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Abstract

The problem of multi-armed bandit (MAB) with fairness constraints has emerged as an
important research topic recently. For such problems, one common objective is to maximize
the total rewards within a fixed number of pull rounds, while satisfying the fairness require-
ment of a minimum selection fraction for each individual arm in the long run. Previous
works have made substantial advancements in designing various online selection solutions
for MAB, however, when incorporating such fairness constraints, they fail to achieve a
sublinear regret bound. In this paper, we study a combinatorial MAB problem with con-
cave objective and fairness constraints. In particular, we design a new selection algorithm
that solves MAB problems from an online convex optimization perspective. Our algorithm
is computationally efficient, and more importantly, manages to achieve a sublinear regret
bound of O(

√
T lnT ) with high probability guarantees in T selection rounds. We also ex-

tend our framework to include more general knapsack constraints. Finally, we assess the
performance of our algorithm through extensive simulations and real dataset applications,
demonstrating its significant advantages over baseline schemes.

1. Introduction

The Multi-armed bandit problem (henceforce, MAB) has been a predominant model for
handling sequential decision issues. Over the decades, MAB algorithms have witnessed

©2025 The Authors. Published by AI Access Foundation under Creative Commons Attribution License CC BY 4.0.



Chen, Zhuang, Liu, Xu & Lau

a wide range of applications, e.g., resource allocation in wireless communications (Li &
Liu, 2019), job scheduling (Xu et al., 2019), Internet advertising (Agrawal & Devanur,
2014), and real-time strategy games (Ontanón, 2017). In a classical stochastic multi-armed
bandit (MAB) problem (Auer & Cesa-Bianchi, 2002), a decision maker has N selection
choices (henceforth referred to as arms). At each time-slot (round) t, the decision maker
decides which choice to select, referred to as pulling an arm. Once the decision maker
pulls an arm, she gets a random reward drawn from a fixed distribution which is unknown,
e.g., in wireless communication, a successfully delivered packet of a client will generate a
random reward, which could represent the value of the information contained in the packet
corresponding to that client. Under the MAB model, the arms that are not selected do
not produce any reward. One common objective of the decision maker is to make selection
decisions in each round as to to maximize the total expected reward within T pulls. Here,
a fundamental challenge faced by the decision maker is known as the exploration vs. the
exploitation trade-off, i.e. whether she should explore the arms to find the best one in
terms of expected rewards or pull an arm that has given the best average reward so far.
To evaluate the goodness of a selection algorithm, the research community has defined the
notion of regret, which is computed as the difference between the cumulative rewards of the
designed algorithm and that of the optimal solution. Usually, the algorithms that can yield
a sublinear regret bound are preferred.

However, the conventional MAB model fails to characterize several important factors of
the system in many real-world applications. In particular, ensuring fairness among the arms
in various scenarios in wireless communications or Federated learning is an important design
concern (Wei et al., 2022; Li & Liu, 2019; Ferdosian et al., 2018). When multiple clients
compete for a shared wireless channel to transmit packets via a common access point (AP),
ensuring fairness among the clients is important for providing Quality of Service (QoS)
guarantees. In the resource scheduling scenario of the LTE-A cellular network (Nasim Fer-
dosian & Ali, 2017), all bearers should get at least a certain fraction of the total system
throughput. In Federated learning, each client needs to be selected for a certain number
of rounds to participate in the training process for higher accuracy (Huang et al., 2021;
Zhu et al., 2021). Moreover, in Internet advertising, each ad should also be guaranteed to
allocate a minimum percentage of impressions (Schwartz & Bradlow, 2017). In addition to
fairness guarantees, more than one clients can be selected simultaneously since the channel
could typically be divided into multiple “sub-channels”. Therefore, one need to extend the
basic MAB model to the combinatorial setting (Chen & Wang, 2013) to allow more than
one arm to be selected in each round. Last but not least, the objective function is typically
nonlinear (Chen et al., 2016), so as to model the behaviors of arms. This nonlinear reward
function makes the problem much more challenging. Typically, a concave function is often
adopted to capture such nonlinear characteristics, e.g., the overall performance or level of
“satisfaction” of each client in wireless scheduling is modeled as a concave function with
respect to the total amount of resource allocated to it, as studied in Zheng and Tan(2014);
and Cavalcante and Stanczak(2018).

Existing works have made certain advancements to address the above issues, such as
the studies conducted by Chen and Wang(2013); Combes et al.(2015); Chen et al.(2016);
Sankararaman and Slivkins(2018); Dickerson et al.(2019); Chen et al.(2020); and Patil and
Narahari(2021). Among these works, Patil and Narahari (2021) delve into the fairness
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aspect of the MAB problem, where in any given round, each arm must have been pulled
for at least a specified fraction of the total rounds so far. Additionally, they introduce the
notion of unfairness tolerance, which permits a certain degree of unfairness in their analysis.
By contrast, Chen et al. (2016) investigate a study on the combinatorial MAB problem with
a general reward function. Li and Liu (2019) propose to model the fairness constraints in
the combinatorial multi-armed bandit setting, taking into account the presence of ”sleeping
arms”. This work has designed simple heuristics based on the UCB Algorithm invented in
Auer and Cesa-Bianchi (2002) to determine the selection of arms in each round. The key
idea is to balance between the reward estimated from the UCB solution and virtual queue
lengths computed according to the fairness quantity. One fundamental limitation of this
work is that it can not achieve a sublinear regret bound. As such, the designed algorithm
can be far from the optimal solution especially when the trade-off between the reward and
virtual queue lengths is not well managed.

In this paper, we study a general combinatorial MAB problem with concave rewards
and fairness constraints. In this problem, the decision maker can pull multiple arms in each
round with the number of selections not exceed m. The actual reward of each arm in a
round follows a certain unknown distribution and it only reveals after the arm has been
selected. To ensure fairness, each individual arm is guaranteed to be pulled for a minimum
fraction of T rounds. The objective of the decision maker is to maximize a concave function
with respect to the total rewards obtained within T rounds by selecting an appropriate
set of arms in each round. Due to this concave objective, conventional methods such as
LP relaxation developed by Sankararaman and Slivkins (2018) does not work in this case.
Moreover, the fairness constraints and combinatorial setting further complicate the design
of efficient selection algorithms. To tackle these challenges, we combine online convex
optimization (OCO) techniques with conventional bandit learning to systematically handle
complex objectives and constraints. More specifically, we first adopt Fenchel duality to
reformulate the problem in its dual space. By doing this, we are able to apply OCO and
bandit learning to deal with objectives and constraints in a round-based manner. To fit into
the OCO framework, we relax the integer constraints to allow fractional solutions. Finally,
we apply the randomized rounding schemes (RRS in P and B. (2011); Sankararaman and
Slivkins (2018)) to round the fractional solutions back to integers for the selection of arms.

Furthermore, we extend the above MAB model to include more general knapsack con-
straints (Badanidiyuru & Kleinberg, 2018). In this extended model, each individual arm
is associated with a random resource consumption once pulled, and there is a resource ca-
pacity that enforces a hard constraint on the total resource consumption of all arms within
T rounds. The OCO solution approach we developed can also be extended to tackle this
general model. To summarize, we have made the following contributions in this paper.

• We propose a unified framework that can capture both long-term fairness constraints
and knapsack constraints in the context of combinatorial MAB. This framework mod-
els concave reward and therefore is general enough to study fair MAB.

• We solve the combinatorial MAB problem from an online convex optimization per-
spective. Our solution approach systematically integrates together several important
techniques, including OCO optimization, bandit learning, and RRS rounding. Our
solution is mainly based on online gradient descent, so it is computationally efficient.
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As a consequence, our proposed method results in very low complexity and thus can
be easily implemented in practice.

• To the best of our knowledge, we are the first to establish a sublinear regret bound
for the multi-armed bandit (MAB) model with long-term fairness and knapsack con-
straints. Our work also addresses an open problem posed by Li and Liu (2019), which
concerns achieving a tighter upper bound on regret for nonlinear reward function.
In our analysis, we extend the fundamental Lyapunov-drift method to accommodate
stochastic estimates, enabling us to derive the regret bound in this novel setting.

2. Related Work

Over the past decades, the MAB problem has been extensively investigated for sequential
decision problems that embody the tension between exploration and exploitation (Auer,
2002; Chen & Wang, 2013; Chen et al., 2016). The seminal work of Auer (2002) presents
the upper confidence bound (UCB) algorithm, so as to resolve the conflict between taking
actions which yield immediate reward and taking actions whose benefit will come only later.
The key step of UCB is to measure the expected reward of each arm by an upper confi-
dence bound of the observed empirical value, so that the true value is within this bound
with a high probability. Based on the design principle of UCB, researchers have built more
general MAB models such that they can be applied to a wide range of real applications. In
the case of addressing the multi-fidelity bandit problem, Kandasamy et al. (2019) propose
MF-GP-UCB, a solution that effectively incorporates UCB techniques. Conversely, Ciucanu
et al. (2022) direct their focus towards maximizing secure cumulative rewards within a cross-
silo federated learning framework for multi-armed bandits. Chen and Wang (2013, 2016)
extend the UCB algorithm to work for the combinatorial scenarios in where multiple arms
can be chosen in each round. The key step of these algorithms is to construct an approxima-
tion oracle such that the selection process can be conducted efficiently. MAB problems with
concave rewards is also a hot research topic, e.g., Agrawal and Devanur (2014); Agrawal and
Devanur (2015). These works apply Fenchel duality to approximate the concave objective
using linear functions and then handle the linear objective with traditional UCB results.

