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Abstract

In this paper, we tackle the problem of finding cost-optimal
solutions in Fully-Observable Non-Deterministic (FOND)
planning problems. First, we introduce metrics for FOND
problems by interpreting solution policies under both their
best and worst possible scenarios, leading to a bi-objective
optimization problem. We then propose BOAND*, a novel
heuristic search algorithm designed to seek Pareto-optimal
solutions by navigating the space of possible policies. We
conduct an empirical evaluation of the algorithm, alongside a
qualitative comparison with cost-optimal solutions that con-
sider only one objective at a time. Our findings validate this
approach, paving the way for new methods of reasoning over
FOND problems.

Introduction

An intelligent agent needs reasoning capabilities to select
actions that achieve specific objectives (Ghallab, Nau, and
Traverso 2004). In order to do so, one can provide the agent
with a model of the world that expresses, in a predictive
manner, how the state will look like after some action is
executed. However, for some realistic scenarios, it may be
difficult to anticipate the exact effect at planning time. So, in
order to alleviate this problem, we can adopt planning mod-
els that take some uncertainty into account by relaxing the
deterministic assumption of our actions. One such formula-
tion is fully-observable non-deterministic (FOND) planning
(Cimatti et al. 2003), where each action is associated to a
number of possible effects; this way, the agent can take all
such different outcomes into account and reason about them.
Differently from conformant planning (Goldman and Boddy
1996; Bonet 2010) or POND (Rintanen 2004), in FOND the
assumption is that the actual effect will be visible at execu-
tion time. That is, the agent will know exactly how the world
will look like after the execution of an action; from that point
onward she can then decide the proper course of action. A
solution to a FOND problem is therefore a policy, that is, a
function mapping states to actions. The agent can look-up
this policy at run-time and always know what is that it has
to do in order to reach the goal. This put FOND in stark
contrast with classical planning. Indeed, policies are usu-
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ally represented as trees or graphs, differently from classical
planning where a solution can be encoded as a sequence.

This paper explores FOND problems where actions have
associated costs, aiming for policies that minimize these
costs. Unfortunately, constructing such a policy is challeng-
ing, as it is indeed unclear how to evaluate the cost of the
policy in the first place.

To address this problem, we propose a novel formalization
of FOND using a multi-objective search framework. We ar-
gue that an intelligent agent should consider contingencies
and seek policies providing well-grounded trade-offs. We in-
troduce Bi-Objective FOND planning to find non-dominated
policies that form a Pareto frontier, allowing the agent to se-
lect a suitable policy. Our Bi-Objective FOND framework
can accommodate any two metrics, though we focus on two
cases: the cost of the “best” (least expensive) and “worst”
(most expensive) execution trajectories within a policy.

Building on recent work in Bi-Objective search and the
AND* algorithm for FOND planning, we design a Bi-
Objective heuristic search algorithm that we call BOAND*.
Given a FOND planning problem with positive action costs,
BOAND* returns all cost-unique Pareto-optimal policies.
Together with the algorithm, we also formulate admissible
heuristics which provide f-values, estimating each policy’s
cost by considering the current state-action mappings and
those that will be required to reach the goal. Our formula-
tion leverages admissible classical planning heuristics over
the all-outcome relaxation of FOND.

We theoretically prove the algorithm’s soundness, com-
pleteness, and optimality. Practically, we conduct an experi-
mental evaluation of BOAND* equipped with the proposed
heuristics, showing how they compare against each other
and showcasing the value of a bi-objective approach. Our
findings demonstrate the feasibility of the approach, and its
competitiveness against a single-objective search (embodied
by AND*) both in terms of run-time and solution quality.

To illustrate the benefits of reasoning over both best and
worst trajectories, we start with a motivating example. Fol-
lowing a necessary background on FOND, we then for-
malize both cost-optimal and bi-objective FOND, and later
present our bi-objective search algorithm along with its theo-
retical properties. Finally, we conclude with an experimental
evaluation and a discussion of related work.
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Figure 1: Three solution policies to the working example
with their best and worst case trajectories.

Motivating Example

We motivate our proposal through the example of Figure
1 inspired by the well-known FROZENLAKE environment
from OpenAl’s Gymnasium'. In this example, an agent
wants to navigate a grid, from an initial position sg to a goal
position GG; movements are possible along the four cardinal
directions. However, the tiles of this grid are frozen, so when
the agent moves it may slide past the adjacent tile and onto
the one after that. For instance, if we are in position (0, 5)
(top-left) and we move right, we may end up in either (1, 5)
or (2,5). This grid also features pits where the agent may fall
without any way to get out (deadends, colored in grey), and
walls that block the agent from sliding (colored in white),
e.g., moving down from (1, 3) will always end in (1, 2). Ob-
serve that, in order to reach the goal, the agent must pass
between the pits using the gaps located in rows 0, 2, and 4.
The shortest path goes through the gap in row 4, but taking
that route might be difficult since the agent needs to posi-
tion itself in tiles (2,4) or (3,4). On the other hand, going
through the gap in rows 0 or 2 takes longer but the agent can
use the walls to align itself.

