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Abstract: Optimal control in complex systems is a challenging and practical field. Traditional control methods can not meet 
the needs of complex systems, so mathematical modeling and optimization strategies are needed to improve system performance 
and stability. The optimal control theory can solve the control problem in complex system effectively and improve the operation 
efficiency of the system by establishing mathematical model and combining optimization strategy. From mathematical modeling 
method to hybrid optimization strategy research, this paper discusses the theory and practice of optimal control in depth. In the 
future, it is necessary to further improve the research methods to solve the uncertainty of complex system models and make 
greater contributions to realizing more intelligent control schemes. 
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1. Research Background and 
Significance 

1.1. Definition and Characteristics of Complex 
Systems 

𝑉 = 𝐸 − 𝐹 + 2                 (1) 
 
In the intricate domain of complex systems, it is frequently 

indispensable to undertake the computation of topological 
attributes, among which the Euler number stands as a pivotal 
parameter of great significance. Specifically, the Euler 
number, denoted as V, can be mathematically derived utilizing 
the formula 1, where E corresponds to the quantity of edges 
or sides within the system, and F signifies the total count of 
faces, including polygons, that exist within the system's 
configuration. The process of determining Euler numbers 
serves as a valuable tool in comprehending the overarching 
structure and intricate complexity inherent in these systems. 
As part of our current research endeavor, we intend to employ 
Euler numbers as a means of examining and analyzing the 
distinctive characteristics exhibited by complex systems. 
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At the heart of complex system research lies the quest for 

effective control strategies. When confronted with an optimal 
control problem, the primary objective revolves around 
crafting a control methodology that optimizes a pivotal 
performance metric, be it cost reduction, efficiency 
enhancement, or any other favorable outcome. In the realm of 
continuous control systems, the pursuit of optimal solutions 
often necessitates the utilization of advanced optimization 
techniques. A crucial step in this process involves identifying 
the optimal value by differentiating the performance indicator, 
a mathematical endeavor that can be encapsulated in the 
formula provided. This formula, which relates the 
performance indicator J to the control variable u, serves as a 
powerful tool in determining the optimal control strategy, 
thereby enhancing the overall performance of the system. 

1.2. The Importance of Control Problems in 
Complex Systems 

The significance of control problems within the realm of 
complex systems is undeniably pronounced. These intricate 
systems, often comprising an extensive array of intricately 
interconnected variables and parameters, exhibit nonlinear 
behaviors that pose significant challenges in being adequately 
described by simplistic rules. Consequently, uncertainty and 
randomness inevitably emerge as formidable obstacles. Given 
the limitations of traditional control methodologies in 
navigating this complexity, the pursuit of optimal operation 
strategies through optimal control becomes imperative. 

Optimal control, a synergy of mathematical modeling and 
optimization techniques, offers a potent solution to the myriad 
difficulties encountered in complex systems. By constructing 
a precise mathematical representation of the system's 
dynamics, we gain the ability to meticulously analyze and 
refine the control scheme through optimization. This 
approach not only elevates system performance and stability 
but also fosters energy efficiency, cost reduction, and even the 
optimization of overall operational efficacy. 

In the context of complex systems, the merits of optimal 
control are further underscored by its adaptability to dynamic 
changes. As the behavior of these systems is inherently 
influenced by both external factors and internal structures, 
system parameters and constraints may undergo fluctuations 
at any given moment. Optimal control, with its inherent 
flexibility, enables the swift adjustment of control strategies, 
thereby ensuring that the system can promptly respond to 
such alterations and maintain uninterrupted stable operation. 

In the intricate landscape of complex systems, the 
paramountcy of optimal control is paralleled by the necessity 
of considering both the system's dynamics and robustness. As 
the behavior of these systems is inherently time-varying, the 
control strategy must embody an adaptive capacity to 
accommodate the ever-shifting dynamics. This translates into 
a demand for control algorithms that can excel not only in 
optimizing system performance within static contexts but also 
in swiftly adapting and adjusting their strategies in dynamic 
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environments, thereby ensuring the system's stability across 
diverse conditions. 

