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Abstract: Let R be an associative unital ring and a an endomorphism of R. In this article, we aim to investi-
gate rings that satisfy Property (a.c.) and explore some related rings. Moreover, we examine many
polynomial extensions of R satisfying Property (a.c.). In particular, a-skew quasi-Armendariz rings
and a-(sps) quasi-Armendariz rings. We prove that this class of rings has always Property (a.c.) on
the left but not necessarily on the right. Furthermore, we investigate the transmission of Property
(a.c) from a ring R to R[z,«a] and R][z, a]].
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1. Introduction

In this article, we will denote by R an associative unital ring. The center and the set of all idempotent
elements of R will be represented by C(R) and I(R), respectively. Meanwhile, End(R) will denote the
endomorphism ring of R. The sets of the left and the right semi-central idempotents of R will be
represented by S;(R) and S,-(R), respectively. The right and the left annihilator of a nonempty subset S
of R will be denoted, respectively, by rr(S) = {a € R | Sa = 0} and ¢(g(S) = {a € R | aS = 0}. Let
a € End(R), R[x;a] and R[]z, a]] will represent the skew polynomial ring over R and the skew power
series ring over R, respectively. Recall that the addition is defined as usual, and the multiplication is
defined as follows: for all @ € R, za = a(a)z. When « is the identity map of R, we use the usual notation
R[z,a] = R[z] and R][z,a]] = R[[z]] (where R[z]| represents the polynomial ring and R[[z]] represents
the skew power series ring over R, respectively).

The concept of the annihilator condition (a.c.) was first introduced for commutative reduced rings by
Henriksen and Jerison [12]. In the commutative context, we say that R has the annihilator condition (a.c.)
or it has Property (a.c.) if the annihilator of each finitely generated ideal I of R is equal to the annihilator
of an element of R. This definition was later extended to any commutative ring by Lucas [18]|. Rings
having Property (a.c.) form a pretty large class that includes subdirect sums of totally ordered integral
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domains, Bezout rings, complete or weak direct sum of rings having Property (a.c.), reduced Noetherian
rings, and reduced non trivial graded rings (see [12, 17, 18]). In 2009, Hong et al. [16] extended this
notion to noncommutative rings. A unital ring R is said to have Property (a.c.) on the right (respectively,
on the left), if for any finitely generated right ideal I of R, rg(I) = rr(cR) (respectively, {r(I) = {r(Rc))
for some ¢ € R. They studied many rings that have Property (a.c.) and proved that several types of rings
possess this property. These include subdirect products of fully ordered semiprime rings, semiprime rings
with many minimal prime ideals, semiprime rings with the ascending chain condition on annihilators, and
biregular rings, etc. They also investigated various extensions over semiprime rings that have Property
(a.c.). Furthermore, they demonstrated that matrix rings over rings with Property (a.c.) always possess
Property (a.c.). Additionally, there is an equivalence when the matrix ring is replaced by the upper
triangular matrix ring. They also explored further extensions over semiprime rings and proved that
the Ore extension R[z,a,d], with § is a derivation and « is an automorphism, has Property (a.c.).
Moreover, they established that R[G], R[[z,q]], R[z, x7!,a] and R[[z, 27!, «a]] have Property (a.c.)
when G = {---, 72, 7' 1, 2!, 22, .-} is a unique product monoid with | G |> 2. Later in 2019,
Bajor and Ziembowsi [2] provided examples to confirm that Property (a.c.) is not transferred from R to
Rz, o] (respectively, R[[z, a]]), nor vice versa.

