t=0

βt Eπ
t [r(St, At)],

where Eπ
t denotes the expectation with respect to the corre-

sponding occupation measure induced by π and ν at time t,
and the expected average reward is given by

r(π) := r⊤ρπ = lim
T→∞

1

T

∑
t<T

Eπ
t [r(St, At)].

Constrained Markov Decision Processes
Constrained MDPs (CMDPs) incorporate multiple con-
straints into the MDP framework (Altman 1999). A CMDP
is a tuple ⟨S,A, P, r, d1, . . . , dm⟩ (n + m < nk) where
di ∈ Rnk are immediate risk vectors; di(s, a) represents
the i-th immediate risk for taking action a at state s. The
i-th risk aspect of a policy π is given by

di(π) = d⊤i ρ
π, (3)

where the occupation measure ρπ of π ∈ Π is defined ac-
cording to the model of choice (1) or (2).

The objective of the CMDP is to maximize the reward
while constraining the i-th risk aspect to a target value αi.

CMDP(α1, . . . , αm) :

max
π∈Π
{ r(π) | di(π) = αi, i = 1, . . . ,m } . (4)

Both reward r(π) and risks di(π) depend on ν and β, though
we suppress this dependence in the formulation of (4).

We adopt two standard assumptions: uniqueness and ir-
reducibility. A CMDP is irreducible if every deterministic
policy of its underlying MDP induces an irreducible Markov
chain.

Assumption 1 (Uniqueness). If feasible, the optimal policy
for CMDP(α1, . . . , αm) is unique.

Assumption 2 (Irreducibility). CMDP(α1, . . . , αm) is irre-
ducible.
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Uniqueness can be achieved by perturbation of r and
di (Megiddo and Chandrasekaran 1989, Zadorojniy, Even,
and Shwartz 2009). Irreducibility can be achieved by bidi-
rectionally connecting an arbitrary state, typically an initial
state s0 (i.e., ν = δs0 ), with all other states under all actions
with “small” transition probabilities.

Theorems 3.3 and 4.3 of Altman (1999) establish the
equivalence between (4) and the LP

CMDP(α1, . . . , αm) :

max
ρ∈Rnk

{
rT ρ

∣∣ Qρ = µ, dTi ρ = αi, i = 1, . . . ,m, ρ ≥ 0
}
(5)

The matrix Q and vector µ are defined according to the re-
ward/risk model of choice. First, denote

Q̃(β) = [I − β P (a1), · · · , I − β P (ak)], (6)

where I is the n × n identity matrix and β ∈ (0, 1]. For
the discounted model, β ∈ (0, 1), we have Q = Q̃(β) and
µ = (1− β)ν ∈ Rn, while, for the expected average model,
β = 1, Q is the (n+ 1) × nk matrix defined by appending
a row of 1s to Q̃(1), and µ = en+1 ∈ Rn+1 is the standard
basis vector with a single 1 at the (n+ 1)-th entry.

The map, defined for ν ∈ ∆S and β ∈ (0, 1],

ρν,β : Π→ ∆S×A, ρν,β : π 7→ ρπ, (7)

sending π to its occupation measure ρπ , is bijective and es-
tablishes the equivalence between (4) and (5). The feasibility
set

Ων,β =
{
ρ
∣∣∣ Q̃(β)ρ = (1− β)ν,1T ρ = 1, ρ ≥ 0

}
(8)

constitutes the necessary and sufficient condition for ρ ∈
∆S×A to be in the image of ρν,β (Altman 1999, Theorem
3.2, Theorem 4.2), i.e., for ρ to be the occupation measure
of some stationary policy in the reward/risk model of choice.
In particular, Ων,β is non-empty.

Employing the notation R≥0 = { x ∈ R | x ≥ 0 } and
R>0 = { x ∈ R | x > 0 }, which extends coordinate-wise
to RN

≥0 and RN
>0, we assume further that any stationary pol-

icy yields non-negative reward and positive risks.
Assumption 3. (Positiveness) For any π ∈ Π, we have
r(π) ∈ R≥0 and di(π) ∈ R>0 for i = 1, . . . ,m.