Recently, the research community begins to investigate bandit problems with knapsacks
(Badanidiyuru & Kleinberg, 2013; Agrawal & Devanur, 2016, 2014; Badanidiyuru & Klein-
berg, 2018; Liu & Jiang, 2022). For such problems, each arm incurs a random cost once it
is pulled, and the optimization goal is to maximize the total rewards while guaranteeing the
overall costs not exceed the budget. A widely adopted approach to tackle these problems
is applying UCB bound to estimate both the rewards and costs. Based on the estimated
bounds, a linear program is then invoked to select arms with the aim at maximizing the
rewards in each round. A drawback of this approach arises when the number of arms be-
comes large, as solving the LP problem can be computationally challenging. To address
this, our paper proposes a selection decision-making process based on a computationally
efficient gradient descent approach. Moreover, Cayci and Zheng (2022) propose an effective
Lyapunov-based methodology for solving bandit problems subject to knapsack budget con-
straints. However, it is worth noting that fairness considerations are not addressed in their
research.
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Fairness in online learning has been studied in Joseph et al. (2016); Gillen et al. (2018);
and Zhao et al. (2022). Joseph et al. (2016) model the fairness such that, two arms should
be played with equal probability until they can be distinguished with a high confidence. By
contrast, Gillen et al. (2018) consider contextual bandits under which each arm is associated
with a context, two arms with similar contexts are required to be selected with similar
probabilities. The most relevant study to our work appears in Li and Liu (2019). However,
we still make several advancements in this paper. Firstly, our problem is more general
as we include concave rewards in the objective function along with knapsack constraints.
Secondly, our proposed solutions make use of OCO techniques, and can achieve a sublinear
regret bound. Additionally, building upon the preliminary version of this paper published
in Xu et al. (2020), Liu et al. (2022) explore scenarios where both fairness and knapsack
constraints coexist, with a particular focus on weighted fairness constraints. However, it is
worth noting that their objective function is a simple linear function in comparison to our
more complex concave function.

Several results have been explored for studying OCO problems. This problem was
initiated in the seminal work of Zinkevich (2003) and it presents an online gradient descent
method to achieve a static regret of O(

√
T ) for convex cost functions. Following this work,

Hazan and Agarwal (2007) then show that a regret bound of O(log T ) is achievable for
strongly convex cost functions. The authors in Zinkevich (2003) also extends the analysis
of static regret to dynamic regret for OCO problems without constraints, however, they
only establish a bound of O(T ) for the dynamic regret. Several works in the literature then
impose different regularity constraints on cost functions to achieve a sub-linearly increasing
dynamic regret. In particular, Chiang et al. (2012) present a gradient variation assumption,
i.e., the overall changes between the gradient of two subsequent cost functions on any point
from the decision set should be bounded. The work in Besbes et al. (2015) require the cost
functions along with their gradients to be bounded. By contrast, the authors in Jadbabaie
et al. (2015) show that achieving a subliner dynamic regret is feasible when the overall
variations on the cost function is bounded for any point from the decision set. Based on
these results, researchers start to study OCO problems with long-term constraints. Mahdavi
and Jin (2012) present an online convex-concave approach to achieve an O(

√
T ) bound on

the static regret and O(T 3/4) bound on the violation of constraint. Following Yu and
Neely (2020), the authors in Jenatton and Huang (2016) develop an adaptive algorithm to
choose better step sizes, which lead to cumulative bounds of O(Tmax{γ,1−γ}) and O(T 1−γ/2)
for the static regret and constraint violations respectively. Yu and Neely (2020), and Neely
and Yu (2017) adopt the online saddle-point method to deal with the long-term constraints
and show that a static regret bound of O(

√
T ) and finite constraint violations are achievable.

Lately, Chen and Ling (2017) present a modified saddle-point method to achieve a bound of
O(T 2/3) on the constraint violations and a sublinear dynamic regret, under the assumption
that the variations in both the optimal solutions and constraint functions over time are
small. By contrast, (Liakopoulos et al., 2019) study a class of online convex optimization
problems with long-term budget constraints. The major contribution in this direction is
the introduction of a refined regret metric which compares the algorithm’s incurred losses
to those of a “K-benchmark”, i.e., a comparator which meets the problem’s allotted budget
over any window of length K. In Yi et al. (2020), the authors consider the problem of
distributed online convex optimization with time-varying coupled inequality constraints.
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Wang et al. (2021) introduce the problem of online convex optimization with continuous
switching constraint, where the goal is to achieve a small regret given a budget on the
overall switching cost.

3. System Model

In this section, we present the basic models for combinatorial MAB problems with concave
rewards and fairness constraints. We shall also introduce the definition of regret, which is
used to evaluate the performance of an online algorithm.

There is a fixed finite set of N arms denoted by N = {1, 2, · · · , N}, available to the
decision maker, henceforce called the algorithm. And there are T rounds in total where
T is known to the algorithm in advance. Each arm i ∈ N is associated with a random
reward ri(t) in round t. For each i and t, ri(t) is generated i.i.d. from some unknown fixed
underlying distribution. More precisely, there is some fixed but unknown µi such that

E[ri(t)] = µi, ∀i, t. (1)

Without loss of generality, we assume all ri(t)’s are upper bounded by one. At the beginning
of each round t, the algorithm may pull up to m arms. Let xi(t) be an indicator variable to
denote whether arm i has been pulled or not by the algorithm. Thus, {xi(t)} should satisfy
the following constraint:

N∑
i=1

xi(t) ≤ m, ∀t, (2)

xi(t) ∈ {0, 1}, ∀i, t. (3)

In addition, total reward obtained within T rounds by the algorithm is given by:

R =
T∑
t=1

N∑
i=1

xi(t)ri(t). (4)

The goal of the algorithm is to maximize f(R/T ) where f(·) is a strictly concave function.
To ensure fairness, we introduce the following constraints on a minimum selection fraction
for each individual arm: ∑T

t=1 xi(t)

T
≥ ξi, ∀i, (5)

where ξi ∈ (0, 1) is the required minimum fraction of rounds in which arm i is played. We
assume the fraction vector ξ = {ξ1, ξ2, · · · , ξN} is feasible, i.e., there exist a policy to pull
arms such that Eqs. (2),(3),(5) are satisfied. As such, ξ should satisfy

∑N
i=1 ξi ≤ m.

Though we impose a hard constraint on the selection of each arm, we will demonstrate
subsequently that the selection fraction of arm i will asymptotically satisfy the fairness
constraint. Furthermore, intuitively, under the premise of ensuring fairness constraints, the
arm that provides the highest reward could be pulled more frequently than required by the
fairness constraint in order to maximize overall rewards, while the selection frequency of
non-optimal arms will be asymptotically close to ξi as T approaches infinity. As such, we
can achieve the same fairness requirement as that in existing works (Li & Liu, 2019).
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Let x(t) = {x1(t), x2(t), · · · , xN (t)}, towards this end, the reward maximization problem
can be formulated as:

max
{x(t)}

f
( T∑

t=1

x(t) · r(t)/T
)

(OPT)

such that Eqs. (2), (3), (5) are satisfied,

where r(t) = {r1(t), r2(t), · · · , rN (t)} and (·) denotes the inner product of two vectors.
Note that f(·) is not necessarily monotonic in the objective. We further make the following
assumption regarding Lipschitz continuity of f(·).

Assumption 1. Assume that function f is L-lipschitz, i.e., f(x)− f(y) ≤ L · |x− y|.

3.1 Characterizing the Optimal Solutions

Before going to the design of the arm selection algorithm, we first analyze the optimal
solutions to the following optimization problem, which will be used as a benchmark to our
designed algorithm.

max
{x(t)}

f
( T∑

t=1

N∑
i=1

xi(t)µi/T
)

(OPT1)

such that 0 ≤ xi(t) ≤ 1 and Eqs. (2), (5) are satisfied.

Comparing to OPT, we relax the integer solution in OPT1 and moreover replace the sample
value of the reward in the objective by its mean.

Let x(t) be an optimal solution to OPT1. The following theorem asserts the existence
of a static optimal solution such that the selection fraction of all arms remains constant
over time.

Theorem 1. There exists one optimal solution {x∗(t)} such that, x∗(1) = x∗(2) = · · · =
x∗(T ).

