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Abstract

With the rapid development of digital platforms, users can
now interact in endless ways from writing business reviews
and comments to sharing information with their friends and
followers. As a result, organizations have numerous digital
social networks available for graph learning problems with
little guidance on how to select the right graph or how to
combine multiple edge types. For example, while user-to-
user interactions are directed in nature, many graph learn-
ing approaches use the undirected version of the network.
In this paper, we introduce edge direction, edge weight, and
multi-relational data for node prediction tasks. We first adapt
an existing node attribute prediction method for binary pre-
diction, LINK-Naive Bayes, to account for both edge di-
rection and weights on single-layer networks. We compare
predictive performance metrics across various node attribute
prediction tasks for an ads click prediction task on Face-
book and for a publicly available dataset from the Open
Graph Benchmark (OGB). We observe meaningful predic-
tive performance improvements when incorporating edge di-
rection and weight, and performance that’s competitive with
the OGB Leaderboard. We then introduce an approach called
MultiLayerLINK-NaiveBayes that can combine multiple net-
work layers during training and observe superior performance
over the single-layer results. Ultimately, whether edge direc-
tion, edge weights, and multi-layers are practically useful will
depend on the particular setting. Our approach enables prac-
titioners to quickly combine multiple layers and edge types.

Introduction

Inferring user attributes has a rich history in the graph
mining literature including predicting demographic at-
tributes (Dong et al. 2017; Brea et al. 2014), marketing be-
havior (Hill, Provost, and Volinsky 2006; Goel and Gold-
stein 2014; Zubcsek, Katona, and Sarvary 2017), integrity
outcomes (Chakrabarti et al. 2014; Fakhraei et al. 2015;
Wang, Gong, and Fu 2017) and more. The typical within-
network setting includes known ground-truth labels for a
subset of users and a single network on how all users are
connected. The goal is then to infer the missing labels or at-
tributes for the remaining nodes (Neville and Jensen 2000;
Welling and Kipf 2016; Perozzi, Al-Rfou, and Skiena 2014;
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Sen et al. 2008; Altenburger and Ugander 2021). The re-
lated across-layer task trains on a set of labeled nodes and
edge type and predicts for the same node set for a different
edge type. Examples include making attribute predictions
over time (Henderson et al. 2011). A recent review paper has
also unified the various types of graph representation learn-
ing methods (Chami et al. 2020). We focus on the within-
network task in this paper.

Feature representations for node attribute prediction prob-
lems can generally be classified by whether the features
are identity-independent (dependent) and label-independent
(dependent) (Altenburger and Ugander 2021). Identity-
dependence captures whether a feature depends on the iden-
tity labels of the node i=1,2,....,n. Label-dependence (Gal-
lagher and Eliassi-Rad 2008) captures whether the feature
depends on the attribute label. Node embedding feature rep-
resentations are a popular class of methods for represent-
ing users via a low-dimensional feature. Approaches like
node2vec (Grover and Leskovec 2016), DeepWalk (Per-
ozzi, Al-Rfou, and Skiena 2014), and LINE (Tang et al.
2015) are all identity-dependent and label-independent.
LINK (Zheleva and Getoor 2009) is another promising
identity-dependent and label-independent feature represen-
tation where the feature is the row in the adjacency matrix.

While many within-network tasks train on a single net-
work or single edge relationship (Henderson et al. 2012,
2011; Altenburger and Ugander 2021; Lim et al. 2021), real-
world node prediction settings have numerous user-to-user
networks to consider for a given prediction task. It is not
clear which is the optimal network to select for a given prob-
lem. For example, Facebook (FB) users can be connected
by a friendship edge or interaction edges including com-
ments, reactions, and more. These same users can also fol-
low one another on Instagram (IG) and interact. On other
social network platforms like Twitter, users can be repre-
sented by follower relationships or interaction edges (Huber-
man, Romero, and Wu 2008). These types of networks are
considered multi-layer networks (Kiveld et al. 2014) where
the two aspects are the platform (FB/IG) and interaction or
friendship/follower edge type.

With the rise in multi-relational edge types in networks,
recent methods propose new ways to incorporate multi-layer
edges. Embedding approaches can additionally incorporate
multi-relational edges into the embedding framework (Feng



et al. 2019; Bordes et al. 2013; Lerer et al. 2019; Zitnik and
Leskovec 2017). Graph Neural Network (GNN) approaches
include approaches like heterogeneous graph transform-
ers (Hu et al. 2020b) which can incorporate different node
and edge types. One major limitation of GNNss is that they
make a homophily assumption (McPherson, Smith-Lovin,
and Cook 2001), whereby connected units are assumed to
be more similar to one another. In real-world networks, the
homophily assumption can be unreasonable (Zhu et al. 2020;
Loveland et al. 2023). Some recent work has focused on
improving the performance of GNN in low homophily or
heterophily settings (Zhu et al. 2020; Rossi et al. 2023; Ma
et al. 2021). Meanwhile, other promising feature represen-
tations like LINK (Zheleva and Getoor 2009), which create
a large sparse feature vector from the row of an adjacency
matrix, do not require the network to be homophilous or
heterophilous (Altenburger and Ugander 2018). Another ad-
vantage for LINK is that it can scale easily to networks with
millions of nodes.

In this paper, we extend the LINK approach (Zheleva and
Getoor 2009) to weighted and directed edges on single-layer
networks and then extend the method to multi-relational
edges. This paper follows other recent approaches for lever-
aging multilayers such as modeling multilayer interdepen-
dence (Aguiar, Taylor, and Ugander 2022) or extracting
k-cores from multilayers (Hashemi, Behrouz, and Laksh-
manan 2022). We refer the interested reader to reviews (Boc-
caletti et al. 2014; Kiveld et al. 2014) on multilayer net-
works. Our work is also related to the “graph sanitation”
task (Xu, Du, and Tong 2022), which learns the optimal
graph representation from a single graph.