We can model such a domain as a FOND problem; Fig-
ure 1 presents three alternative policies, using arrows to de-
note which action to take in each tile. Now, the question is,
which policy should we follow? One possibility is to look
at the structure or size of the policy to choose the simpler
policy (Fu et al. 2011; Geffner and Geffner 2018a). This ap-

"https://gymnasium.farama.org/environments/toy_text/
frozen_lake/

141

proach has merit if the policy needs to be understood by
a human, but it is completely blind to the effort required
to reach the goal. Alternatively, we can measure this ef-
fort, e.g., actions taken to reach the goal, but given the non-
determinism of the domain, we would have to take some
random realization of the policies (Mattmiiller et al. 2010a).
A more systematic approach is to look at the best and worst
case of the policy (Shmaryahu, Shani, and Hoffmann 2019),
i.e., if everything goes well (or, respectively, wrong) how
many actions will the agent need to reach the goal. Let us
analyze our policies using this last approach.

Policy 71 commits to the shortest path passing through the
gap in row 4, and keeps trying to align itself with that gap
if it fails. Consequently, 1 has a best case of 5, and a worst
case of oo since it may always slide when trying to align
itself in row 4. 7y attempts to use the shortest path too but,
if it fails, it defaults to using the walls to safely align itself
with the gap in row 2. This allows 75 to maintain a best case
of 5 while obtaining a much better worst case of 12. Lastly,
73 aims directly for the safer row 2 path, resulting in a best
case of 7 and a worst case of 11.

Looking at the best case, we would say that both 7 and
To are equivalent, and better solutions than 3. While, if we
consider the worst case, 3 comes on top followed by 7o
and then 1. However, one would usually prefer 7o over 7y
given that o has the same best case and a much better worst
case. Indeed, this sort of reasoning is exactly what we find
in multi-objective optimisation, where we would say that,
under this best and worst case criteria, w9 dominates my. At
the same time, we cannot really say that 73 is better or worse
than 7y or s, i.e., 3 neither dominates nor is dominated by
the other solutions. Note also that the cyclic case above can
be assumed to have an end if we consider fair environments
(see below for more details). Yet, it may still be useful to
prefer the case with a finite and known solution cost.

FOND Planning

Let V be a set of state variables such that each variable
v € V has a finite domain D,. An assignment to V" is a
function s mapping each variable v € V to D,, U {L}. If
Yo € V : s(v) € D,, then s is a complete assignment;
otherwise, if v € V : s(v) = L, then s is a partial assign-
ment. A complete assignment s is consistent with a partial
assignment s’, denoted as s = s’, when Vv € V, either
s(v) = §'(v) or s'(v) = L.

A fully-observable non-deterministic (FOND) planning
task is a tuple P = (V, A, so, G) where V is a set of finite-
domain state variables, A is a set of non-deterministic ac-
tions, sg is the initial state, and G is the goal condition. A
state, in particular sg, is a complete assignment to V' and we
denote with S the state space; G is a partial assignment to
V; each action a € A is represented by a tuple (pre,, Eff,),
where the precondition pre, is a partial assignment to V'
and Eff, is a set of possible effects such that each effect
eff € Eff, is also a partial assignment to V.

An action a € A is applicable in a state s if s = pre,.
The application of an action ¢ € A in a state s causes
an effect eff € Eff, to be triggered, generating the suc-
cessor state s' = succ(s, eff) such that s'(v) = eff(v) if



v € vars(eff), and s’(v) = s(v), otherwise. Hence, ap-
plying action a in state s can generate the successor states
Suce(s,a) = {succ(s, eff) | eff € Eff,}.

Let P = (V, A, s9,G) be a FOND planning problem;
a policy w for P, is formally defined as a partial function
m : S — A mapping non-goal states of S into actions such
that the action 7(s) is applicable in the state s. Dom(m)
is the domain of 7, i.e., the subset of the state space for
which 7 is defined. Reach(m) = U, pom(r) Succ(s, m(s))
is the set of states reachable by following the policy 7.
The outgoing states Out () of a policy 7 are the reachable
states for which r is undefined, i.e., Reach(rw) \ Dom(r).
We denote with Outg(w) C Out(rn) the reachable goal
states, and with Out.(w) C Out(w) the reachable non-
goal states that have no action assigned in . We assume that
Dom(w) C Reach(m) U {sp}, i.e., Dom(7) only contains
states that are reachable from the initial state s.

