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Real-world online matching markets (OMMs) often involve multiple objectives, such as maximizing relevance and diversity in
online recommendation and crowdsourcing systems. In this paper, we propose a generic bi-objective maximization model
for OMMs with the following features: (1) there are two types of agents—offline and online—with online agents arriving
dynamically and stochastically; (2) upon each online agent’s arrival, an immediate and irrevocable decision must be made
regarding which subset of relevant offline agents to assign; and (3) each offline and online agent has a specific matching
capacity, i.e., an upper bound on the number of allowable matchings. Our model supports two general linear objective
functions defined over all possible assignments to online agents. We formulate a bi-objective linear program (LP) and design an
LP-based parameterized algorithm. Departing from prevalent non-adaptive attenuation methods, we introduce a time-adaptive
attenuation framework that achieves an almost tight competitive ratio for each objective. To complement our theoretical
analysis, we implement the proposed algorithm and evaluate it against several heuristics using two real-world datasets.
Extensive experimental results demonstrate the flexibility and effectiveness of our approach, validating our theoretical
predictions.
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1 Introduction

Matching markets involve heterogeneous agents—typically from two distinct parties—who are paired to achieve
mutual benefits. Over the past decade, these markets have rapidly evolved with the rise of the Internet, giving birth
to a new paradigm known as Online Matching Markets (OMMs). Prominent examples include rideshare platforms
(e.g., Uber and Lyft), crowdsourcing markets (e.g., Amazon Mechanical Turk, Cad Crowd, and crowdSPRING),
and online advertising platforms (e.g., Google and Meta).

OMMs differ from traditional matching markets, where all agent information is disclosed in advance, in two key
aspects: (F1) Agents from at least one side join the market dynamically and are referred to as online agents (e.g.,
riders, workers, and impressions); (F2) Upon the arrival of an online agent, a prompt and irrevocable matching
decision must be made due to the limited “patience” of these agents.

OMMs have attracted considerable attention in both the computer science and operations research communities.
A substantial body of work has been devoted to designing matching policies for ridesharing platforms [5, 25, 7,
42, 13] and crowdsourcing markets [6, 21, 12, 41, 36].
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Real-world OMMs often involve optimizing multiple objectives. A common goal is to generate a set of relevant
and diverse offline agents for each arriving online agent. For example, in online recommendation systems (e.g.,
Netflix and Amazon), a well-studied problem is how to provide each user with a set of relevant and diversified
recommendations; see, e.g., [35, 34, 16, 31, 26]. In crowdsourcing markets, prior work [32, 3] has explored how to
generate a set of relevant and diversified tasks for each online worker to enhance worker engagement. Similarly,
in online team formation, studies [37, 29] have examined how to form a team of relevant and diversified workers
for each arriving task to boost the team performance.

The applications mentioned above share several common features. First, the overarching goal is to optimize
both relevance and diversity, even though these two objectives often conflict with each other. Second, capacity
constraints are typically present on both sides of the matching process. For example, in online recommendation
systems, both ads and users have associated capacities: each ad can be shown only a limited number of times due
to budget constraints, and each user should be presented with a limited number of ads to avoid fatigue. Similar
capacity constraints apply to tasks and workers in crowdsourcing markets.

Several common approaches have been proposed to optimize multiple objectives in Online Matching Markets
(OMM:s). One approach is to divide the online process into short, discrete time windows, transforming the problem
into a fully offline setting where all online agent arrivals are known in advance. This allows us to bypass the
challenges introduced by the two key features of OMMs—dynamic arrivals and irrevocable decisions (F1 and F2);
see, e.g., [11]. Another approach involves defining a single meta-objective that balances multiple goals, thereby
reducing the problem to a standard single-objective optimization. Examples of such meta-objectives include
submodular functions[43, 33, 18] and linear or nonlinear combinations of multiple criteria [3]. In this setting, a
common strategy is to design a greedy-based algorithm to optimize the meta-objective; see, e.g., [2].