Proof. Suppose there exists an optimal solution such that x∗(τ1) ̸= x∗(τ2) for some τ1 and
τ2. We can then construct a new solution as follows:

x(1) = x(2) = · · · = x(T ) =

∑T
t=1 x

∗(t)

T
. (6)

It can be verified that x(t) satisfies Eq. (5). Moreover, since
∑N

i=1 xi(t) ≤ m for all t, we
have: ∑T

t=1

∑N
i=1 xi(t)

T
≤ m. (7)

Therefore, the new solution is also feasible for OPT1. Additionally, we can easily verify
that:

f(

T∑
t=1

N∑
i=1

xi(t)µi) = f(

T∑
t=1

N∑
i=1

x∗i (t)µi). (8)

Hence, the new solution is also an optimal solution for OPT1. This completes the proof.
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Particularly, if multiple arms offer the highest expected reward, there could be multiple
solutions using different combinations of these equally rewarding arms. That means that
this optimal solution might not be unique, implying that there may be multiple static or
dynamic optimal solutions. In fact, the proof itself implies this point. In our proof, if an
optimal solution is not static, we demonstrate how to construct a new static solution based
on this optimal solution. However, proving the existence of static optimal solutions aids
algorithm design and simplifies algorithm performance analysis.

3.2 Objective and Performance Metrics

Regarding the performance of online decisions {x(t)} made by the algorithm, we adopt a
widely used metric for evaluation, i.e., static regret, which is defined as:

RegT := T ·
(
f(x∗ · µ)− f

( T∑
t=1

x(t) · r(t)/T
))

, (9)

where x∗ is the optimal solution to the optimization problem OPT1 and µ = {µ1, µ2, · · · , µN}.
Here, we adopt the same definition of regret as that in the existing works related to MAB
models with concave rewards (Agrawal & Devanur, 2014). Interestingly, although f is
strictly a concave function, when f reduces to a linear function, the regret defined in Eq. (9)
is also consistent with that in recent works about combinatorial MAB problems (Li & Liu,
2019).

4. Algorithm Design for Combinatorial MAB Selection

In this section, we design an arm selection algorithm by carefully integrating ideas from
online convex optimization and bandit methods to deal with OPT. We shall show that our
designed algorithm is computationally efficient and therefore can be easily implemented in
real practice.

4.1 Fenchel Duality

In OPT1, the objective function is a concave function of the average reward achieved within
a time horizon of T rounds. As such, it is difficult to optimize the objective directly. To
tackle this issue and yield online selection decisions in each round, we apply Fenchel duality
to handle the objective function in its dual space.

To begin with, we define the Fenchel conjugate of f in the following formula:

f∗(θ) = max
y≥0

(y · θ + f(y)). (10)

The Eq. (10) is derived from the definition of the Fenchel convex conjugate. Since f is a
concave function defined in R+, we consider −f , which is a convex function, in the derivation
process. Then, we verify that f∗ is a convex function using the definition of convexity. For
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any α ∈ [0, 1], we have:

f∗((1− α)θ1 + αθ2
)

= max
y≥0

(
y · ((1− α)θ1 + αθ2) + f(y)

)
≤ max

y≥0

(
y · (1− α)θ1 + (1− α)f(y)

)
+max

y≥0

(
y · αθ2 + αf(y)

)
= (1− α)max

y≥0

(
y · θ1 + f(y)

)
+ αmax

y≥0

(
y · θ2 + f(y)

)
= (1− α)f∗(θ1) + αf∗(θ2).

(11)

Furthermore, we impose the constraint |θ| ≤ L to apply the results in Agrawal and Deva-
nur (2014). Consequently, we are able to characterize the dual relationship between f and
its conjugate in the following lemma.

Lemma 1. f(·) can be reformulated as:

f(z) = min
|θ|≤L

(f∗(θ)− θ · z). (12)

We note that the constraint |θ| ≤ L ensures that f(z) in Lemma 1 corresponds to being
L-Lipschitz in Assumption 1. Using this Lemma, we shall approximate f via its Fenchel
conjugate at a proper θ. By doing this, f is transformed to a simple linear function and
therefore can be easily handled.

4.2 Estimation on the Reward

Another challenge towards designing an efficient selection algorithm is to estimate the re-
ward in the face of uncertainties. In particular, one need to strike a balance between
exploitation (i.e., choosing the arm that gave the highest empirical reward in the past) and
exploration (i.e., finding new potentials that might give higher rewards in the future). In
this paper, we present algorithms derived from the UCB family of algorithms (Auer, 2002)
to tackle this challenge. The basic idea behind is to use the observations from the past
plays of each arm i till time slot t to construct estimations for the mean of the reward µi.
More importantly, we also adopt ideas from (Badanidiyuru & Kleinberg, 2018) to add a

confidence radius to the empirical value. As a result, the estimation of µi in time t, µ̂t
i, is

given by:

µ̂t
i = max

{
0, µt

i − 2rad(µt
i,

t−1∑
τ=1

xi(τ) + 1)
}
, (13)

where

µt
i =

∑t−1
τ=1 ri(τ)∑t−1

τ=1 xi(τ) + 1
, (14)

characterizes the empirical average of the reward of arm i by time t and rad(ν, P ) is the
confidence radius given by the following formula:

rad(ν, P ) =

√
γν

P
+

γ

P
. (15)
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Here, γ is a parameter to be addressed later. The meaning of Eq. (15) and γ is characterized
by the following concentration inequality (Badanidiyuru & Kleinberg, 2018; Babaioff et al.,
2015).

Theorem 2. Consider some distribution with values in [0, 1] and expectation ν. Let ν be
the average of P independent samples from this distribution (Badanidiyuru & Kleinberg,
2018; Babaioff et al., 2015). Then

Pr[|ν − ν| ≤ rad(ν, P ) ≤ 3rad(ν, P )] ≤ 1− e−Ω(γ). (16)

More generally, (16) also holds if Z1, . . . , ZP ∈ [0, 1] are random variables, ν =
∑P

i=1 Zi

P is

the empirical average and ν =
∑P

i=1E[Zi|Z1,...,Zi−1]
P .

4.3 Selection Algorithm Design

With the estimated reward in each round, we apply online convex optimization (OCO)
techniques to design the selection algorithm. To be more specific, we adopt the primal-
dual approach followed by randomized rounding schemes (RRS) (Sankararaman & Slivkins,
2018).

To fit into the OCO framework, we shall first transform the fairness constraints charac-
terized in Eq. (5) to the following short term constraints:

g(xi(t)) = xi(t)− ξi ≥ 0. (17)

However, traditional OCO approaches can only deal with convex set (Mahdavi & Jin, 2012;
Yu & Neely, 2020). To handle this issue, we relax the constraints defined in Eqs. (2),(3) to
introduce the following decision set:

Ω = {x ∈ RN : 0 ≤ x ≤ 1 and e · x ≤ m}, (18)

where e = {1, 1, · · · , 1} is an all-one vector of length N . It can be easily verified that Ω is
a convex and compact set.

Let Q(t) = {Q1(t), Q2(t), · · · , QN (t)} be the dual variable (also referred to as the La-
grangian multiplier) in round t, our designed Lagrangian function is thus given by:

Lt(x,Q(t)) =V θt · µ̂t · x−Q(t) · g(x), (19)

where µ̂t
i = {µ̂t

1, µ̂
t
2, · · · , µ̂t

N}, θt is a Fenchel dual variable, and V is a parameter to be
addressed later. With the defined Lagrangian function, our selection algorithm first updates
the primal variables, i.e., x(t) as follows:

x(t) = ΠΩ

(
x(t− 1)− α · ∇xLt(x,Q(t))

)
, (20)

where α is the step size and ΠΩ(c) is the projection of c onto the compact set Ω. We show
in the following lemma that the projection can be computed efficiently by solving the KKT
equations.
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Lemma 2. The projection operation in Eq. (20) can be computed with a time complexity
of O(N2).

Proof. Let x = ΠΩ(y), the projection operation requires to solve the following optimization
problem:

min
x∈Ω

N∑
i=1

(xi − yi)
2 (OPT-pro)

s.t.
N∑
i=1

xi ≤ m, (21)

0 ≤ xi ≤ 1, ∀i. (22)

The KKT conditions of stationarity, primal and dual feasibility and complementary slack-
ness are:

x∗i − yi + λ∗ + µ∗
i − γ∗i = 0, 0 ≤ x∗i ≤ 1, (23)

λ∗ · (
N∑
i=1

x∗i −m) = 0, λ∗ ≥ 0, (24)

µ∗
i · (x∗i − 1) = 0, µ∗

i ≥ 0, (25)

γ∗i · x∗i = 0, γ∗i ≥ 0, (26)

where {x∗1, x∗2, . . . , x∗N} is the optimal solution to OPT-pro, λ∗, {µ∗
i } and {γ∗i } are the

multipliers with respect to Eqs. (21) and (22) respectively. It can be readily shown that,
x∗i ≥ x∗j if and only if yi ≥ yj . In addition, we have x∗i = 0 when yi ≤ 0. Similarly, Eq. (23)
also implies that x∗i = yi − λ∗ when µ∗

i = γ∗i = 0.
Following the above results, we then sort {yi} in a non-increasing order such that yi ≥ yj

for all i < j. It remains to find i∗ and j∗ such that, x∗i = 1 for all i ≤ i∗ and x∗j = 0 for all

j ≥ j∗. There are at most O(N2) pairs of i∗ and j∗, this completes the proof.

