?’\) INTERNATIONAL JOURNAL OF ARTIFICIAL INTELLIGENCE

ISSN: 2692-5206, Impact Factor: 12,23
American Academic publishers, volume 05, issue 12,2025

Journal: https://www.academicpublishers.org/journals/index.php/ijai

CLASSIFICATION OF NON-ISOMORPHIC REGULAR TOURNAMENTS IN
S SIMPLEX

Sarvinoz Maqsimova,
Hayitovas@gamail.com,

Doctorate student of the Mathematics faculty,
Andijan State University, Andijan, Uzbekistan,

Abstract: In this paper, we explore the classification of regular tournaments of order 7. A
tournament is a directed graph where each pair of vertices is connected by a single directed
edge. A regular tournament is one where each vertex has the same number of outgoing edges.
We focus on identifying all non-isomorphic regular tournaments of this order and analyzing
which of them are homogeneous. We also provide the skewsymmetric matrices of all 26 non-
isomorphic regular tournaments. Additionally, we discuss the relevance of such structures in the
context of the Lotka-Volterra map, a well-known model in population dynamics.

1 Introduction

Tournaments are a fundamental concept in graph theory, often used to model competitions
where every pair of players (vertices) competes in one direction. A tournament is called regular
if every player wins and loses the same number of matches. For an odd number 7, a tournament
is regular if each vertex has out-degree (/7—1)/2.

2 Classification
Skew-symmetric matrices play an essential role in various areas of mathematics and physics. A
real-valued matrix A is called skew-symmetric if it satisfies A=—A”, where A’ denotes the
transpose of A. This implies that ;=0 and a;=—a;; for all /#/.
Such matrices are inherently square and have a structure that directly influences their
determinant and applications in graph theory.
Consider the mapping Vi - 7 defined by the equations

m

X'/(:Xk<l+ ak,'X/> , k:].,...,m,

=1
where I/X:(X'l,x'z,...,x'm).
This mapping, under the condition |&,]<1, is called the Lotka-Volterra mapping. The paper
considers the mapping V9™ 1 971 where

m
grl= {X:(Xl,...,Xm)Z x=1x=0

=1
A (round-robin) tournament 7,, consists of /7 nodes py,0%,....0, such that each pair of distinct
nodes p; and pj is joined by one and only one of the oriented arcs p;- p; or p;- p;. If the arc
Pi- pj is in T,, then we say that p; dominates p;. The relation of dominance thus defined is a
complete, irreflexive, antisymmetric, binary relation. A graph G is a finite, nonempty set Y
containing p vertices, together with a specified set £ containing ¢ unordered pairs of distinct
vertices from Y. A directed graph or digraph D is a finite, non-empty set of vertices, together
with a set of ordered pairs associated with them. Let A=(ay;) be a skew-symmetric matrix in
the general form of the Lotka-Volterra operator. Assume that for A%/, we have a,#0. Now,
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take /m points on the plane and label them with the numbers 1,2,...,/m. Next, connect point K to
point / as follows: if a,<0, draw an arrow from K to /; otherwise, draw an arrow from 7 to k.
The resulting graph is called the tournament associated with the skew-symmetric matrix
A=(ay;) of the dynamical system, and is denoted by 7,,. Let X1,X% be vertices of a tournament.
The notation X; - X, means that the edge connecting X; and X; is directed from x; to X,. A finite
sequence of vertices X - Xo > - X, is called a path if x7X; for all 7£/. A cycle is a closed path,
i.e., X,=X;. A tournament is called strong if, for any vertices x, )/ Y, there exists a path from x to

Y. A tournament that contains no cycles is called transitive. A tournament is called
homogeneous if every subtournament is either strong or transitive. Let G=(V,E) be a graph,
where Vis the set of vertices and £ is the set of edges.
Two tournaments are isomorphic if there is a relabelling of the vertices that preserves the
directed edges. That is, if there exists a bijection (one-to-one mapping) £V; - V5, between the
vertex sets of two tournaments 7; and 7, such that:

X-yinTy  AX)-RY)inT,
If no such mapping exists, the tournaments are non-isomorphic.
We consider a general skew-symmetric matrix of order /m:

A=|a;] such that a;=—aj, a;=0

From this condition, it follows that all the diagonal elements of the matrix must be zero, and the
matrix takes the following form:

0 a2 &3 . Am
—a, O a3 . m
—a3 —d&s 0 .. ap
—aim —&m —&Bm - 0

The determinant of a skew-symmetric matrix of odd order is always equal to zero.