3 Multi-risk Extended Markov Ratio
Decision Processes

We first introduce the notion of a risk aggregator that incor-
porates all risk aspects of a CMDP §2. We denote a vector
of multi-risk values by α = (α1, . . . , αm). Risk inequalities
α ≤ α′ (or α < α′) are satisfied component wise.
Definition 1. A strictly positive function φ : Rm

>0 → R>0

is a risk aggregator if it is strictly monotonic, i.e., α < α′

implies φ(α) < φ(α′), and concave.
Let φ : Rm

>0 → R>0 be a risk aggregator. Extending
upon Zadorojniy, Osogami, and Davidovich (2023), we de-
fine a φ-aggregated multi-risk Extended Markov Ratio De-
cision Process (EMRDP) using the same underlying tuple

⟨S,A, P, r, d1, . . . , dm⟩ of a CMDP. However, in contrast
with CMDPs, its objective is to maximize the ratio of the
reward to the φ-aggregated risk. Explicitly, the optimization
problem for a φ-aggregated multi-risk EMRDP is

EMRDP(φ) :

max
π∈Π

{
r(π)

φ(d1(π), . . . , dm(π))

∣∣∣∣ Qρπ = µ, ρπ ≥ 0

}
(9)

As a key example for ω = (ω1, . . . , ωm), ωi ∈ [0, 1],

φω(d1(π), . . . , dm(π)) =
m∑
i=1

dωi
i (π), (10)

provides us with a strictly positive, monotonic, and concave
risk aggregator. When ωi ≡ 0, this reduces to a MDP (Put-
erman 1994), and, when m = 1 and ω1 = 1, it reduces to a
MRDP (Derman 1962, Aggarwal, Chandrasekaran, and Nair
1977). The risk aggregator (10) thus interpolates between
MDP and MRDP. The case m = 1 for (10) has been resolved
(Zadorojniy, Osogami, and Davidovich 2023). though the
general question of strong polynomiality remains open, even
for the discounted reward model. Note that the linear aggre-
gator

∑m
i=1 ωidi(π) =

∑m
i=1 ωid

⊤
i ρ

π is, in fact, a special
case of (10). Applying (3), we can replace

∑m
i=1 ωidi with

a single d and use 1 in the exponent.

4 A Topological Perspective
We provide a topological perspective of multi-risk EMRDP
that allows us to establish an algorithm to solve (9) with
a strongly polynomial guarantee under a monotonicity as-
sumption. We briefly define the notion of a (conic) triangu-
lation and then explain how it fits into the multi-risk EMRDP
picture. An exhaustive and rigorous review of triangulations
can be found in de Loera, Rambau, and Santos (2010).

Triangulations
Consider a real full-rank matrix A = (a1, . . . , aN ) of size
D×N , with aj ∈ RD denoting its columns. Define the cone
of A to be Cone(A) = {Ax | x ∈ RN

≥0} ⊆ RD. Let J =

{j1, . . . , jl} ⊆ [N ] be a subset of column indices, and let
AJ = (aj1 , . . . , ajl) denote the sub-matrix of size D × |J |.
Cone(AJ) is considered a sub-configuration of Cone(A).
Additionally, we allow J = ∅ with Cone(AJ) := {0} as
a sub-configuration of Cone(A).

Definition 2 (de Loera, Rambau, and Santos (2010); Defini-
tion 2.5.7). A polyhedral subdivision of Cone(A) is a col-
lection C of its sub-configurations that covers Cone(A) and
is closed w.r.t. faces and intersections.

Each element Cone(AJ) of a polyhedral subdivision C of
Cone(A) is called a cell. The dimension k of a cell equals
the rank rk(AJ). We regard the dimension of Cone(A∅) to
be zero. A k-cell Cone(AJ) is a cell of dimension k. A k-
cell is simplicial if k = |J |. Its faces are cells of the form
Cone(AJ) for ∅ ̸= J ′ ⊆ J .

Definition 3. A polyhedral subdivision of Cone(A) is a tri-
angulation if all of its cells are simplicial.
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We refer to the cells of a triangulation T as simplices.
A k-simplex of T is a simplicial (k + 1)-cell. We denote
the set of all top-dimensional simplices, i.e., its D-cells, by
T top and the set of all co-dimension-1 simplices, i.e., its
(D−1)-cells by T codim−1. For k ≥ 0, the k-skeleton T k of
a triangulation T is defined as the union of all l-simplices
of T for 0 ≤ l ≤ k. In particular, the 0-skeleton con-
sists of all vertices, namely, 0-simplices of T . We also em-
ploy the notation V (T ) for T 0. Figure 1 shows a triangula-
tion of a cone spanned by vectors u1, . . . , u9. The triangula-
tion involves ten top dimensional simplices. As an example,
Cone(AJ0), Cone(AJ1), and Cone(AJ2) are 0-, 1-, and 2-
simplices, respectively, for J0 = {u1}, J1 = {u1, u2}, and
J2 = {u1, u2, u4}.