In our setting, our goal is to learn the relative value of dif-
ferent types of edges based on weight, direction, or multi-
layers for improving the Node Attribute Prediction Task.
In the “Node Prediction on Single-Layer Networks with
Edge Direction and Weight” section, we first introduce how
to incorporate edge weights and direction information into
LINK by utilizing an “edge binning” strategy that enables
us to distinguish between different types of edges. We ob-
serve improved predictive performance when incorporating
edge direction and/or edge weight for a business prediction
task and to a protein-protein network that’s publicly avail-
able. For the undirected protein-protein network, we observe
a neutral ROC-AUC performance on the unweighted net-
work but observe improved performance for the different
versions incorporating edge weight information. This illus-
trates how an undirected/unweighted network can seemingly
appear to provide no information for node prediction, but
can contain meaningful information once edge direction and
weight are included. Then, in the “Node Attribute Prediction
with Multi-layer Networks” section, we introduce a method
called MultiLayerLINK-NaiveBayes which combines multi-
ple layers for network prediction and observe additional pre-
dictive performance gains beyond the single-layer setting.
We conclude with a discussion of our findings and future
research directions in the field of node attribute prediction.

We summarize our contributions below:

¢ While many GNN methods for node attribute prediction
tasks rely on similarity (homophily) or dissimilarity (het-
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erophily) in the network, LINK is a network prediction
methodology that is homophily/heterophily-agnostic. We
extend the methodology for edge direction and weights
on the single-layer network. We then extend to the multi-
layer setting. An advantage of our approach is that it is
domain-agnostic.

* For single-layer networks, we propose the concept of
edge binning as a way to categorize edge types by direc-
tion/weight. We propose a unified methodology to incor-
porate this edge binning information for node attribute
prediction tasks. We demonstrate this methodology on
an ad click prediction task from Facebook and on a pub-
licly available dataset from the Open Graph Benchmark,
showing that accounting for edge direction/weight can
increase the predictive performance of node attribute pre-
diction tasks. While recent work includes edge direction
into Graph Neural Networks (Rossi et al. 2023), this pa-
per is the first to our knowledge to incorporate edge di-
rection/weight into LINK.

* For multi-layer networks, we introduce a new approach
to leverage edges across different types of network lay-
ers and demonstrate further predictive performance gains
relative to single-layer networks. We include the time
complexity of this algorithm as well.

Broader Perspectives and Ethical Considerations: This
research was reviewed and approved by an internal review
board-like organization in industry. We limit all analysis to
users who have explicitly linked their Facebook and Insta-
gram accounts. All data was de-identified and analyzed in
aggregate. Node attribute prediction challenges in particu-
lar and machine learning on graphs in general have become
commonplace across organizations with rich social network
data. Multilayer networks provide a natural language for an-
alyzing different user-level networks and for framing vari-
ous prediction tasks. New methods to improve how to opti-
mally combine or select networks for a prediction task have
tremendous potential for helping organizations improve the
user experience. Beyond what is presented here, we believe
there is room for improved methods that evaluate the rep-
resentativeness of node labels for prediction tasks and ade-
quately accounts for any label bias.

Node Prediction on Single-layer Networks
with Edge Direction and Weight

While existing node embedding approaches can incorporate
multi-relational information (Feng et al. 2019; Bordes et al.
2013; Lerer et al. 2019), other existing feature representa-
tions do not. LINK-logistic regression (Zheleva and Getoor
2009) is an interpretable node prediction approach that rep-
resents a node by the row of the graph adjacency matrix.
This large, sparse feature vector can then be utilized by a
regularized logistic regression model for binary node predic-
tion tasks. This method can also perform optimally with or
without homophily (Zheleva and Getoor 2009; Altenburger
and Ugander 2018). For this paper, given the flexibility of
LINK to work in a variety of settings and given its prior high
predictive performance, we adapt the LINK-Naive Bayes ap-
proach (Altenburger and Ugander 2018) to account for both
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Figure 1: (Ieft) We illustrate a single-layer network predic-
tion problem across different edge types. Each layer repre-
sents a particular edge type and, we compare predictive per-
formance of each layer. (right) We illustrate how multi-layer
prediction is done with respect to different edge types.

edge direction and weights. We note that LINKX is a simi-
lar approach (Lim et al. 2021) that embeds the node features
and adjacency matrix separately via an MLP. The focus of
this work is on LINK-Naive Bayes where we have the adja-
cency matrix as an input signal. While LINK refers to using
the rows of the adjacency matrix as features, the scope of this
paper is on node attribute prediction and not link prediction.

Undirected and Unweighted Edges

We first review the derivation of LINK-Naive Bayes for a
single layer in an undirected, unweighted network G =
(V, E), where each v € V represents a user, and (u,v) € E
if and only if u and v interact with each other. We show
in Figure 1 (left) a schematic of the within-layer task. Each
rectangle represents a network for a particular edge type or
layer. The prediction task, as will be explained, will be done
within each network such as only within the friendship net-
work.

Suppose we have a binary label prediction task, where
each node has a label being either +1 or —1. For a target
node wu, the task is to predict its label using known labels
from neighbors of u in the network layer. Particularly, for
each node ¢ € G, we define x; := 1((; w)cE(q)} as the in-
dicator of 7 being a neighbor of u, and a random variable
X ¢ {0,1}", where N is the total number of nodes in
the network. We review the Naive Bayes classification rule
LR(x) via the likelihood ratio and by making a conditional
independence assumption:

_ PWtrain = +1) - P(X|Ytrain = +1)
B P(Ytrain = —1) - P(X|ytrain = —1)
_ P(ytrain = +1) - Hz L P(Xi = zi|ytrain = +1)
P(yirain = —1) - Han&—mwmmz—m
P(Ytrain = +1) P(X; = z|Ytrain = +1)
P(Ytrain = —1) =0 P(Xi = ZilYtrain = —1)
P(Xz = T |Ytrain = +1)

iomr PXi = Zilyirain = —1)
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Note that by setting 1 (n_1) as the number of +1-labeled
(—1-labeled) nodes in the training sample and d; 11 (d;,—1)
as node i’s degree with +1 (—1) nodes in the training sam-
ple, we have the following empirical estimations:

