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Abstract

Nearest Neighbor Search (NNS) in high-dimensional point
sets is an important building block in many application ar-
eas, including pattern recognition, machine learning, plan-
ning, data mining, and computational geometry. Graph-based
approaches that offer approximate NNS (ANNS) are ubiqui-
tously used for these applications, and a variety of suitable
graph structures have been proposed for this purpose. How-
ever, these approaches do not come with a priori approxima-
tion guarantees, often not even in low dimensions. Thus, there
may be query points for which the distance to the returned
ANN is significantly larger than the distance to the true NN.
A common way to assess the quality of graph-based search
and to compare different variants is the evaluation of query
point samples. However, since the space of potential query
points is infinite, it is likely that the samples will give biased
results and that critical points will be missed. To systemati-
cally evaluate the ANNS quality of a given graph structure,
we propose an algorithm that identifies the query point with
the worst ratio r between ANN distance and true NN dis-
tance. This ratio provides a tight instance-based approxima-
tion guarantee. Our algorithm relies on a new geometric data
structure called search-path diagram. In our experiments on
established base graphs, we demonstrate that sampling based
evaluation heavily underestimates r, while our method pro-
vides a robust quality assessment.

Solutions for t — https://tinyurl.com/2ufpuk7a

Introduction
Given a set S of n d-dimensional points and a query point
q ∈ Rd, the question which point p ∈ S is closest to
q is one of the most fundamental query types in compu-
tational geometry, also called the nearest neighbor (NN)
search problem. Naively, queries can be answered in O(nd).
However, for many applications, sublinear query times are
vital. Prominent examples are ML and pattern recognition
applications, where input sets often come with both, large n
and d, and a large number of NN queries need to be issued to
achieve the desired outcome (Lei et al. 2019; Kramer 2013).
There are also diverse applications in motion-planning (Yer-
shova and LaValle 2007; Kleinbort, Salzman, and Halperin
2020) and machine or drone scheduling (Wang, Reinelt, and
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Tan 2012; Lei and Chen 2022). Geometrical data structures
can be leveraged for exact NN search (Yianilos 1993; Das-
gupta and Freund 2008), but they suffer from the so called
curse of dimensionality, that is, their performance deterio-
rates severely with growing d. The best known NN search
time is n1−Θ(1/d) which is essentially linear for large d (Lee
and Wong 1977). However, for many application scenarios,
it is sufficient to obtain an approximate NN (ANN). A point
p′ ∈ S is said to be a r-approximate NN of a query point
q for some constant r > 1 if d(q, p′) ≤ r · d(q, p) where p
denotes the NN of q. A plethora of methods for ANN search
have been proposed (Cao et al. 2017; Li et al. 2019; Abbasi-
fard, Ghahremani, and Naderi 2014). In particular, graph-
based approaches gained a lot of traction in the last years
(Fu and Cai 2016; Wang et al. 2021; Liu et al. 2022). The
core idea is quite simple: Construct a graph G(S,E) on the
point set S. Given a query point q, start at some node s in G.
If s is closer to q than all of its neighbors, return s as ANN.
Otherwise, proceed to the neighbor of s that is closest to q
and repeat.

There are different variants depending on the choice of
the base graph, the initial start node, and the precise search
algorithm (Fu et al. 2017; Munoz et al. 2019; Zhao et al.
2023; Gollapudi et al. 2023; Chen et al. 2023). To de-
cide which approach offers the best ANN quality is non-
trivial, though. Graph-based approaches rarely come with
any (practically useful) theoretical approximation guaran-
tee. Instead, the ANN quality is typically assessed empiri-
cally by choosing a sample of query points and comparing
for each point the distance of the returned ANN to the true
NN distance (computed with the naive algorithm). But since
the space of query points is infinite, it is questionable how
expressive the respective results really are. Critical query
points which induce large r-values can easily be missed in
a random sample. Thus, using such an evaluation method,
the existence of query points with bad ANN results might
go unnoticed. When such query points occur in practice, the
performance of ML, data mining or outlier detection algo-
rithms that rely on the query result can be severely distorted.

The main goal of the paper is to propose a new and for-
mally sound method to faithfully assess the ANN quality of
graph-based approaches on a given instance. For this pur-
pose, we devise an algorithm that identifies the query point
with worst ratio r between ANN and NN distance. The value
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Figure 1: Depicted on the left is the SPD computed for the pink start node. Overlayed in the middle is the VD of the point set.
Shown on the right are the ratios r for any given query point in the frame. The green area represents queries for which the actual
NN is returned. Higher values of r correspond to redder regions. The light blue point shows the worst query point in this graph
instance. Its ANN-path and vertex are depicted in blue and gray respectively.

of r is thus a tight instance-based approximation guarantee.
Considering the r-values of different approaches allows for a
systematic and fair comparison between them. Furthermore,
finding query points for which a given graph-based approach
performs poorly helps to detect structural issues and to guide
refinement strategies (as e.g. edge insertions).