3 Regular Tournaments of Order 7

7
For n=7, there are a total of 2(2)222122,097,152 possible tournaments. However, only 4560
of these are regular tournaments, where every vertex has out-degree 3.

Among these, there are only 16 non-isomorphic regular tournaments. Two tournaments are
isomorphic if one can be transformed into the other by renaming vertices.

3.1 Homogeneous Tournaments
The following 8 tournaments are homogeneous (marked with ):
Homogeneous: A;,A>,A3,44,A5,46,A7,A3( )
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0 —aiz —ais —aiq ais aie art 0 —ai2 —ai3 alq —ails aleg ar
a21 0 —a23 —G24 —a25 a26 az7 az] 0 —az3 —a24 azs az6 —a27
asl a32 0 —ag4 —azs —a3e agy asi asz 0 —as4 —ass —ase asr
a41 @42 @43 0 —Q45 —Q46 —a47 —aq1 a2 as3 0 —a45 —0a46 asr
—as1 a52 as3 as4 0 —as56 —as7 asi —as2 ass asa 0 —asg —as7
—a6l  —G62 @63 Q64 Q65 0 —ag7 —agl  —ag2  ag3 ass Ay 0 —agy

—ayl —ayz —ay3 @74 ars arg 0 —a71  ar2  —ar3  —ard  ars are 0

0 —a1z —ai3 a4 —ais A aiy 0 —al2 —aiz a4 —ais  aie arr
a21 0 —a23 —G24 @25  —G26 427 a21 0 —a23 —G24 G325 aze  —azy
a3l a32 0 —a34 —ass a4z —asy asz1 az2 0 —az4  azs  —aszg  —asv
—a41 Q42 @43 0 —Q45 —Q46 Q47 —a41 Q42 as3 0 —Q45 —a46 Q47
as1  —as2  as3 as4 0 —as6 —as7 as1 —as2  —as3  as4 0 —ase  ast
—aer @62 —a63 @64 aes 0 —ae7 —aelr  —ae2  ae3 a4 aes 0 —ap7
—a71  —ar2  ar3  —a474  ar5 are 0 —a71 ar2 ars  —ar4 —ars  are 0

Az

0 —ai2 —ai3 a4 ais —aie  a17 0 —ai2  —aiz = a4 ais —aig  aiv
az1 0 —az —a2q4 a5 aze ~ —aar az1 0 —azz —a2q4  azs azs  —agry
asi az2 0 —a34 —ags a3 = —as7 asy as2 0 —az4 —aszs Gz —as7
—aq1 042 @43 0 —a45  —a46 Q47 —a41 Q42 a43 0 a4s  —a46  —a47
—as1  —as2  as3 as4 0 —ase a5y —as1  —a@s52 a3 —as54 0 —as6 a5t
agl  —ag2 —ae3 A4 ags 0 —ag7 agl  —ag2 —a3 g4 ags 0 —ag7
—a71 a7z ar3  —ar4  —ars a6 0 —ari a7 ars3 ara  —ars a6 0
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0 —ajz —aiz a4 a5 —aie a1y 0 —ajz —aiz a4 ais aig  —aiy
asl 0 —a23 —a4 A5  —a2e 27 az 0 —az3  —a24  azs azg  —agy
asi a3z 0 —a34 —ags  aze = —asy asy as2 0 —ag4a —aszs  asze  —asy
—aq1 Q42 a43 0 —a45 Q46  —a47 —a41  a42 a43 0 ags  —a4e  —a47
—as1 —as2  as3 as4 0 —ase  asy —as1 —as2  as3  —as4 0 —ase  ast
agl ag2  —ag3 —Gea 465 0 —ag7 —ag1  —ae2 —a3 @64 aes 0 agy
—a7y1  —ay2 a3 are  —ars A6 0 ari ar2 ars ara  —ars  —are 0

0 —ajz —aiz a4 a5 —aie a1y 0 —ajz —aiz a4 ais aig  —aiy
asl 0 —a23 —a4 A5  —a2e 27 az 0 —az3  —a24  azs azg  —agy
asi a3z 0 —a34 —ags  aze = —asy asy as2 0 —ag4a —aszs  asze  —asy
—aq1 Q42 a43 0 —a45 Q46  —a47 —a41  a42 a43 0 ags  —a4e  —a47
—as1 —as2  as3 as4 0 —ase  asy —as1 —as2  as3  —as4 0 —ase  ast
agl ag2  —ag3 —Gea 465 0 —ag7 —ag1  —ae2 —a3 @64 aes 0 agy
—a7y1  —ay2 a3 are  —ars A6 0 ari ar2 ars ara  —ars  —are 0