Plyrain =+1) = ;50—

P(Ytrain = —1) = ﬁ’

P(X; = Uytrain = +1) = %’

P(XZ- = UYtrain = —1) = %;

P(X; = 0lytrain = +1) = %’
P(X; = 0lysrain = —1) = %

Assuming that for sparse networks that nij;,n_; >>
d;i +1,d; —1, the final derivation for the log of the likelihood
ratio can be written as follows (Altenburger and Ugander
2018):

log(LR(x

Zz,

{ i1 +1 no1+2

1
di,1+1 ng+2 M

one-hop aggregation

two-hop aggregation

Directed and Weighted Edges

As we observed when comparing user-to-user networks in
the “Analysis of Multilayer Networks” section, edge direc-
tion and weights can contain different information across
different interaction networks. To better use network signals
from directed and weighted networks, we propose two ex-
tensions of LINK-Naive Bayes to incorporate edge direction
and weight.

Create Edge Bins: One central idea for our approach is to
create “bins” for edges. We will describe the different ways
to create edge bins and will reference this set-up throughout
the rest of the paper. An edge bin is a way to place edges into
mutually exclusive categories based on edge weight and/or
edge direction. As shown in Figure 2, we illustrate edge
bins based on direction (left) and edge bins based on weight
(right). This means that instead of treating all edges equiv-
alently as in the current LINK-Naive Bayes approach, edge
bins will be a way for us to distinguish between different
types of edges. We can also combine different edge bins to
create finer bins such as combining direction x weight bins.

(Version I) Learning Weights for Edge Bins: We change
the previously introduced observed features z; € {0,1} and
the random variable X € {0,1}"V to reflect edge weights
and/or directions. Specifically, we first divide the edges into
|[W| bins by pre-selected metrics. For example, as intro-
duced in the last section, edges with different weights are
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Figure 2: We illustrate binning edges. (left) We show 4 cat-
egories for binning edges based on whether a source node
connects with a target node, a target node connects with
a source node, both source and target connect, or neither.
(right) We show 4 categories for binning edges based on
the strength of the connection between the source and tar-
get node.

divided into bins by their values, and directed edges are di-
vided into bins by whether the edge is an outgoing one from
the target node, an incoming one, or both. We denote the set
of bins as {Bin,,w € W}, where W is the set of bins.
We denote 1,,—,, if the edge between the target node j and
source node ¢ belongs to Bin,,,.

An easy extension to test is optimizing the weights on dif-
ferent edge bins for two-hop aggregations when aggregating
scores among a source node’s connections (right-hand side
of Equation 1). Specifically, let \,, be the weight of Bin,,
and denote X the vector of \y’s: X = (Aw)w=1,...,,w|- De-
noting « as the intercept term in Logistic regression, we can
write the classifier’s score function f(.) as the following:

f(mX,at) =a+
W]

N
dig1+1 n_y+2
Aw Ly e - L > .
wz::lu; Ti=w Og[di,1+1 ot 2

one-hop aggregation

@)

two-hop aggregation by edge bin w

We can then estimate v and X with logistic regression utiliz-
ing a validation split, which is minimizing the log loss for:

(5 on (i)
(X ,y)€Evalidation data
(45wl
2 1 + ef(a,AX)

Note that we can regard Equation 2 as a more general form
of Equation 1 as it recovers Equation 1 in the case that, there
are only two bins with Bin; = {x; : x; = 1}, Bing =
{z; : x&; = 0},and \y = 1,\y = 0, = Cy. The terms
d; +1 (d;,—1) still refer to the undirected/unweighted degree
counts a source node has with other nodes labeled +1 (—1).

(Version II/IT*) Classifier within each Edge Bin: An al-
ternative approach is to apply a Naive Bayes classifier within

l ef (X, X)
o 1+ ef(oz,X,X)
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each edge bin. Here, we further denote d; 41,4 (di—1,w)
as the number of +1-labeled (—1-labeled) neighbors s of
node i with edge type of (4, s) in Bin,,. Note that d; y; =

S=W g, 41 . We then have

p(ytrain =+1)= ﬁ,
P(X; = w|yerain = +1) = w
p(ytrain =-1)= ﬁ,
P(X; = w|Ytrain = —1) = m

For the log-likelihood ratio log(LR(x)), we have the fol-
lowing formula (see the full derivation in the “Derivation of
Version II of Naive Bayes Classifier” appendix section):

w
5 3) SEMITM LIPE LR REA14
i=1 w=1 o di,—1w+1 ng1+ W]

Just like in Version I, we can make the model more flexi-
ble, by learning different weights \,, for the edge bins via a
logistic regression model:

fla, X, z) = a+

144

N
di t1,0+1 nog+ |W]
>\w ]]-m;:w : ZO ’ ’ :
D {di,mﬂ noy + W]

one-hop aggregation by edge bin

two-hop aggregation by edge bin

Intuitively, Version I only uses the information of the direc-
tion and weights in turning \,,’s, while Version II also uses
this edge information to estimate the posterior distribution
of y. An alternative way for creating this classifier is to sep-
arate out one-hop and two-hop edge bins via Version II*.
For example, for a given node ¢, we could construct the two-
hop aggregations based on the out-degree edge bin but allow
different weights between a node’s one-hop in-degree, out-
degree, and reciprocal edges. Otherwise, Version II, would
only allow out-degree aggregations among out-degree con-
nections. We then learn different weights A, ,,» via the fol-
lowing:

fla, X, x) = a+
w| W
(W |W| N 1w +1 ny+ W]
33 A S log ~
w=1w'=1 i1 di—1w +1 i +|W]

one-hop aggregation by edge bin

two-hop aggregation by edge bin

Empirical Results

Application on Facebook: There are numerous user-to-user
interaction networks available across the Facebook and In-
stagram platforms. Users can be friends on Facebook and



