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In this paper, we conduct an investigation to the challenge that is training a categorization task 

on information represented as regards the proximity of their pairwise. The representation is not 

a reference point to an explicit characteristic data item representation, which makes it a more 

generalist approach compared to the Euclidean attribute vectors. From here, the pairwise can 

often be realized and computed. The first approach we put into use is based on an amalgamated 

linear classification and embedding process that culminates in an extension. In this extension, 

the Optimal Hyperplane algorithm reaches the quasi-Euclidean information. Alternatively, we 

put forward a second approach, one that is based upon the linear environment design in the 

proximity values. Third, thereafter, is optimized with the aid of Structural Risk Minimization. With 

our demonstration, previous knowledge or understanding of the challenge can be inculcated via 

the choice of measures and by assessing the various metrics via generalization. Lastly, the 

algorithms are optimally implemented to the protein framework data, while also being applied 

to data from a feline’s cerebral cortex in our experiments, they exhibited more substantial 

performance compared to the classification method known as K-nearest-neighbor.  

 

 

 

INTRODUCTION 
 
For the majority of areas in machine learning, 
neural computation and pattern recognition, 
representing raw information as attribute vectors in 
a Euclidean vector environment has become a 
prevalent practice. Such a method of 
representation proves quite convenient due to the 
fact that the Euclidean vector environment has 
powerful analytical tools that can effectively handle 
the data analysis that isn’t obtainable from other 
types of representation. Nevertheless, this kind of 
representation is in the habit of considering 
assumptions regarding the data, many of which will 
not hold and many of which the practitioner may 
not even realize (Siddique & Ahmed, 2015; Rouf et 
al., 2014; Neogy and Ahmed, 2015; Maleque et al., 
2010; Azad et al., 2011; Ahmed et al., 2013; 
Ahmed et al., 2011; Ahmed et al., 2016; Ahmed & 
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Siddique, 2013; Ahmed & Dey, 2010; Ahmed, 
2016; Ahmed, 2012). Plus, when it comes to more 
critical limitations, there are no known domain-
reliant processes to construct attributes (Donepudi, 
2018). 
 
For a more generalist approach to characterize 
sets of data items, there is the definition of a 
distance or proximity quantification between the 
items, however not necessarily presented as 
attribute vectors. It also involves the provision of a 
training algorithm using a proximity matrix obtained 
from a set of learned data. Due to the fact that 
pairwise proximity quantifications can be defined 
based on framework elements such as graphs, this 
process acts as a bridge between the architectural 
and classical methods to recognizing patterns 
(Donepudi, 2018).  
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In addition, pairwise data can frequently occur in 
empirical studies such as economics, psychology, 
biology and psychophysics. What’s more, most of 
the algorithms contrived for such data mostly dwell 
in the unsupervised learning category; 
multidimensional scaling (Torgerson, 1958; 
Manavalan & Bynagari, 2015) and predominantly 
clustering (Bynagari & Fadziso, 2018; Donepudi, 
2015).  
 
In this study, we propose categorization algorithms 
that operate directly based on the considered 
distance data. Following a short discussion on the 
various types of proximity data as regards the 
possibility of embeddings, we show how the 
classification algorithm Optimal Hyperplane (OHC) 
(Manavalan, 2018; Bynagari & Fadziso, 2018) is 
applicable to proximity information from both the 
quasi-Euclidean as well as Euclidean spaces. 
Consequently, a more generalistic design is 
brought to the fore, created as a linear environment 
design on the distances and optimized using the 
Structural Risk Minimization principle (Bynagari & 
Fadziso, 2018). We show the way one’s choice of 
measure factors into the generalization attitude of 
the algorithm and implement the proximity 
algorithm as well as the edited OHC algorithm to 
the real-life data from neuroanatomy and 
biochemistry.  
 
Background to Proximity Data 
 
In the case where one faces proximity data in the 
matrix P = {Pij} of pairwise distance values in the 
midst of the data items, one approach is 
embedding the data into an ideal environment for it 
to be visualized and analyzed. While this is 
described as multidimensional scaling, Torgeson 
(Torgerson, 1958) made the proposal for a process 
to linearly embed distance data. The interpretation 
of distances as Euclidean proximity in an unknown 
Euclidean environment, one would be able to 
compute the matrix of the inner element or product 
H = XTX w.r.t. to the middle of the data mass from 
the distances according to Torgerson.  
 