Basis Decomposition
Fix a real full-rank matrix A = (a1, . . . , aN ) of size D×N ,
with aj ∈ RD denoting its columns, as in §4, and a vector
r ∈ RN and consider the parametric LP

LPA,r(b) : max
ρ∈RN

{
rT ρ

∣∣ Aρ = b, ρ ≥ 0
}

(11)

where b ∈ RD is allowed to vary. The Basis Decomposition
Theorem of Walkup and Wets (1969) captures the behavior
of LPA,r(b) in terms of b.
Theorem 1 (Basis Decomposition). Consider LPA,r(b) in
(11) and assume rk(A) = D (full rank). Then:
(i) LPA,r(b) is feasible iff b ∈ Cone(A).

(ii) LPA,r(b) is bounded for all b ∈ Cone(A) iff kerA ∩
RN

≥0 = {0}.
(iii) If LPA,r(b) is bounded, then there exists a triangulation
T of Cone(A) such that each D-cell Cone(AJ) of T with
J = {j1, . . . , jD} ⊆ [N ] constitutes an optimal basis for
all b ∈ Cone(AJ).

Assuming rk(A) = D and kerA ∩ RN
≥0 = {0}, Theo-

rem 1(i)-(ii) stipulates that the primal problem (11) is feasi-
ble and bounded for b ∈ Cone(A). The dual problem

LP ∗
A,r(b) : min

y

{
yT b

∣∣ yTA ≥ rT
}

(12)

is feasible and bounded and Strong Duality holds. It pro-
vides us with a well-defined map

ρ∗ : Cone(A)→ RN , ρ∗(b) := argmaxLPA,r(b). (13)

Part (iii) of Theorem 1 stipulates the existence of a unique
triangulation Tr of Cone(A) determined by r that encodes
the optimal solutions of LPA,r(b). The triangulation Tr in
part (iii) is defined so that Cone(AJ) is a top-dimensional
simplex of Tr iff there exists y∗ ∈ RD such that

yT∗ AJ = rTJ , yT∗ A[N ]\J > rT[N ]\J (14)

(Sturmfels and Thomas 1997), which implies that y∗ ∈ RD

is both feasible and optimal for (12), since, by definition, the
index set J constitutes an optimal basis for b ∈ Cone(AJ) iff
AJ is invertible and an optimal solution ρ∗(b) of LPA,r(b)
for b ∈ Cone(AJ) is given by

ρ∗(b)J = A−1
J b, ρ∗(b)[N ]\J = 0. (15)

Lemma 1. Assuming rk(A) = D and kerA ∩ RN
≥0 = {0},

the function LPA,r : Cone(A) → R mapping b ∈ Cone(A)
to rT ρ∗(b) is concave, continuous, and piece-wise linear
(PWL).

Parametric LP
In this section, we introduce a unified parametric LP formu-
lation for CMDP(α1, . . . , αm) (5) for both reward/risk mod-
els and show that it satisfies the conditions of Theorem 1.

Recall our definition (6) of the n × nk-matrix Q̃(β) for
β ∈ (0, 1]. By the Levy–Desplanques Theorem (Horn and
Johnson 2013, Theorem 6.1.10), I − β P (a) is non-singular
for every a ∈ A and β ∈ (0, 1). Additionally, since P (a) is
a transition probability matrix, 1T Q̃(1) = 0T . Hence

rk(Q̃(β)) = n, β ∈ (0, 1), (16)

rk(Q̃(1)) ≤ n− 1, (17)

The homogenization of Q̃(β),

Q̃(β)hom =

(
Q̃(β)
1T

)
,

allows us to combine both equality constraints in Ων,β (8).
By Assumption 2, whereby the Perron-Frobenius Theorem
applies, we have

rk(Q̃(1)hom) = n, (18)
which also implies equality in (17). We can thus choose a
new representation of fixed rank.
Lemma 2. Let β ∈ (0, 1]. There exist a parametric family
of matrices Q(β) of size n× nk and a parametric family of
vectors µ(β) ∈ Rn such that

Ων,β = { ρ | Q(β)ρ = µ(β), ρ ≥ 0 } ,
for Ων,β in (8), and rk(Q(β)) = n for all β ∈ (0, 1].

From this point on, we will assume ν ∈ ∆S is fixed and
suppress it in our notation. As an immediate consequence of
Lemma 2, we have the following proposition.
Proposition 2. Let β ∈ (0, 1]. For every immediate re-
ward vector r ∈ Rnk, CMDP(α1, . . . , αm) is equivalent
to LPA,r(b) with A and b given by

A ≡ Aβ,d1,...,dm =


Q(β)
dT1
...

dTm

 , b ≡ bβ =


µ(β)
α1

...
αm


(19)

Following our notation in §4 applied to A and b in (19),
we have D = n + m and N = nk. We can show that
LPA,r(b) satisfies the conditions of Theorem 1. First, by As-
sumption 1, Aβ,d1,...,dm is full rank,

rk(Aβ,d1,...,dm
) = n+m. (20)

Second, we have the following lemma.