Following the update of primal variables, the dual updates in the algorithm take the
form of:

Q(t+ 1) = max
{
0 , Q(t)− g(x(t))

}
. (27)

We proceed to update the Fenchel dual variable θt in Eq. (19). Based on Lemma 1, we
define:

gt(θ) = f∗(θ)− θ · x(t) · µ̂t, (28)

then, the update of θt is given by:

θt+1 = θt − η
∂gt(θt)

∂θt
. (29)

Finally, the algorithm rounds the factional solutions given by Eq. (20) to integers. Since
the constraint in Eq. (2) needs to be satisfied in each round, simple methods via uniformly
random sampling do not work in this case. As such, we incorporate prior work on ran-
domized rounding schemes (RRS) for linear programs (Sankararaman & Slivkins, 2018).
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Algorithm 1: Combinational Multi-arm Selection Algorithm with Fairness Guar-
antees

1 Initialize θ0 = L, Q(0) = 0 and choose xi(0) ∈ {0, 1} for all i randomly such that∑N
i=1 xi(0) = m;

2 Pull arm i when xi(0) = 1;
3 Estimate the mean of reward for arm i based on Eq. (13);
4 for 1 ≤ t ≤ T do
5 Update primal variable x(t) based on Eq. (20);
6 Update dual variable Q(t) based on Eq. (27);
7 Choose θt+1 by doing an OCO update following Eqs. (28) and (29);
8 Applying RRS to round xi(t) to Yi(t) ;
9 Pull arm i if Yi(t) = 1 and receive reward ri(t);

10 Estimate the mean of reward for arm i based on Eq. (13);

Traditional RRS schemes include cardinality constraint and bipartite matching (Gandhi
et al., 2006).

The RRS scheme works as follows. It takes a feasible fractional solution x and the linear
equations describing x as inputs, and produces a random vector Y , which also satisfies the
linear equations. The RRS scheme returns an unbiased result, i.e., E[Y ] = x. More
importantly, Y is also negatively correlated (Sankararaman & Slivkins, 2018).

Definition 1. Let Y = (Y1, Y2, · · · , Ym) denote a family of random variables which take
values in [0, 1]. Family Y is called negatively correlated if:

E[
∏
i∈S

Yi] ≤
∏
i∈S
E[Yi], ∀S ∈ [m]. (30)

E[
∏
i∈S

(1− Yi)] ≤
∏
i∈S
E[1− Yi], ∀S ∈ [m]. (31)

As shown in (Sankararaman & Slivkins, 2018), negative correlation can lead to similar
concentration bounds as uniformly random sampling approach, i.e., high-probability upper

bounds on |Y − ω| where Y =
∑m

i=1 Yi

m and ω = E[Y ]. We shall prove a sublinear regret
bound in the sequel by using these concentration results.

We call this algorithm CMF (Combinational Multi-arm Selection Algorithm with Fair-
ness Guarantees) and its corresponding pseudo-code is shown in Algorithm 1. Note that,
constraint (2) can be viewed as a special case of bipartite matching. Following the proce-
dures in (Gandhi et al., 2006), Step 9 in Algorithm 1 runs in O(mN) time. Together with
Lemma 2, we conclude that the time complexity of Algorithm 1 in each round is O(N2).

Furthermore, our model accommodates scenarios where multiple arms have the same
expected reward. Under the CMF algorithm, it’s possible for one arm to be pulled much
more frequently than another, even if they offer equal expected rewards. Despite this, our
algorithm still conforms to our defined fairness measure, Eq. (5). It’s important to note
that fairness can be understood in various ways beyond our definition, such as conditional
statistical parity, which may require equal pulling of arms with identical rewards. Different
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interpretations of fairness may be more suitable in specific contexts. However, adjusting this
fairness constraint (e.g., allowing for a tradeoff between fairness and reward) falls outside
the scope of this paper.

5. Theoretical Results

In this section, we proceed to analyze the theoretical performance of the CMF Algorithm.
To begin with, we show that CMF manages to achieve a sublinear regret bound. After that,
we present the major steps for proving this result.

Theorem 3. When f is a L-Lipschitz function, by choosing V =
√
T and α = 1, with

prob. (1− δ), the fairness constraint under CMF is satisfied asymptotically, i.e.,

lim
T→∞

∑T
t=1 Yi(t)

T
≥ ξi, ∀i. (32)

and the regret defined in (9) is upper bounded by:

RegT ≤ O
(
L

√
mNT ln

NT

δ

)
. (33)

To prove Theorem 3, we shall first introduce several lemmas. The analysis is analogous
to that developed in (Mahdavi & Jin, 2012) except that we use a Lyapunov-drift analysis
combined with bandit method. Moreover, we also adopt results from RRS to handle random
sampling and apply Fenchel duality theory to deal with the concave objective.

5.1 Lyapunov-drift Analysis

In this part, we characterize the online performance of CMF by adopting a Lyapunov-drift
analysis.

Lemma 3. The updates in (20) is given by:

x(t) = argmin
x∈Ω

V θt · µ̂t · x−Q(t) · g(x) + ||x− x(t− 1)||22
2α

. (34)

Proof. The projection operation in Eq. (20) can be formulated as:

x(t+ 1) = argmin
x∈Ω

||x− x(t− 1) + α · ∇xLt(x,Q(t))||22. (35)

In addition, ∇xLt(x,Q(t)) is given by:

∇xLt(x,Q(t)) = V θt · µ̂t −Q(t). (36)

Substituting Eq. (36) into Eq. (35), by expanding all the terms in the norm operation and
ignoring the constant ones, and then dividing all the terms in the RHS of (35) by a constant
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factor of 2α, we obtain:

x(t+ 1) = argmin
x∈Ω

||x− x(t− 1)||22 + α2||V θt · µ̂t −Q(t)||22

+ 2α(V θt · µ̂t −Q(t)) · (x− x(t− 1))

= argmin
x∈Ω

||x− x(t− 1)||22 + 2α(V θt · µ̂t −Q(t)) · x

= argmin
x∈Ω

||x− x(t− 1)||22 + 2α(V θt · µ̂t · x−Q(t) · x+Q(t) · ξ)

= argmin
x∈Ω

||x− x(t− 1)||22 + 2αV θt · µ̂t · x− 2αQ(t) · g(x)

= argmin
x∈Ω

||x− x(t− 1)||22
2α

+ V θt · µ̂t · x−Q(t) · g(x).

(37)

This completes the proof.

Lemma 3 is a key lemma for us to establish the subsequent theoretical analysis in the
rest of this section.

Lemma 4. Let ∆(t) = 1
2

(
||Q(t+ 1)||22 − ||Q(t)||22

)
, we have:

∆(t) ≤ −Q(t) · g(x(t)) +D. (38)

for all t where D = 1
2

∑N
i=1max

{
ξ2i , (1− ξi)

2
}
.

Proof. Based on Eq. (27), ||Q(t+ 1)||22 is upper bounded by:

||Q(t+ 1)||22 ≤||Q(t)− g(x(t))||22
=||Q(t)||22 + ||g(x(t))||22 − 2Q(t) · g(x(t))
≤||Q(t)||22 + 2D − 2Q(t) · g(x(t)),

(39)

where the last inequality is due to g(xi) ≤ max{ξi, 1− ξi}. Rearranging terms in the above
formula and the result follows, this completes the proof.

Lemma 5. When x∗ is an optimal solution to OPT1, we have:

1

T

T∑
t=1

θt · µ̂t · x(t)− 1

T

T∑
t=1

θt · µ̂t · x∗ ≤ m

2αV T
+

D

V
. (40)

Proof. Based on Lemma 4, we have:

∆(t) + V θt · µ̂t · x(t) ≤ V θt · µ̂t · x(t)−Q(t) · g(x(t)) +D. (41)

Observe that the RHS. of Eq. (34) is a strongly convex function, applying results from
(Yu & Neely, 2017), it follows that, for any x ∈ Ω,

V θt · µ̂t · x(t)−Q(t) · g(x(t)) + ||x(t)− x(t− 1)||22
2α

≤V θt · µ̂t · x−Q(t) · g(x) + ||x− x(t− 1)||22
2α

− ||x− x(t)||22
2α

.

(42)
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Substitute Eq. (41) into Eq. (42) and let x = x∗, we have:

∆(t) + V θt · µ̂t · x(t)

≤V θt · µ̂t · x∗ −Q(t) · g(x∗) +
||x∗ − x(t− 1)||22

2α
− ||x∗ − x(t)||22

2α
− ||x(t)− x(t− 1)||22

2α
+D.

(43)
Rearranging terms in Eq. (43) and ignoring negative terms, it follows that:

V θt · µ̂t · x(t)− V θt · µ̂t · x∗

≤−∆(t)−Q(t) · g(x∗) +
||x∗ − x(t− 1)||22

2α
− ||x∗ − x(t)||22

2α
+D

≤−∆(t) +
||x∗ − x(t− 1)||22

2α
− ||x∗ − x(t)||22

2α
+D.

(44)

Summing Eq. (44) over all t ∈ {1, . . . , T} gives:

T∑
t=1

V θt · µ̂t · x(t)−
T∑
t=1

V θt · µ̂t · x∗

≤||Q(1)||22 − ||Q(T + 1)||22 +
||x∗ − x(0)||22

2α
+D · T

≤m

2α
+D · T.

(45)

where the last inequality is due to Q(1) = 0 and ||x||22 ≤ m for any x ∈ Ω. Dividing both
sides of Eq. (45) by V · T , the result immediately follows.