Related Work
There is vast literature on ANN search and on graph-based
methods. We thus focus on approaches that come with theo-
retical guarantees and on practical evaluation protocols.

Arya and Mount (Arya and Mount 1993) introduced a
randomized neighborhood graph construction algorithm for
ANN queries. For d ∈ O(1), the preprocessing takes O(n)
time and requires O(n log n) space. ANN queries are an-
swered in O(log3 n) time and the returned point is guaran-
teed to be within a factor of (1+ε) of the true NN, where the
choice of ε > 0 impacts the aforementioned running times.
The approach was shown to outperform the classical k-d-tree
data structure, for which theoretical guarantees can only be
given under strong assumptions about the input point distri-
bution (Friedman, Bentley, and Finkel 1977). A conditional
lower bound proven by Rubinstein (Rubinstein 2018) im-
plies that similar results cannot be achieved for ANN search
data structures on high-dimensional inputs where d ≫ log n
(unless SETH fails), as any algorithm that uses polynomial
preprocessing time requires near-linear time to answer ANN
queries. Thus, the curse of dimensionality applies to any
ANN search algorithm.

Given this lack of algorithms with meaningful theoretical
guarantees, different graph-based methods are usually com-
pared in an experimental way. While preprocessing time and
space consumption can be measured easily, the ANN qual-
ity is more difficult to quantify. There are established qual-
ity measures for a given query point set, as recall, precision
and accuracy (Fu et al. 2017; Singh et al. 2021; Wang et al.
2021). A measure that combines recall and accuracy is the
r-approximative recall where the fraction of query results
is considered for which the returned point is within a fac-
tor of r of the true NN distance (Aumüller, Bernhardsson,
and Faithfull 2020). Clearly, the respective values cannot be
computed for all possible query points, as there is an in-
finite number of candidates. Thus, the main problem is to

select a representative query point set that allows for fair
comparison between different approaches. Often, those sam-
ples are simply chosen uniformly at random or supplied with
the benchmark data (Aumüller, Bernhardsson, and Faith-
full 2020; Ren, Zhang, and Li 2020). However, it is unclear
how expressive those statistical results are and whether some
other sample might favor a completely different approach.

Contribution
In this paper, we propose an algorithm that helps to over-
come the prevailing issue with the experimental methodol-
ogy to evaluate the quality of graph-based ANN search. As
the query space is the whole Rd, choosing any finite (ran-
dom) sample of query points is not sufficient to faithfully
estimate how far the query result can be from the true NN.
Our new algorithm is the first to compute for a given base
graph and start node the smallest value of r such that for
any query point p the returned ANN is within a factor of
r of the true NN distance. The main idea behind the algo-
rithm is to consider all possible ANN searches simultane-
ously. This is realized by our newly introduced data struc-
ture, called search-path diagram (SPD), which incrementally
partitions the space into cells of query points for which the
greedy search procedure reaches the same graph node after a
fixed number of steps. We then intersect this space partition
with the Voronoi diagram (VD) induced by the input points,
which encodes the true NN for each possible query point.
To obtain the query point with worst ANN quality, we prove
that it needs to be located on the boundary of the intersection
of the SPD and the VD and provide an efficient algorithm to
identify the respective point by analytical means. The three
main steps of our approach are visualized in Figure 1.

Our algorithm works for d-dimensional inputs and query
points. To demonstrate its correctness and usefulness, we
provide an exact implementation for d = 2 and a discretized
implementation for higher dimensions, and test them on six
different base graphs. Our experiments confirm that the eval-
uation of random query point samples tends to severely un-
derestimate r even for huge sample sizes, sometimes by or-
ders of magnitude. We demonstrate that the comparison of
r-values for different base graphs allows for a more fair and
robust assessment of their respective quality and also pro-
vides further interesting structural insights.
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Preliminaries
In this section, we describe graph-based ANN search in a
formal matter and introduce notation used throughout the
paper. From now on, we always assume to be given a di-
rected graph G(V,E), where V ⊂ Rd is the input point set
and E denotes the edge set. The most fundamental definition
we need is that of a nearest neighbor (NN).

Definition 1 (NNq(G)). A nearest neighbor of a point q ∈
Rd is defined as : NNq(G) = argmin

v∈V
d(q, v).

For a given point set, the space can be partitioned into
cells that enclose the points with the same NN.