The concept of Armendariz rings was first proposed by Rege and Chhawchharia [8]. They defined
a ring R to be an Armendariz ring if, for any two polynomials in R[z], whenever they have a zero
product, the product of any pair of their coefficients is also zero. The name "Armendariz rings" was
given to this class of rings in honor of Armendariz [1], who studied this condition for the first time in
the context of reduced rings. Later, Hirano [13] introduced the notion of quasi-Armendariz rings, which
is a generalization of Armendariz rings. This class of rings satisfies the following condition: for any
p(x) = Yigpi', q(z) = 37" q5a7 € Rlz] if, p(x)R[z]g(z) = 0 then, p;Rg; = 0 for each i,j. Hong
et al. [15] extended this definition to the skew polynomial rings. A ring R is said to be a-skew quasi-
Armendariz if, for p(z) = Y1 piz’, q(z) = 371 ¢;27 € Rlz,a], whenever p(z)Rlz, aJq(z) = 0, then
piRa'(q;) = 0 for each i, j.

In this paper, we start by studying Property (a.c.) for various rings, including quasi-Baer rings,
p.q.-Baer rings, p.p.-rings, chain rings, £.e.a. rings and r.e.a. rings. We investigate cases where R/I, for
a two-sided ideal I of R, has Property (a.c.). Additionally, we introduce the definition of Property (a.c.)
for a nonempty subset of R. This definition allows us to minimize the study of this property from the
whole ring, to a nonempty subset with a certain condition that we introduce in this paper. Furthermore,
we examine Property (a.c) over a-skew quasi-Armendariz rings and «a-(sps) quasi-Armendariz rings. We
prove that this class of rings have Property (a.c.) on the left, but not necessarily on the right. We also
provide conditions under which this class of rings will have Property (a.c.) on the right. Moreover, we
show that most of these results still true for R[[x, o]].

2. Preliminary results on rings having Property (a.c.)

Throughout this paper, we will use freely these facts [16]:
(1) For all a,b € R, rr(aR + bR) = rr(aR) Nrr(bR) and rr(RaR) = rr(aR).
(2) For all a,b € R, {r(Ra+ Rb) = £r(Ra) N Lr(Rb) and Lr(RaR) = Lr(Ra).
(3) A ring R has Property (a.c.) on the right if and only if for any a,b € R, rgr(aR + bR) = rg(cR) for
some c € R.

Recall that, a quasi-Baer ring is defined as a ring in which the right annihilator of every right ideal
is generated by an idempotent of R [9]. Similarly, a right (respectively, a left) principally quasi-Baer ring
(for short p.q.-Baer) is a ring in which the right (respectively, the left) annihilator of every principal right
(respectively, left) ideal is generated by an idempotent [6]. In [16], the authors mentioned that every
quasi-Baer ring has Property (a.c.), in the next Proposition we generalize this result.

Proposition 2.1. Let R be a right (respectively, left) p.q.-Baer ring. Then, R has Property (a.c.) on the
right (respectively, on the left). In particular, Baer rings and quasi-Baer rings have Property (a.c.).
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Proof. Let R be aright p.q.-Baer ring and a,b € R. According to [7, Proposition 3.2.26], in a p.q.-Baer
ring, the right annihilator of each finitely generated ideal is generated by a left semicentral idempotent.
Therefore, there exists e € S;(R), such that rr(aR + bR) = eR. We will claim that rr((1 —e)R) = eR.
As e is a left semicentral idempotent, for an arbitrary r € R, we have re = ere & (1 —e)re = 0.
Thus (1 —e)Re =0 = (1 — e)ReR = 0, hence eR C rx((1 — e)R). Conversely, let ¢ € rg((1 — e)R),
then (1 —e)Re =0= (1—¢€)c =0 = ¢ = ec. Thus ¢ € eR, hence rg((1 —e)R) C eR. Therefore,
rr((1 —e)R) = eR, equivalently rr(aR + bR) = rr((1 — ¢)R) and so R has Property (a.c.) on the right.
By the same arguments we prove the left side.

O
Corollary 2.2 ([16, Proposition 1.6]). Biregular rings have Property (a.c.).

Proposition 2.3. Let R be a right (respectively, left) p.p.-ring. If I(R) = S;(R) (respectively, I(R) =
S-(R)), then R has Property (a.c.) on the right (respectively, left). In particular, abelian p.p.-rings have
Property (a.c.).

