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INTRODUCTION 

In coastal and deep-water areas, shear currents are often 
generated by wind action. This leads to a strong vertical 
shearing action within the upper layer of the water body. 
Therefore, the rotational characteristics of the flow motion 
play an essential role in affecting the wave-current 
interaction process. Analytical Stokes wave solutions on 
linear shear currents provide necessary information on 
wave properties and velocity fields for ocean and coastal 
engineering applications (see Fig.1). However, existing 
high-order (above third-order) Stokes wave solutions are 
not valid. Thus, in this paper, following the methodology 
introduced by Zhao & Liu (2022), a new fifth-order 
solution for Stokes wave in a linear shear current is 
derived. The new analytical solutions are checked with 
the exact numerical solutions by Francius & Kharif 
(2017). 

THEORETICAL METHOD 

The Stokes wave perturbation method developed in Zhao 
& Liu (2022) is extended to find perturbation solutions in 
the analytical form for fifth-order Stokes wave in a linearly 
sheared current. The perturbation procedure is 
formulated in terms of the potential function.  To avoid the 
secular terms presented in the third- and fifth-order free 
surface boundary conditions, a perturbation expansion 
for wave angular frequency (or wave phase speed) is also 
introduced. The details of the solutions can be found in 
Fang et al. (2023). The present solutions can be reduced 
to the pure wave solutions of Zhao & Liu (2022) if the 
shear current vanishes. 

RESULTS AND DISCUSSIONS 

Kishida & Sobey (1988) presented a third-order Stokes 
wave solution in a linear shear current, based on the 
stream function formulation. In their derivation the wave 
height is forced to be twice of the wave amplitude of the 
first-order wave (i.e., H=2A) as originally suggested in 
Fenton (1985), which is deemed to be non-physical (Zhao 
& Liu 2022). Thus, their solutions do not satisfy the free 
surface boundary conditions. The performance of the 
present solutions in is examined by comparing against 
Kishida & Sobey (1988) and the exact numerical 
solutions by Francius & Kharif (2017). As illustrated in 
Fig. 2, the present solutions agree with the numerical 
solutions very well, but differ significantly from the 
solutions of Kishida & Sobey (1988) for larger 
nonlinearity. The present solutions also provide accurate 
phase speeds for highly nonlinear waves. Without 
adopting the artificial assumption that H=2A, in deriving 
the present solutions, the dispersion equation, wave 
height equation and surface elevation are solved 
simultaneously. As a result, the present derivations 
provide accurate analytical solutions for phase speed, 
velocity distribution and wave elevation even under the 

strong nonlinearity conditions.  

 
Figure 1 A sketch for a periodic Stokes wave propagation 
with a vertical linear shear current.  

 

Figure 2 (a) and (c) are surface elevations and wave 
horizontal velocity profiles under wave crest and wave trough 
for strong current condition; (b) and (d) are for strong vorticity 
conditions. Here, blue solid lines are the present solutions, 
black dashed lines are the third-order solutions of Kishida & 
Sobey (1988) and red circles represent the numerical 
solutions calculated based on Francius & Kharif (2017). 

REFERENCES 
Fang, H., Liu, P. L. F., Tang, L., & Lin, P., 2023. The theory 
of fifth-order Stokes waves in a linear shear current. arXiv 
preprint arXiv:2308.03023. 
Fenton, J.D., 1985. A fifth-order Stokes theory for steady 
waves. J. Waterw Port Coast. Ocean Eng., 111, 216–234. 
Francius, M., Kharif, C., 2017. Two-dimensional stability of 
finite-amplitude gravity waves on water of finite depth with 
constant vorticity. J. Fluid Mech., 830, 631-659. 
Kishida, N., Sobey, R.J., 1988. Stokes theory for waves on 
linear shear current. J. Eng. Mech., 114 (8), 1317–1334.  
Zhao, K., Liu, P.L.-F., 2022. On Stokes wave solutions. 
Proc. R. Soc. Lond. A, 478(2258), 20210732. 

positive vorticityΩ>0

surface currentU0 still water level

x
z

uc=(U0+Ωz, 0)
h

H

wave crest

wave trough

(d)

z+
h
/h

η
(m

)

x (m)

wave trough

wave crest

uw (m/s)

(b)

(c)

z+
h
/h

η
(m

)

x (m)

wave trough

wave crest

uw (m/s)

(a)

Strong current condition: H=94.5 mm, h=0.35 m,
T=1.42 s, Ω=1.7/s, U0=1.03 m/s

Strong shear condition: H=63 mm, h=0.25 m,
T=1.42 s, Ω=2.7/s, U0=0.46 m/s