Moreover, the intricate interplay between disparate 
variables and the potential for nonlinear relationships within 
complex systems necessitates thorough consideration. 
Traditional control methodologies, often grounded in linear 
assumptions and simplified models, may struggle to navigate 
this complexity. In contrast, optimal control methods, through 
their utilization of optimization algorithms, are adept at 
managing the intricate web of relationships among multiple 
variables and identifying the optimal control strategy, thereby 
enhancing both system performance and robustness. 

Optimal control further distinguishes itself in its adeptness 
at tackling uncertainty and noise. In complex systems, 
uncertainty and randomness can stem from myriad external 
environmental factors or internal structural perturbations. By 
formulating robust control strategies, optimal control 
methods fortify the system's resilience against these 
uncertainties, bolstering its stability and robustness. 

The significance of optimal control in complex systems 
transcends mere performance and stability improvements. It 
is also evident in its capacity to grapple with system dynamics, 
intricate relationships, and uncertainties. By embracing 
optimal control methodologies, we gain a deeper 
understanding of the control challenges inherent in complex 
systems and are better equipped to support their optimization 
and evolution. 

2. Mathematical Modeling Method 
Mathematical modeling occupies a pivotal position in 

unraveling the intricacies of complex systems. By leveraging 
a suite of mathematical instruments, encompassing 
differential equations and difference equations, among others, 
we gain the ability to articulate the transformations and 
interactions within these systems in meticulous detail. 
Differential equations offer a window into the pace of 
alteration within a system, whereas difference equations cater 
to the portrayal of discrete systems, enabling precise 
depiction of their nature. 

When venturing into practical scenarios, it becomes 
imperative to integrate these two methodologies, thereby 
enhancing the accuracy of our depictions of complex system 
behaviors. Precision stands as a cornerstone in the modeling 
endeavor; solely by meticulously capturing the diverse 
influencers and interrelationships within the system can we 
devise effective control mechanisms. As such, every facet and 
variable of the system under consideration must be 
thoughtfully incorporated into the modeling framework, 
ensuring that the model mirrors reality as faithfully as 
possible. 

Moreover, mathematical modeling transcends the realm of 
differential and difference equations, extending its reach to 
probability statistics, optimization theory, and further 
disciplines. By orchestrating the strengths of these varied 
mathematical tools, we acquire a panoramic view of the 
operational mechanisms of complex systems and forge more 
efficacious routes to address optimal control challenges. 
Hence, mathematical modeling stands as a fundamental pillar 
underpinning optimal control inquiries in complex systems, 
underpinning the rationalization of optimization strategies 
with robust theoretical foundations. 

In practical contexts, the application of mathematical 
modeling techniques is pervasive, spanning fields as diverse 
as physics, biology, and economics. In physics, it facilitates 

the elaboration of physical phenomena, encompassing 
dynamics and thermal conductivity. Within biology, it 
illuminates the evolutionary trajectories and behavioral 
patterns of biological systems [1]. Economically, 
mathematical modeling acts as a potent instrument for 
dissecting intricate matters like market dynamics and 
economic oscillations, empowering stakeholders with deeper 
insights and strategic advantages. 

Mathematical modeling methodologies occupy a central 
stage in engineering, extending far beyond their applications 
solely within the realm of theoretical research endeavors [2]. 
In the intricate and meticulous task of designing control 
systems, these methodologies provide engineers with the 
means to formulate exceptionally efficient control strategies. 
This, in turn, leads to an enhancement of both the stability and 
the comprehensive performance capabilities of these systems 
[3]. 

Moreover, mathematical modeling stands as a fundamental 
pillar in the realm of simulation technology. It enables 
engineers to thoroughly validate their design propositions 
within a virtual environment, effectively reducing the 
financial burdens and inherent dangers that are often 
associated with traditional, physical-based experimentation 
processes [4]. 