Proof. Let R be a right p.p.-ring. First, we will show that for all a € R, rr(a) = rr(aR). Let
a € R. Since a € aR, then rg(aR) C rg(a). Conversely, as R is a right p.p.-ring then, rr(a) = eR with
e € S§/(R). Moreover, as e is a left semi-central idempotent, then for all » € R we have re = ere. Let
d € rg(a) = eR, then for r € R we have ard = aered = 0. In other words, d € rr(aR). Therefore,
rr(aR) = rg(a) and R is a right p.q.-Baer ring. By Proposition 2.1, R has Property (a.c.) on the right.
With a similar method, we can prove the left side. O

Following Mazurek et al. [19], a ring R is said to be a right chain ring if every two right principal
ideals of R are comparable with respect to inclusion. In other words, for any a,b € R either aR C bR or
bR C aR. A left chain is defined similarly. A right-left chain ring will be called a chain ring.

Proposition 2.4. Fuvery right (respectively, left) chain ring has Property (a.c.) on the right (respectively,
on the left).

Proof. Suppose that R is a right chain ring, and let a,b € R. We can suppose that aR C bR. Then,
we have rr(aR + bR) = rg(bR), thus R has Property (a.c.) on the right. By the same argument, we can
prove that if R is a left chain ring, then it has Property (a.c.) on the left. O

Yohe [21], defined a right elemental annihilator ring, for short r.e.a. ring, as a ring in which every
right ideal is the right annihilator of an element of that ring. In other words, for each right ideal I of R,
there always exists an element a of R such that I = rr(a). A left elemental annihilator ring (for short
{L.e.a. ring) was defined analogously.

Proposition 2.5. Let R be a ring. If R is a r.e.a. (respectively, .e.a.) ring, then R has Property (a.c.)
on the right (respectively, on the left).

Proof. Suppose that R is a r.e.a. ring, and let I be a finitely generated right ideal of R. It is well
known that rr(I) is a two-sided ideal, thus there exists an element ¢ € R such that rgr(I) = rr(a). It is
clear that rg(aR) C rg(a). For b € rg(a), we have Rb C rr(a) because rg(a) is a two-sided ideal of R.
Then, aRb = 0 and then b € rr(aR). Equivalently, rg(aR) = rg(a), therefore rg(I) = rr(aR) and R
has Property (a.c.) on the right. By the same argument, we prove that £.e.a. ring has Property (a.c.) on
the left. O

For a two-sided ideal I of a ring R, R/I does not have necessarily Property (a.c.), even if R does.
The ring Zs[z,y] is a nontrivial graded ring, hence it has Property (a.c.). However, R = Zs[x,y]/(x?,y?)
does not have Property (a.c.). Moreover, R/ZR has Property (a.c.) while R does not (see [16, Example
2.6]). In the following, we will study some cases when R/I will have Property (a.c.).

Proposition 2.6. Let R be a right chain ring. Then, for any two-sided ideal I of R, R/I has Property
(a.c.) on the right.

0]
ot
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Proof. Let I be an ideal of R and @,b € R = R/I. Proposition 2.4, assure the existence of an element
¢ € R verifying rg(aR + bR) = rr(cR). Moreover, we would have either ¢ = a or ¢ = b, which implies
that cR =aRUDR. _ _ _ o
derg(@R+0bR) & aRd=0and bRd =0

< aRdC I and bR C 1

& cRd = aRdUbDRd C I

& ¢Rd =0

o de TR(ER).
Therefore, R/I has Property (a.c.) on the right. O

Remark 2.7. Proposition 2.6 still true if, replace the word "right" with "left".

Proposition 2.8. Let R be a ring having Property (a.c.) and S is a nonempty subset of R. If {r(S)
(respectively, rr(S)) is a two-sided ideal of R, then R/{r(S) (respectively, R/rr(S)) has Property (a.c.)
on the right (respectively, on the left).