Lemma 6. Let ρ =
m−

∑N
i=1 ξi

N , we have:

∆(t) ≤ mLV − ρ||Q(t)||2 +
m

2α
+D. (46)

Proof. Let ρ = {ρ, ρ, . . . , ρ} be a vector of length N and x = ρ + ξ. Clearly x ∈ Ω and
g(x) = ρ. Paralleling Eq. (43), we have:

∆(t) + V θt · µ̂t · x(t)

≤V θt · µ̂t · x−Q(t) · g(x) + ||x− x(t− 1)||22
2α

− ||x− x(t)||22
2α

− ||x(t)− x(t− 1)||22
2α

+D.

(47)

Since
∑m

i=1Qi(t) ≥ ||Q(t)||2 and θt · µ̂t · x ≤ mL, rearranging terms in Eq. (47) yields the
result.

Lemma 7. The dual variable in each round is upper bounded, i.e.,

||Q(t)|| ≤
mLV + m

2α +D

ρ
+
√
2D. (48)
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Proof. We prove this result by contradiction. When t = 0, the result holds. Suppose
t = T1 + 1 < T is the first time that violates the above equation, i.e.,

||Q(T1 + 1)|| >
mLV + m

2α +D

ρ
+
√
2D.

Following the dual update in Eq. (27), we can establish the following norm inequalities:

||Q(T1 + 1)|| ≤ ||Q(T1)− g(x(t))|| ≤ ||Q(T1)||+ ||g(x(t))||. (49)

Thus, we have:
||Q(T1)|| ≥||Q(T1 + 1)|| − ||g(x(t))||

≥||Q(T1 + 1)|| −
√
2D

>
mLV + m

2α +D

ρ
.

(50)

Substitute this equation into Eq. (46), it follows that, ∆(t) < 0. As such, we have ||Q(T1+
1)|| < ||Q(T1)||, which contradicts with the assumption. This completes the proof.

5.2 Bandit Analysis

In the following, we will apply the concentration inequality in Theorem 2 along with the
results from RRS sampling to check the feasibility of the fairness constraint and characterize
the upper bound of RegT given by Eq. (9).

Lemma 8. With prob. (1−NTe−Ω(γ)),∣∣∣∣ T∑
t=1

Y (t) · r(t)− x(t) · µ̂t

∣∣∣∣ ≤ O(
√
γmNT ), (51)

Proof. Following Lemma 6.9 of Sankararaman and Slivkins (2018) on RRS sampling, with
prob. (1− e−Ω(γ)), we have:∣∣∣∣ T∑

t=1

Y (t) · µ̂t − x(t) · µ̂t

∣∣∣∣ ≤√γNT , (52)

In addition, since E[ri(t) · Yi(t)] = µi · Yi(t), applying Theorem 2, we have that, with
prob. (1− e−Ω(γ)),∣∣∣∣ T∑

t=1

Y (t) · µ− Y (t) · r(t)
∣∣∣∣ ≤ NT rad

(∑T
t=1 Y (t) · r(t)

NT
,NT

)
, (53)

Since
∑T

t=1 Y (t) · r(t) is upper bounded by mT , we conclude that:∣∣∣∣ T∑
t=1

Y (t) · µ− Y (t) · r(t)
∣∣∣∣ ≤√γmT +

γm

N
, (54)
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holds with prob. (1− e−Ω(γ)).

It remains to bound
∣∣∣∑T

t=1 Y (t) · µ̂t − Y (t) · µ
∣∣∣. By the definition of µ̂t in Eq. (13), it

follows that: ∣∣∣ T∑
t=1

Y (t) · µ̂t − Y (t) · µ
∣∣∣

≤
∣∣∣ N∑
i=1

T∑
τ=1

Yi(τ)(µτ
i − µi)

∣∣∣+ 2

N∑
i=1

T∑
τ=1

rad
(
µτ
i ,

τ∑
t=1

Yi(t) + 1
)
Yi(τ).

(55)

With the results of Lemma B.3 in Agrawal and Devanur(2014), we have that:

µi − µτ
i ≤ 2rad

(
µτ
i ,

τ∑
t=1

Yi(t) + 1
)
, (56)

holds with prob. (1 − e−Ω(γ)). Letting Ni(τ) =
∑τ

t=1 Yi(t) + 1, applying union bounds on
this equation, it follow that, with prob. (1−NTe−Ω(γ)),

∣∣∣ T∑
t=1

Y (t) · µ̂t − Y (t) · µ
∣∣∣

≤12

N∑
i=1

T∑
τ=1

rad
(
µi,

τ∑
t=1

Yi(t) + 1
)
· Yi(τ) = 12

N∑
i=1

Ni(T )+1∑
K=2

rad(µi,K)

≤24

N∑
i=1

√
γµi(Ni(T ) + 1) + 12

N∑
i=1

γ ln (Ni(T ) + 1) (57)

(I)
≤24

√√√√γ

N∑
i=1

µi ·

√√√√ N∑
i=1

(Ni(T ) + 1) + 12Nγ ln

∑N
i=1(Ni(T ) + 1)

N

(II)
= O(

√
γmNT ) + 12Nγ ln

mT + 2N

N
,

where (I) is from Cauchy-Swartz inequality and (II) uses the fact that
∑N

i=1Ni(T ) ≤ mT+N

and
∑N

i=1 lnxi

N ≤ ln
∑N

i=1
xi
N . Combining Eqs. (52), (54) and (57), the result immediately

follows. This completes the proof of Lemma 8.

Lemma 9. By choosing V =
√
T and α = 1, the fairness constraint is satisfied asymptoti-

cally with prob. (1− e−Ω(γ)), i.e.,

lim
T→∞

∑T
t=1 Yi(t)

T
≥ ξi, ∀i. (58)

Proof. By the definition of Q(t) in Eq. (27), we have:

g(x(t)) ≥ Q(t)−Q(t+ 1), (59)
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which implies:

T∑
t=1

g(xi(t)) ≥ Qi(1)−Qi(T + 1)
(i)
≥ −

mLV + m
2α +D

ρ
−
√
2D, (60)

where (i) follows the result of Lemma 7. Expanding the expression of g(xi(t)) in Eq. (60)
yields:

T∑
t=1

xi(t) ≥ T · ξi −
mLV + m

2α +D

ρ
−
√
2D, ∀i. (61)

With the same argument as that in Eq. (52), we have:

∣∣∣ T∑
t=1

N∑
i=1

Yi(t)−
T∑
t=1

N∑
i=1

xi(t)
∣∣∣ ≤√γNT , (62)

holds with prob. (1−e−Ω(γ)). Combining Eqs.(61) and (62), the lemma immediately follows.

Lemma 10. When x∗ is an optimal solution to OPT1, with prob. 1−NTe−Ω(γ),

RegT
T

≤ m

2αV T
+

D

V
+

O(L
√
γmNT )

T
. (63)

Proof. By the definition of gt, for any |θ| ≤ L, we have:∑T
t=1 gt(θ)

T
= f∗(θ)− θ ·

∑T
t=1 x(t) · µ̂t

T
, (64)

which implies:

min
|θ|≤L

∑T
t=1 gt(θ)

T
= min

|θ|≤L
f∗(θ)− θ ·

∑T
t=1 x(t) · µ̂t

T

(ii)
= f

(∑T
t=1 x(t) · µ̂t

T

)
,

(65)

where (ii) follows from Lemma 1. Paralleling Eq. (64), with prob. (1−NTe−Ω(γ)), we get:∑T
t=1 gt(θt)

T
=

∑T
t=1 f

∗(θt)

T
−
∑T

t=1 θtx(t) · µ̂t

T
(a)
≥
∑T

t=1 f
∗(θt)

T
−
∑T

t=1 θtx
∗ · µ̂t

T
− π(T )

(b)
≥
∑T

t=1

(
f∗(θt)− θtx

∗ · µ
)

T
− π(T )

(c)
≥ f(x∗ · µ)− π(T ),

(66)
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where π(T ) = m
2αV T + D

V , (a) follows from Lemma 5, (b) is due to µ̂t
i ≤ µi holding with

prob. (1 − e−Ω(γ)) according to Theorem 2, and (c) follows from Lemma 1. Combining
Eqs. (65) and (66) together, we have:

f(x∗ · µ)− f
(∑T

t=1 x(t) · µ̂t

T

)
≤
∑T

t=1 gt(θt)

T
− min

|θ|≤L

∑T
t=1 gt(θ)

T
+ π(T )

(d)
≤ O(

√
T )

T
+ π(T ),

(67)

where (d) follows from traditional online convex optimization results (Hazan, 2016). Since,
f is L-lipschitz, RegT /T can be upper bounded by:

RegT
T

=f(x∗ · µ)− f
(∑T

t=1 x(t) · µ̂t

T

)
+ f

(∑T
t=1 x(t) · µ̂t

T

)
− f

( 1
T

T∑
t=1

Y (t) · r(t)
)

≤O(
√
T )

T
+ π(T ) + L

∣∣∣∣∣
∑T

t=1 x(t)µ̂
t −
∑T

t=1 Y (t)r(t)

T

∣∣∣∣∣
(e)
=

O(L
√
γmNT )

T
+ π(T ),

(68)

where (e) follows from Lemma 8. This completes the proof of Lemma 10.