follow one another on Instagram. Users can also interact
with one another via more dynamic interactions like com-
menting on other user’s content or reacting. In the Appendix
Section “Analysis of Real-World Multilayer Networks”, we
compare user networks across Facebook and Instagram il-
lustrating how users behave differently across different inter-
actions. In this section, we’ll focus on one such network cre-
ated by user-to-user comments. We first compare the predic-
tive performance of the extended LINK-Naive Bayes classi-
fier (Version I and Version II') using the largest user-to-user
interaction network — the comment network from Facebook.
Specifically, we construct a directed, weighted user-to-user
network of over 100M users based on users’ commenting
activities in the last week of July 2022. A directed edge ex-
ists if a source user commented on a target user’s content
in the last week of July 2022, and we create edge weights
based on the frequency of interactions between users. For
binary prediction task, we consider the users who were ex-
posed to Retail ads on 2022-07-30 and code y¢rqin = +1 if
auser clicked on an ad and Y, = —1 otherwise following
previous ad click prediction problems (He et al. 2014). We
restrict this sample to active U.S. users who are older than
18 years-old with at least 20 Facebook friends.

We set-up a within-network task where we randomly se-
lect 80% nodes as training nodes, 10% as validation, and the
remaining 10% as test nodes. Specifically, we first randomly
select 80% nodes where we observe their labels and merge
these training labels into the edgelist. Among the rest 20%
nodes, we use 1/2 to train the weights in the logistic regres-
sions and use the remaining 1/2 as the test nodes. Note that
we don’t train the weights using the 80% nodes, since the
NB estimators utilize the label information of the 80% nodes
in training, which makes them different from the remaining
20% nodes.

We report predictive performance results with normalized
entropy (NE) or normalized cross-entropy (He et al. 2014),
which is standard for ad click prediction tasks. NE com-
putes the predictive log loss normalized by the entropy of the
baseline click-through-rate, and lower values are better. (See
the “Formula for Normalized Entropy” appendix section for
more details.) We report the relative percent change in test
normalized entropy (NE) when comparing the different ver-
sions to the undirected, unweighted version in Table 1. We
do not report raw NE due to the sensitivity of this prediction
task but all results are above a random classifier. Also note
that class imbalance is not an issue for the NE metric since it
uses the log-likelihood ratio, which doesn’t directly measure
the performance of a predictor under an imbalanced dataset.
(In the next section, we’ll report raw predictive results on a
publicly available dataset). To test the usefulness of edge di-
rection and weight, we consider the following three ways of
dividing the edges into mutually exclusive bins:

* undirected, weighted: we ignore the edge direction,
and divide the edges by considering if the weight is of
0,1,2 — 5,> 5. We select these bins in a way to dis-
tinguish between infrequent vs. more frequent interac-

" results for the

'We only include Version

ogbn-proteins.
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tions. In practice, a researcher will have to select edge
bins based on the empirical distribution of edge weights
in their dataset or by other heuristics.

¢ directed, unweighted: we treat all the edge weights the
same, and divide the edges into four bins by their direc-
tions. That is, we distinguish whether the edge is only
an outgoing edge from the target node, only an incoming
edge from the target node, both an outgoing and incom-
ing edge, or no edge between them.

* directed, weighted: we divide all the edges by their
weight values and directions. Specifically, we consider
if the out-going edge weight is of 0,1,2 — 5,> 5 and if
the in-coming edge weight is of 0,1,2 — 5, > 5. There
are 16 bins in total.

Across one train/test split, we observe in Table 1 that the per-
formance of Version I is better than Version II. Considering
the edge direction and weights using the method introduced
in Version I both seem to help improve the NE compared to
the undirected/unweighted version. (Note lower NE means
better performance.) We observe that considering the edge
direction reduces NE by 0.09% while considering the edge
weight reduces NE by 0.01%.

undirected, unweighted 100% (reference)

Version I undirected, weighted | —0.01%
directed, unweighted | —0.09%
directed, weighted —0.11%

Version 11 undirected, weighted | +0.02%]
directed, unweighted | —0.02%
directed, weighted —0.06%

friend’s conversion rate +0.03%

user embeddings +0.02%

Table 1: Undirected/unweighted comment networks have
variability in predictive performance. We observe overall
higher performance with Version I compared to Version II.
Both Versions exhibit higher performance than friend con-
version and user embeddings from PBG.

To compare the LINK-Naive Bayes approach with other
node embedding methods, we also consider the following
two baseline models:

 friend’s conversion rate: for each user u, we take the
ratio of conversion rate among u’s undirected neighbor-
hoods as the u’s conversion probability. We can view this
as a homophily-based feature.

* user embeddings (PBG): we implement PyTorch-
BigGraph (PBG) (Lerer et al. 2019) to train a 64-
dimensional embedding from the user-to-user comment
network. PBG scales to large graphs and can support
multi-relation graphs. PBG employs a block decompo-
sition of the adjacency matrix and trains on edges from
one bucket at a time. We implement the embeddings with
a 0.01 learning rate and a negative batch size of 50.

Application on obgn-proteins: We next demonstrate
the LINK-Naive Bayes approach on the Node Property Pre-
diction task from the publicly available Open Graph Bench-
mark (OGB). OGB includes several large-scale datasets for



Method Avg. ROC-AUC
undirected, unweighted (reference) 0.51
Version I (undirected, weighted) 0.65
Version II (undirected, weighted) 0.57
Version IT* (undirected, weighted) 0.70

Table 2: Compare the predictive performance on the
ogbn-proteins dataset with the LINK-Naive Bayes
method using Version I/Il as well as an undirected, un-
weighted version as a reference. We observe meaningful per-
formance improvement in both Versions I and II.

node prediction among other tasks and includes data splits
for training models (Hu et al. 2020a). Another advantage of
using a dataset from OGB is that we can compare the pre-
dictive performance of our approach to an exhaustive set of
baselines on the public leaderboard.