Definition 2 (Voronoi diagram VD(V )). Given a point v ∈
V a Voronoi cell is defined as follows:

VCv =

{
q ∈ Rd

∣∣∣ v ∈ argmin
u∈V

d(q, u)

}
. (1)

VD(V ) is defined as the tuple (VCv)v∈V .

In graph-based search, given G as well as a start node
s ∈ V and a query point q ∈ Rd, a greedy path traversal
is performed from s to find an approximate NN (ANN) of
q. Paths leading to an approximate nearest neighbor might
be ambiguous due to equidistant neighbors, thus we define
them accordingly.

Definition 3 (ANN-paths P s
q (G)). Given a directed graph

G = (V,E), a node s ∈ V and a query point q ∈ Rd, the
ANN-paths of q are defined as follows:

P s
q =

{
p
∣∣∣ p = (v1, . . . , vn) ∈ S(G, s)

∧ ∀(u, v) ∈ p : v ∈ argmin
w∈{u}∪N(u)

d(q, w)

∧ vn ∈ argmin
w∈{vn}∪N(vn)

d(q, w)

}
, (2)

where N(·) defines the outgoing neighbors of a node and
S(G, s) the simple paths in G starting at s.

Based on this query algorithm, we can formally define the
ANN of a query point for a given graph and start node.

Definition 4 (ANNs
q(G)). The ANN of a query point q given

a start node s ∈ V are defined as follows:

ANNs
q(G) = {vn | p = (v1, . . . , vn) ∈ P s

q } ∪X, (3)

where X defines whether or not the start node s is also a
valid approximate nearest neighbor:

X =

{s} s ∈ argmin
u∈{s}∪N(s)

d(q, u),

∅ otherwise.
(4)

For given G and s, we are interested in the smallest r ≥ 1
such that ∀q ∈ Rd : d(q,ANNs

q(G)) ≤ r · d(q,NNq(G)).

Search-Path Diagram
To compute the instance-based approximation ratio r for
given G and s, we first introduce a new data structure which
we call search-path diagram (SPD). The main idea is that
the SPD encodes for each node in G the set of points for
which the ANNS procedure returns said node. Exemplary
depictions of an SPD are shown in Figures 1 and 7.
Definition 5 (Search-path diagram SDs(G)). Given a start
node s ∈ V and a node v ∈ V , a search-path cell is defined
as follows: SCs

v = {q ∈ Rd | v ∈ ANNs
q}. The search-path

diagram SDs(G) is defined as the tuple (SCs
v)v∈V .

However, this definition does not provide us with a way
of actually constructing the search path diagram. For this we
need to mimic the ANN search procedure for every point q ∈
Rd. Considering the first step of this procedure, a neighbor
of the start node is chosen that brings us closest to q. This
already subdivides the entirety of Rd and can be modeled
using restricted Voronoi diagrams.
Definition 6 (Restricted Voronoi Diagram). Given a point
v ∈ V , the restricted Voronoi diagram is defined as
VDv(G) := VD({v} ∪ N(v)). VDv[u] denotes the cell for
the point u ∈ {v} ∪N(v).

In the next step, the space defined by the cells of said
diagram is further subdivided using yet again a locally re-
stricted Voronoi diagram of the neighbor that was chosen
in the previous step. Leveraging this fact, we can construct
the SPD as described in Theorem 1. In it we go over every
simple path p from s to v and union the aggregated intersec-
tions of the edges of p. Finally the intersection with VDv[v]
is computed.
Theorem 1. Let G be a directed graph and s, v ∈ V then
the following holds:

SCs
v =


VDs[s] v = s,( ⋃

p∈S(G,s,v)

⋂
(u,w)∈p

VDu[w]

)
∩ VDv[v] else.

(5)
S(G, s, v) is the set of simple paths in G from s to v.

Proof. We start with the case v = s. Let q ∈ SCs
s, thus it

is s ∈ ANNs
q . Clearly this can only be the case if s ∈ S

(as defined in 4), as s cannot be an end node to a simple
path starting at s. Thus it follows that q ∈ VDs[s]. Let now
q ∈ VDs[s]. Then s ∈ S follows, and hence q ∈ SCs

s.
Let now v ̸= s and q ∈ SCs

v . Since v ̸= s, there exists a
path p = (v1, . . . , vn) with vn = s, fulfilling the conditions
of 2. Since the following is to show:

(∃p ∈ S(G, s, v) : ∀(u,w) ∈ p : q ∈ VDu[w])∧q ∈ VDv[v],

and aforementioned conditions perfectly coincide, it clearly
is q ∈ A, where A denotes the second case of 5. Let now
q ∈ A. As this shows that v ∈ ANNs

q , we are done.

