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Abstract
In this paper, we investigate the asymptotic stability of linear neutral differential equations featuring only a
memory-type neutral term, without additional internal or boundary damping. By combining the properties of a

generalized positive definite kernel (abbreviated to GPDK) with the classical multiplier method, an auxiliary

system is constructed to estimate the kinetic energy, potential energy, and convolution terms in the energy £(?),

thus proving that the energy function is integrable and decays to zero at least by the rate of t_l . The ideas
+

presented in this paper can be applied to other neutral differential problems and improve the related decay estimates.

Keywords: neutral differential equations, generalized positive definite kernel, memory-type neutral term, stability
estimate

1. Introduction

In this paper, we are concerned with the asymptotic stability of linear neutral differential equations with a memory-
type neutral term (see the following equation (1.1)):

(u, + jo’a(z _ (s)ds) —Au=0, in Qx(0,+0),
u=0, on I'x(0,+x), (1.1)
u(x,0) =u,(x),u,(x,0) =u,(x), x e xQ.

Let €2 be an open bounded set of R"(n>1) with a smooth boundary I". The kernel function c(f) is a

positive non-increasing function, #, and u, are given initial values. Throughout the literature, C stands for

some positive constants and may be different line to line.

We review existing literature on neutral differential equations. In [1], Kun-Peng Jin et al. investigated the uniform
polynomial stability of second-order integro-differential equations in Hilbert spaces with positive definite kernels:

u, () + Au(t) - || gt~ 5)Au(s)ds = £ (u(v)),
u(0) =uy,u,(0) =u,.
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they introduced the concept of Generalized Positive Definite Kernel (GPDK), and utilizing GPDK and its
properties, they established an efficient criterion regarding the polynomial stability of evolution equations that
incorporate this general, more complex, and valuable memory.

In [2], Kun-Peng Jin et al. discussed the neutral viscoelastic system with a boundary memory damping:

(u, + j;a(z —s)u, (S)ds) —Au=0, (x,1) € Qx (0, +0),

u=0, (x,2) e ', x(0,+00),
X ) -ou+ [ pl-su()ds, (x0T, x(0450)
ov 0

They proposed a novel analytical method to estimate the lower-order terms. By constructing auxiliary systems and

employing the Sobolev Embedding theory, they derived a general decay result for the system energy E(?) of the

neutral viscoelastic equation. This indicates that £(Z) is controlled by the solution of the relevant ordinary

differential equation. These results are much weaker under the condition of memory damping than those in the

previous literature.

In 2021, Chan Li et al. [3] adopted the spectral method to prove that the energy decay of a linear Wentzell system
is polynomial, and obtained an ideal estimate of the resolvent of the generator of the system along the imaginary
axis. This enables proving that the energy of the system decays polynomially. This provides new insights into the
boundary damping problem of wave equations. In 2024, Dandan Guo et al. [4] investigated a viscoelastic wave
equation involving a logarithmic nonlinear source and a dynamic Wentzell boundary condition:

u, —Au+ j;h(t —Au(s)ds = u [P uln|ul,  in Qx(0,00),
u=0, on I';x(0,00),
tt, = Agu+0,u~ [ h(t=5)8,u(s)ds =0, on T,x(0,),
u(x,0)=u,(x), u, (x,0)=u, (x), in Q.

With some assumptions made on the memory kernel function and by means of convex function theory and the
Lyapunov method, they constructed the general decay estimate of the solutions, which provides a new idea for
studying the wave equation by combining the memory kernel function, the logarithmic nonlinear source, and the
dynamic Wentzell boundary conditions.

In [5], Chan Li et al. discussed the following equation (1.2). By combining the properties of positive definite
kernels with the classical multiplier method to construct an auxiliary system[6], they finally established the long-
time behaviors of wave equations stabilized by boundary memory damping and friction damping.

@,(t,x)—Ad(t,x) =0, (x,t) € Qx(0,+00),
@(t,x) =0, (x,t) e Ty x(0,+00), (1.2)
0,9(t,x)—k*g(t,x)+¢(t,x)+¢(t,x) =0, (x,t) e, x(0,+00).