A policy 7 for P induces a set of possibly infinite state tra-
jectories (s, $1, S2, . . .), called 7-trajectories, where s;1 €
Succ(si, m(s;)) for i > 0. We denote with 7 () the set of
all trajectories starting from s( and following 7 until the end,
i.e., all finite trajectories that end with a state in Out () as
well as infinite trajectories. A policy is cyclic if one state can
be visited more than once. As the state space is finite, infinite
trajectories can only occur when the policy is cyclic. In the
literature on FOND we can distinguish fair and unfair envi-
ronments. Under fairness, all actions outcome will manifest
in the limit, so also cyclic policies will terminate in a finite,
but unbounded, number of steps (Cimatti et al. 2003).

Definition 1 (Closedness). A policy w is closed if it is de-
fined for all its reachable nongoal states, i.e., Out..(7) = {.

Definition 2 (Properness). A policy m is proper if for any
state s € Reach(m) there is at least one w-trajectory that
contains s and reaches a goal state.

Definition 3 (FOND Solutions). Let P = (V, A, 59, G) be a
FOND Problem, and m a proper policy for P. If 7 is acyclic,
then it is a strong solution for P. If 7 is cyclic, it provides a
solution for P only if the environment is fair. In that case the
policy is said to be a strong cyclic solution for P.

Hereinafter, we assume fair environments, so both strong
and strong cyclic policies are solutions.

FOND Planning with Costs

Unlike previous works that focus on policy size, we are in-
terested in assessing the value of a policy in terms of the cost
of executing it. We use Cost-Optimal FOND Planning to re-
fer in general terms to the problem of computing solution
policies for a FOND Planning task that are optimal with re-
spect to a policy-cost metric ¢g. That is, given a metric q that
evaluates and total-preorders all the possible solutions of a
FOND Planning task P, a solution = € II(P) is optimal if
q(7) is minimal. The purpose of this section is to introduce
policy-cost metrics and do so by firstly equipping the FOND
problem with an action cost function.

Definition 4 (Action cost). An action costs functionc : A —
N assigns to each action a positive cost.
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Assuming hereinafter, that FOND tasks are equipped with
cost, i.e., P = (V, A, s9,G, ), we look at how to define
policy-cost metrics. Observe that, unlike in classical plan-
ning, determining the cost of a policy in a non-deterministic
setting depends on the outcome of the executed actions. That
is, a policy has many realizations and each one incurs a dif-
ferent cost. The many realizations of a policy 7 are captured
by the notion of m-trajectories, so we use the cost of a 7-
trajectory as a building block towards our objective of for-
malizing policy-cost metrics.

Definition 5 (Cost of a 7-trajectory). Given a policy 7 for
a FOND task (V, A, c, so, G) and an action cost function c,
the cost of a w-trajectory T = (8, S1, 82, - . .) IS

|7]—1
Z c(m(s:))

Building on top of Definition 5, we focus on the best
case and the worst case metrics, representing optimistic and
pessimistic interpretations of a policy’s cost. These metrics
reflect the least and most expensive trajectories, providing
lower and upper bounds for the cost of achieving goals un-
der a given policy.

Definition 6 (The Best and Worst Case Metrics). Let 7 be a
policy. The best case and worst case metrics are defined as
follows:

cost(T) = (1)

best(m) = mi t 2
est(m) Ten%%r)cos (1) (2)

t = t 3
worst(r) Tr€n7g()7<r) cost(T) 3)

As noted by Messa and Pereira (2023), when searching
over policy space it is important to have metrics such that
extending the policy, i.e., by adding new state-action assign-
ments, does not decrease the evaluation of the policy.

Assumption 1. Let 7 C 7'. It holds that () < q(n")

Our next theorem demonstrates that the best and worst
cases satisfy this assumption.

Theorem 1. The best and worst case are proper metrics.

Proof (sketch). Let m C 7. For every m-trajectory T there
exists a 7’'-trajectory 7’ such that 7 is a prefix of 7/. Since
action costs are positive, the best and worst case of 7’ can
never be lower than that of 7. O

Cost-optimal policies with respect to either the best or the
worst case can be found using the AND* algorithm (Messa
and Pereira 2023). Yet, as shown in our motivating example,
focusing solely on one criterion has limitations. Optimizing
for the best case can yield policies with very high worst-case
costs, even when there are equally good best-case solutions
with much lower worst-case costs. This is exactly what hap-
pens in Figure 1 with policies 7 and 75. To reason that o
is better than 71, we argue that both best and worst cases
should be considered simultaneously.

To enable this more robust reasoning, we formalize the
bi-objective FOND Planning problem and extend the AND*
algorithm for bi-objective settings in the following sections.



We begin with the general Bi-Objective FOND Planning
case and then specialize it to scenarios where the two ob-
jectives are the best and worst case metrics.

Bi-Objective FOND Planning

In bi-objective optimization problems, the value of a solu-
tion is no longer a single metric but a pair of metrics, i.e.,
q(m) = (q1(7), g2()).