We include results on the obgn-proteins dataset,
which is an undirected and weighted network consisting of
132,534 nodes, 39,561,252 edges, and 112 different labels
to predict. Nodes represent proteins and edges indicate a bi-
ological association between proteins. Each edge is associ-
ated with an 8-dimensional feature representing the strength
of a relationship between two proteins. This is the only bi-
nary task dataset in OGB and the only one that allows us to
set-up multi-layer networks to compare with in the next sec-
tion. For this section, we will treat the network as a single
layer by averaging edge weights across the 8-dimensional
feature vector. For both Version I/II, we construct 4 edge
bins based on intervals constructed from the 25th, 50th, 75th
percentiles of the edge weight. Here we only construct edge
bins based on edges that exist between nodes in order to ac-
celerate calculations. Consistent with the data splitting rec-
ommendation (Hu et al. 2020a) and with reporting ROC-
AUC metrics, we split the nodes into train/validate/test splits
according to what’s provided and report average ROC-AUC
across the 112 tasks in Table2. We do not incorporate any ad-
ditional benchmarks as the public leaderboard already tracks
top submissions.

For all performance metrics for this dataset, we consider
ROC-AUC metrics to be consistent with results presented on
the public leaderboard 2. We see that Version I/II/IT* outper-
form the undirected, unweighted version. We use a paired
Wilcoxon signed rank test (with a Bonferroni correction) to
test whether the ROC-AUC metrics from Version I/II/IT* are
greater than the undirected, unweighted version and observe
p-values < 0.01. We also test for pairwise differences be-
tween the different versions and observe a statistically sig-
nificant difference. When comparing this performance to the
public leaderboard as of September 2023, we can see that
both Version I/IT* are comparable to node2vec’s test perfor-
mance of 0.6881 at #22 on the leaderboard. We see other
baseline methods like MLP have 0.7204 and GCN have
0.7251 ROC-AUC, respectively. The protein network has
higher density than social networks and has a small graph
diameter (Hu et al. 2020a), which may explain in part the

*https://ogb.stanford.edu/docs/leader_nodeprop/
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lower performance of a method like node2vec.

While we observe increased average ROC-AUC perfor-
mance across the different versions relative to an undirected
and unweighted version of the ogbn-proteins dataset,
it is possible that LINK may still have more limited perfor-
mance relative to the leaderboard due the train/test splits be-
ing based on species. There are more within-species edges
relative to between-species edges. In the hypothetical case
where there are no edges between species, the across-layer
task would look more similar to an across-network task and
LINK would not be applicable.

Summary of Empirical Results: When comparing predic-
tive performance for both datasets, our takeaways are that:

* Adding the edge direction and/or weight can help im-
prove predictive performance compared to an undirect-
ed/unweighted network. We observe edge weight is help-
ful for ogbn-proteins but not ad click prediction.

* Version I has better predictive performance than Version
II for the ad click prediction task but the reverse is true
for the ogbn-proteins.

* Both sets of empirical results should be interpreted as a
case study of this methodology. Whether one method is
better than another will also depend in part on the under-
lying data generating mechanism and the network itself.

Node Prediction on Multi-layer Networks

Users can exhibit different interaction patterns across plat-
forms. We provide simple descriptive statistics around in-
teraction network differences across the Facebook and In-
stagram platforms in the Appendix. Such differences could
potentially result in varying predictive information when us-
ing the same approach but different network layers. As a
quick illustration, in Table 3, we compute the percent change
in test NE using Version I (directed/weighted) for the ad
click prediction task for five Facebook user-to-user interac-
tion networks — comment, tag, reshare, mention, and direct
post. These edges represent different types of interactions
that can occur between users. A comment edge indicates a
user commented on another user’s content. A tag edge in-
dicates a user tags another user on a post. This is similar to
a mention but mentions can happen in comments or replies
where a user writes another user’s name and the user is noti-
fied. Finally, a reshare means an edge exists if a user shares
the same content from another user. We observe heterogene-
ity in the predictive performance using these different inter-
action networks.

reshare

+0.13%

mention
+0.10%

comment
100% (ref)

tag
+0.20%

post
+0.15%

Table 3: We compare the relative NE performance across
different interaction types using the comment network as the
reference network. We observe variability in predictive per-
formance.

While the comment network has the best predictive per-
formance, there is still some predictive signal in other net-
work layers that’s above a random classifier, albeit lower



than just the comment network. Therefore, the question is
whether we can achieve higher performance when combin-
ing networks than any single network layer in isolation.
All the above differences motivate us to further extend the
LINK-Naive Bayes approach for multi-layer networks, in
which we can consider multiple user-to-user networks si-
multaneously during training. We call this new approach
MultiLayerLINK-NaiveBayes. We show in Figure 1 (right) a
schematic of combining multi-layers for a within-layer task.

Model for Multi-layer Networks
We assume a K-layer network g
(Ui{:1 V(’“),U,iil E(k)) contains a set of k single-layer

networks G = (V) EMW) ... GE) = (VE) EE),
where V%) and E(*) represent the node set and edges rep-
resenting different types of edges in network ¢, respectively.
For the most comprehensive case, we consider E *) to
encompass both directed and weighted edges. Now, suppose
we want to have the same prediction task as before, where
each node in V := Ule V(%) has a label being either +1
or —1, and for a target node u, we want to predict its label
using known labels from neighbors of w at different layers.

(Version 0) Linear Combination of Single layers: The
simplest approach is to treat the multi-layer score as a linear
combination of the classifiers built on each layer separately.
Specifically, let n(fl) (n(_kl) ) denote the number of 4-1-labeled
(—1-labeled) nodes in the kth layer among training samples,
and d(k 11 (d(k) 1) as node ¢’s degree with 41 (—1) nodes in
the kth layer among training samples. We similarly represent
the set of bins as { Bin, ), w® € WF1. Suppose layer
k has N*) nodes, and they are divided into |JW ()| bins in
the corresponding single-layer prediction task. We denote
1 NOBWE if the edge between the target node and the source

node i is of Bin,,u at layer k. For each bin in layer k, we

®))
set a weight A, ), and define X = U 1 U‘ka)zl Aw(k) -

Following Equation (2), we can write the score function as:

fla,X,z) = a+
(k)
K Wil N dili+1 n® 12
Z Z w(® Z 1 2F) = () log (k) (k)
pe il di7_1+1 nyq +2

one-hop aggregation at layer k

two-hop aggregation by edge bin at layer k

3

This score function is a linear combination of the scores
from different layers. As before, we can then estimate o and

X with Logistic regression to minimize the log loss.