We now carry out a spectrum-facing 
decomposition H = UDUT = XT X and select D and 
U in a way that their columns are sifted through in 
decreasing sequence based on the magnitude 
emerging from the eigen figures i of H. The 
embedding in a dimensional environment n is 
realized via the computation of the first n rows of X 
= D1 2 UT. To carry out the embedding of a new 
information element significantly occupied by a 
vector p comprising of its pairwise distances pi 

w.r.t. to the initially recognized data elements, one 
computes the aligning inherent vector of the 
product element h employing the (1) with (H)ij , pij 
, and pmj replaced by hi , pi , and pm respectively, 
and then ascertains the embedding x = D 1 2 UT.  
 
The matrix H naturally comes with negative 
eigenvalues should the proximity information P not 
possess Euclidean attributes. As a result, the data 
can be then embedded isometrically only in a 
quasi-Euclidean or Minkowski environment <(n+;n 
), that has been tooled up with a bi-linear form, 
which is not in any way positively definite by nature. 
For this scenario, the closeness quantification 
assumes the form p(xip ; xj ) =(xi  xj ) = p(xi  xj 
)TM(xi  xj ), where M in context can be any n  n 
symmetric matrix that is presumed to possess a 
high-level rank, nonetheless not essentially having 
positive definite characteristics.  
 
Be as it may, it is always possible for us to discover 
a basis in a manner that the matrix M will then 
assume the form M = diag (In+ ; In ) with n = n+ + 
n, where the pair (n+; n) is referred to as the 
signature of the semi-Euclidean threshold 
(Donepudi, 2018). Additionally, this case study 
(Bynagari, 2017) serves to offer a viable 
reconstruction of the symmetric bilinear form, and 
the embedding follows on as aforementioned with 
D substituted by D, which possesses diagonal that 
comprises the modular material of the eigen scores 
H. 
 
Stemming from the eigenvalue spectrum 
represented as H, the very dimensionality of the 
distance that conserves embedment can be 
ascertained. In the first case, peradventure there is 
just a little amount of significantly positive 
eigenvalues, the raw information elements can be 
ideally embedded into the Euclidean environment. 
In the second case, should there be a little amount 
of negative as well as positive eigenvalues of 
significant and ultimate scores, embedding in the 
quasi-Euclidean dimension is a possibility. In the 
third, final case, should the spectral network 
assume a flat form relatively and continually, linear 
embedding will not be possible in lower than l - 1 
verticals.  
 
Classifying In the Quasi-Euclidean & Euclidean 
Spaces 

 
We assume the learning set as S as provided by an 
.e x.e matrix P of pairwise proximities of unidentifiable 
information vectors x in a Euclidean environment, 
and a target category represented as Yi E {-I, + I} for 
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every single information element. Based on the 
presumption that the information considered is 
linearly splittable, we follow the OHC algorithm and 
make the necessary arrangements for a linear model 
for the categorization in the data nvironment, y(x) = 
sign (xT w + b), (Manavalan, 2019). By doing so, we 
are liberty to always discover a weight vector and 
environment b in a way that Yi(xTw+b)~l i=l,…,.e. 
Now the optimal hyperplane with maximal margin is 
discovered in the mix via minimizing IIw l12 while the 
limitations prevail.  
 
This is correspondent to optimizing the Wolfe dual W 
(o:) w.r.t. 0:,1 W(o:) = o:TI- 20:TYXTXYo: , (4) with Y 
= diag(y) , and the .e-vector 1. The drawbacks are ai 
~ 0, Vi, and 1 Ty 0:* = O. Due to the reality that optimal 
weight vector w* can be symbolized as a linear 
amalgamation of learning instances w* = XYo:*, (5) 
and the optimal environs b* is ascertained through 
the assessment of b* = Yi - xT w* For any learning 
example X i with at i- 0, the decision controls (2) can 
be wholly assessed with the aid of some inner 
products existing only amongst data vectors. This 
formulation enables us with the avenue to train 
directly on the proximity information.  
 

  
Figure 1: Classification of pairwise distance 
information. 
 