Proof. Assume that £g(S) is a two-sided ideal of R and let @, b € R/{g(S). There exists ¢ € R such
that rg(aR + bR) = rr(cR).

Let d € R/{R(S). B B ) B
de TR/gR(S)(dR/ER(S) + bR/ZR(S)) = dR/ER(S)d =0and bR/ﬂR(S)d =0

< aRd C lp(S) and bRd C ¢r(S)

< aRdS =bRdAS =0

< dS Crr(aR+bR) =rgr(cR)

& cRdS =0

& ¢Rd C UR(S)

& CR/(R(S)d=0

< d € TR/p(s) (CR/LR(S)).

Therefore, R/¢r(S) has Property (a.c.) on the right. O

Corollary 2.9. Let R be a ring and I a two-sided ideal of R. If R is a {.e.a. (respectively, r.e.a.) ring,
then R/I has Property (a.c.) on the right (respectively, on the left).

Proposition 2.10. Let R be a ring and I a two-sided ideal of R. If I is a prime or a maximal ideal,
then R/I has Property (a.c.).

Proof. Assume that I is a prime ideal and let @,b € R/I. Suppose that a,b ¢ I. Then
d€rpyr(aR/I+bR/I) < aR/Id =0 and bR/Id =0

< aRdC T and bRAC T

< d € I (because I is a prime ideal)

< RdC1T

S 1RdC T

& 1R/Id =0

& de TR/I(iR/I)
Therefore, R/I has Property (a.c.) on the right. By the same arguments, we prove the left side. Suppose
that I is a maximal two-sided ideal of R and a,b € R. Since [ is maximal than R/I is a simple ring. In
other words, R/I has no proper nonzero ideals. Consequently, rz,;(aR/I + bR/I) is either equal to 0 or
equal to R/I. Thus, rg,(aR/I +bR/I) =rg/(1R/I) or rp,r(aR/I + bR/I) = rg/;(OR/I). Therefore,
R/I has Property (a.c.) on the right. The left side can be proved similarly. O

In the next, we will introduce the definition of Property (a.c.) for a nonempty subset S of a ring R.

Definition 2.11. A nonempty subset S of R has Property (a.c.) on the right (respectively, on the left)
over R if, for all a,b € S, there exists ¢ € S such that rr(aR+bR) = rg(cR) (respectively, Lr(Ra+ Rb) =
ER(RC)).

Proposition 2.12. Let S be a nonempty subset of a ring R. Assume for all a € R there exists b € S
such that rr(aR) = rr(bR). Then R has Property (a.c.) if and only if S has Property (a.c.).
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Proof. Suppose that R has Property (a.c.) and let a,b € S. Then there exists ¢ € R such that
rr(aR + bR) = rr(cR). Moreover, there exits d € S such that rgr(cR) = rr(dR). Consequently,
rr(aR + bR) = rr(dR) with d € S. Therefore, S has Property (a.c.) on the right. For the other
implication, suppose that S has Property (a.c.). Let a,b € R, then there exists ¢,d € S such that
rr(aR) = rr(cR) and rr(bR) = rgr(dR). As S has Property (a.c.) over R, then there exists e € S such
that rr(aR 4+ bR) = rr(cR+ dR) = rr(eR). Therefore, R has Property (a.c.) on the right. By the same
arguments, we prove the left side. O

In 2019, Bajor and Ziembowsi [2], proved that Property (a.c.) does not pass to polynomial rings and
power series rings, by constructing two finite-dimensional algebras A and A’, such that A has Property
(a.c.) on the right, but neither A[z] nor A[[z]] do has; and A’[z] has Property (a.c.) on the right but
A’ does not. Later, in 2021, Dube and Taherifar [10], defined a class of rings in which Property (a.c.)
passes to polynomial rings. This class of rings was defined as follows: a ring R is called a right strongly
quasi-Armendariz (for short, s.q.-Armendariz) ring if, for each p(z) € R]x], there exists a € R such that

rRiz) (P(2) R[2]) = rr(aR)R[z].