Definition 7 (Bi-Objective FOND Planning task). A Bi-
Objective FOND Planning task is a tuple (V, A, s0,G, ¢, q)
where (V, A, so, G) is a FOND Planning task, c is an action
cost function, and q is a bi-objective function.

In a bi-objective setting, it will often be the case that
there does not exist a solution that minimizes both metrics at
the same time. Therefore, the aim is to find Pareto-optimal
solutions, i.e., solutions that cannot be improved w.r.t. to
one metric without degrading the other. This is formalized
through the notion of (Pareto) dominance, which we adapt
to our context in the following definition.

Definition 8 (Dominance). Let m and ©' be two policies
for a FOND task. We say that m dominates 7/, denoted by
m < @, if either ¢1(7) < q(7') A g2(7) < qo(n’) or
@ (m) < (") Aga(m) < qa(n). We also say that m weakly
dominates 7/, denoted # <X 7', if 1 (1) < q1(7') A qa(m) <
g2 (7).

Observe that for 7 < 7’ to hold, either ¢; (7) < ¢1(7’) or
g2(m) < go(7’") must be true, i.e., 7 must be strictly better
in one of the metrics. A Pareto-optimal solution is one that
is not dominated by any other solution.

Definition 9 (Pareto Optimal Solution). Given a bi-
objective FOND Planning task P, a solution w € II(P) is
Pareto-optimal if for all ' € T1(P) different from 7, it holds
that T A 7.

The set of all Pareto-optimal solutions of P is called the
FPareto frontier and denoted with PF'(P). The Pareto Cover-
age Set PC'S(P) is a maximal subset of the Pareto frontier
where no pair of solutions have the same value.

Best-Worst Case Optimal FOND Planning

Our proposal is to compute cost-optimal solutions by con-
sidering the best and the worst case metrics. We instan-
tiate bi-objective FOND Planning with any ordering of
these two metrics as bi-objective functions, that is q(7) =
bw(n) = (best(w),worst(r)) or q(m) = wb(r) =
(worst(r), best(r)).

This framework allows us to follow the reasoning antic-
ipated in our motivating example on more formal grounds.
Revisiting Figure 1, we can say that o dominates 7, since
best(my) = best(my) and worst(me) < worst(m). No
other dominance relationship can be established among the
three depicted policies. As a matter of fact, both 7o and 73
are Pareto-optimal, and all other Pareto-optimal solutions to
this task are weakly dominated by 72, meaning that {72, 75}
is a Pareto Coverage Set.

Looking at policies through the lenses of these bi-
objective functions, we can make the following observa-
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tions. A strong policy has best and worst cases that have fi-
nite cost, i.e., they are both in N. The same is true for strong
cyclic policies since, in a fair environment, all induced -
trajectories will be finite. However, it must be noted that a
strong cyclic policy will always have a higher worst case
than a strong policy. This is because it is always possible
to find a longer finite trajectory by repeating a cycle a few
more times. Therefore, we use b< as a symbolic upper bound
on the worst case of strong cyclic policies.

Further insights follow from the above observations. An
important one is that a strong policy cannot be dominated
by a strong cyclic policy. Hence, if a FOND task P admits
strong solutions, its Pareto Coverage Set PC'S(P) will al-
ways contain a strong policy. Conversely, we can also state
that if P only admits strong cylic solutions, then PC'S(P)
will be a singleton, since only one best case cost is minimal.

Computing Pareto Optimal Policies

In state-space search, it is well-known that the A* algorithm
with an admissible heuristic produces optimal solutions; this
result has been generalized to the multi-objective setting, al-
lowing to compute Pareto-optimal solutions. (Stewart and
White III 1991; Mandow and De La Cruz 2008).

Recently, AND*, an A* algorithm that searches over the
policy-space instead of the state-space has enabled the com-
putation of optimal solutions for FOND task under any
proper metric (Messa and Pereira 2023). In typical best-first
search fashion, AND* represents its search frontier through
an Open list. Differently from A*, AND* associates to each
policy directly an f-value considering both the cost accu-
mulated so far, and a heuristic estimating the remaining cost
to become a solution. This is due to the fact that a policy
contains many trajectories, using a single estimate f is more
practical. In Messa and Pereira (2023) such a cost is the pol-
icy size, and the heuristic a lower bound on the remaining
states that necessarily need to be added. Policies are inserted
into Open alongside their f-values, and at each iteration the
policy with the lowest f-value is extracted. If the extracted
policy is a solution and the f-values are admissible then it is
guaranteed to be optimal. Otherwise, the policy is expanded
and the generated successors added to the Open list.

Our algorithm, BOAND?*, mirrors the above-mentioned
extensions, building on top of AND* and generalizing it
to compute a Pareto Coverage Sets for bi-objective FOND
Planning tasks. In the next subsections, we detail the algo-
rithm, discuss its properties, and then show how to compute
informative and admissible heuristics for the best and worst
metrics. Similarly to AND*, a FOND heuristic is admissi-
ble if f(m) < f*(m) for any policy 7, and goal aware if
f(my) = q(7,) for all solutions 7, where f*() is the min-
imum cost that can be obtained by extending 7 to become a
solution. f*(7) = oo if 7 cannot become a solution.