Lemma 3. kerAβ,d1,...,dm
∩ R(n+m)×nk

≥0 = {0}.
Applying Theorem 1, we have the following corollary.

Corollary 3. For A as in (19), each immediate reward vec-
tor r determines a unique triangulation Tr of Cone(A).
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The Induced Triangulation
Proposition 2 establishes the equivalence between
CMDP(α1, . . . , αm) and LPA,r(b) for A and b in (19). In
§4, we considered the function LPA,r : Cone(A) → R
assigning to b ∈ Cone(A) the value LPA,r(b) (11). Given
this equivalence, we may now regard CMDP as a function
by restricting LPA,r to b of the form bβ = (µ(β),α). The
domain for CMDP is thus determined by the intersection of
the m-dimensional affine subspace

H ≡ Hβ = { bβ | α ∈ Rm } ⊂ Rn+m (21)

with Cone(A) (see H of dimension m = 2 in Figure 1). This
intersection is an m-dimensional convex polyhedron

P = H ∩ Cone(A) ⊂ Rn+m. (22)

We may assume with probability 1 that H cuts Cone(A)
transversally at the interior of each Tr cell.2 Considering the
α-parametrization of b = (µ(β),α), we can alternately re-
gard P as a convex polytope in Rm. Thus, we can either re-
gard CMDP as a function that evaluates b ∈ P ⊂ Rn+m at
LPA,r(b) or regard it as a function that evaluates α ∈ P ⊂
Rm at LPA,r((µ(β),α)). Either way, by Lemma 1, we have
the following.

Corollary 4. CMDP is concave and PWL continuous over
P .

By Corollary 3, we have a unique triangulation Tr of
Cone(A). Thus, we get an induced triangulation TP of P .
By dimension considerations, the vertices V (TP ) of TP (i.e.,
its 0-simplices) correspond to optimal deterministic policies.
The 0-simplices of TP correspond to those D −m = (n +
m)−m = n-simplices of Tr that intersect H (trasversally),
namely, those occupation measures with |Supp(ρ)| = n.
By similar dimension considerations, the interiors of edges
of TP (i.e., 1-simplices) correspond to optimal strictly 1-
randomized policies, and, so on, the interiors of m-simplices
of TP correspond to strictly m-randomized policies.

Proposition 5. The expression r(π)
φ(d1(π),...,dm(π)) restricted

to an m-simplex τ of TP is quasiconvex as a continuous
function of (α1, . . . , αm) ∈ τ .

Corollary 6. The expression r(π)
φ(d1(π),...,dm(π)) defined over

P achieves its optima at V (TP ), namely, at deterministic
policies π ∈ Πdet.

5 Solving Multi-risk EMRDP
The triangulation of Cone(Aβ,d1,...,dm) projected onto the
affine risk subspace Hβ is inherent to the optimization land-
scape of the objective (9) in that its vertices constitute the
minimal search set as compared to the maximal search set
over all deterministic policies.

2Transversal intersection captures the notion of “generic” in-
tersection. Specifically, H intersects Cone(A) transversally if its
intersection with each n-cell τ of Tr is either empty or satisfies
Tpτ + TpH ∼= Rn+m at an interior intersection point p.

Vertex Order
Following Corollary 6, it is possible to find the optimal pol-
icy for the φ-aggregated multi-risk EMRDP (9) via its para-
metric LP formulation LPβ,r,d1,...,dm

(b) := LPA,r(b) with
A and b as in (19). To that end, we need a systematic and ef-
ficient way to traverse the vertices in V (TP ). To avoid cum-
bersome notation, we continue to identify A ≡ Aβ,d1,...,dm

,
b ≡ bβ , L ≡ Lβ , and H ≡ Hβ throughout this section.

By Definition 1, a risk aggregator φ is concave. Its level
sets are subsets of the form φ−1(c) for c ∈ R>0. Consider-
ing the α-parametrization of b = (µ(β),α) ∈ P ⊂ Rn+m,
we overload our notation to define φ over P :

φ(b) := φ(α), b = (µ(β),α) ∈ P. (23)

Let VP = V (TP ) be the set of vertices of the induced tri-
angulation TP . Recall that a vertex v ∈ VP corresponds to
a unique deterministic policy with its occupation measure ρ.
For b = Aρ ∈ P , we employ the same notation to define

φ(v) := φ(b) or φ(ρ) := φ(b).