Proposition 2.13. If R is a s.q.-Armendariz ring, then for all p(x) € R[z|, there exists a € R such that
7Rz (P(@) R[2]) = 7R[z) (aR[2]).

Proof. Suppose that R is s.q.-Armendariz, then for all p(z) € R[z], there exists an element a € R
such that rgp(p(r)R[z]) = rr(aR)R[r]. We claim that rgp,(aR[z]) = rr(aR)R[z] for all a € R.
It is well know that every s.q.-Armendariz ring is quasi-Armnedariz, so by [10, Lemma 2.1], we have
TRlz](aR[z]) = rr(aR)R[x].

Therefore, rg[,(p(z) R[7]) = rr(aR) R[] = 7Rz (aR[2]). We conclude that for all p(x) € R[z], there
exists a € R such that rg,)(p(z)R[x]) = rg[y)(aR[z]). O

Corollary 2.14 ([10, Theorem 2.9]). Let R be a s.q.-Armendariz ring. Then, R[z] has Property (a.c.)
if and only if R so has.

Proof. Clearly from Propositions 2.12 and 2.13. 0

3. Skew polynomial rings and skew power series rings having
Property (a.c.)

In this section, we study ordinary polynomial rings, skew polynomial rings and power series rings
that have Property (a.c.). Following Baser et al. [3], a ring R is said to be a-sps Armendariz if, whenever
p(z)q(z) =0 for p(z) = >, piz’, q(z) = > j=0 q;z7 € R[[z,q]], then p;q; = 0 for each i, j. Paykan and
Mussavi [20], generalized this definition for a ring R with a strictly ordered monoid (M, <) and a monoid
homomorphism o: M — End(R), as follows: R is said to be (M, 0)-quasi-Armendariz if whenever the
product pR[[M,ollq is zero, for p,q € R[[M,o]] then so is p(m)Ro.,(q(n)) for all m,n € M. We will
reformulate this definition for the case when M = NU {0} and o(1) = .

Definition 3.1. A ring R is called a a-sps quasi-Armendariz ring if for any p(z) = Y,_opir’, q(x) =
> i=0 47’ € Rz, al], p(x)R[[z,allg(x) = 0 implies p;Ra’(q;) = 0 for each i,j. When « is the identity
mapping, then R is called a ps quasi-Armendariz ring.

In the next, we will see that a-skew quasi-Armendariz property is a sufficient condition to have
Property (a.c.) on the left for skew polynomial rings.

Proposition 3.2. If R is a-skew quasi-Armendariz (respectively, a-sps quasi-Armendariz) ring, then
Rz, a] (respectively, R[[z,«]]) has Property (a.c.) on the left.

o)
~
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Proof. Suppose that R is a-skew quasi-Armendariz ring. For p(z) = Y1 piz’, q(z) = Z;'n:() gzl €
R[z, ], let h(z) = Z?:g"“ h;z?, with h; = Pi when 7 is even and h; = qiz1 when 7 is odd, for all 7. We
claim that

ER[z,a] (R[m> a]p(x) + R[l‘, O‘}Q(m» = gR[r,oz] (R[Q;‘, O‘}h(mD

Let () = 3_i_o liz* € Lpjz,a)(Rlz, a]p(z) + Rz, o]q(x)), then () R[z, a]p(x) = 0 and I(z)R[z, o]q(z) =
0, since the ring R is a a-skew quasi-Armendariz, we have for all 4, j; [; Ra'(p;) = [; Ra’(q;) = 0. Moreover,
by [15, Remark 3|, we have [;Ra‘t*(p;) = [; Ra’*(g;) = 0 for all positive integer ¢. Thus, [;Ra‘t!(h;) =
0 for all 7,5 and all positive integer t. Let w(z) = Y7 jw;z' € R[z,a], we have I(z)w(z)h(z) =
> ZjJrk:i ZtJrr:j lya*(wy)ad (hy )z = 0. Then,

CRie,0)(R[z, a]p(z) + R[z, alq(x)) € Lrp,q) (Rlz, a]h(z)).