(Version I) Learning Weights for Edge Bins: Alterna-
tively, we can couple edges between layers and place them
into edge bins based on the product category of bins at all
single layers. That is, we first construct edge bins based on
edge weight or direction as introduced in the “Create Edge
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Bins” subsection. For a given edge that exists across mul-
tiple network layers, we categorize it into one of the bins
based on edge weight/direction for that layer. Then to couple
an edge across multiple layers, we consider the joint catego-
rization of edge bins across multiple layers. The final bins in
the multi-layer network are the product category of bins at
all single layers. That is, if at each layer k, the edges are di-
vided into |TW(¥)| bins, then the total number of bins for the

K-layer network is HkK 1 \W )|. As before, we denote the

set of bins as { Bing,w € W}, where W is the set of bins’
labels, and we denote 1,,_; if the relationship between the
target node and the source node i is of Bin.

We then assign different weights for different bins gen-

erated at different layers. Let /\(ﬂiC ) be the weight of Bing
for layer k, and denote by X the vector of )\gc)’s: X =

Uk, Ug‘; ll )\gf). We can write the classifier’s score func-
tion as the following:

K W N k k

ST S 1 tog [ L L2
@ wi=w " LOF | = ®

k1 =1 i=1 ;2 +1 nyg+2

one-hop aggregation at layer k

two-hop aggregation by coupling edge bins across layers

As explained, in this method we construct the finer bins
{Bing,w € W} by the Cartesian product of each layer’
bins. We then weight the scores in each layer using the finer
bins, and the score function is a linear combination of every
layers’ scores. The advantage of using the finer bins is that
it contains multi-layer information of a node, which might
capture some interaction effect across different layers, that
cannot be captured by Version 0 above.

(Version II/IT*) Classifier within each Edge Bin: Simi-
lar to the Version II in the single-layer network section, we
can apply a Naive Bayes classifier within each bin for multi-
layer networks. We denote d; 11 4 (di,—1,%) as the number
of +1-labeled (—1-labeled) neighbors s of node ¢ with edge
type of (i,s) in Bing. We also denote by n_; (n41) the
number of nodes in ) with the label —1 (+1).

With exactly the same derivation as Version II in in the
previous single-layer section, we have the log-likelihood ra-
tio log(LR(z)) as follows:

NXN:%]I - log di7+17u~1+1.n—1+|W‘
s di10+1 ngq+|W|

i=1 w=1

Again, we can set different weights A on different bins and
train the weights with Logistic regression to minimize the
log-loss.

flo, X, z) = a+

g:lA Zﬂ ) dz+17@+l.n_1+|W|
ri= di—15+1 nyp+|W|




Intuitively, in this version we still construct the finer bins
{Bing,w € W} by the Cartesian product of each layer’
bins. In Version I we only use the bins division to weight
the one-hop scores in different layers, while in Version II we
calculate the one-hop score directly using the finer bins. To
create Version II*, we similarly separate out the one-hop and
two-hop edge bins as in the single-layer set-up.

Empirical Results

Application on Facebook: To test the performance of the
multi-layer LINK-Naive Bayes classifier, we use the two
largest Facebook interaction networks — comment and men-
tion — to construct a two-layer network. As before, we select
active U.S. users with at least 20 Facebook friends who were
exposed to Retail ads on 2022-07-30. The number of edge
bins in the two-layer network is the product of the number
of bins for each network layer. Since our single-layer results
comparing edge direction and weight show that only edge
direction improves predictive performance across both ver-
sions in Table 1, for simplicity, we ignore the edge weights
and we build directed, unweighted user-to-user networks
based on uses’ commenting or mentioning activities. Within
each layer, for a directed pair of nodes (u, v), there are four
possible relationships between them: there is no edge be-
tween v and v, there is a directed edge going from u to v,
there is a directed edge going from v to u, and there are re-
ciprocal edges.

We then set-up a within-network task similar to the
within-network section where we randomly select 80%
nodes as the training sample, 10% as validation sample, and
the remaining 10% as test sample. We report the percent
change in test NE in Table 4 relative to the baseline of using
the single-layer comment network.

comment (Version I in Sec 3) 100% (reference)
mention (Version I in Sec 3) +0.09%
comment + mention (Version 0) —0.03%
comment + mention (Version I) —0.07%
comment + mention (Version II) +0.01%
comment + mention (PBG) +0.06%

Table 4: We compare MultiLayerLINK-NaiveBayes across
the different Versions O/I/II and compare to the single-layer
network prediction performance. All NE metrics are com-
pared relative to the single-layer network (comment for Ver-
sion I).

‘We observe that:

* For Version 0: adding the multi-layer information (from
the mention network) is helpful compared to just the
comment network in isolation.

 For the multi-layer Version I approach: it outperforms
Version 0. We expect this since Version I uses the finer
bins (Cartesian product of each layer’s bins) to weight
the scores, which can capture the interaction effect across
different layers that is missing in Version 0.

e For Version II: it performs even worse than the single
layer baseline. One explanation could be that, our data set
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is imbalanced (only about 6 percent of nodes have label
1), so when we calculate the Naive Bayes scores directly
for each bin (which might only contain a small number
of data points), the estimation of the posterior probability
might be highly volatile.