Essentially, mathematical modeling goes beyond merely 
being a tool for optimizing complex systems; it functions as a 
dynamic force that drives the continuous advancement of both 
science and technology [5]. By engaging in a deep and 
nuanced exploration of these modeling techniques, we gain a 
more profound understanding of how to manage and direct 
the behaviors of intricate systems. Furthermore, this endeavor 
opens up avenues for making even more significant 
contributions to the enduring and sustainable development of 
human society.  

3. Optimization Strategy Analysis 

3.1. Overview of Optimal Control Theory  
Having undertaken a comprehensive examination of 

optimal control theory, we delve deeper into the foundational 
principles that form the bedrock of optimality conditions. The 
core essence of this theory revolves around the pursuit of a 
control strategy that aims to elevate the system's performance 
index to unparalleled heights, all while ensuring strict 
adherence to the system's dynamic constraints. To arrive at 
this optimal control strategy, it becomes imperative to 
establish the precise optimality conditions, custom-tailored to 
the unique intricacies and specific requirements of the control 
problem under consideration. 

Within the broader context of optimal control theory, the 
Hamilton-Jacobi-Bellman (HJB) equation stands as a pivotal 
and indispensable element, occupying a prestigious position 
among the most significant equations in this field. This 
equation meticulously describes the intricate partial 
differential equation that governs the optimal value function 
of the system's state, contingent upon the inherent and 
intrinsic dynamics of the system itself [6]. By meticulously 
solving this HJB equation, we are able to uncover the optimal 
control strategy that is uniquely suited to the system, and 
through a rigorous process of validation, we can affirm its 
superiority as the optimal solution. 

It is of great significance to apply optimal control theory in 
complex systems. Complex systems often have the 
characteristics of high nonlinear, multi-variable, multi-
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constraint, etc. Traditional control methods are often difficult 
to achieve ideal performance in such systems. The optimal 
control theory can effectively solve the control problem in 
complex system and improve the performance and stability of 
the system by establishing the mathematical model of the 
system and combining with the optimization strategy. 
Therefore, optimal control has a wide application prospect in 
complex systems, and is of great significance to promote the 
development of system control theory. In practical 
applications, optimal control theory can also be used to solve 
problems in fields such as economics, ecology, engineering 
and so on. By modeling the system as a dynamic system, and 
based on the state and constraint conditions of the system, the 
optimal control theory can be used to optimize resource 
utilization, the balance of the ecosystem, and even the design 
of engineering structures [7].  

3.2. Numerical Optimization Method Analysis  
Table 1. Numerical optimization method analysis table 

Method Description 

Gradient 
descent 
method 

The parameters are updated based on the 
gradient direction of the objective function, and 

the optimal solution is gradually approached. 

Newton 
method 

The first and second derivative information of 
the objective function is used to approximate 
the quadratic function, and the convergence is 

rapid. 

Genetic 
algorithm 

The process of biological evolution is 
simulated, and the optimal solution is searched 

through gene recombination and variation. 

 
In the intricate landscape of complex systems, numerical 

optimization methods occupy a pivotal and significant role.    
The gradient descent methodology, a frequently employed 
optimization technique, systematically progresses towards 
the gradient direction of the objective function through the 
iterative process of continually updating its parameters.    
This gradual progression ultimately leads to a closer 
approximation of the optimal solution. 

On the other hand, Newton's method, drawing upon the 
first and second-order derivative information of the objective 
function, constructs a refined approximation of the function's 
behavior.    This advanced approach often facilitates a more 
rapid convergence towards the optimal solution, showcasing 
its effectiveness in numerical optimization tasks. 

The genetic algorithm is like a clever way of searching that 
mimics how nature evolves. It plays around with ideas, 
mixing and changing them up, just like how genes combine 
and mutate in living things. This way, it covers a huge area, 
looking for the best solution, just like how nature finds the 
fittest creatures through natural selection.  And by picking 
the right method for the job, you can make sure you get the 
best results out of that complicated system you're working on. 