With Lemma 9 and Lemma 10, Theorem 3 immediately follows by choosing V =
√
T ,

α = 1 and γ = O(ln NT
δ ). This completes the proof of Theorem 3.

5.3 Connection with Previous Results

In this section, we demonstrate how our designed algorithm connects to previous research
results (Li & Liu, 2019) by setting α = 0. When taking α = 0 in Eq. (20), the update of
x(t) becomes:

x(t) = argmin
x∈Ω

V θt · µ̂t · x−Q(t) · x. (69)

Let Fi(t) = V θtµ̂t
i − Qi(t) denote the compound value of µ̂t

i and Qi(t) in round t.
Following Eq. (69), we have that, xi(t) = 0 when Fi(t) ≥ 0, namely, arm i should not be
selected when Fi(t) is nonnegative. Denote by A(t) = {i : Fi(t) < 0, 1 ≤ i ≤ N} the set of
arms with negative Fi(t). In this case, the algorithm needs to choose in each round a set of
arms S(t) ⊂ A(t) that minimizes the compound value as follows:

S(t) = arg min
S⊂A(t):|S|≤m

∑
i∈S

V θtµ̂t
i −Qi(t). (70)

Due to the linear structure, Eq. (70) can be efficiently solved via choosing the top m arms
that have the minimum compound value. As such, the solution to Eq. (70) returns a binary
value for each xi(t) and there is no need to apply RRS sampling.

Interestingly, Eq. (70) is completely the same as Eq. (9) in Li and Liu (2019) except
that the former deals with a concave objective function and adopts the UCB bound as an
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estimation for the reward. As such, the arm selection process in Algorithm 1 is also the
same as that in the LFG Algorithm. However, by adopting on an online-learning based
analysis, we can achieve a sublinear regret bound when choosing V =

√
T . By contrast,

Li and Liu (2019) needs to manually tune the parameter η and fails to prove a sublinear
regret bound.

6. Extensions to MAB with Knapsack Constraints

In this section, we extend the MAB models to include the knapsack constraints. In many
applications, the total resource consumed in each round is usually limited. In wireless
communications, the link bandwidth and power consumption should not exceed the capacity.
Additionally, production clusters also have limited capacity for job scheduling. As such, the
knapsack constraint is usually included to model the behavior of such systems (Dai et al.,
2016; Ferdosian et al., 2014; Zheng & Shroff, 2016). In this section, we shall show how to
generalize our fairness model to capture knapsack constraints in the MAB setting.

In addition to the fairness constraint in the MAB model, we consider that each arm
incurs a certain amount of resource consumption once it is pulled. Specifically, in each time
slot t, arm i consumes an amount of ci(t) resources when it is pulled. Similar to the random
reward, ci(t) is also i.i.d. distributed from some underlying distribution, i.e., E[ci(t)] = ci
for all i, t, and ci(t) reveals only after arm i is pulled in time t. Furthermore, there is a
resource capacity B that specifies the total amount of resource that can be consumed by
all arms within T rounds, i.e.,

T∑
t=1

N∑
i=1

xi(t) · ci(t) ≤ B. (71)

Eq. (71) is treated as the knapsack constraint (Badanidiyuru & Kleinberg, 2018). Specif-
ically, Eq. (71) servers as an extension of Eq. (2). Therefore, we use Eq. (71) to replace
Eq. (2) in the MAB problem. Consequently, the MAB problem is now formulated as follows:

max
{x(t)}

f
( T∑
t=1

x(t) · r(t)/T
)

(OPT2)

such that Eqs. (3), (5), (71) are satisfied.

By contrast, the benchmark represents the optimal solution to the following optimization
problem:

max
{x(t)}

f(
T∑
t=1

N∑
i=1

xi(t)µi/T ) (OPT3)

such that
T∑
t=1

N∑
i=1

xi(t) · ci ≤ B,

0 ≤ xi(t) ≤ 1 and Eq. (5) is satisfied.

Comparing to the online solution in OPT2, the resource consumption of each arm in the
solution to OPT3 is a constant across different rounds. Similar to the basic model, we
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also adopt the regret defined in Eq. (9) to evaluate the performance of our proposed online
solution.

Additionally, by analyzing OPT3, we can reveal a hidden relationship between ci and B

within the problem. Given that
∑T

t=1

∑N
i=1 xi(t) · ci ≤ B and

∑T
t=1 xi(t)

T ≥ ξi, it follows that∑N
i=1 ξi · ci ≤

B
T . Furthermore, if B

T >
∑N

i=1 ci, this implies that the resource constraint has
no impact on arm selection due to the abundance of resources. In this case, the optimal
solution from OPT3 would be x(t) = 1, indicating that all arms are pulled in every round.
Thus, the following condition must hold for the MAB problem to remain meaningful:

N∑
i=1

ξi · ci ≤
B

T
≤

N∑
i=1

ci. (72)

In particular, even under the constraint from Eq. (72), ci ≥ B could still hold when ξi = 0.
In the extreme case where ξi = 0 for all i ∈ N , there would be no limitations on ci, allowing
for ci ≥ B for all i ∈ N . In this scenario, the optimal solution from OPT3 would be
x(t) = 0, meaning that no arms are pulled in any round. Notably, this solution does not
violate the fairness constraint since ξi = 0.

In summary, the solution to OPT2 should approximate the benchmark from OPT3.
Therefore, our goal is for the algorithm designed for OPT2 to achieve sublinear regret while
ensuring minimal violations of both fairness and knapsack constraints.

6.1 Algorithm Design for MAB with Knapsacks

In each round, we need to first make an estimation on the resource consumption of each

arm. Similarly, we apply UCB bound to conduct the estimation of ci. Let ĉti denotes the

estimation of ci in round t, then ĉti is given by:

ĉti = max

{
0, cti − 2rad

(
cti,

t−1∑
τ=1

xi(τ) + 1
)}

, (73)

where

cti =

∑t−1
τ=1 ci(τ)∑t−1

τ=1 xi(τ) + 1
. (74)

Paralleling Eq. (18), we proceed to construct a compact set to ensure the feasibility of the

knapsack constraint with ĉti:

Ω(t) =

{
x ∈ RN : 0 ≤ x ≤ 1 and

N∑
i=1

xi · ĉti ≤ B/T

}
. (75)

It is worth noting that Ω(t) is time varying and it depends on the estimation of ci in round

t, i.e., ĉti. With Ω(t), the selection algorithm updates x(t) as follows:

x(t) = ΠΩ(t)

(
x(t− 1)− α · ∇xLt(x,Q(t))

)
, (76)
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where Lt and Q(t) are determined by Eqs. (19) and (27) respectively. Following the update
of x(t), we round xi(t) to an integer solution Yi(t) by applying a simple random sampling
scheme instead of the RRS scheme:

Yi(t) =

{
1, with prob. xi(t),
0, with prob. (1− xi(t)).

(77)

In each round t, arm i is pulled if and only if Yi(t) = 1. Towards that end, we design a new
algorithm called Combinational Multi-arm Selection Algorithm with Fairness Guarantees
and Knapsack constraints (CMFK).

Algorithm 2: Combinational Multi-arm Selection Algorithm with Fairness Guar-
antees and Knapsack constraints

1 Initialize θ0 = L, Q(0) = 0 and choose xi(0) ∈ {0, 1} for all i randomly such that∑N
i=1 xi(0) ≤

B
T ;

2 Pull arm i when xi(0) = 1;
3 Estimate the mean of reward for arm i based on Eq. (13);
4 Estimate the mean of resource consumption for arm i based on Eq. (73);
5 for 1 ≤ t ≤ T do
6 Update primal variable x(t) based on Eq. (76);
7 Update dual variable Q(t) based on Eq. (27);
8 Choose θt+1 by doing an OCO update following Eqs. (28) and (29);
9 Applying a simple random sampling scheme Eq. (77) to round xi(t) to Yi(t);

10 Pull arm i if Yi(t) = 1, receive reward ri(t) and resource consumption ci(t);
11 Estimate the mean of reward for arm i based on Eq. (13);
12 Estimate the mean of resource consumption for arm i based on Eq. (73);

6.2 Performance Guarantee for CMFK

We show in the sequel that, CMFK can yield a sublinear regret while guaranteeing a small
violation for both the fairness and knapsack constraints.

Theorem 4. When f is a L-Lipschitz function, by choosing V =
√
T and α = ∞, with

prob. (1− δ), the fairness constraint under the CMFK Algorithm is satisfied asymptotically,
i.e., ∑T

t=1 Yi(t)

T
− ξi ≥ − BL

cminϕ
√
T 3

− D

ϕT
−

√
2D

T
, ∀i. (78)

where cmin = mini∈{1,2,...,N} ci, D = 1
2

∑N
i=1max

{
ξ2i , (1 − ξi)

2
}
, and ϕ =

B/T−
∑N

i=1 ξi·ci∑N
i=1 ci

.