We may assume with probability 1 that VP is in general
position w.r.t. the level sets of φ, namely, no two vertices lie
on the same level set. This results in a complete order on VP

where v ⪯ v′ iff φ(v) ≤ φ(v′) with equality iff v = v′. The
complete order ⪯ establishes VP as sequence v1, . . . , v|VP |:

v1 = argmin
v∈VP

φ(v)

vi = argmin
v∈VP \{v1,...,vi−1}

φ(v), i ≥ 2 (24)

We can establish VP as a sequence via an alternate construc-
tion,

u1 = argmin
v∈VP

φ(v), P1 = {u1}

Pi+1 = Pi \ {ui} ∪ V (stui
) \ {u1, . . . , ui}, i ≥ 1

ui = argmin
v∈Pi

φ(v), i ≥ 2 (25)

where the star V (stui
) of ui consists of the vertices of

all top-dimensional simplicies of TP incident to ui ∈ VP

(see §4). By construction, there exists a minimal index
imin for which Pi = ∅ for all i > imin, at which
point the sequence of vertices terminates. As an illus-
tration, the level sets plotted on the intersecting plane
in Figure 1, superimposed on a triangulation of a 2-
dimensional P , establish P1 = {u1},P2 = {u2, u3, u4},
where u2 is the minimum of P2 and its star encompasses
{u1, u4, u6, u8}, thus P3 = {u3, u4, u6, u8}, and, simi-
larly, P4 = {u4, u5, u6, u7, u8}, . . . ,P9 = {u9} and Pi =
∅, ∀i > imin = 9.

Theorem 7. vi = ui, i = 1, . . . , |VP |.

Algorithm Description
Following Theorem 7, we provide Algorithm 1 to traverse
VP = V (TP ) by order of φ-aggregated risk (25). Corollary
6 guarantees that we will find the optimal policy for the φ-
aggregated multi-risk EMRDP (9) within this sequence.
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Figure 1: The level sets of the risk aggrega-
tor φω(α1, . . . , αm) =

∑m
i=1 α

ωi
i (10), with

ω1 = 0.5, ω2 = 0.3 (m = 2), determine a complete
order v1, . . . , v9 on the vertices VP = V (TP ) of the induced
triangulation TP of P .

Algorithm 1 is initialized (Line 16) with the minimal ver-
tex, i.e., the deterministic policy whose occupation measure
is given by

ρmin = argmin
ρ
{φ(ρ) | Q(β)ρ = µ(β), ρ ≥ 0} (26)

The set P , updated at each iteration (Lines 21-22), corre-
sponds toPi, beginning withP1. By definition (25), the opti-
mal occupation measure ρ∗ (Line 18) we get at each iteration
corresponds to ui. The necessary and sufficient conditions
for m-randomized stationary policies to come next along the
Pareto front, that is, for a top-dimensional simplex of TP to
be in stui

, are evaluated in Lines 2-4. Note that the limit
on the number of such optimal bases, i.e., top-dimensional
simplices, is triangulation specific. Strong Duality allows us
to combine the top-dimensional simplex condition (14) to-
gether with (15) to establish the Pareto front. The condition
in Line 4, in particular, is a consequence of (14) and (15).
We add the next vertices, i.e., deterministic policies, to P in
Line 6, so long as the φ-aggregated risk does not decrease
(Line 9). As noted in Corollary 4, CMDP is concave and
PWL continuous over P , thus, Algorithm 1 terminates with
the stopping criterion in Line 23.
Theorem 8. Under Assumptions 1-3, Algorithm 1 returns
the policy π∗ that maximizes r(π)

φ(d1(π),...,dm(π)) over all sta-
tionary policies π ∈ Π.

Strong Polynomiality
Algorithm 1 runs in strongly polynomial time with the fol-
lowing additional assumption.
Assumption 4 (Monotonicity). There is a linear order
(a1, . . . , ak) on A such that for each π ∈ Πdet and s ∈ S

(d1(π
s,a1), . . . , dm(πs,a1)) <

. . . < (d1(π
s,ak), . . . , dm(πs,ak)). (27)

Algorithm 1: Multi-risk EMRDP (A ≡ Aβ,d1,...,dm
, H ≡

Hβ , J ≡ [nk])

1: procedure NEXTPOLICY(P, ρ∗, α∗)
2: for I ⊂ J \ Supp(ρ∗), |I| = m do
3: J ← I ∪ Supp(ρ∗)
4: if rTJ A

−1
J A− rT ≥ 0 then ▷ det(AJ) ̸= 0

5: PJ ← {}
6: for b′ = H ∩ ConeAJ′ , |J ′| = n, J ′ ⊂ J ,

J ′ ̸= Supp(ρ∗) do
7: Add ρ′ to PJ s.t. ρ′J = A−1

J b′ and 0 else-
where

8: end for
9: if ∀ρ′ ∈ PJ : φ(ρ′) ≥ α∗ then ▷ |PJ | = m

10: P ← P ∪ PJ

11: end if
12: end if
13: end for
14: return P
15: end procedure
16: Initialize: Π← {}, P ← {ρmin} ▷ Eq. (26)
17: do
18: ρ∗ ← argmin