Clearly, building the SPD as in Theorem 1 is not very ef-
ficient, however it can be drastically improved by not con-
sidering every path p from s to v. The idea is to discard a
path as soon as the aggregated intersection, denoted PM[p]
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Algorithm 1: Search-path diagram
1 def searchPathDiagram(G, s):
2 PM← {} // Map from paths to sets of polytopes with

holes.
3 PM[⟨s⟩]← Rd

4 SDs ← {} // Map from nodes to cells.
5 for v ∈ V do
6 SDs[v]← searchPathCell(G, PM, s, v)

7 return SDs

of the currently consider path p, intersected with VDv[v] is
empty, meaning p does not contribute to SCs

v . Further im-
provements can be achieved by using a map from paths to
sets of polytopes with holes as previously aggregated inter-
sections can be reused. The respective pseudo-code is given
in Algorithm 1 which calls Algorithm 2 for every v ∈ V .
The computation of the cells can be parallelized if PM is a
concurrent hash map or adequate locking is used.

Algorithm 2: Search-path cell
1 def searchPathCell(G, PM , s, v):
2 SCs

v ← ∅
3 visited← {}
4 CP ← ⟨s⟩ // Current path
5 simplePathsDFS(CP , v, SCs

v , PM, visited)
6 return SCs

v ∩ VDv[v]

7 def simplePathsDFS(CP , v, SCs
v , PM, visited):

8 currentPolytopeSet← PM[CP ]
9 if currentPolytopeSet ∩ VDv[v] = ∅ then

10 CP.popBack()
11 return
12 u← CP.back()
13 visited[u]← true
14 if u = v then
15 SCs

v ← SCs
v ∪ currentPolytopeSet

16 CP.popBack()
17 visited[v]← false
18 return
19 for w ∈ N(u) do
20 if ¬visited[w] then
21 CP.pushBack[w]
22 if CP /∈ PM then
23 PM[CP ]←

currentPolytopeSet ∩ VDu[w]

24 simplePathsDFS(CP , v, SCs
v , PM,

visited)

25 CP.popBack()
26 visited[u]← false

The complexity of Algorithm 2 is determined by precom-
puting the restricted Voronoi diagrams VDu for each u ∈ V ,
with a running time in O(n ·Nmax log(Nmax)), for Nmax

denoting the maximum out-degree in the graph, as well as
traversing all simple paths emerging from s for the cell
computation. The geometric operations also have an impact,

however, for this analysis we focus on the dependence on the
number of nodes. In the worst case, a graph can have an ex-
ponential number of simple paths between two nodes. How-
ever, as the algorithm only considers viable monotone paths
to the destination v, as enforced by the termination condi-
tion, the true number of paths that are explored is typically
much smaller. For example, if the base graph is a tree, the
number is linear. Further analysis of this aspect is provided
in the experimental section.

Instance-Based Approximation Guarantee
In order to find for a given graph G and a start node s
the minimal value r satisfying d(q, w) ≤ r · d(q, v), w ∈
ANNs

q, v ∈ NNq , for any query q ∈ Rd, we need to com-
pute the worst case query. For this we maximize the follow-
ing ratio: d(q,w)

d(q,v) ≤ r, w ∈ ANNs
q, v ∈ NNq . However, as

square roots used in the distance computations are inconve-
nient, we will optimize the squared version of the inequality.
This is possible as the fraction is always positive and squar-
ing is a monotonic operation, thus the extreme points stay
the same.

By computing the intersection between the Voronoi dia-
gram and the search-path diagram we can encode informa-
tion of the NNq versus the ANNs

q of all points q ∈ Rd. Said
intersection can be modeled by a matrix IMs.
Definition 7 (Intersection matrix IMs(G)). Given a start
node s ∈ V and nodes v, w ∈ V , the values of the in-
tersection matrix IMs(G) are defined as follows: Ivw =
VCv ∩ SCs

w, where VCv are the cells of VD(V ) and SCs
w

are the cells of SDs(G).
This encourages us to use the following objective as for

every cell in the matrix the nearest and approximate nearest
neighbor is fixed:

g(q, v, w) =
d(q, w)2

d(q, v)2
=

∑d
i=0(qi − wi)

2∑d
i=0(qi − vi)2

, v, w ∈ V

Algorithm 3 now computes the worst case query as follows.
It starts by computing all cells Ivw of IMs and storing them
in a list I . If the node w of the search-path cell SCs

w is not
contained in itself, the algorithm returns as there is no ap-
proximation factor (as for a query point q = w, ANNs

q won’t
be w). If Ivw is non-empty and v ̸= w, an entry is added to I
with the corresponding nodes and the intersection cell Ivw.
For v = w, Ivw only contains points for which the optimal
nearest neighbor is found, thus it is not added.