3.3. Research on Hybrid Optimization 
Strategy  

The study of hybrid optimization strategy is of great 
significance in solving the optimal control problem of 
complex systems [8]. Traditional optimization strategies may 
not be able to fully take into account the variable factors of 
complex systems, while hybrid optimization strategies can 
overcome the limitations of a single optimization strategy by 

combining different optimization algorithms and methods, 
and improve the efficiency and accuracy of optimal control 
problems. 

When tackling the intricate optimal control challenges 
posed by complex systems, a hybrid optimization strategy 
emerges as a potent solution that effectively harnesses the 
strengths of various algorithms. This approach meticulously 
considers an extensive array of constraints and objective 
functions, offering a more holistic perspective during the 
problem-solving process. For instance, genetic algorithms 
excel in their capacity for global exploration, navigating the 
vast search space with agility and thoroughness.  On the 
other hand, simulated annealing algorithms demonstrate 
proficiency in local refinement, swiftly converging towards a 
locally optimal solution.  By intelligently blending these two 
complementary methodologies, the hybrid strategy achieves 
a dual benefit: it accelerates the overall convergence rate, 
ensuring swift progress towards a solution, while 
simultaneously enhancing solving efficiency. The hybrid 
optimization strategy can also flexibly adjust the combination 
of algorithms according to the solving needs of different 
stages. In the optimal control problems of complex systems, 
the problems often have multiple local optimal solutions, and 
it is necessary to find the global optimal solution through 
multiple iterative optimization. The hybrid optimization 
strategy can dynamically adjust the combination of 
algorithms according to the results of each iteration, so as to 
approach the global optimal solution faster. 

As the realms of artificial intelligence and machine 
learning continually expand and mature, hybrid optimization 
strategies are increasingly integrated with these cutting-edge 
technologies, fostering unprecedented advancements in 
tackling optimal control challenges within intricate systems. 
This collaboration enables a profound enhancement in the 
efficacy of resolving such problems. For instance, neural 
networks are being leveraged to refine the parameter tuning 
process within hybrid optimization strategies, allowing for a 
more nuanced and tailored approach that seamlessly adapts to 
the unique demands of diverse problem-solving scenarios. In 
doing so, we not only optimize the strategies themselves but 
also ensure their robust performance across a wide range of 
applications. 

The research of hybrid optimization strategy can also 
explore the application of multi-objective optimization. For 
complex systems with multiple competing objective 
functions, the traditional single optimization strategy may not 
work well to find a balanced solution. The hybrid 
optimization strategy can consider multiple objective 
functions at the same time, and find a balanced solution of a 
set of optimal solutions by comprehensively evaluating the 
solution results of various algorithms. 

In future research endeavors, it is foreseeable that delving 
into the integration of groundbreaking technologies, inclusive 
of deep learning and reinforcement learning, with hybrid 
optimization strategies will pave the way for momentous 
breakthroughs and groundbreaking innovations in resolving 
optimal control conundrums encountered in complex systems. 
A profound investigation into the application of hybrid 
optimization strategies holds immense potential to propel the 
progress of complex system control, while simultaneously 
furnishing practitioners with more efficacious and dependable 
methodologies and technologies to tackle real-world 
engineering challenges. 
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4. Optimal Control Problems in 
Complex Systems 

The realm of optimal control within intricate systems poses 
a formidable yet ubiquitous challenge, widely embraced 
across modern engineering and scientific disciplines.   
These complex systems, ubiquitous in contemporary 
endeavors, are frequently constructed from a myriad of 
intricately linked components, each engaging in a web of 
correlations and interactions that inherently introduce 
nonlinear characteristics and unpredictable elements into the 
system's behavior. Consequently, the formulation of an 
optimal control approach that adeptly navigates these 
complexities to attain the system's desired operational 
capabilities emerges as a pivotal concern. 