For the Euclidean scenario, it is possible to apply 
(Donepudi, 2018) to the proximity matrix of the 
learning data, ascertain the matrix of the inner 
product (which is H  = XTX),  and directly introduce 
it into the Wild dual (Donepudi, 2015) space 
without explicit embedding the raw information. A 
similar principle applies to the testing stage, 
wherein the inner components of the sampled 
vector with the learning examples are required. 
When it comes to quasi-Euclidean environs, the 
proximity data in the inner matrix (represented as 

H) is derived from the proximity matrix P via the first 
equation comes with negative eigen scores. It 
implies that the aligning information vectors can be 
embedded only in the quasi-Euclidean 
environment, just as we have narrated in the 
preceding section R(n+ ,n-). 
 
Meanwhile, H cannot also act as the Hessian when 
it comes to the quadratic programming (QP) 
challenge. Nevertheless, as it happens, the 
indefiniteness of the two-linear nature in the quasi-
Euclidean environments does not fore-halt linear-
type categorization. One can identify a decision 
plane through the equation xTMw = 0. 
Nonetheless, the experiment also demonstrates 
that the same landscape can be equally explained 
using x T W = 0 - as though the environment is 
Euclidean in nature, where w = Mw is a simple 
reflection of the image of w w.r.t. the dimensions of 
negative footprints.  
 

TRAINING A LINEAR DECISION 

CONTROL IN A PROXIMITY 

ENVIRONMENT 
 
To come to terms with the overall distance data, we 
take the learning set S as given by a proximity 
matrix P of  f x R, whose components  P' ) = P(.l"" 
r )) "rf' represented the pairwise distance scores 
between elements Xi, i = 1, ... , £, and a class of 
target  Yi E {-I, + I}  for every data element.  
 
We make an assumption that the distance 
information is satisfactory to the reflexivity Pi = aVi, 
and symmetry, Pij = pji,Vi,j. We are able to make a 
linear model for the categorization of a fresh data 
element X stood in for by a vector of distances. P 
= (PI,'" ,pe)T where Pi = p(x, xd are the proximities 
of x w.r.t. to the items Xi in the training set, y(x) = 
sign(pT w + b). Comparing these two equations, we 
observe that this is corresponding to making use of 
the vector of distances p as the attributive vector X 
that comprises the information element X.  
 
As such, the algorithm called OHC, as 
aforementioned, can be applied into the training of 
the distance model when X is substituted by p in 
the second mathematical expression, the XTX is 
filled in for by p in the fourth equation involving 
Wolfe dual, and the P1 and P columns of the 
learning information. Bear in mind that the formal 
alignment or equivalence is not a direct implication 
that the rows of the distance matrix have Euclidean 
attribute vectors as employed for the SV 
arrangement.  
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We considered a linear environment design on the 
proximity levels of the information element to the 
entire training data elements, but only merely. 
Because the Hessian of the QP challenge is the 
square root of the distance matrix, it is often 
positive and semi-definite at the very least, thus 
guaranteeing that the QP problem would get a 
unique solution. When the optimized coefficients 
0:; are discovered, a test data element can then be 
categorized by predicting its proximity Pi to the 
elements Xi of the learning set as well as via the 
use of the conditions in the second and fifth 
equations for the classification task.  
 

PAIRWISE DATA: TYPES & 

APPLICATIONS 
 
While information-related vectors in their 
environments are the outcome of quantifications 
regarding a couple of given attributes, the pairwise 
data comes out as a direct comparison for the 
different data points existing. Mostly, these 
comparisons are a natural expression of the 
semblance and differences between the two 
respective elements. Furthermore, there are a 
good number of possibilities needed for pairwise 
data to transpire (Manavalan & Donepudi, 2016). 
The first is in the the field of bioinformatics, where 
it occurs, for instance, in genomics as alignment 
values for two protein or DNA sequences 
ascertained by a corresponding algorithm. 
Examples of such applications exist in these 
studies: Altschul et al. (1997) or Pearson and 
Lipman (1988). The pairwise information forms the 
beginning position for large-scale framework 
functions for forecasting proteins.  
 