The next step iterates over the entries in the list I . We
search the worst case query along the boundary of Ivw (as it
is an intersection of sets of polytopes with holes it is again a
set of polytopes with holes). For each edge we define a d−1
dimensional object C, embedded in d dimensional space,
with parameter vector t (d− 1 dimensional) and set the gra-
dient of g in line 15 to the zero vector (v being the nearest
neighbor and w being the approximate nearest neighbor).
Solving it with respect to t results in a solution set S (link to
2D solutions using WolframAlpha below abstract). For each
possible solution tk ∈ S we check if it lies on Ivw. If it does
the rooted objective is evaluated for C(tk) and added to a
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set of possible worst queries. Furthermore the corner points
of Ivw are added to N in case no solution contained in Ivw
is found. The last step simply finds the query point with the
maximum ratio in N .

Algorithm 3: Worst query point detection
1 I ← ∅ // tuples of two nodes and a set of polytopes with

holes.
2 for VCv ∈ VD do
3 for SCs

w ∈ SDs do
4 if w /∈ ˚SCs

w then
5 return // There is no approximation factor.

6 Ivw ← VCv ∩ SCs
w

7 if Ivw ̸= ∅ ∧ v ̸= w then
8 I.append((v, w, Ivw))

9 N ← ∅ // tuples of a point in Rd and a real number.
10 for (v, w, Ivw) ∈ I do
11 for F ∈ Facets(Ivw) do
12 u = F.points[0]
13 Eu = F.incident(u)
14 C(t) = u+

∑
ei∈Eu

eiti
15 S = solve (∇g(C(t), v, w) = 0)
16 for ti ∈ S do
17 if C(ti) ∈ Ivw then
18 N.append

(
ti,

√
g(C(ti), v, w)

)
19 for p ∈ F.points do
20 N.append

(
p,
√

g(p, v, w)
)

21 return max(N, x→ x.second)

In order to prove the correctness of Algorithm 3, we first
need two helping lemmas:

Lemma 2. Given a graph G and a start node s ∈ V , it
holds that A ⊆ B for A,B as:

A = {q ∈ Rd | |ANNs
q| > 1}

B = {q ∈ Rd | ∃u, v : q ∈ bisector(u, v)}.

Proof. Let q ∈ A, if it is |P s
q | > 1, let p1, p2 ∈ P s

q . Let
(u, v) ∈ p1 and (u,w) ∈ p2 be the first differing edges of p1
and p2. As both of these paths are contained in P s

q they fulfill
the following: v, w ∈ argmin

z∈{u}∪N(u)

d(z, q), meaning they are

equidistant from q. Hence it is q ∈ bisector(v, w). If now
|P s

q | = 1, let p ∈ P s
q and (s, v) ∈ p be the first edge of

p. Again it holds that: s, v ∈ argmin
z∈{s}∪N(s)

d(z, q). Hence it

follows q ∈ bisector(s, v).

Lemma 3. Given a graph G, a start node s ∈ V and u, v ∈
V , u ̸= v, then the following holds: ˚SCs

u ∩ ˚SCs
v = ∅, where

·̊ denotes the interior of the set.

Proof. Clearly, SCs
u∩SCs

v ⊆ A ⊆ B for A,B as in Lemma
2. As B is d − 1 dimensional, SCs

u ∩ SCs
v is as well. Since

Ss
u and Ss

v are sets of polytopes with holes as of Lemma 1, a

d−1 dimensional intersection can only occur on boundaries.
This implies ˚SCs

u ∩ ˚SCs
v = ∅.

Now we are ready to show our main theorem.
Theorem 4. Given a graph G, a start node s ∈ V and for
all u ∈ V it is u ∈ ˚SCs

u, then the following holds. For all
v, w ∈ V with v ̸= w, the query q ∈ Ivw of a cell of the
intersection matrix IMs maximizing ĝ(q) = g(q, v, w) lies
along the boundary of Ivw.

Proof. Let now v, w ∈ V with v ̸= w. Firstly the node w /∈
VCv and hence w /∈ Ivw. Further v /∈ Ivw, as if it were it
would also be contained in SCs

w, contradicting Lemma 3. We
show that for x ∈ Ivw, ∇q ĝ(x) ̸= 0, proving that Ivw does
not contain an extreme point of ĝ and thus the maximum
must lie on the boundary. In a contradictory step we assume
that there exists an x ∈ Ivw such that ∇q ĝ(x) = 0. For
i ∈ {1, . . . , d} the i-th element of the gradient is as follows:

(∇q ĝ(x))i =
2(xi − wi)d(x, v)

2 − 2(xi − vi)d(x,w)
2

d(x, v)4
.