Application on obgn—-proteins: We next compare pre-
dictive performance on the obgn-proteins described in
the earlier single-layer section. We create multi-layer net-
works by utilizing the 8-dimensional edge weight vector to
construct 8 separate network layers corresponding to differ-
ent edge weights. Within each layer, for an undirected pair
of nodes (u, v), we bin edges based on a 75th percentile cut-
off for edge weights and only consider bins where an edge
exists. We again use the same train/validation/test splits de-
scribed in the earlier section and that’s available in the public
data. We report the Average ROC-AUC in Table 5. We ob-
serve that:

e For Version 0, we observe that Version I/II/II* have
higher average predictive performance.

* For the multi-layer set-up, Version I/II/IT* both have
higher average ROC-AUC compared to their single-layer
counterparts with p-values <0.01.

* We do not observe a meaningful performance difference
in the multi-layer setting for Version II vs. IT*.

Method Avg. ROC-AUC
Version 0 (undirected, weighted) 0.68
Version I (undirected, weighted) 0.72
Version II (undirected, weighted) 0.75
Version ITI* (undirected, weighted) 0.76

Table 5: Compare the predictive performance on the
ogbn-proteins dataset with the MultilayerLINK-Naive
Bayes method using Version O/I/II/II* for the multi-layer
network set-up.

Time Complexity of MultiLayerLINK-NaiveBayes

We finally compute the time complexity of the multilayer
approach. For a k-layer network G = (V,€) with V =
UE_ V) Jand € = UK E®) assume that we have  bins;
that is, X is of dimension ! in the logistic regression step. The
time complexities for different steps are:

 for getting the NB estimators, the time complexity is
o(€D,

* for calculating the score functions for all nodes, the time
complexity is O(|€|), and

* for training the logistic regression, the time complexity

isO(L-|V)).
In total, the complexity for our model is O(|€] + 1 - |V]).

Discussion and Future Work

Social network platforms enable users to connect with one
another in numerous ways. As a result, organizations have



an opportunity to combine and learn from different user-to-
user network representations. In this paper, we first demon-
strate that the various IG/FB user-to-user networks exhibit
different properties and minimal edge overlap. Given these
empirical differences between user networks, we first extend
a single-layer network prediction approach called LINK-
Naive Bayes to account for edge direction and weights.
We introduce a business-relevant prediction task, ad click
prediction, as well as utilize publicly available data from
the Open Graph Benchmark to compare our different ap-
proaches. We observe the most performance gain for ad click
prediction in incorporating edge direction. For the Open
Graph Benchmark dataset, ROC-AUC results improve from
0.51 in the undirected and unweighted case to 0.57-0.70 in
the different versions for incorporating weight information.
Next, we introduce MultiLayerLINK-NaiveBayes, which
incorporates multi-layer network signals for the within-
network prediction task. We observe higher predictive per-
formance gain for Version I for ad click prediction and Ver-
sion I/I/IT* relative to their single-layer counterparts. The
results in our paper should be viewed as a case study on how
to deploy LINK to multi-layered networks. We may see in
other settings that other versions do better than what was
presented in this work.

Limitations: While we observe how edge direction and
weight along with multilayer networks can improve LINK,
these improvements are only in the top 20 of the leaderboard
of the Open Graph Benchmark. One hypothesis is that the
protein-protein dataset could have a stronger homophily or
heterophily signal in which case the GNN variations are per-
forming better. Many of the other baseline methods in the
leaderboard incorporate hyperparameter tuning, so it may
be possible to further tune LINK by parameterizing it more.
Next, while we observe predictive performance gains with
the extensions introduced in this paper, it is difficult to as-
sess the practical value of these gains. Future work can focus
on evaluating how offline performance gains may translate
to real-world results.

Future work could consider comparing approaches on
synthetic graphs (Tsitsulin et al. 2022) for generalizing when
this method does better to alternatives. While the results in
this paper were shown for binary classification and mul-
tiplex networks, the methodology can generalize to multi-
class prediction and more general multilayer networks. For
multi-class prediction, we could extend by treating it as a
one-vs-rest binary task across each class. For more general
multilayer networks, we could extend the methodology by
creating edge bins based on how nodes are connected across
layers. We leave these extensions for future work. Beyond
node prediction, LINK-NB is applicable to link prediction
as discussed in the “Link Prediction” appendix section.

We also consider additional possible directions for ex-
tending our work:

e Temporal networks: Although our study focuses on pre-
dictions on network representations at a particular time
point, user networks are dynamic over time. If networks
are correlated over time, then we’d expect our approach
to generalize to prediction over time. However, if net-
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works are very different across time, then future work
would need to account for the changes in edges over time.
One option is to encode temporal motifs (Paranjape, Ben-
son, and Leskovec 2017) or to account for time intervals
between new edges appearing.

* Missingness mechanisms and noisy observations: In our
current study, we assume node labels are missing com-
pletely at random (MCAR) (Little and Rubin 2019).
Across various business prediction tasks, the MCAR as-
sumption is likely unreasonable. For example, for demo-
graphic user prediction 3 we may expect training data la-
bels to vary by other characteristics. In these cases, fur-
ther work is needed to understand how robust our ap-
proach is to violations of MCAR. We also assume we
observe accurate ground-truth of node labels and edges.
GNN can under perform when there are noisy edges (Liu
et al. 2022) and future work may consider how robust
LINK and its variants are to noise.

* Cold start for new users: Finally, we assume the set of
users in the sample is known and fixed. However, in prac-
tice, new users are joining interactions over time. We
consider new users a cold start problem because there
aren’t existing network signals to leverage. One thought
is trying to identify similar nodes in the network and us-
ing those as a proxy.

In total, combining multi-layers network signals and
accounting for both edge direction and weights for with-
network prediction is a critical step forward in enabling
organizations to optimally learn from network representa-
tions.
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Appendix

Analysis of Real-World Multilayer Networks

A multilayer network (Kiveld et al. 2014; Boccaletti et al.
2014; De Domenico et al. 2013) consists of a node set V' of
N nodes that can belong to different layers L such as a Face-
book friendship edge or a comment edge between users. A
multiplex network is a type of multilayer network that is lim-
ited to the same set of nodes across different network layers.
While the approaches presented in this paper are applicable
to the general multilayer set-up, we illustrate the methodol-
ogy on multiplex networks.