For the other inclusion, let [(x) € lg[y o (R[7,alh(z)), then I(z)R[z,alh(z) = 0, as R is a-skew quasi-
Armendariz, so for all 7, j and for all positive integer ¢, we have [;Ra'"(h;) = 0 and so ;R (p;) =
liRa'*(q;) = 0. Let w(z) = > ;_, w;z’ € R[z, ], we have

(yw@p) =32 3 37 lal(w)el (e =0

i jtk=it+r=j

and

l(x)w(x)g(x) = Z Z Z Lot (wy)ad (gr)z" =0

i jk=ittr=j
80 [(z) € LR[z,a)(R[z, a]p(z) + R[z, alq(x)). Equivalently,
gR[a:,oz] (R[:C’ a]p(x) + R[xv a}Q(x)) = gR[x,oe] (R[xv a}h(x))

Therefore, R[z,a] has Property (a.c.) on the left. Similar proof when R is a-sps quasi-Armendariz
ring. O

Corollary 3.3. If R is a quasi-Armendariz (respectively, ps quasi-Armendariz) ring, then R[z]
(respectively, R[[z]]) has Property (a.c.) on the left.

While the property of being a-skew quasi-Armendariz insures Property (a.c.) on the left, it does not
guarantee Property (a.c.) on the right. The following example confirm this fact.

Example 3.4. Let R = Zs[x,y]/{(z%,y?) and o is the homomorphism of R defined by a(p(z,y)) = p(0,0).
The skew polynomial ring R[z, ] does not have Property (a.c.) on the right but it does have the property
on the left (see [16, Example 1.2]). We will prove that R is a o — skew quasi-Armendariz ring. Let
p(z) = S opizt, q(z) = dito qjz? € Rlz,qa], such that p(z)R[z,a)q(z) = 0. Suppose that p(z), and
q(z) are nonzero polynomials. We have

m—+n

p(2)R[z,alq(z) =0 = p(2)q(z) =0 = Z Z pjaj(Qk)CEi —0

i=0 j+k=i

We denote a; = Ej+k:ipj04j(Qk) = piai(qo) + pi—1a* " Hq1) + -+ + pogi = 0, for all i. We will use a
similar method as in [14, Example 5. Suppose that there exists s > 0 such that ps # 0 and p; = 0 for all
i < s. Equivalently, p;a‘(q;) =0 for alli < s. We have
as =0 & psa®(qo) +ps—10°H(q1) + -+ pogs =0

< psa’(qo) =0

<~ QO(()? 0) =0
By the same method, we have
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asp1 =0 & psr10®(qo) + psa®(q1) + -+ + pogs+1 =0

& psa’(q) =0

< ¢1(0,0) =0
Continuing this process, we obtain qo(0,0) = ¢1(0,0) = -+ = ¢, (0,0) = 0. Therefore p;a‘(q;) = 0 for all
i and j.
As R is a commutative ring, then p;Ra‘(gj) = 0 for all i,j. This prove that R is a a-skew quasi-
Armendariz ring.

According to Baser and Kwak [4], a ring R is called « quasi-Armendariz if, for any p(x) =
dicopixt, qlz) = Y1 s’ € Rlz,a] if, p(x)Rlz, alg(x) = 0, then p;Ra(qy) = 0 for all i,j,k. In
the next, we will extend this definition to skew power series rings.

Definition 3.5. A ring R is called a a-ps quasi-Armendariz ring if, for any p(z) = 3,5, pirt, q(z) =
> m0 007 € Rz, al] if pla) Bz, alla(a) = 0, then piRod(gr) = 0 for all i,.k.