The BOAND#* Algorithm

Algorithm 1 formalises BOAND*. The search frontier is
maintained by the Open list initialized in Line 4 with an
empty policy 7; = @ such that Out..(77) = {so}. Each
node in Open is a pair (f(7), 7) consisting of a policy 7 and



its associated f-value f(7). The f-value is a pair (f1, fa)
representing an admissible estimates for the two metrics at
hand, respectively. The BOAND* takes f as an input, as-
suming f admissible and goal-aware. For instance, if we are
using q = bw, then f; is a lower bound on the best cost that
may be achieved by the partial policy 7.

At each iteration, BOAND#* extracts the node from Open
with the lexicographically smallest f-value (line 6). This en-
sures that extracted policies are not dominated by others in
Open. If the extracted policy is a solution (line 9) and it
is not weakly dominated by previously found solutions (line
7), it is Pareto-optimal and added to the solution set (line 11).
Unlike AND*, BOAND* computes a Pareto Coverage Set,
which consists of multiple Pareto-optimal solutions. There-
fore, the algorithm does not terminate after finding a single
Pareto-optimal solution and must continue until exhausting
the Open list. When the extracted policy is neither a solu-
tion nor closed, BOAND* selects a state s € Out.(7) and
pushes in the Open all child policies obtained by assigning
to s each action applicable in s.

Efficient dominance checks. A challenging aspect for
BOAND* is to employ dominance checks to 1) validate the
Pareto-optimality of found solutions, and 2) prune policies
that cannot become part of the solution set. The naive way
to implement these is as follows. Every time a solution .,
is found we perform a dominance check against every mem-
ber of our solution set. If 7, is not dominated, we add it
to our solution set and prune from the Open list all nodes
dominated by 7. Instead of doing this, which requires iter-
ating over both the solution set and the Open list, we can
fulfill both challenges by performing a single dominance
check against the last solution found. This optimization is
based on the observation that solutions added to PC'S(P)
have strictly increasing ¢; values and strictly decreasing go
values. The lexicographic order guarantees that any newly
extracted solution 7, will have a ¢; value that is at least as
large as the last solution’s. The only way for 7, not to be
weakly dominated is by having a strictly lower g» value than
any other previously found solution. This also entails that the
last solution inserted in the solution set has minimal ¢, so
dominance can be checked by simply comparing against the
g2 value of the last solution. To do this, we update g5*** with
the g» value of every new solution (line 11), assuming that
such value is oo when PC'S(P) is empty (since all solutions
will have a lower gy value). BOAND* performs the check
at extraction time (line 7), pruning any policy (even solu-
tions) that are weakly dominated by the solution set. This op-
timization matches the latest advancements in bi-objective
state-space search (Herndndez et al. 2023).

Summarizing, BOAND* works by exploring policy-space
in a way to ensure that found solutions cannot be dominated
by other yet to be seen solutions. If the solution also happens
to not be dominated by those previously encountered, then it
must be Pareto-optimal. We discuss its theoretical properties
precisely below.
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Algorithm 1: BOAND*

Input Bi-objective FOND task P = (V, A, ¢, s0, G, q)
and admissible heuristics f for q
Output A Pareto Coverage Set of P

1. PCS(P) =10

2: ¢h*st == 0o

3: Create empty policy m; = 0 with Out(mr) = {so}

4: Open = {(f(7r),71)} > Initialize Open list
5: while Open # () do

6: Extract node (f(7), 7) with lowest f-value

7. if ¢4t < fo(n) then &> Pruning
8: continue

9: if 7 is closed and proper then > Solution recording
10: Add 7 to PCS(P)
1: 45" = fa(m)
12: else > Expansion
13: Select a state s from Out..(7)
14: for action a applicable in s do
15: 7 =rU{s > a}
16: Insert (f(7'), ") in Open

return PC'S(P)

Theoretical Properties

Following, we present the theoretical properties of
BOAND*. Some of these properties, such as those regarding
its termination, soundness, and completeness are inherited
quite directly from AND* (Messa and Pereira 2023), with
completeness requiring some adjustment due to the pruning
in line 7. On the other hand, AND* and BOAND* vastly
differ in their notions of optimality so we dedicate more at-
tention to this aspect.

Lemma 1. BOAND* terminates and returns a non-empty
solution set iff there exists at least one solution policy.