The second possibility lies in web and (or) text 
mining. In these environments, pairwise data can 
be transparent as similarities between various 
copies. Herein, the semblance measure can be 
simple in nature and counting considerations like 
the word co-occurrence, sentence complexity and 
the measure of topical similarities. Subsequently, 
with data analysis, one would be able to categorize 
text documents with the pairwise-derived 
comparisons (Bynagari & Fadziso, 2018; Jacobs et 
al., 2000).  
 
The third field of application is in cognitive 
psychology in tandem with most aspects of social 
science. Here, pairwise date has the capacity to 
occur as human semblance perceptions 
(Manavalan, 2019b, Donepudi, 2016). The 
similarity of the two elements placed on a 

predefined scale is rated by human test subjects. 
By analyzing the pairwise data, a psychologist is 
able to gain insights into neurological or mental 
processes. Pairwise data can also occur here 
because of comparisons from the social sciences, 
referred to as the preference information or the 
outcomes of the social juxtaposition like comparing 
between countries.  
 
The table below gives an example of a situation 
wherein pairwise data can be obtained from 
individual similarity perceptions regarding the 
morse code (Bynagari, 2016). The entries made 
are in correspondence to the percentage of huge 
observer numbers that reported “same” to the row 
broadcast which the column signal followed. It is 
our observation that this distance matrix is naturally 
asymmetric. What’s more, we discover that there 
isn’t any unique upper semblance which indicates 
that two signals are of identical nature as provided 
by the matrix’s diagonality.  
 
When it comes to disparities, it is expected that one 
would request that the diagonal become zeroes 
(that is, the difference of an element itself will be 
nil). It is relatively common for pairwise information 
to possess an asymmetric nature, which is for a 
pair of obiect’s asymmetries to have different 
semblances in accordance to the order in which 
those similarities have been presented.  
 
In the field that is cognitive psychology, asymmetry 
arrives as the direct outcome of the simple 
complexity associated with the entire process 
(Manavalan & Ganapathy, 2014). Other sample 
kinds of asymmetric information include the widely 
known salesman challenge, where the duration of 
the journey from town A to town B may very well be 
quite varied from how much time it takes to journey 
from town B to town A, especially when it comes to 
hilly regions. Yet another instance is the level of 
similitude that exists between people: a child is often 
seen similar to one or both of its parents, meanwhile 
a parent is hardly held to be similar in appearance 
to his or her offspring (Bynagari, 2018). 
 

PROXIMITY METRICS 
 
We consider two samples in order to observe the 
results of training on pairwise metric information. In 
first place as a case study is the minimalistic a-I 
metrix, one which is for two elements (Xi and x J) 
and defined as decision controls in a traditional 
two-tier categorization challenge that is for different 
types of Minkowski metrics.   
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The corresponding distance matrix (which is  £ x £) 
Po possesses a complete rank as is evidenced out 
of its non-disappearing determinant represented 
as: det(Po) = (_I)l-l(£ - 1). Based on the 0-1 metric’s 
very definition, it is also quite evidence that each 
data element X that isn’t part and parcel of the 
learning set is stood in for by the same distance 
vectors p = 1, and that is what will be tasked to the 
exact same category. The 0-1 metric’s QP 
challenge can be analytically resolved by means of 
matrix invasion. With the use of POl = (£ - 1)-111 T 
- I, we ascertain the categorization. 
 

 
Figure 2: Decision controls in a simple two-class 
categorization challenge.   
 
From these results, it is clear that each new 
information element that is allocated to the majority 
category of the learning sample, which is 
(considering the information available) referred to 
as the Bayes optimal decision. The example is 
demonstrative of how the preceding information is, 
when it comes to the metric of 0-1. The lowest 
identity information is codedly incorporated into the 
desired proximity quantification.  
 
In the r = 2 scenario, the Minkowski metric is in 
stark correspondence to the Euclidean proximity. 
Also, r = 1 is in equivalence to the much-acclaimed 
city-block metric where the distance is offered up 
by the sum total of definite disparities for every 
characteristic. On the other end, the maximum 
norm which is expressed as  r -+ 00 collects only 
the most sizable disparity attribute values as the 
proximity between the items. It is worthy of note 
that when r is on an increasing mode, there will be 
significantly more weight allocated to the bigger 
disparities in attribute values.  
 