Proposition 3.6. If R is a « quasi-Armendariz (respectively, a-ps quasi-Armendariz) ring, then Rz, ]
( respectively, R[[x,a]]) has Property (a.c.) on the right.

Proof.  Suppose that R is a a quasi-Armendariz ring. For p(z) = Yi", piz’, q(z) = X7 g7 €
R[z,al], let h(x) = E?jomﬂ h;x* € Rlx,a] with h; = p; when i is even and h; = gi-y when i is odd, for
all i. We claim that

TRlz,a] (P(2)R[7, 0] + q(2) R[z, a]) = rR[s,0)(h(2) R[7, a]).

Let I(z) = 31 lix" € rRpp.q)(p(x)Rlz, o] + q(x)R[z, ), then p(x)R[z, a]l(z) = 0 and ¢(z) Rz, ol(z) =
0, as R is a a quasi-Armendariz ring, so we have p;Ra’(ly) = qRa’(ly) = 0, for all i,j,k.
Thus h;Ra’(ly) = 0, for all i,j,k. Let w(z) = >,  wa’ € Rlz,o], we have h(z)w(z)l(z) =
D 2 ki doparey e (wp)a? (I)z" = 0. Then,

TR[z,a] (p(.’t)R[(E, a] + q((L’)R[:L’, OéD - TR[z,a] (h(x)R[x, a])

For the other inclusion, let I(x) € rg[y o (h(2)R[z,a]), then h(z)R[z,a]l(z) = 0, as R is a « quasi-
Armendariz ring, so we have hiRa?(I) = 0 for all i, j, k and so p; Ra’ (Ix,) = ¢; Ra? (I) = 0, for all 4, j, k.
Let w(z) = >, wiz' € Rz, o, we have

p@u@l@) =3 3 3 pal(w)al (st =0
i jtk=it+r=j

and

g@u@i@) =3 3 3 qat(w)ad (e’ =0,

i jbk=ittr=j
equivalently, [(z) € 7g[z,a)(P(7)R[z, o] 4 q(z)R[z, o). Equivalently,
TRlz,a] (P(2)R[7, 0] + q(2) R[z, a]) = rR[2,0)(h(2) R[2, 0]).

Therefore, Rz, a] has Property (a.c.) on the right. By the same arguments, we prove that R[z,a] also
has Property (a.c.) on the right when R is a-ps quasi-Armendariz. O

Corollary 3.7. If R is a quasi-Armendariz (respectively, ps quasi-Armendariz) ring, then R[z]
(respectively, R[[x]]) has Property (a.c.) on the right.

Recall that a ring R is called to be a-compatible if, for all a,b € R, ab= 0 < aa(b) = 0 [L1].

Corollary 3.8. Let R be a a-compatible ring. If R is a-skew quasi-Armendariz (respectively, a-sps
quasi-Armendariz), then Rz, a] (respectively, R[[x,a]]) has Property (a.c.) on the right.
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Proof. Assume that R is a-skew quasi-Armendariz. Let p(z) = Y. piz’, q(z) = Z;n:o qjzl €
R[xz,al, such that p(x)R[z,alq(x) = 0, then p; Ra‘(qx) = 0 for all i,k. As R is a-compatible, we have
piRa’ (qr) = 0, for all 4, j, k. Therefore, R is a a quasi-Armendariz ring and by Proposition 3.6, it has
Property (a.c.) on the right. The same proof for R[[z, a]].

O

Hong et al. [15], showed that when « is an epimorphism, then every semiprime ring is a-skew quasi-
Armendariz. Moreover, for all

p(z) = Y opia’, q(x) = Y7527 € Rz, ]|, whenever p(z)R[[z,a]lg(x) = 0 then p;Ra’"(g;) = 0
for all i, j and for all positive integer ¢. In particular for ¢t = 0, R[[z,a]] is a-sps quasi-Armendariz ring.