Proof. The policy space is finite since both S and A are fi-
nite, and no policy is generated twice. Hence, BOAND* will
always terminate when the Open list is finally exhausted.
If BOAND* returns a non-empty PCS(P), all policies in
PCS(P) are solution policies, since line 9 prevents any pol-
icy that is not strong or strong cyclic from being added to the
solution set. Otherwise, if PC'S(P) = 0, it signifies that the
FOND task has no solution. This is because BOAND* sys-
tematically explores all successors at expansion time, and
there is only one condition that prevents a policy from being
expanded, the dominance check of line 7. Since ¢*** = o
initially, this check cannot prevent a policy from being ex-
panded until ¢4*** has been updated, which occurs after a
solution is added to the solution set. O

Lemma 2. [f the f-values are admissible and goal-aware,
an extracted solution cannot be dominated by other policies
in the Open list.

Proof. By contradiction, assume that we extract a proper
policy 7 from Open, but Open contains a policy ' such
that 7' < . If 7 is extracted before 7/, it means that

f1 (ﬂ') < f1 (7'(/) or

fl(ﬂ') = fl(ﬂl) A fQ(ﬂ-) < fz(Tr/) “4)



On the other hand, 7’ < 7 entails that
(') < qu(m) A ga(n") < ga(m) or

%)
(7)) < qu(m) A ga(n') < qa(7')
Since the heuristic is admissible, it follows that
f(r) = q(n) and f(7') < q(n") 6)

(equality because 7 is closed). Substituting (6) in (4), we get
q1 (7T) <q (7TI) or
a(m) < (7)) A ga(m) < go(n')

Since there is no solution for the system of inequatilities
given by (5) and (7), we can conclude that our initial as-
sumptions are in contradiction. O

N

Theorem 2. BOAND* computes a Pareto Coverage Set.

Proof (sketch). By Lemma 1, BOAND¥* returns a set of so-
lution policies if one exists. By Lemma 2 and Assumption
1, an extracted solution 7, cannot be dominated by yet-to-
be-seen solutions. If 7, is not weakly dominated by pre-
vious solutions (dominance check of line 7), then 7, must
be Pareto-optimal and have a different cost than other poli-
cies in the solution set. Observe that BOAND#* adds to the
solution set all solutions that pass the dominance check.
Hence, BOAND* returns a set of Pareto-optimal solutions
that have a unique-cost, and there cannot exist any other
Pareto-optimal solution with a different cost, i.e., BOAND*
returns a Pareto Coverage Set. O

FOND Heuristics for Policy-Cost Metrics

As hinted at above, in order to use BOAND* to solve Best-
Worst Case Optimal FOND problems, we need to equip it
with an admissible f-value function that provides an esti-
mate of the cost for both the best and the worst metrics. Fol-
lowing the AND* framework, the f-values that we design
account for both the cost of the actions which are already
part of the policy and an estimate of the cost of the actions
that would be needed to extend the policy to become proper.

f-value for the best case. We start with a trivial heuristic
that only uses the cost of the policy. This is akin to only using
the g-value to compute the f-value in state-space search, so
it can be regarded as a blind heuristic.

BlindBest(n) = best(r) (8)

Aiming towards building more informed FOND heuristics,
observe that, in order for a policy 7 to become a solution
(i.e., to become proper), all its w-trajectories must end in a
goal state. Let h*(s) denote the cost of the least expensive
trajectory starting in s and ending in a goal state. We can
make the heuristic more informed by considering the cost
h*(7-|) where 7|, is the last state of a m-trajectory 7. Of
course, h* is unknown, but an admissible classical planning
heuristic h computed upon the all-outcome determinization
of the FOND task gives us a lower bound of h*.

SumMin(n) = best(r) + n%i?)h(ﬂﬂ) 9)
TeT(m
= min cost(r)+ min h(r,) (10)

TET ()

TET (7)
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SumMin is admissible because extending a policy 7 to
become a solution policy 7, will see its best case increased
by at least min, ¢y () h*(77)).

Observe that min,c7(r) h*(77) = 0 if there are goal-
reaching trajectories in 7 (), making SumMin as good as
BestBlind in such cases. Our next heuristic, Min.Sum, ad-
dresses this weakness.

MinSum(r) = min (cost(T) + h(1}7|))

TET ()

Y

To see why MinSum is admissible, observe that by ex-
tending 7 to become a solution 7, we grow all its trajecto-
ries, i.e., 7 () contains a prefix of every trajectory in 7 (7).
Moreover, given 7 € T (), cost(7) + h*(7);|) is the low-
est cost of any m, trajectory that starts with 7. Therefore,
MinSum is a lower bound of the least costly trajectory that
7, may induce. MinSum dominates SumM in by the min-
imum of summation and the summation of minimum rela-
tionship. It is worth noting that, unlike SumMin, MinSum
blurs the distinction between the g- and h- component of an
f-value, serving to illustrate why FOND heuristics directly
reason on the f-values.

f-value for the worst case. Analogously to the best case
we have a blind and an informed heuristic. The blind can be
formalised as follows:

BlindW orst(m) = worst(r) (12)

For the informed heuristic, we follow the same reasoning be-
hind MinSum but applied to the most expensive trajectory:

MaxSum(m) = max (cost(r) + h(7;)) (13)
TET ()

Implementation note. Generating all 7-trajectories can
be very costly. Instead, it is more efficient to store the cost of
the least and most expensive path to every state in Out(m),
since this set includes the last state of every (finite) 7-
trajectory. With this method, we can compute our heuristics
iterating over Out(r) instead of T (7).