In multi-dimensional scaling literature, the 
Minkowski metrics has been employed in the 
evaluation of feature dominance from a human 
perspective. With the aid of the Minkowski metrics 
for categorizing a sample toy, we were able to 
notice that different r values culminate to quite 
different generalization behaviors on similar data 
point sets. Because there is no appropriate 
purpose for the preference of one metric to 
another, implementing a given metric is also the 
same thing as incorporating understanding into the 
solution to the challenge at hand. 

  
Table 1: Categorization outcomes for cat cortex and 

protein data 

 

DISTANCE INFORMATION IN THE 

REAL WORLD 
 
In our numerical tests, we shed the limelight on two 
data sets from the real world, both of which are 
provided with regards to the distance matrix P and 
the group labelled as y for every data element. The 
set of data is referred to as the cat cortex and it 
comprises a matrix of related strengths, numbering 
65 cortical sample areas derived from a feline. The 
set of information was obtained through Scanell 
from figures and texts of the obtainable anatomy-
facing literature, while the connections are 
provided with proximity values p in the following 
order: self-connection (p = 0) , dense and strong 
connection (p = 1), intermediate connection (p = 2), 
weak connection (p = 3), and absent or unreported 
connection (p = 4).  
 
Based on operating considerations, the areas can 
be earmarked to four individually distinct partitions, 
which are the somatosensory (SS), visual (V) 
auditory (A), and frontolimbic (FL). The 
categorization assignment is to effectively discern 
between the said four regions, each time 
discriminating one against the remaining three. As 
for the second data set, it comprises distance 
matrix from the architectural comparison of some 
224 protein cycles based on the idea of 
evolutionary proximity. The best number of the said 
proteins can be allocated to one of the four globin 
classes, including heterogeneous globins (GR),  
hemoglobin-;3 (R-;3), hemoglobin-a (R-a), and 
myoglobin (M). The categorization assignment is 
assigning proteins to one of these globin classes in 
opposition to the other three.  
 
We carried out a comparison between the different 
processes needed to accurately describe two-
class categorization challenges, carrying out the 
cross-validation leave-one-out method for the 
cortex from the feline, and then using the IO-fold 
cross-verification processes in order for the 
proteinous data set to efficiently approximate the 
generalization inaccuracy. The ORC-cut-off is a 
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reference to the straightforward forecasts 
regarding the eigenvectors carrying negative 
eigenvalues. On the other hand, the ORC-flip-axis 
is what flips the negative signature axis, thus acting 
as a conservative for the information that exists in 
those classification directions.  
 
Lastly, ORC-proximit}' is a reference to the linear 
model that exists in the distance as previously 
introduced. It can be viewed that an RC-proximity 
is a demonstration that it is a more improved 
generalization compared to the OR-flip-axis. This 
axis, in turn, delivers somewhat more substantially 
compared to the ORC-cut-off. This is mostly the 
case when it comes to the feline cortex dataset, 
which has an inner OR product matrix H with 
negative eigenvalues. Comparatively, this shows 
that the aligning cross-verification outcomes for K-
closest-neighbor is a normal method of choice due 
to the fact that the technique only requires the 
pairwise proximity data to determine the learning 
information into taking part in the election. The 
algorithms presented, which are the ORC-flip-axis 
and aRC-distance, prove better and more 
consistent performers better compared to the K-
nearest neighbor (and this remains the case even 
when the K value is selected optimally).  
 

CONCLUSION & FUTURE RESEARCH 
 
With this paper, we conducted an investigation into 
the reality of the distance information or proximity 
data and proposed ways through which 
classification can be carried out on every one of 
them. Because of the generality of the distance 
methods, it is our expectation that a lot of other 
challenges can be successfully implemented into 
this framework. Despite focusing on the challenges 
associated with classification, regression can 
nevertheless be analogously (Donepudi, 2017) 
taken into consideration on proximity information. 
 
Taking note that covariance controls for Gaussian 
procedures as well as Support Vector kernels are 
similarity processes for vector environments, we 
have observed that this method has recently come 
under the spotlight. Nevertheless a drawback with 
pairwise proximities is that: their numbers are in the 
habit of quadratically scaling with the amount of 
elements that are being considered. That means, 
when it comes to large-scale implementations, 
challenges such as unfounded information and 
active data choosing for distance information will 
have increased in criticality. 
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