Corollary 3.9. Let R be a semiprime ring and « is an epimorphism. If R is a-compatible, then R[x, o]
and R[[z,a]] have Property (a.c.).

It was mentioned before that Property (a.c.) does not pass to polynomials and power series [2].
However, Property (a.c.) can be transferred to skew polynomial rings (respectively, power series rings)
for some kind of rings, as shown by the following result. It is the case of a-skew quasi-Armendariz rings
and a-sps quasi-Armendariz rings.

Proposition 3.10. Let R be a ring having Property (a.c.) on the right. If R is a-skew quasi-Armendariz
(respectively, a-sps quasi-Armendariz), then Rlx,a] (respectively, R[[z,a]]) has Property (a.c.) on the
right.

Proof. Let p(m) = > o pirt, q(x) = o gjz? € Rlz,a], and let n = max{n, m}, then we can write
p(z) = X7  pix’ and ¢(z) = Z?:o gjz’ with p; = ¢; =0 for n < i and m < j.

As R has Property (a.c.) on the right, then for all 4 € {0,...,n}, there exists h; an element of R such
that rg(p;R+ ¢:R) = rr(h;R). Let h(z) = Y., h;x’, we claim that

"Rlz,0) (P(2) R[] + () Rlz, a]) = 7Rjz.o (h(z) Rz, ).

Let I(z) = Zf 0 liT" € TRiza)(P(2) Rz, a] 4 q(z) R[x, o), then p(z)R[z, a)l(x) = 0 and q(v)R[z, afl(x) =
0, as R is a a-skew quasi-Armendariz ring, then for all i, j and for all integer ¢ > 0 we have p; Ra'ti(l;) =
qRoﬂ*t(l]) = 0, thus AR (l;) = 0. Let w(z) = Y./_jw;z’ € R[z,a], we have h(z)w(z)l(x) =
DD ki ZH_T:J. hiat (w,)ad (I)z* = 0. Equivalently, h(z)R[z, a]l(z) = 0. Therefore,

TRlz,a] (P(7) R[z, o] + q(z) B[z, a]) C rR[2,0) (M) B2, ).

For the other inclusion, let [(z) € 7g[z,qo](h(7)R[z,a]), then h(z)R[z,al(z) = 0, as R is a a-skew quasi-
Armendariz ring then for all ¢, j and for all integer ¢ > 0, we have h; Ro'**(I;) = 0 and so p; Ra't*(l;) =
;R (1;) = 0. Let w(z) = Y_;_, wiz’ € R[z, ], we have

p@w@i@) =3 57 S pat(w,)ad () =0

i jtk=it+r=j

and
gyw@)l(z) =Y > > aa'(w)e’ ()" =0,
i jtk=ittr=j
equivalently, p(x)R[z,a]l(r) = q(z)R[z,a]l(z) = 0. Therefore, rgy q(p(z)R[z,a] + q(z)R[z,0]) =
TRlz,a] (M(7)R[z,a]) and so R[z,a] has Property (a.c.) on the right. By the same method, we prove
that R[[x,a]]) has Property (a.c.) on the right. O

Ben Yakoub and Louzari [5], introduced the condition C, for a ring R while o € End(R), as follows:
a ring R satisfied the condition C, if, whenever aa(b) = 0, then ab = 0 with a,b € R. The condition C,,
generalizes the a-rigid condition. Moreover, they coincide when R is reduced (see [5, Lemma 2.2]).
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Proposition 3.11. Let R be a right p.q.-Baer ring and o € End(R) such that Re is a-stable for all
e € §;(R). If R wverifies the condition Cy, then R[x,a] has Property (a.c.) on the right.

Proof. From [5, Proposition 3.1], R[z, a] is a right p.q.-Baer ring, therefore R[x, ] has Property (a.c.)
on the right by Proposition 2.1. O

Corollary 3.12. If R is a p.q.-Baer ring, then R[x] has Property (a.c.) on the right.
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