As x ̸= v the denominator is never zero.
We consider two cases. The first one is that x is equidis-

tant from v and w. Thus it is z = 2d(x,w)2 = 2d(x, v)2.
Further it is z ̸= 0 as x ̸= w and x ̸= v. Let j be the
index for which vj ̸= wj . Now the numerator for the j-
th partial can be arranged as z((xj − wj) − (xj − vj)).
Clearly, (xj−wj) cannot be equal to (xj−vj), hence the ex-
pression cannot be zero, contradicting the assumption. The
second case is that x is not equidistant from v and w. Let
j ∈ {1, . . . , d} . For this case the numerator can be arranged
as 2((xj − wj)e − (xj − vj)c), where e = d(x, v)2 and
c = d(x,w)2. Again as x ̸= v and x ̸= w it is e ̸= 0 and
c ̸= 0. The numerator can now only ever be zero if one of
the following cases hold:

((xj − wj) = 0) ∧ (xj − vj) = 0)

∨((xj − wj) = c ∧ (xj − vj) = e)

∨((xj − wj) = −c ∧ (xj − vj) = −e).

Let now kw = |{i ∈ {1, . . . , d} | xi − wi ̸= 0}| and kv =
|{i ∈ {1, . . . , d} | xi − vi ̸= 0}|. Clearly kv = kw, as the
above cases always appear together. It now is:

c =
d∑

i=1

(xi − wi)
2 =

d∑
i=1,xi−wi ̸=0

(xi − wi)
2

Since for the elements of the constrained sum it is wi =
xi ± c and thus (xi − xi + c)2 = c2 = (xi − xi − c)2, it is:

d∑
i=1,xi−wi ̸=0

(xi − wi)
2 = kwc

2 ⇔ c = kwc
2 ⇔ c =

1

kw

As x ̸= w it clearly is kw ≥ 1. The same transformation can
now be applied to e, leading to c = 1

kw
= 1

kv
= e, which is

a contradiction as c ̸= e.

This completes the correctness proof of Algorithm 3. To
not have to compute infinite VD cells, the following theo-
rem captures how r behaves for points outside the bounding
volume of a graph.
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D(G)

c ·D(G)

c ·D(G)c ·D(G)

c ·D(G)

Qc
G

s

q

d(q, w)d(q, v)

Bc
G

Figure 2: 2D representation of the area Qc
G.

Definition 8 (Padded bounding volume Bc
G). Given a graph

G and its diameter D(G), we define the padded bounding
volume as follows:

Bc
G =

d∏
i=1

[(
min
v∈V

vi

)
− cD(G),

(
max
v∈V

vi

)
+ cD(G)

]
.

Theorem 5. For all c ∈ R>0 and q ∈ Qc
G = Rd \ Bc

G, it
holds that d(q,w)

d(q,v) < 1 + 1
c , for w ∈ ANNs

q and v ∈ NNq .

Proof. From the triangle inequality it holds that d(q, w) ≤
d(q, v)+d(v, w). As d(v, w) ≤ D(G) it further is d(q, w) ≤
d(q, v) + D(G). From the definition of Qc

G and as seen in
Figure 2, d(q, v) > cD(G). Hence the fraction can be trans-
formed as follows:

d(q, w)

d(q, v)
≤ d(q, v) +D(G)

d(q, v)
= 1 +

D(G)

d(q, v)
< 1 +

D(G)

cD(G)

which equals 1 + 1
c , concluding the theorem.

Hence, for points that are arbitrarily far away from G the
approximation ratio tends to 1. This allows to consider only
a finite subspace of Rd for the computation of r.

Discretization Algorithm
Our algorithm works for arbitrary d. However, a robust im-
plementation for d > 2 is non-trivial, as it demands to
compute multidimensional Voronoi diagrams and to inter-
sect polytope sets in higher dimensions without running into
numerical issues. To avoid this, we propose discretized ver-
sion of Algorithm 3. As we know from Theorem 4, the worst
query point will reside in a facet of the intersection matrix.
The goal is now to find a discrete description of the sub-
space that contains these facets. The first step is to compute
discrete versions of the VD and SPD. This is done by split-
ting the padded bounding volume of a graph into hypercubes
and finding the NNqc and ANNqc

s respectively, where qc is
the center of the current box. The intersection can then be
computed by going over all boxes in the volume. For each
box we check if the NN and the ANN are different for one
of their isometrically aligned neighboring boxes (or the cur-
rent box) and if they do not have only the same neighbors
in those boxes. The first condition guarantees that only the
red and yellow regions of the cover diagram are identified

Figure 3: Execution of the discrete algorithm on an MST
with 10 nodes.

while the second condition further refines it to only consider
the facets of the intersection matrix. After said computation
we can sort all ratios for all boxes and only keep the m ones
with the worst ratios, which subsequently can be used for
sampling only from them, providing a reduced space that al-
ready contains bad query points. An exemplary execution of
this algorithm can be found in Figure 3 for d = 2. It sampled
1000 points from the red boxes, and found a point almost
identical to the actual worst query point of the instance.