On this basis, we relax the constraints on the memory kernel to allow it to be oscillatory, sign-changing, and non-
smooth. By combining the properties of the GPDK with the classical multiplier method, an auxiliary system is
constructed(for details, please refer to the literature [7-10]). Under weaker conditions, the asymptotic stability of
the linear neutral integro-differential equation with a memory term is obtained.

This paper is structured into four distinct sections. The initial two sections are dedicated to the introduction and
preparatory work; the latter two sections present the principal results and their corresponding proofs.

66 Published by IDEAS SPREAD



ijas.ideasspread.org International Journal of Applied Science Vol. 8, No. 4; 2025

2. Preliminaries

This part is mainly the preparation for the work of this paper. Introduce some definitions, and assumptions that
will be used in this paper.

We use {,*) to denote inner products in r (), and Il to denote the corresponding norms:

<u,v> = L}u(x)v(x)dx,

ey =) = \/J.Q|”(x)|2 dx.

Definition 2.1.[1] Assuming that / is a locally integrable function Llloc (0,+00), and @ is a locally bounded

Ju

and positive function L?;C (0,+0) with @(#)>0 for all >0 . If for all >0 and any
ue Li)c (0,400; H') , the following holds:

jo o(s) (h*u(s),u(s))ds >0, V>0,
the function /4 istobea @ -positive definite kernel. Moreover, / is said to be a strongly ¢ -positive definite

kernel if there exists two constants &, N > 0 such that A(f)— e ™ is ¢ -positive definite.

Proposition 2.2.[1] Let /1 be a strongly positive definite kernel, then
jo o) u(s)Pds <1l u(O)P + %N j()’(h su(s),u(s))ds + % I;(h wu (5),u,(s))ds,

forany? >0, andu € L, (0,+0; H)  where O is the constant in Definition2.1.
Proposition 2.3.[6] Let /4 € ([0,+90]) be a positive definite kernel. Then /£(0) >0 and

| h* ()P < 2h(0)j;<h *y(@),y(r)dr,  t20,  h(0)=0
for any ¥ € L, (0,00, X).

(A) The kernel ¢ : Let & be a given kernel function, & is a non-increasing continuous differentiable function
satisfying:

a(0)>0,  o'(t)<0.

We define the energy functional corresponding to (1.1) as

1 1
E(0)=—llulP +—l VulP.
2 2

Theorem 2.4. Assuming U, u; € H é (€2), and the condition (A) holds. Then (1.1) has a unique global solution.
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There exists a positive constant C independent of ¢ such that
jo“” E(t)dt < CE(0),
and
E(t)<CE0)(t+1)".

3. Main Results and Their Proofs

Lemma 3.1. Assuming,,u; € H, (; (Q) , and assuming that (A) holds. Then (1.1) has a unique global solution.
Moreover, we have

E()<CE(0), >0, G.1)
and for any T>0,
jOT< [ A= sy, (5)ds.u, >dt < CE(0). (32)

Proof. It is known that tl}e local solution can be prolonged to[0,+00) , because of the linearity of the equations.
Then for any ,,u, € H (£2) | (1.1) has a unique solution on[0,+00) .

Now, let us prove (3.1), which implies ||u, ” and ||Vu|| are bounded.

At) = J-t a(s)ds, then A'() = —a(t) . We have

Denote
jo a(t—s)u,(s)ds = — jo At —s)u, (s)ds
= IOI A (t=s)u,(s)ds

‘ —jo At = $)u, (5)ds

= A(OYu, — A(t)u, (0) - jo At = s)u, (s)ds.

= u,(5) A(t —5)

Then the system can be transformed into
t
(u, + A(O)u, — A(t)u,(0) - J‘O A(t—s)u, (s)ds) —Au=0.
t
Since initial condition, yield

(1+ A4(0))u, +a(t)u, — (jot A(t—s)u, (s)ds) —Au=0. (3.3)

Multiplying (3.3) by #, and taking the inner product, we easily have

<(l + A0)u, ,ut> + <0{(z‘)u1 U, > - <(L: At — s)u”(s)ds) U, > —(Au,u,)=0. (3.4)

Since

<(J.0t A(t—s)u"(s)ds )t , ut> = <J.0t A(t —s)u"(s)ds,u, >t - <I; A(t —s)u"(s)ds,u, >

Thus, (3.4) becomes
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((1+ AO)yu,, ,u,)y + (ox(t)u,(0),u,) — <j0t At —s)u"(s)ds),u, >

(3.5
’ <J‘0t At =s)u(s)ds, u, > —(Au, ”t> =0.