ρ∈P
φ(ρ), α∗ ← φ(ρ∗), r∗ ← rT ρ∗

19: Add ρ∗ to Π
20: r′ ← maxρ∈P rT ρ
21: P ← NEXTPOLICY(P, ρ∗, α∗)
22: P ← P \ {ρ∗}
23: while P ̸= ∅ and maxρ∈P rT ρ ≥ r′ ▷ CMDP concave

over P
24: return argmax

ρ∈Π
rT ρ/φ(ρ)

Since a risk aggregator φ is strictly monotonic by defini-
tion, Assumption 4 implies

φ(d1(π
s,a1), . . . , dm(πs,a1)) <

. . . < φ(d1(π
s,ak), . . . , dm(πs,ak)). (28)

for every π ∈ Πdet and s ∈ S . Assumption 4 often holds in
financial market applications, where “larger” actions, such
as investing a larger amount, are fundamentally riskier than
“smaller” ones, irrespective of the risk aspect.

Proposition 9. Consider m fixed. Given Assumption 4, cov-
ering over all I ⊂ J , such that |I| = m and Supp(ρ∗) ⊂
J \ Supp(ρ∗) (Line 2 of Algorithm 1) will run worst case in
O(nmkm) iteration.

Theorem 10. Consider m fixed. Given Assumption 4, the
number of arithmetic operations of Algorithm 1 in the worst
case is bounded by O(n2m+3km+1).

6 Single-risk EMRDP
An approach for solving single-risk (m = 1) EMRDP with
the risk aggregator (10) was introduced in Zadorojniy, Os-
ogami, and Davidovich (2023). It employs an algorithm that
looks for the risk-sensitive optimal policy through a discrete
form of gradient ascent in the policy space that is the graph
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Algorithm 2: (Zadorojniy, Osogami, and Davidovich 2023)
Algorithm for single-risk EMRDP.

1: Initialize: π ← argminπ {d(π) | Qρπ = µ, ρπ ≥ 0}
2: T ← {(π, r(π), d(π))}
3: while ∃(s, a) s.t. d(πs,a) > d(π) do
4: πs,a ← argmaxπs,a {∇s,a(π) | d(πs,a) > d(π)}
5: Add (πs,a, r(πs,a), d(πs,a)) into T
6: π ← πs,a

7: end while
8: return argmaxπ {r(π)/dω(π) | (π, r(π), d(π)) ∈ T}

of deterministic and 1-randomized policies. We will demon-
strate its correspondence to Algorithm 1 for the risk aggre-
gator (10) with m = 1. One can, therefore, regard Algo-
rithm 1 as a natural extension of Zadorojniy, Osogami, and
Davidovich (2023) to multi-risk EMRDP.

An Alternative Viewpoint
Zadorojniy, Osogami, and Davidovich (2023) introduced
Algorithm 2 for solving (9) in the single-risk case (m = 1)
with the risk aggregator (10) under the same Assumptions 1-
3. Here, we will recap some of their main results. To that
end, for π ∈ Πdet, let πs,a be the deterministic policy that
follows π, except at the state s ∈ S where the specified ac-
tion a ∈ A is taken instead of π(s). Denote the difference in
reward over the difference in risk by

∇s,a(π) ≡
r(πs,a)− r(π)

d(πs,a)− d(π)
=

r⊤ρπ
s,a − r⊤ρπ

d⊤ρπs,a − d⊤ρπ
. (29)

Algorithm 2 of Zadorojniy, Osogami, and Davidovich
(2023) initializes π (Line 1) with a feasible policy that mini-
mizes d(π), with Q and µ as in (5). At each while-loop iter-
ation, the algorithm considers policies πs,a with d(πs,a) >
d(π). In Line 4, πs,a is chosen to maximize ∇s,a(π). In
Line 6, the policy π is updated with πs,a for the next iteration
of the while loop. Once done, the policy that corresponds to
the maximal ratio is returned (Line 8).
Theorem 11 (Theorem 1, Zadorojniy, Osogami, and Davi-
dovich (2023)). Let ω ∈ (0, 1]. Under Assumptions 1-3, Al-
gorithm 2 returns the policy π∗ that maximizes r(π)/dω(π)
over all stationary policies π.