Experiments
We evaluated our algorithms computing the search-path di-
agram and the worst-query point on six different graph
types, namely minimum spanning trees (MST) (Munoz et al.
2019), k-nearest neighbor graphs (KNN) (Fu and Cai 2016),
relative neighborhood graphs (RNG) (Jaromczyk and Tou-
ssaint 1992), DiskAnn (Subramanya et al. 2019) graphs,
(Navarro 2002), as well as Delaunay graphs (acting as a san-
ity check and baseline), see Figure 4. For DiskAnn, the orig-
inal version as well as a faster version starting out from a
random regular-graph is implemented. Evaluated graph sizes
range from 10 to 10000 nodes. The nodes were selected
u.a.r. in [0, 1]2. If not stated otherwise, parameters for the
KNN graphs are k = 5 and parameters for the DiskANN
graphs are α = 1.15, an out-degree bound of 5 and for the
fast variant a queue length in its best-first-search procedure
of 70. The start node will be the graphs centroid if not spec-
ified differently. As parameter for bounding box padding,
we use c = 0.2. To combat numerical instability we used
CGAL (The CGAL Project 2024) in our implementation. In
order to speed up the computation of the intersection matrix
in Algorithm 3 we further used the box intersections pack-
age of CGAL. All experiments were run on a single core of
an AMD Ryzen Threadripper 3970X.

Approximable instances. Our first finding is that not ev-
ery instance I = (G, s) of a graph and a start node pro-
duces a finite approximation ratio r for every query point
q ∈ Rd. The reason for this is that if a node v ∈ V is not
contained in its search-path cell SCs

v , the query q = v does
not have an approximation ratio and r tends to infinity for
queries approaching v. An exemplary depiction of this sit-
uation is shown in Figure 5. Hence we deem an instance
approximable if and only if all of its nodes lie in the interior
of their search-path cells.
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Figure 4: Depicted in (a) is the average number of edges. KNN and DiskANN graphs coincide in this plot as they have the same
out-degree bound. Figure (b) shows the average search-path diagram construction time. Portrayed in (c) is the average number
of contributing paths for non-empty cells.

Figure 5: Example of a cover diagram of an MST of 10
nodes for the green start node. As there are nodes of the
graph that do not fall in their search-path cell, this instance
is not approximable. The light blue point is the result of Al-
gorithm 3 despite the existence of aforementioned nodes (in-
dicated by the red border).

SPD construction time. To measure the trade-off between
sparsity of a graph G and its ANNS quality, Figure 4a gives
us an overview of the amount of directed edges in the ana-
lyzed graphs. The construction time of the SPD is dependent
on the choice of the base graph as can be observed in Fig-
ure 4b. The MST is performing well in this regard as it is
sparse and acyclic and hence the SPD does not need to ex-
plore many simple paths. In general, the construction time is
within a few minutes for all considered base graphs with up
to 10000 nodes, and can be greatly sped up if the cells are
computed in parallel. In theory the number of simple paths
that need to be explored per cell may be exponential in n.
However, Algorithm 2 is very far from reaching this bound.
Figure 4c shows that the total number of contributing paths
per search-path cell is very small and grows only lightly with
the graph size. This confirms that most paths do not mono-
tonically converge toward the destination vertex defining the
cell and thus the exploration of paths can be stopped early,
ensuring a practical running time.

Quality Assessment for d = 2. As discussed above, one
of the most commonly adopted techniques for evaluating the
ANNS performance of a graph is sampling a set of points
from the query space and reporting the returned ratios. How-
ever, we show that this approach is not very successful in
coming close to the worst query ratios, even on approx-
imable instances. In our first experiment, we constructed
graphs G on only 10 nodes, computed the true value of r

with our new algorithm and then computed the extended
bounding box Bc

G which is guaranteed to contain the worst
query point as shown in Theorem 5. Subsequently, we sam-
ple up to 10000 query points from Bc