Let us delve into the realm of intelligent transportation 
systems as a prime exemplar of such complex systems.   
Comprising a comprehensive network of roads, vehicles, 
traffic signals, and various other integral elements, this 
system showcases the intricate interplay of multiple 
components. By leveraging mathematical modeling 
techniques, we can meticulously represent factors such as the 
flow of traffic, the velocities of vehicles, and the timing of 
traffic signals as dynamic variables. Subsequently, these 
variables serve as the foundation for constructing 
mathematical models that meticulously describe the ever-
evolving behavior of the intelligent transportation system .On 
this basis, the optimal control theory can be used to propose 
the optimal timing scheme to maximize traffic efficiency, 
reduce congestion and reduce carbon emission. 

When solving the optimal control problem in complex 
systems, it is necessary to consider the nonlinear 
characteristics, constraints, performance indexes and other 
factors. Through mathematical modeling and system 
optimization method, the mathematical expression of the 
optimal control problem can be solved and the optimal control 
strategy can be obtained. The approach under consideration, 
which integrates exhaustive mathematical modeling with 
advanced optimization strategies, holds immense practical 
significance and applicability across the spectrum of complex 
systems. As the realm of optimal control within these systems 
garners heightened attention, the emphasis on ensuring 
system robustness and resilience has become paramount. This 
heightened focus stems from the inherent plethora of 
uncertainties within complex systems, including but not 
limited to external disturbances and parameter fluctuations, 
which can render traditional optimal control methodologies 
inadequate in adapting to such dynamic shifts. 

Recognizing limitations, researchers seek robust control 
strategies to bolster system resilience against uncertainties. 
AI/ML advancements, particularly deep learning, propel 
research on optimal control in complex systems. By 
leveraging the capabilities of neural networks to learn the 
intricate dynamic characteristics and optimal control 
paradigms of these systems through extensive training, a 
more adaptable and efficient mode of control is achieved. 
This data-centric approach to control offers fresh avenues and 
possibilities for advancing the optimal control of complex 
systems, ushering in a new era of intelligent and dynamic 
system management.. 

In addition to its application in engineering, optimal control 
in complex systems has also been widely concerned in 
biology, finance, environmental science and other fields. By 
combining optimal control theory with practical problems of 

different disciplines, better control schemes can be provided 
for various complex systems and the development of related 
fields can be promoted. 

5. Conclusion and Prospect 
This research has made some achievements in the field of 

optimal control problems in complex systems. By combining 
mathematical modeling and optimization strategies, we 
successfully proposed an effective solution. Our research not 
only deeply explores the characteristics and behavior laws of 
complex systems, but also provides feasible control strategies 
for solving practical engineering problems. This achievement 
has a positive significance for promoting the development of 
complex system control. 

In the future, we will continue to explore the optimal 
control problem in complex systems in depth, and further 
optimize the combination of mathematical modeling and 
optimization strategy to improve the control effect and 
efficiency. At the same time, we will also explore more novel 
technologies and methods, and strive to break through the 
limitations of current research to achieve more accurate and 
intelligent control schemes. Furthermore, we are committed 
to fostering enhanced cross-disciplinary collaboration, 
aiming to collaboratively delve into comprehensive 
resolutions for intricate system control dilemmas. This 
collaborative effort will not only propel the cross-integration 
of disciplines but also fortify the synergy between theoretical 
frameworks and practical applications. To validate the 
efficacy and practicality of our proposed control 
methodologies, we shall undertake a robust program of 
experimental validations and in-depth case studies. 

With a keen eye on the burgeoning technologies of artificial 
intelligence and deep learning, we will prioritize their 
application within the realm of complex system control, 
striving to uncover more intelligent and adaptive control 
methodologies. Recognizing the prevalence of multiple, often 
conflicting objectives and constraints in real-world 
engineering scenarios, we are dedicated to developing a 
multi-objective optimization control strategy. By 
incorporating the principles of multi-objective optimization 
theory, we aspire to achieve a more comprehensive and 
balanced control performance, ensuring that our solutions 
holistically address the diverse requirements and constraints 
inherent in complex system control. 
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