1.1  Main Model

In this paper, we propose a generic model of bi-objective maximization that can overcome shortcomings in
previous approaches. Suppose we have a bipartite graph G = (I, ], E), where I and J denote the sets of types of
offline and online agents." An edge e = (i, j) indicates the feasibility of pairing agents i and j.* Let E; (E;) denote
the set of edges incident to i (j). Each offline agent i has a capacity ¢; € Z* in the way that i can be matched up to
¢; times, where c; reflects the limited budget on offline agent i (e.g., tasks or ads). Each online agent j is associated
with a collection of subsets of E;, denoted by S; C 2%/, which consists of all feasible assignments with respect
to j due to its capacity/patience. Let S = U;¢;S;, the collection of all feasible assignments. We are given two
arbitrary metrics d and w on S such that for each S € S;, d(S) and w(S) capture the respective utilities under the
two metrics in the assignment of S to agent j.> Under our assumption, upon each arrival of agent j, the system
should select an assignment S € S; for her, and if successful (i.e., no violation of any budgets from offline agents),
the system will gain utilities of w(S) and d(S) under the two metrics, respectively. Note that each assignment
S € §; is a subset of edges incident to agent j, which encodes the information of both the online agent type j and
a set of its neighboring offline agents. In this way, we allow for online-agent-dependent metrics such that w(S)
can differ from w(S’) even when S and S’ include the same set of offline agents (but involve different online
agents). All information of G = (I, J, E), {c;, S;}, and {w(S), d(S)} is known as part of the input. Here are a few
other features in our model. Throughout this paper, we denote [n] = {1,2,..., n} for a generic positive integer n.

!We categorize a collection of analogous agents into clusters referred to as ‘online(offline) agent types’ For instance, in spatial crowd-
sourcing scenarios, workers situated in the same geographic area are classified under one worker type.

2We refer to an agent of type j (i) directly as agent j (i).

3For example, in the context of online recommendations, w(S) and d(S) with S € S; can be interpreted as the overall relevance and
diversity of ads in S with respect to online user (of type) j.
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Arrivals of Online Agents. We have a given finite time horizon T, and during each time ¢t € [T] = {1,2,...,T},
one single agent (of type) j will be sampled (i.e., j arrives) with replacement such that Pr[j = j] = r;/T for all
Jj € Jwith 3, r;/T = 1. Here r; is called the arrival rate of j. Note that the arrival distribution {r;/T} is known
as input, and independent and invariant throughout the online T rounds. Our arrival setting is called Known
Independent and Identical Distribution (KIID), which is mainly inspired from the fact that we can often learn
the arrival distribution from historical logs [40]. Throughout this paper, we assume T > 1. Part of our theoretical
analyses and results are obtained under this assumption.

Bi-Objective Maximization. Consider a given online matching policy ALG and a given arrival sequence A of
online agents. Let ALG(A) = {Sj|j € A,S; € S;} be a (random) allocation, where S; is the assignment selected
by ALG for j. Note that A can be a multiset of J due to potentially multiple arrivals of online agents. As a
result, ALG(A) can also be a multiset. The overall utilities achieved by ALG on metrics of w and d are defined as
follows:

Max-W:maxE[ Z W(S)]; (1)
SeALG(A)

Max—D:maxE[ Z d(S)], (2)
SeALG(A)

where the expectation is taken over the randomness in A and that used by ALG.

1.2 Main Contriubtions

In this paper, we propose a generic online-matching-based model of bi-objective maximization existing in
a wide range of OMMs. Our model features in the following ways. First, it can directly address challenges
exclusively existing in OMMs, i.e., the dynamic arrivals of online agents and the real-time decision-making
requirements. Second, the model admits two arbitrary metrics defined on collecting all possible valid assignments
to online agents, and it aims to maximize the two corresponding linear objectives simultaneously. We design a
parameterized online algorithm, ATT(«, ), with @ and f being two parameters, which can smoothly tradeoff the
objectives of relevance and diversity.

Let A = maxges |S|, the largest cardinality of feasible assignments among all online agents. Note that A reflects
the limited patience or budget/capacity among all individual online agents, and it typically takes a small value in
practice; see, e.g., the low tolerance of online users for (offline) ads and the limited capacity of arriving workers for
(offline) tasks. In contrast, the budget/capacity on offline agents can be huge in reality. Fortunately, the performance
of the proposed Algorithm 1 does not depend on the capacity of offline agents.

THEOREM 1. [Section 3.1] For any given o, f > 0 witha + < 1, ATT(a, ) can achieve competitive ratios at
A oA A
least % (o, B) = ((1#:) -a, UA;) : ,B) simultaneously on any two pre-specified linear objectives, as defined
in (1) and in (2).

1—e—(A-1+1/2)
A—1+1/A
any two pre-specified linear objectives, as defined in (1) and in (2), witha + > 1+e" A 4/N org > 1 or f > 1.