Then, integrating (3.5) over the time variable ¢ on the interval[0,7] for any T7>0 , we obtain

[+ A, )t + [ (e, (0),,d | T< [ a@-s), (s)ds,u,> dt
0 0 0 \Jo , 56

) ([, A= 5y, 5D, e = [ e =0.

Using the integration by parts, the first term of (3.6) become

jOT<(1+A(0)u,,,u,>dt:((1+A(0) u)p —j ((1+ A0))u,,u, )dt,

hence, we get
T 1 1
jo (U A, syt = —(1+ A, (THIP - S+ A 2,1,
Similarly, we then estimate the last term in (3.6) as follows:
r 1 » 1 2
—jo (Au,u)dt = 5” Vu(T)l _5” V|

Substituting the above two equations into (3.6), we get

2O (TP VD + [ (] A=, ().,

1+ A4(0) G-D

I I +%l| Vu, P - J‘OT<a(t)u1,ut>dt+< jOTA(t—s)u,, (s)ds,ut(T)>,

where, using Proposition 2.3 and Young inequality, we deduce for any £ > 0

<L: A(t—s)u, (S)ds,ut> < LHJ; A(t—s)u, (s)ds 2 + ull u, (T)IP

A(O) J‘

(3.8)

<J' At -s)u, (s)ds,un>dt+,u|| u, (TP,
and
- J'OT (a(tyuy,u,)dt < AO) || + %IOT a(®)|u,| de. (3.9)

according to the integrability of a(?) .

. . . 1+2A4(0)
Then substituting (3.8)-(3.9), into (3.7) and taking A = 1 yield that for any 7' >0,
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1 . |

1+5A4(0
1+34(0), u,

T<Io At =s)u, (s)ds,u, >dt+%|| Vu(T)IP

0
(3.10)
1 1 ¢r

S AR RO

(3.10) implies
T 2
Il u, (TP <1+ 540 2, IP + 21l VI + jo a(O)||u,|| dt,
then, an application of the Gronwall inequality gives that, for 7> 0,
et (TP < ((1+ 54O 2, + 211 Vg |7 ) 1.
Thus, we know || U, I is bounded and there is a constant C, >0 such that
|l <C,E(0).

This with (3.10) will lead us to obtain (3.1) and (3.2) according to the integrability of @() . This completes the
proof.

Lemma 3.2. Set (A) holds and u,,#, € H;(€2) . Then

+0 )
[l IPar < CE(0).
Proof. Notice Proposition 2.2, forany 7" >0

T 2N ¢T /¢t
J.O | u IPde <l P +7j <IO A(t—s)ut(s)ds,ut>a’t

0
4 T [A d d
TNs o <I0 (= s)u, (s) S,un> 3

We have obtained the estimate of

IOT <Iot A(t = s)u, (s)ds,u, >dt

in (3.2). Now let us estimate
T/ et
J‘O <J.O A(t—s)u,(s)ds,u, >dt.
The system (1.1) can be rewritten as
t
u, + (0, () + jo o' (t = $)u,(s)ds — Au = 0.
Integrating the above equation over the time variable t on the interval [0,7"] , we obtain

u, |y Oy +[ [\ a'e sy, (s)dsdt ~ [ Aude =0, G.11)

Where
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[ at=syu,()dsdr = [ o't~ s)u,(s)drds

T T
=] ut(s)J. a'(t—s)dtds

o T T
= |, (T = s)u,(s)ds — jo a(0)u, (s)ds.
Then, (3.11) transformed into

(T =1, +a(O)au(T) —ty) + [, (T = ), (s)dls
. . (3.12)
—a(0) jo u,(s)ds — jo Audt = 0.