A1o

0 —dip —di3 A a5 g iy 0 —di —adi3 A a5 g —aiy
a1 0 —an —ay a5 —a &y a1 0 —a3 —ay as —a& ax
a1 agp 0 —a&y —axs dap —ay &1 ap 0 —au —axs —ap ax
—dn  a as3 0 dps  —dae  —éa7 —ay A s 0 g5 —dpe Tt
—ds) Tdsp A3 Tdsy 0 dse as7 —dsy —dsp A3 sy 0 asg as7
—ds1  dg2 TAdsz  dsa g5 0 —ds7 —ds1 A2 ds3 dsq g5 0 —dg7
apnn  —ap  as dy  —a;5  dre 0 dnn Tap Tda&iz G —a&is e 0

page 1104


https://www.academicpublishers.org/journals/index.php/ijai

?’\) INTERNATIONAL JOURNAL OF ARTIFICIAL INTELLIGENCE

G\ \V !, AMERIGAN
@ \C ISSN: 2692-5206, Impact Factor: 12,23 " AGADEMIC
0 QL‘ American Academic publishers, volume 05, issue 12,2025 T VNS

lad

Journal: https://www.academicpublishers.org/journals/index.php/ijai

0 —a12 —a13 Qi4 as aig  —air 0 —a12  —aiz Q14 ais ajg  —aiy
a1 0 —a23 —a2q4 Q25 aze  —azr az1 0 —az3 G4 —as Gz —A27
asi as2 0 —a3d4  —a3s  —asze  G37 asz1 a32 0 —a31  —ass a3 = —as7
—a41  a42 a43 0 a45  —G46  —Q4T —@41 —G42 Q43 0 ags  —a4s a4t
—as1  —as2  a53  —das4 0 ase as7? —as1  as2 asz  —asq 0 —ase  ast
—ag1  —as2  ae3 aga  —ags 0 agy —aglr —ag2 —ae3z a4 ags 0 ag7
ari arp  —ay3 ara —ays —are 0 arl arz ar3 —ayse —ars  —are 0

0 —a12 —ai3  al4 ais aig  —ait 0 —a12 —ai3 a4 ais alg  —aizr
az1 0 —az —a2q  ags aze  —azr azy 0 —agzz Ga  —azs  G26  —a27
asi as2 0 —az4 G35 —aze —asy as1 @32 0 —az4 @35 —aze —asy
—a41 a4 i3 0 —a45 Q46  —ad7 —@41 —a42 Q43 0 —a4s  a46 asr
—asz1  —as52 —a53 454 0 —ase  as7 —as1  as2  —a53 454 0 —ase  ast
—agl —as2 @3 —aed 465 0 agr —ag1 —as2 A3  —ae4 465 0 aer
azi a7z ars ar4a  —ays  —are 0 ari ar2 arg  —ay4 —ars5  —are 0

Ais

0 —ai2  —a13 Q14 ais aig  —ait 0 —a12  —aiz a4 ais ajg  —aiy
a1 0 —a23 —a2q4 Q25 agze  —az7 az1 0 —az3  Ga  —a2s Az —a27
asi as2 0 —az4 G35 —aze —asy as1 a32 0 —a@34 G35  —a3 —as7
—a41  a42 a43 0 —a45 —G46  G47 —a41  —@42 Q43 0 —a45 46 aqr
—as1  —as2 —as3  as4 0 ase asy —as1 a2 —as3  as4 0 —ase  ast
—ag1 —as2 @63 ass  —aes 0 ag7 —ag1 —as2 a3  —a64 465 0 ae7
arl arz ar3 —av4  —ays  —are 0 a1 arz ar3 —a74 —ars  —are 0

4 Conclusion

This classification provides valuable insight into the structural diversity of regular tournaments
of a small fixed order. Such classifications are helpful in theoretical investigations and
applications in social choice theory, ranking systems, and dynamical systems. Their connection
to the Lotka-Volterra map highlights the practical significance of such discrete models in the
analysis of biological and economic systems. Each vertex in the tournament can represent a
strategy or species, and directed edges represent competitive dominance. Regular tournaments,
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particularly homogeneous ones, are useful in analyzing equilibria and cyclic behaviors in these
systems. The structural properties of these tournaments influence the stability and periodicity of
the Lotka-Volterra dynamics. Hence, classifying non-isomorphic regular tournaments helps
understand the diversity of interaction models possible under symmetric competitive rules.
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