The resource capacity is violated by at most:

T∑
t=1

N∑
i=1

Yi(t)ci(t)−B ≤ O
(√

B ln
NT

δ

)
+O

(
ln

NT

δ

)
. (79)

Moreover, the regret defined in (9) is upper bounded by:
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RegT ≤ O
(
L

√
BN ln

NT

δ

)
. (80)

In the remaining part of this subsection, we present the proof of Theorem 4. Specifically,
we only describe the ideas and results that are different from those in the proof of Theorem
3.

Lemma 11. When x∗ is an optimal solution to OPT3, we have:

1

T

T∑
t=1

θt · µ̂t · x(t)− 1

T

T∑
t=1

θt · µ̂t · x∗ ≤ B

2cminV T 2
+

B

2αcminV T 2
+

D

V
. (81)

Lemma 12. With prob. (1− e−Ω(γ)), we have

∆(t) ≤ BLV

Tcmin
− ϕ∥Q(t)∥2 +

B

αTcmin
+D. (82)

Proof. Let ϕ = {ϕ, ϕ, ..., ϕ} be a vector of length N and x = ϕ+ ξ. First, we need to prove

that x ∈ Ω(t) and g(x) = ϕ. Since ĉti ≤ ci holds with prob. (1− e−Ω(γ)), we have:(
B/T −

∑N
i=1 ξi · ci∑N

i=1 ci
+ ξi

)
· ĉti

≤

(
B/T −

∑N
i=1 ξi · ĉti∑N

i=1 ĉ
t
i

+ ξi

)
· ĉti

=
B/T −

∑N
i=1 ξi · ĉti∑N

i=1 ĉ
t
i

· ĉti + ξi · ĉti.

(83)

Summing the above formula over all i ∈ {1, ..., N} gives:

N∑
i=1

(
B/T −

∑N
i=1 ξi · ci∑N

i=1 ci
+ ξi

)
· ĉti

≤
N∑
i=1

B/T −
∑N

i=1 ξi · ĉti∑N
i=1 ĉ

t
i

· ĉti +
N∑
i=1

ξi · ĉti

=
B

T
−

N∑
i=1

ξi · ĉti +
N∑
i=1

ξi · ĉti

=
B

T
.

(84)

And suppose x < 0, we have

B/T −
∑N

i=1 ξi · ci∑N
i=1 ci

+ ξi < 0, (85)
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then
B/T −

∑N
i=1 ξi · ci∑N

i=1 ci
· ci + ξi · ci < 0. (86)

Summing the above formula over all i ∈ {1, ..., N} gives:

B

T
< 0, (87)

which contradicts with the fact that B ≥ 0. So x ≥ 0. Similarly, we can prove x ≤ 1.
Therefore, we have x ∈ Ω(t), which immediately imply g(x) = ϕ.

Paralleling Eq. (43) , we have:

∆(t) + V θt · µ̂t · x(t)

≤ V θt · µ̂t · x−Q(t) · g(x) + ∥x− x(t− 1)∥22
2α

− ∥x− x(t)∥22
2α

− ∥x(t)− x(t− 1)∥22
2α

+D.

(88)

Since
N∑
i=1

Qi(t) ≥ ∥Q(t)∥2, θt · µ̂t · x ≤ LB
Tcmin and ∥x(t) − x(t − 1)∥22 ≤ 2B

Tcmin , rearranging

terms yields the result.

With Lemma 11 and 12, we derive the following lemma, which gives an upper bound
for the dual variable.

Lemma 13. With prob. (1− e−Ω(γ)), the dual variable in each round is upper bounded by:

∥Q(t)∥ ≤
BLV
Tcmin + B

αTcmin +D

ϕ
+
√
2D. (89)

With Lemma 13, we further quantify the violation of fairness requirement in the follow-
ing lemma using using an argument similar to Lemma 9.

Lemma 14. By choosing α = ∞, with prob. (1− e−Ω(γ)), the fairness constraint satisfies:∑T
t=1 Yi(t)

T
− ξi ≥ − BLV

cminϕT 2
− D

ϕT
−

√
2D

T
, ∀i. (90)

Lemma 15. With prob. (1−NTe−Ω(γ)), we have:

T∑
t=1

N∑
i=1

Yi(t)ci(t)−B ≤ 3
√

γB + 3γ. (91)

Proof. SinceE(Yi(t)) = xi(t), applying Theorem 2, we have that, with prob. (1−NTe−Ω(γ)),∣∣∣∣∣
T∑
t=1

N∑
i=1

Yi(t)ci(t)−
T∑
t=1

N∑
i=1

xi(t)ci(t)

∣∣∣∣∣
≤ NT · 3 · rad

(∑T
t=1

∑N
i=1 xi(t)ci(t)

NT
,NT

)

= 3

√√√√ T∑
t=1

N∑
i=1

xi(t)ci(t) + 3γ

≤ 3
√
γB + 3γ.

(92)
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Since
T∑
t=1

N∑
i=1

xi(t)ci(t) ≤ B, we have:

T∑
t=1

N∑
i=1

Yi(t)ci(t)−B

≤
T∑
t=1

N∑
i=1

Yi(t)ci(t)−
T∑
t=1

N∑
i=1

xi(t)ci(t) +
T∑
t=1

N∑
i=1

xi(t)ci(t)−B

≤

∣∣∣∣∣
T∑
t=1

N∑
i=1

Yi(t)ci(t)−
T∑
t=1

N∑
i=1

xi(t)ci(t)

∣∣∣∣∣+
T∑
t=1

N∑
i=1

xi(t)ci(t)−B

≤

∣∣∣∣∣
T∑
t=1

N∑
i=1

Yi(t)ci(t)−
T∑
t=1

N∑
i=1

xi(t)ci(t)

∣∣∣∣∣
≤ 3
√
γB + 3γ.

(93)

This completes the proof.

Lemma 16. With prob. (1−NTe−Ω(γ)),∣∣∣∣∣
T∑
t=1

Y (t) · r(t)− x(t) · µ̂t

∣∣∣∣∣ ≤ O

(√
γNB

cmin

)
. (94)

Proof. Similarly to Lemma 8, applying Theorem 2, we have that, with prob(1−NTe−Ω(γ)),∣∣∣∣∣
T∑
t=1

Y (t) · µ̂t − x(t) · µ̂t

∣∣∣∣∣ ≤ 3

√√√√γ
T∑
t=1

N∑
i=1

xi(t)µ̂t
i + 3γ ≤ 3

√
γB

cmin
+ 3γ, (95)

∣∣∣∣∣
T∑
t=1

Y (t) · µ− Y (t) · r(t)

∣∣∣∣∣ ≤ 3

√√√√γ

T∑
t=1

N∑
i=1

Yi(t)µi + 3γ ≤ 3

√
γB

cmin
+ 3γ. (96)

Letting Ni(τ) =
τ∑

t=1
Yi(t) + 1, we have

N∑
i=1

Ni(T ) ≤
T∑
t=1

N∑
i=1

Yi(t) + N ≤ B
cmin + N , which

implies:∣∣∣∣∣
T∑
t=1

Y (t) · µ̂t − Y (t) · µ

∣∣∣∣∣ ≤ O

(√
γN

(
B

cmin
+N

))
+ 12Nγ ln

B
cmin + 2N

N
. (97)

Combining the above inequalities, the result immediately follows.

Combining Lemma 16, we give an upper bound on the regret achieved by CMFK in the
following lemma (similar to Lemma 10).

Lemma 17. When x∗ is an optimal solution to OPT3, with prob. (1−NTeΩ(γ)),

RegT
T

≤ B

2cminV T 2
+

B

2αcminV T 2
+

D

V
+

O
(
L
√
γNB

)
T

. (98)

With Lemma 14, Lemma 15, and Lemma 17, Theorem 4 immediately follows by choosing
V =

√
T , α = ∞ and γ = O(ln NT

δ ). This completes the proof of Theorem 4.
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7. Performance Evaluation and Application

In this section, we assess the performance of the CMF and CMFK algorithms separately.
We detail the simulation results for the CMF algorithm in Section 7.1 and for the CMFK
algorithm in Section 7.2. Furthermore, we explore real-world applications in Section 7.3.

Additionally, there are no specific constraints on the step sizes α and η. However, we
suggest setting a high value for α based on our simulations in Section 7.1, and setting η = 1
for convenience.

7.1 Performance Evaluation of CMF

In this part, we conduct simulation studies to evaluate the performance of CMF in terms
of both the time-average regret and the violation of fairness requirements. The regret
is defined in Eq. (9) and the violation of fairness characterizes the distance between the
selection fraction of each arm i achieved within T rounds and its desired value ξi, i.e.,

Violation =
N∑
i=1

(ξi −
∑T

t=1 Yi(t)

T
) · 1∑T

t=1 Yi(t)<ξiT
. (99)

We consider the following scenario for the simulation: N = 100 and m = 30. The values
of ξ are generated uniformly at random between [0.01, 1] and

∑N
i=1 ξi = 15. The expected

reward for all arms are uniformly chosen between [0,1]. For each arm, the actual rewards
in all rounds are generated following the Pareto distribution with the order of two. In this
experiment, we choose the reward function to be linear. We first evaluate the impact of
α on the regret performance as well as the overall violation of the fairness for each arm.
To be specific, we simulate our proposed CMF with α = {1, 100, 10000,∞} and illustrate
the results in Figure 1 and Figure 2. It shows that, the regret performance does not very
much under different values of α. By contrast, the choice of α has a heavy impact on the
violation of the fairness and α = ∞ yields the best result. As such, we choose α to be ∞
in the following evaluations.
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Figure 1: The regret performance under
CMF with different α.
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Figure 2: The violation of fairness under
CMF with different α.