Let G = G(V,E) be the policy graph, where V is the
set of deterministic policies and E is the set of pairs of
neighbouring deterministic policies (i.e., policies that dis-
agree in exactly one state). Let Γα be the set of deterministic
and strictly 1-randomized policies (see §2) for CMDP(α).
Let Γ∗

α ⊆ Γα be the set of optimal policies in Γα, and let
Γ∗ ≡ ∪αΓ∗

α. The set Γ∗ forms a path in the policy graph G
(Zadorojniy, Even, and Shwartz 2009, Lemma 5.4). Let π0

and π1 be any two neighbouring deterministic policies in Γ∗.
Denote a strictly 1-randomized policy on the edge between
π0 and π1 by πq , that is, πq = (1− q)π0 + q π1 ∈ Π1−rnd,
where q ∈ (0, 1). Let Γdet be the set of deterministic poli-
cies returned by Algorithm 2 and Γ1−rnd be the set of strictly
1-randomized policies on the edges between the neighbor-
ing policies in Γdet. The following proposition identifies the
policy path that Algorithm 2 traverses.

f1

f2

Figure 2: A 2-dimensional section (the dotted lines) of a
3-dimensional (conic) triangulation Tr. The triangulation
graph Gr is marked (in bold) with two adjacent vertices
f1, f2 ∈ V (Gr).

Proposition 12 (Corollary 1, Zadorojniy, Osogami, and
Davidovich (2023)). Γdet ∪ Γ1−rnd = Γ∗.

Zadorojniy, Osogami, and Davidovich (2023) introduced
a variant of Algorithm 2 that runs in strongly-polynomial
time when Assumption 4 holds. It is identical to Algo-
rithm 2 except in Line 1, where π is initialized with the risk-
minimizing policy that takes the minimal action a1, well-
defined by Assumption 4, at every state.
Proposition 13 (Lemma 3, Zadorojniy, Osogami, and
Davidovich (2023)). Under Assumption 4, the strongly-
polynomial variant of Algorithm 2 runs in O(n4 k2) time.

Correspondence of Viewpoints
Our goal is to establish a correspondence between Algo-
rithm 1 and Algorithm 2 of Zadorojniy, Osogami, and Davi-
dovich (2023) with m = 1 and φ ≡ φω (10).

Setup. Recall our notation for the constituents of the para-
metric LP in Proposition 2. For the single-risk case:

Aβ,d =

(
Q(β)
dT

)
, bβ =

(
µ(β)
α

)
, (30)

Following Proposition 2, CMDP(α) is equivalent to
the parametric LP LPβ,r,d(bβ) := LPAβ,d,r(bβ) and
rk(Aβ,d) = n + 1 (20). The domain for CMDP is deter-
mined by the intersection of the line

Lβ =

{(
µ(β)
α

) ∣∣∣∣ α ∈ R
}
⊆ Rn+1. (31)

with Cone(Aβ,d). We may assume with probability 1 that
Lβ is transverse to Cone(Aβ,d), namely, that Lβ intersects
Cone(Aβ,d) at interior points of co-dimension 1 simplices.
By Lemma 3, the condition in part (ii) of Theorem 1 holds,
meaning that LPβ,r,d(b) is bounded for all b ∈ Cone(Aβ,d),
and, in particular, for all b ∈ Lβ ∩ Cone(Aβ,d).

Triangulation Graph. Following Corollary 3, let Tr be
the unique triangulation of Cone(Aβ,d) corresponding to the
immediate reward vector r ∈ Rnk. T top

r denotes the set of
top-dimensional simplices, i.e., the (n+1)-simplices, of Tr.
The co-dimension 1 simplices T codim−1

r of Tr are its n-
simplices. The boundary ∂τ of a simplex τ = Cone(AJ)
in Tr is the union of all sub-simplices f = Cone(AJ′) such
that J ′ ⊂ J and |J \ J ′| = 1.
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Figure 3: The deterministic Pareto fronts of equivalent single
(m = 1) vs. double (m = 2) risk EMRDPs.

Define the (undirected) graph Gr of the triangulation Tr
as follows.

V (Gr) := T codim−1
r

E(Gr) :=
{
e = {f1, f2}

∣∣ ∃τ ∈ T top
r : f1, f2 ⊂ ∂τ

}
Figure 2 illustrates a 2-dimensional section (the dotted lines)
of a 3-dimensional conic triangulation Tr. Thus, n + 1 = 3
and the single-risk EMRDP has two states. The triangulation
graph Gr in Figure 2 (in bold) is marked with two adjacent
f1, f2 ∈ V (Gr). By definition, the valence of a graph node
f ∈ T codim−1

r is either 2n or n, depending whether f is
internal or not.
Proposition 14. Lβ determines a simple path Γr in Gr.