t
DenoteU = .[0 u(s)ds , then it is easy to verify that

U =u, U,(0)=u,
From this, (3.12) can be transformed into
U, +[ a(T-$)U,(s)ds =AU =u, (3.13)

Furthermore,
( jo alt—s)U, (S)ds)t = a(0O)U, () + jo o' (t - 5)U, (s)ds
= a(0O)U, () - jo a.(t—s)U,(s)ds
= a(O)U, () -a(t—s)U,(5) |, + a(t—s)U, (s)ds
= a(H)U,(0) + jo a(t—s)U, (s)ds,
therefore, (3.13) can be transformed into a equation with the same form as (1.1),
(Ut + jo a(t—s)U, (S)ds)t —AU =u, +a(t)u,,
Then the system (1.1) can be transformed as
(Ut +[ a(-s)u, (s)ds)t —AU =u, +a(t)u,, in€Q2 x (0, -+0),

U=0, onl"x (0, +o0), (3.14)

U (x,0)=0, U, (x,0)=u,(x), x € xQ.

It can be seen the system (3.14) has the same structure as (1.1) except for the right-hand items. Then using the
same argument (taking U, as the multiplier), we have
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1 2 1 2
Jumi m] ([} 4=50, s, Jat + 1 VU]

_ 1+ A4(0)

I u, P = j a(t)u,, U, dt.

Since U, (¢) =u(?),U,(¢t) =u,(2),

1 ) 1 2
S Ul m] <j At —s)u, (s)dsu>dt+—|| VU
1+‘:(O)II ~ [ ety uyat

Notice the integrability of @(Z), (A) and the Theorem 3.1, we get
joTa(z)<u0,u>dt < C,E(0),
this gives
jOT < [} A= s)u,(s)ds., >dt < C,E(0).
Thus by Proposition 2.2 we have forany 7 >0,

T 2
[ 11w IPar < CE(0).

So we complete the proof.
Lemma 3.3. Let (A) holds. We arrive at

[l VulPdr < CE(0), VT 21,

Proof. Multiply the equation (1.1) by # and take the inner product, we deduce that

(u,,uy+ <(I; a(t—s)u, (s)ds) ,u> —(Au,u)=0.

eventually become

(u,,uy+ <I; a(t—s)u,(s)ds, u> — <J‘0t o(t—s)u,(s)ds,u, > —(Au,u) =0.

Integrating (3.16) over the time variable ¢ on the interval [0,T], we easily have

j (u,,u)dt + j <j a(t—s)u,(s)ds, u> dt — j <j a(t—s)u,(s)ds,u, >dt— j0T<Au,u>dt=o,

using integration by parts, yield:

(u, (T),u(T)) — oty uy) — J.OT | U,||2dt + <Lj a(t—s)u,(s)ds, u>
_.[OT <J-0t o(t—s)u,(s)ds,u, >dt + IOT | Vulldt =

That is

(3.15)

(3.16)
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[Vl =~ (7)) + Gttty + 1, Pl

_ <I; a(t—s)u,(s)ds, u> + IOT <L: a(t—s)u,(s)ds,u, >dt.

Where

U(: o(t—s)u,(s)ds

ta(t—s)u,(s)ds,u <C, 2 +ulf |< C,E(0),
0 ]

2 2
ol

and

jOT< [} ot = s)u,(s)ds.u, >dt <c, J.OT(HJ-;a(t —$)u, (5)ds

r 2
<[ d.
Noting that &(f) and [ utHz is integrable, we can conclude that

[[I VulPdr <CEQ),  vT>o.

Thus, the proof of Lemma 3.3 is complete.
4. Proof of Theorem 2.4

The work completed thus far lays the groundwork for proving the uniform decay conclusion of Theorem 2.4.

Assume that U, u; € H, é (Q), the energy functional E(Z) consists of terms|| I/l,Hz and |l Vull* . Lemmas 3.1,

3.2, and 3.3 respectively analyze the properties of these two types of terms, forany 7' >0,

T
[ 1w IPar < CE(0),

T
[l valPde < CE0),

due to the arbitrariness of 7" ,we obtain the integral estimate of the energy as follows:

j:” E(¢t)dt < CE(0).
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