G per instance. Figure
6a shows the results for all graph types. We observe that even
for these small graphs and substantial sample sizes, the sam-
pling based estimated r values do not match the true one.
For larger input graphs, this effect increases tremendously
as shown in Figure 6b for the two considered variants of
DiskAnn graphs. Even if the sample size is increased such
that the execution time of Algorithm 3 and sampling match
(3 · 106 points), the ratio observed is still up to a factor of
5 from the true worst query ratio. For the other graph types,
the percentage of approximable instances shrank dramati-
cally with growing graph size, which sampling could not
detect. The DiskAnn graphs turned out to be robust in that
regard. But we clearly see in Figure 6b that even sampling
10000 points does not give us an estimated r value that is re-
motely close to the worst query ratio. The gap is more than
an order of magnitude. We likewise discovered that the order
of the worst query ratios can arbitrarily toggle between the
DiskAnn variants given different graph sizes. For example,
for 9500 samples, the slow variant appears to be superior
and for 6000 and 10000 samples the fast variant. We thus
conclude that computing the precise value of r with our al-
gorithm can help to assess the quality of different methods
in a more robust and systematic way.

But actually we can get more information from our SPD
data structure than just r. We can also efficiently determine
for which cells in the intersection of the SPD and the VD
the true NN is returned. We refer to the respective part of the
intersection as cover diagram (represented by the diagonal
of the intersection matrix, see Definition 7) and define the
cover ratio as the fraction of Bc

G which is part of the cover
diagram. This measure can be interpreted as a kind of global
recall. The cover diagram can provide valuable insight into
the quality of a given instance I by showing us structurally
degenerate regions for ANNS as depicted in Figure 5. Eval-
uating the cover ratio in Figure 6c, we observe that DiskAnn
instances appear to be the most structurally sound, leveling
out at a cover ratio of about 0.7. RNG, KNN and MST in-
stances perform rather poorly with a cover ratio of 0− 0.03,
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Figure 6: Depicted in (a) is the average worst sampling ratio for approximable instances of size 10. The opaque lines are the
upper bound, namely the true average worst query ratio. (b) shows the average worst sampling ratio for approximable instances
of size 10000. Portrayed in (c) is the average cover ratio for the different graph types.

Figure 7: Exemplary SPD of a DiskAnn graph with 10000
nodes, where the center node is the start node. Our SPD data
structure is capable of identifying degenerate areas as repre-
sented by the large cells.

meaning these instances return the correct NNs for only up
to three percent of the space in Bc

G. This is due to their low
connectivity (e.g. KNN might not be strongly connected)
and the likelihood of getting stuck in local optima.

Another use case of our algorithm is illustrated in Figure
7. Here, one can clearly see large cells in the SPD that con-
tain a lot of graph structure. This shows that many nodes
in the graph are never reached on monotone paths from the
start node and are thus never returned as NN of any query.
Inserting additional edges to better connect these graph re-
gions could help to significantly improve the result quality.

Quality Assessment for Higher Dimensions. To demon-
strate the usefulness of our algorithm in higher dimensions,
we implemented the discretized version and tested it for
d = 2, . . . , 10 on the DiskAnn graphs with 106 hypercubes.
Figure 8 shows the results for d = 3. We clearly see that
restricting the sampling to the hypercube facets identified
by our algorithm leads to a significantly larger r already for
small sample sizes but even more so for larger ones. The
same behavior was observed for larger dimensions. How-
ever, as we keep the number of hypercubes the same, the
discretization is coarser in higher dimensions. Still, our al-
gorithm produces r-values that are a factor of 7 larger for
d = 5 and a factor of 2-3 for d = 10. Using a finer discretiza-
tion the gaps are expected to increase further. Moreover, the
categorization of hypercubes in those that are covered well
and those that are not can also help to guide graph structure
improvements.
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Figure 8: Average ratios produced by classical sampling ver-
sus sampling restricted to bad regions (facets) identified with
our algorithm for DiskANN graphs in R3 with 105 nodes.

Conclusions and Future Work
This work is supposed to be a first step towards a more
systematic evaluation of graph-based ANN search methods.
While sampling based evaluation has the advantage of being
easy to implement, we demonstrated that solely relying on
sampled queries to assess the approximation quality might
give a distorted picture. Our approach efficiently identifies
regions with poor ANN quality and thus can also be helpful
for improving existing graph construction methods.

One direction for future work is to make our algorithm
applicable to other types of search algorithms. We focused
here on greedy path traversal. But more intricate methods, as
e.g. beam search (Prokhorenkova and Shekhovtsov 2020),
could be considered as well. Indeed, other search methods
could be easily incorporated into our proposed framework
as long as they rely on path traversals which can be captured
by our SPD data structure.

Finally, more general query types as k-(A)NN queries
could be taken into account. Either by considering the worst
case ratio between the computed kth NN and the true one,
or by using measures as precision and recall. For the latter,
the search-path diagram would need to be integrated with a
suitable range search data structure.
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