While prior work analyzed the social structure on the
FB friendship graph (Ugander et al. 2011), no work to our
knowledge has done an empirical comparison of different
network representations of users across different interac-
tions. We can view these different representations as a multi-
layer network (Kiveld et al. 2014) and compare users (nodes)
between layers. For each platform (FB and IG), we pull
data for 2-weeks in June 2022 for active U.S users over 18-
years old with at least 20 Facebook friends, and construct
user-to-user interaction networks (FB/IG), friend and fol-
low networks (FB/IG). Interaction networks are directed and
weighted and can include numerous interaction types includ-
ing comments, reshares, likes, comment likes, and mentions.
We direct the interaction from the source user creating the
interaction to the target user receiving the interaction. We
limit all analysis to users who have explicitly linked their FB
and IG accounts. All data was de-identified and analyzed in
aggregate.

On IG, the out-degree distribution across all interactions
has more weight on small degrees, while in-degree distribu-
tion is more heavy-tailed. That is, there is a larger propor-
tion of users receiving many interactions than the propor-
tion of users sending many interactions. We also observe that
different interactions have different patterns with respect to
who people interact with: direct reshares and mentions hap-
pen mainly between users who follow each other (“recip-
rocal follows”). Comment, overall likes, and likes on com-
ments also happens more among reciprocal follows. On FB,
in terms of degree distributions, unlike IG, for different in-
teractions, the out-degrees do not always have more weight
on small degrees except for comment and reshares. Users
primarily interact with those with reciprocal follows. When
comparing networks across IG and FB, the edge overlap is
small indicating that a user’s connections on IG are different
than those on FB. We find small correlations between struc-
tural properties like degree. In total, these empirical observa-
tions indicate that different user network layers may provide
different values for node prediction tasks.

Derivation of Version II of Naive Bayes Classifier
Recall that we have the estimate

P(ytrain =+1)= ﬁ,
P(Xi = w|Ytrain = +1) = %,
P(irain = —1) = ﬁ,
P(X; = w|ytrain = —1) = w

By the formula of the Naive Bayes classifier (conditional
independence), we have that LR(x) is

_ P(ytrain = +1) . ﬁ P(Xz - xi|ytrain - +1)

- P(ytrain = _1) =1 P(Xz = Z"i|2~/t7‘ain = _1)
W]

_ P(ytrain -

B P(ytrain = H H P

w=11i:z;=w

P — w‘ytrazn - +1)
- w‘ytrazn - _1)

w
_ n+1 |1_[| H 1,+1,w + 1 . n_i + ‘W|
di—1w+1 np + W[

w=11i:z;=w

Pluggmg in our estimates into the above equation, and taking
log on both sides, we get

log(LR(x)) ~ Ca+

N |W]
Zzﬂ |:7,+1,w+1.n—1+W|
i=1 w=1 " w —lLw + 1 N1 + |W|

which gives the expression for the Version II approach.

Generalizations of LINK-NB to Link Prediction

In this section we discuss how to apply LINK-NB for
edge attributes prediction. Suppose that each pair of nodes
(21, 22) in the training data has a binary label e, .,) €
{+1,—1}. For example, e, .,) can be the indicator of
whether z; and z, are friends.

Our features are the rows of the adjacency matrix that
corresponds to 21, zo. That is, when ignoring edge direc-
tions and edge weights, for all node ¢ € G, we define
€4 1= (]]-z is a neighbor of z7 » :ﬂ-z is a neighbor of zo ) as the feature vec-
tor of 4. Note that there are four possible values for z;, and
we can group the nodes by their values into four bins, which
we call them as Bin,, for w = 1,...,4. In the more com-
plicated cases where we consider edge weights or directed
edges or multiple layers, similar to node LINK-NB, we
can also group nodes by values of x; into generalized bins
{Biny|lw=1,...,|W|}. We denote 1,,—,, as x; € Bin,,.

We have the following expression for the likelihood ratio
for the Naive Bayes estimator

P(etrain - ) (x|etrain = +1)
LR 4
( ) P(etrain - 1) P(x|yt7‘azn +1) ( )
P(efrain ) Hf\il P(xi|6tr(m'n == +1)
P(etrain = 1) HvN:l P(xi|€t'r’ain - _1)

&)



Let nyq and n_; be the count of (21,22) pairs with
€(z1,25) = +1 and e(,, .,y = —1 respectively. Denote by
d; +1, (and d; _1 4,) the number of (21, z2) pairs with label
+1 (and —1), such that its corresponding x; = w. Similar to
previous sections, we have the following estimates,

P(etrain = +1) = ﬁ
Pletrain = —1) = ﬁ
P(z; = wletrain = +1) = m
P(wi = wletrain = —1) = %

Substituting the above estimates into (5), we get the follow-
ing expression for the log likelihood ratio log(LR(x)):

digp1w+1 noy+ W]
di—1w+1 ny1+[W]

RO+ Y Loy log

N W] |:
=1 w=1

Similar to the node attributes prediction case, we can then
set different weights, );’s, on different categories of x;, and
train « and the weights with Logistic regression with the
score function

fla,X,z) = at

dit1w+1 nog+|W|

> Bt

Z )\j Z ]]-ZL’i:’w : log
w=1 =1

Formula for Normalized Entropy

Normalized entropy is the predictive log loss normalized by
the entropy of the average empirical clicking rate. The lower
the value is, the better predictive power the model has. Sup-
pose there are N samples in the dataset, where each sample
has a label y; € {41, —1}, then the normalized entropy is
defined as:

— L3 (M log(p;) + 5% log(1 — pi))
—(p xlog(p) + (1 — p) x log(1 — p)

di 1w+ 1 ny1+ W]

NE =

)

(6)
where p; is the estimated probability of user ¢’s clicking rate,
and p is the average clicking rate in the dataset.
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