By a standard procedure, we can metrize Gr, setting the
length of each edge to be 1. We will denote this metrized
graph by Gmet

r to distinguish it as a metric space. This in-
duces a metric on Γr as well. Recall that in §6 we let G de-
note the policy graph whose vertices were Πdet and whose
edges E were pairs of deterministic policies that differ at a
single state. Introducing 1-randomized policy on the edges
between vertices of G effectively metrized it and its sub-
graph Γ∗ ⊆ Gmet.
Theorem 15. Γmet

r
∼= Γ∗ as metric graphs.

As a consequence of Theorem 15, Algorithm 2 of Zadoro-
jniy, Osogami, and Davidovich (2023) and the single-risk
reduction of Algorithm 1 traverse the same optimal policy
path, albeit within different graphs.

Single-risk Reduction. The single-risk reduction of Algo-
rithm 1 is designed to traverse Γr (and equivalently Γ∗). As
in (26), it is initialized with

ρmin = argmin
ρ

{
dT ρ | Q(β)ρ = µ(β), ρ ≥ 0

}
(32)

where we utilize the fact that φ is strictly monotonic (see
also Line 1 of Algorithm 2). Following Theorem 1, Strong
Duality allows us to combine (14) together with (15) to es-
tablish the Pareto front. For deterministic policies ρ∗, this
translates, at each iteration, into finding the optimal basis
J ⊆ [nk] that satisfies the conditions: (i) Supp(ρ∗) ⊂ J ,
(ii) AJ is invertible, and (iii) rTJ A

−1
J A − rT ≥ 0 (Lines 2-

4). There can be at most two such bases corresponding to at
most two neighboring top-dimensional simplices. This is a

key feature of single-risk EMRDP: the bound on the num-
ber of possible J’s is not triangulation specific, unlike in the
multi-risk case.

Now, even with an oracle that provides us with a minimal
risk deterministic policy (32), the single-risk reduction of
Algorithm 1 still fails to be strongly polynomial. This would
depend, for each j ∈ [nk], on a polynomial bound on the
number of iterations for which j will be present in J that sat-
isfies the condition in Line 4. This touches on deep questions
of upper bounds and statistics of triangulations and graph di-
ameters (Santos 2012). Assumption 4 operates as an upper
bound of order O(1).

When Assumption 4 holds, Algorithm 2 is more efficient
than the single-risk reduction of Algorithm 1. It runs in
O(n4 k2) (Proposition 13), while the latter runs in O(n5 k2)
(Theorem 10). This is due to its two-phase search, first for
incident top-dimensional simplices (Lines 2-4) and then for
their co-dimension 1 faces (Line 6), while Algorithm 2 looks
for the best next deterministic policy, i.e., neighboring co-
dimension 1 face, in one fell swoop. However, extending
Algorithm 2 from single to multiple φ-aggregated risks by
greedy gradient ascent will not work, even though Corol-
lary 6 ensures us that the optimal policy for multiple-risk
EMRDP is to be found at deterministic policies. We will
illustrate the challenge of adding risk dimensions with the
Grid World benchmark.

Grid World. Solving the benchmark Grid World problem
requires finding the optimal policy for traversing an h × w
grid from an initial to a terminal cell in a minimal number
of moves in the presence of obstacles.

To the standard benchmark Grid World setup, introduced
thus far, Zadorojniy, Osogami, and Davidovich (2023) add a
notion of risk: it is defined as high for walking along the top
or bottom boundaries of the grid and as medium for walking
left into the left boundary or right into the right boundary.
Risk is otherwise set to a baseline low value. Consequently,
the goal is to minimize the ratio r(π)/d(π), thereby increas-
ing (negative) reward while decreasing (negative) risk. This
extends Grid World to a single-risk EMRDP problem where
we take φ ≡ φω and ω = 1.

One can easily turn this single-risk EMRDP into a (degen-
erate) double-risk EMRDP by splitting its immediate risk
vector d into d1 and d2, so that d1 is risk concentrated in the
first action (Up), while d2 is risk concentrated at the latter
actions (Down,Left,Right,None).3 Together, d = d1+d2,
and the single and double risk EMRDPs have the exact same
optimal solution. Figure 3 illustrates the difference between
its single (m = 1) and double (m = 2) risk incarnations.
Both dotted and solid lines plot the EMRDP objective to
the aggregated risk for each π∗ along the Pareto. While the
Pareto for the single-risk EMRDP (dotted) is convex, the
one for double-risk (solid) is clearly not, indicating that a
straightforward approach involving greedy gradient descent
will likely fail to reach the EMRDP optimum.

3Notebook available on https://github.com/IBM/IBM-
Extended-Markov-Ratio-Decision-Process/blob/main/notebooks/
grid world multi.ipynb.
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