Empirical Evaluation

We run experiments to evaluate the performance of the pro-
posed bi-objective FOND Planning framework. Our analy-
sis is motivated by two main questions: how do the proposed
policy-cost FOND heuristics perform in single-objective and
bi-objective settings? What do we gain by adopting a bi-
objective perspective in terms of quality of the plans?

We took a selection of 10 domains from classical FOND
benchmarks (Muise 2024; Muise, Mcllraith, and Beck
2024; Pereira et al. 2022; Geffner and Geffner 2018b), and
added new instances of our ICYGRID domain. The do-
mains are as follows: BEAM-WALK, BLOCKSWORLD-EX,
CHAIN-OF-ROOMS, DOORS, ELEVATORS, ISLANDS,
FIRST-RESPONDERS, ST_TIRES, TIREWORLD, and
TIREWORLD-TRUCK.

Each run of our experiment is given by the instance to
be run, the algorithm (AND* or BOAND*, depending on
the setting), and the heuristic(s) to be used. For single ob-
jective FOND, we can plan either for the best or the worst
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Figure 2: Pair-wise comparison of policy-cost heuristics in single and bi-objective FOND.

case. For the best case, we have three configurations, i.e.,
AND* equipped with BlindBest, SumMin or MinSum.
For the worst case, we have BlindW orst and M axSum. In
the case of bi-objective FOND, we can plan for best-worst
or worst-best metrics, giving us a total of six BOAND* con-
figurations for each orderings of the metrics.

As hinted at above, all these heuristics are obtained by an
all-outcome relaxation of the FOND problem, upon which
we run the h,,., heuristic (Bonet and Geffner 2001). We
also tried hypeqr (Helmert and Domshlak 2009), but this
turned out very inefficient in our setting.

All instances were solved on an Intel(R) Xeon(R) CPU
E5-2620 0 @ 2.00GHz running Ubuntu 22.04.1 LTS, with
memory and time limits of 8GB and 10 min, respectively.
Code and benchmarks are available at https://github.com/
daineto/CostFOND.

Heuristic Configuration Analysis

Our first analysis tries to answer the first experimental ques-
tion, by looking at the performance of the presented FOND
heuristics. We focus on informed heuristics, as the cover-
age of the blind ones is always lower. Hence, we set the
worst case heuristic to MaxSwm and compare SumMin
against M¢n.Sum in both single and bi-objective tasks. Fig-
ure 2 presents a pair-wise comparison of these heuristics,
reporting the cpu-time required to solve an instance.

Single-objective FOND Looking first at the results for
single-objective FOND tasks reported in Fig. 2a, we can
see that MinSum tends to be faster than SumMin with
a few exceptions generally concentrated on the below 1 sec-
ond range. More importantly, AND* with MinSum is able
to solve many more instances as evidenced by all the points
in the right edge of the figure.

Bi-Objective FOND For the bi-objective setting, we eval-
uate BOAND* under both the best-worst (Fig. 2b) and
worst-best (Fig. 2¢) bi-objective functions. We can observe
that the results are very similar in both cases and aligned
with our single-objective results. Most points either fall in
the diagonal or represent timeouts. There are very few cases
where SumMin outperforms MinSum and they tend to
correspond to smaller instances where a more informed
heuristics may not necessarily pay off.
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Figure 3: Coverage over time: single vs bi-objective search

As expected, MinSum displays overall better per-
formance than SumMin in all tested settings. This is
likely because, as mentioned before, SumMin dominates
MinSum.

Single Objective vs Bi-Objective Search

To evaluate the difference between single and bi-objective
search, we collect two pieces of information: the coverage
and cpu-time spent to find a solution (we hereby focus on
the fastest configurations); the cost of the solutions found by
the two approaches.

Coverage and time Figure 3 shows a coverage vs
time comparison. Unexpectedly, our findings reveal that:
BOAND#*, in both its best-worst and worst-best configura-
tions, achieves similar coverage than AND*-best and is only
slightly behind AND*-worst. A break-down of coverage per
domain is reported in Table 1. Indeed, AND*-best solves
122 tasks against the 124 and 121 of the two BOAND* con-
figurations. AND*-worst comes on top with 134 solved in-
stances, obtaining the best coverage in all but three domains.