To demonstrate the efficiency of CMF, we compare it with five representative baselines:
the LP Solver (Agrawal & Devanur, 2014), the LFG method(Li & Liu, 2019), the Fair-UCB
method (Patil & Narahari, 2021), the TSCSF-B method (Huang et al., 2020), and the
CBwK-Greedy-UCB method, referred to as CBwK for convenience (Das & Jain, 2022).
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Figure 3: The comparison of regret between
different algorithms.
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Figure 4: The comparison of fairness viola-
tions between different algorithms.

Figure 3 illustrates that CMF outperforms all baselines except the LP Solver in terms
of time-average regret. CMF performs similarly to the LP Solver, which solves a relaxed
linear programming problem to maximize total reward while ensuring the selection fraction
of each arm i is no smaller than ξi in each round. Interestingly, the rate of regret decline for
CBwK gradually surpasses others over time. This is because this scheme does not consider
fairness, allowing it to freely pursue optimal solutions without constraint.

Additionally, from Figure 4, it is evident that CMF achieves significantly less violation
of fairness compared to other methods. Particularly, the violation within T rounds under
CMF is only half of that under the LP Solver. The key reason behind this is that CMF
optimizes long-term performance using online convex optimization techniques, whereas the
LP method focuses solely on performance in each round. Furthermore, the violation of
fairness of CBwK gradually increases due to its lack of consideration for fairness.

7.2 Performance Evaluation of CMFK

In this part, we conduct simulation studies to evaluate the performance of CMFK in terms
of both the time-average regret and the violation of fairness requirements.

We consider the scenario for simulation: N = 100 and B = 2000. For each arm, the
actual rewards in all rounds are generated following the Pareto distribution whose expecta-
tions uniformly drawn between [0,1]. And the actual resource consumption in all rounds is
generated following the uniform distribution whose expectations are drawn between [0,0.2].
The values of ξ are generated similarly to the experiment described above.

First, we evaluate the performance of CMFK under different types of reward functions
f . In particular, we choose linear, power, and logarithmic functions as representatives. The
specific forms of these functions are f(y) = y, f(y) = log(y + 1), and f(y) =

√
y + 1. It is

also worth noting that the functions we have chosen are those that satisfy the assumptions
of the paper, i.e., the concave function and the L-lipshcitz. The simulation results are
presented in Figure 5. It shows that, the regret performance of the CMFK algorithm tends
converge to zero when the number of rounds T grows.

Second, to demonstrate the efficiency of CMFK, we also compare it with four baselines:
the LFG method(Li & Liu, 2019), the Fair-UCB method (Patil & Narahari, 2021), the
TSCSF-B method (Huang et al., 2020), and the CBwK method (Das & Jain, 2022). As
shown in Figure 6, when using a linear reward function, CMFK achieves much smaller regret
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Figure 5: The regret performance under
CMFK with different functions.
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Figure 6: The comparison between different
algorithms in terms of the regret.

than the other four baselines, while Fair-UCB performs similarly to LFG in terms of re-
gret performance. Furthermore, all approaches demonstrated relatively stable convergence
within 1500 rounds. While CBwK exhibited performance similar to that of CMFK around
the 1500 rounds, LFG converged more quickly. Additionally, subsequent experimental re-
sults revealed that CBwK violates fairness requirements due to its lack of consideration for
fairness.
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Figure 7: The selection fraction of different arms under all schemes.

Finally, we investigate the selection fraction of each arm during the entire simulation
process. As depicted in Figure 7a, Figure 7b, and Figure 7c, the selection fraction of each
arm under CMFK always surpasses the required fraction ξi after 100 rounds. However, upon
convergence, the achieved selection fraction of the first three arms is considerably smaller
than the required fraction under LFG and Fair-UCB. This discrepancy arises because CMFK
can globally coordinate objectives and constraints within a unified Lagrangian function,
unlike LFG and Fair-UCB, which cannot simultaneously optimize multiple constraints, often
leading to suboptimal solutions. Furthermore, due to its lack of consideration for fairness,
CBwK exhibits two extreme results across the three arms, with choices for each arm tending
to be either substantial or minimal. Additionally, while both CMFK and TSCSF-B satisfy
fairness requirements, CMFK is closer to fairness than TSCSF-B. This discrepancy explains
why CMFK outperforms TSCSF-B in terms of regret performance. The smaller buffer above
the fairness quota allows for more degrees of freedom in the next round to find a more
suitable solution, resulting in lower regret. Moreover, we observe that CMFK achieves
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faster convergence speeds than other baselines. Additionally, as mentioned earlier, there is
typically a buffer above the fairness quota, as illustrated in Figure7. Given that CMFK
optimizes long-term performance through online convex optimization techniques, it adopts
a more aggressive approach in enforcing fairness constraints. We believe that this leaves
room for improvement, potentially achieving lower regret by minimizing the buffer above
the fairness quota.

7.3 Movie Recommendation Application

In this part, we delve into the application of movie recommendation systems. The objective
is to suggest highly-rated movies to users, but the ratings for these movies are initially
unknown. Following the methodology outlined by Huang et al. (2020), we treat each movie
as an arm in our experiments. Each round corresponds to serving one user, with the as-
sumption that the next user arrives once the current one finishes rating. Consequently, the
user’s rating serves as the reward for each round. Additionally, to ensure fairness in our
recommendations, each movie should be recommended at least a certain number of times.
This is crucial because gathering ratings for all movies is another goal of the recommenda-
tion system; if some movies are never recommended, the system cannot assess their quality
due to the lack of user ratings.

To conduct our experiments, we utilize the MovieLens 20M Dataset (Harper & Konstan,
2015), which comprises 20 million ratings for 27,000 movies provided by 138,000 users. This
dataset includes users’ ratings ranging from 1 to 5, along with genre categories for each
movie.

We model the movie recommendation system as both a combinatorial MAB problem and
a combinatorial MAB problem with knapsacks. In the former, the system selects no more
than m = 3 movies for recommendation in each round. In the latter, we introduce knapsack
constraints, where the constraint relates to users’ trust in the recommendation system. If
the system suggests a movie with a low rating, it consumes more of the users’ trust in the
platform, and vice versa. Specifically, if the average score of all users for a certain movie is
x, then the trust value expectation of the resource consumption corresponding to the movie
is 5− x.
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Figure 8: The comparison of average rewards
among various algorithms for the combinato-
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We select 100 movies as the arms and 1500 users as the rounds. Both the rating and
trust values are scaled to fall within the range [0, 1], aligning with the assumptions of our
problem. Additionally, we set the fairness constraint to be 0.03 across all experiments.

For the combinatorial MAB problem, Figure 8 demonstrates that the CMF scheme
achieves superior performance in terms of average reward compared to other schemes. Al-
though the average reward values of each method are very close, the cumulative reward over
1500 rounds is substantial. Additionally, in terms of time complexity, CMF demonstrates
much greater efficiency than baseline schemes. Specifically, CMF only requires 32ms to
select arms in each round on an Intel i9 core processor. In comparison, LFG and the LP
solver need 39ms and 42ms, respectively, to make selection decisions. Furthermore, CBwK
requires 76ms, while Fair-UCB and TSCSF-B are notably slower, costing 84ms and 93ms,
respectively, in each round. Notably, there is a significant difference in time cost between
TSCSF-B and CMF, as the former involves sampling.

Similarly, for the combinatorial MAB problem with knapsacks, the CMFK scheme also
outperforms other schemes, exhibiting a 40% improvement over the worst LFG method and
a 0.5% improvement over the second-best CBwK method. Furthermore, in terms of time
complexity, the situation is quite similar to combinatorial MAB problem. It takes 35ms
for CMFK to select arms in each round with the same processor used in the MAB prob-
lem. Comparatively, LFG requires 40ms, while CBwK demands 79ms for arm selection.
Additionally, Fair-UCB and TSCSF-B require 85ms and 91ms, respectively, to accomplish
selection. The conclusion remains consistent with the combinatorial MAB problem, demon-
strating that CMFK is more efficient than the other baseline schemes.

8. Conclusions and Future Works

In this paper, we make the first attempt to study the combinatorial MAB problem with
concave objective and fairness constraints. To tackle the challenges posed by the cou-
pling between stochastic feedback and long- and short-term constraints, we design a new
online algorithm that is computationally efficient by systematically combining bandit ma-
chine learning with online convex optimization techniques. Our algorithms can achieve a
sublinear regret bound and produce better performance than existing state-of-the-art so-
lutions. Extensions of this work to other MAB problems with multi-dimensional knapsack
constraints, are the next steps toward designing more general bandit algorithms with tight
regret bounds. Moreover, applying the online convex optimization approach to the contex-
tual MAB problems (Agrawal & Devanur, 2016) may also be an interesting future research
direction.
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