Quality Comparison In this analysis we use AND* to
compute an optimal solution with respect to one metric and
evaluate its cost with respect to the other metric. That is,
we compute best-case optimal solutions and evaluate their
worst case, and vice-versa. To evaluate the secondary metric,
we inspect the Pareto Coverage Set returned by BOAND*,
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Domain (# of instances) H BO bw ‘ BO wb ‘ SO w ‘ SO b
BEAM—WALK (11) 8 7 8 8
BLOCKSWORLD-EX (15) 9 10 11 8
cHAIN-OF-ROOMS (11) 8 7 10 2
poors (15) 7 7 7 7
ELEVATORS (15) 3 3 3
IcyGr1D (30) 28 28 29 31
1sLaNDs (30) 18 18 21 19
FIRST-RESPONDERS (17) 9 10 12 10
sT_TIRES (14) 12 11 11 11
TIREWORLD (15) 12 10 9 13
TIREWORLD-TRUCK (20) 10 10 10 10
Total [ e T 120 [ 134 [ 122

Table 1: Coverage of BOAND* (BO) and AND* (SO)
across different domains

since it is guarantee to contain a solution that weakly domi-
nates the one found by AND*. Intuitively, we want see how
beneficial it is to adopt a Bi-objective perspective. Indeed,
AND* ignores the second metric and so can produce solu-
tions which are optimal for the target metric, but very bad
for the other, hidden metric. Figure 4 reports such an analy-
sis for the best (left) and the worst (right) case metrics, us-
ing lighter colors to denote more density of points. As it is
possible to observe, there are several solutions produced by
BOAND* having a much lower best-case cost than those
produced by AND*-worst. Similarly, for the worst case met-
ric, we observe that many solutions found by AND*-best
induce cyclic solutions even in those cases where a strong
solution actually exists. This can be seen by inspecting all
the dots on the right side of the right sub-figure.

Related Work

The formulation of planning with non-deterministic actions
with full observability was firstly introduced by Cimatti et al.
(2003) and solved using Binary Decision Diagrams. Since
then, a number of methods to tackle the problem compu-
tationally have been studied, resulting in a range of FOND
planners. PR2, like its predecessor PRP, along with NDP and
FIP before them, operates on the all-outcome determiniza-
tion of the FOND task, addressing the different outcomes
of an action through iterative replanning (Muise, Mcllraith,
and Beck 2024, 2012; Kuter et al. 2008; Fu et al. 2011).
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MyND explores an AND/OR graph representation of the
task (Mattmiiller et al. 2010b), while FOND-SAT leverages
a SAT encoding (Geffner and Geffner 2018b). Addition-
ally, PALADINUS implements an iterative depth-first search
(Pereira et al. 2022), and GRENDEL adopts a backward
search approach (Ramirez and Sardina 2014).

Traditionally, policy quality has not been a primary focus
and has largely been either ignored completely (e.g., (Muise,
Mcllraith, and Beck 2012, 2024)) or defined in terms of
policy size (Geffner and Geffner 2018b; Messa and Pereira
2023). Recently, the AND* algorithm has emerged as an A*
variant that explicitly navigates policy space. In principle,
AND* can compute optimal policies under any metric, pro-
vided that an admissible heuristic is available; however, it
has primarily been examined in relation to policy-size met-
rics only. Other comparative criteria have been suggested in
related literature (Shmaryahu, Shani, and Hoffmann 2019),
which can be broadly categorized into syntactic criteria —
assessing the structure and size of policies (e.g., simplicity
and compactness) — and semantic criteria, which evaluate the
cost of achieving the goal when following the policy (con-
sidering best, worst, and average cases). To the best of our
knowledge, our work represents the first effort to explore
these alternative notions of policy quality.

In the realm of multi-objective search, the field has
seen significant advancements over the past three decades,
leading to the development of various state-space best-
first search algorithms. The A* algorithm was initially ex-
tended to the multi-objective context with the introduc-
tion of MOA* (Stewart and White III 1991). Over time,
new insights have enhanced the efficiency of multi-objective
search, resulting in variants such as NAMOA* (Mandow
and De La Cruz 2008) and NAMOA*dr (Pulido, Mandow,
and Pérez-de-la Cruz 2015). Specifically for bi-objective
search, BOA* (Hernandez et al. 2023) has significantly im-
proved search efficiency through fast dominance checks.
Our BOAND* algorithm generalizes AND* in a manner
analogous to how BOA* generalizes A*.

Summary and Future Work

In this paper, we studied the problem of planning with full
observability and non-deterministic actions in the presence
of a cost function. We observed that the use of cost in-
troduces a representational and a computational difficulty.
In order to solve the representation problem, we intro-
duce FOND planning with cost as bi-objective search prob-
lem, then computationally, we present an optimal algorithm
based on Bi-Objective heuristic search. We studied our work
both theoretically and practically. As a future work, we look
at two different directions. First, we could improve the per-
formance of the algorithm by introducing more powerful
heuristics; second, we want to explore our formulation in an
oversubscription setting (Keyder and Geffner 2009), so as to
make the planner autonomously choose which goals cannot
be achieved.
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