THEOREM 2. [Section 4] No algorithm can achieve a competitive ratio of - (@, B) simultaneously on

Asymptotic Tightness of Lower Bound in Theorem 1. Our analysis establishes a strong lower bound on the
achievable competitive ratio for the adaptive algorithm ATT(a, ff). Theorem 1 shows that for any «, § > 0 with

A
a+f <1, ATT(q, ) achieves a competitive ratio of at least “A;) - (a, p) simultaneously on two predetermined
linear objectives, as defined in (1) and in (2). This constructive guarantee is complemented by Theorem 2, which

4This is a common assumption among studies of online-matching under KIID; see, e.g., [22, 19, 28, 9].
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establishes fundamental limits: no algorithm can achieve a competitive ratio of %ﬁ - (e, p) if the condition
a+f>1+e A"UA (or ¢ > 1 or f > 1) holds. This impossibility result implies that any algorithm achieving

this competitive ratio must satisfy a + f < 1+ e~ (A~1*1/2) Notably, the critical competitive ratio factor from

Theorem 2 is W. As A becomes large, the term 1/A diminishes, causing A — 1+ 1/A to approach A — 1.
Consequently, this factor asymptotically approaches %. Comparing this with our algorithm’s guaranteed

A .
performance factor of I_Z from Theorem 1, we observe that these two expressions are very close for large A.

This proximity suggests that our lower-bound result in Theorem 1 is asymptotically tight. The conditions on
a + f further support this: our algorithm ATT(¢, ) achieves its bound for @ + § < 1, while the limit implied
by Theorem 2 is & + f < 1+ e~ (A~+1/%) 'indicating the gap is characterized by the small term e~ (A~1*1/A) This
indicates that the ATT (e, §) algorithm is nearly optimal for large A within the permissible range of @ and S.

1.3 Related Work

Since the influential work of [23], online matching and related models have attracted substantial interest over
the past thirty years, partly driven by the rise of Online Matching Markets (OMM:s). Our model falls within
the paradigm of multi-objective online optimization, which has recently been employed to address trade-offs
between conflicting objectives in OMMs. For example, [15] studied a variant of the online submodular welfare
maximization problem where each offline agent is associated with two distinct submodular utility functions.
The works of [24, 30, 38] proposed bi-objective models aimed at balancing fairness and profit in the context of
ridesharing. The model of [39] considers a specific application scenario in online matching markets with two
contextual objectives. These models differ significantly from the one and setting described in this paper. Another
approach to handling trade-offs between conflicting objectives is to formulate the problem as the maximization
or minimization of a single submodular function; see, e.g., [14, 2].

Table 1. Glossary of Notation

I1(J) Set of types of offline (online) agents

Ci Capacity on offline agent i

E; (Ej) Set of edges incident to i ()

S; Collection of all feasible assignments S C E; to j

S UjesS;, collection of all feasible assignments

A maxgses |S|, largest cardinality of all feasible assignments

w(S)  Utility associated with S under metric w

d(S) Utility associated with S under metric d

T Total number of online rounds

r Arrival rate (or expected number of arrivals) of j

2 Preliminaires and Main Techniques

Competitive Ratio. The competitive ratio is a commonly-used metric to evaluate the performance of online
algorithms. Consider an online maximization problem with one single objective. Let ALG(Z) = Ez.7 [ALG(A)]
denote the expected performance of ALG on an instance 7, where the expectation is taken over the randomness in
both the arrival sequence A and that in ALG. Let OPT(J) = E 5.7 [OPT(:A)] denote the expected performance
of a clairvoyant optimal on the instance 7, where OPT(A) refers to the optimal performance after observing the
full arrival sequence A. We say ALG achieves an online competitive ratio of p € [0, 1] if ALG(Z) > p OPT(J) for
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all possible inputs 7. The example below shows that the natural Greedy can have an arbitrarily bad performance
on some metrics. Generally, Greedy will assign every arriving agent j with a then available assignment S € S;
that has the largest utility under a certain metric.

) @ Ccj = 1,VJ E]
S;={GnLNthvjiel

----- w({(i, j1)}) =1
w({(i, )} =& Vj#

@ Greedy < e+1/n

OPT-W > 1—1/e

Fig. 1. A toy example on which the natural Greedy achieves a competitive ratio of zero.

Example 1 (Greedy Achieves a Competitive Ratio of Zero). Consider a toy example as shown in Figure 1. We
have a star graph with I = {i1} and J = {ji,..., ja}, where T = nand r; = 1 for every j € J. In other words,
during each round t € [T], a single online agent j will be sampled uniformly at random with replacement such
that Pr[j = j;] = 1/n for every ¢ € [n]. Let ¢;, = 1 and S; = {{(i1,j)}} for all j € J. That is, the offline agent i;
can be matched only once, and each online agent j € J accepts an assignment consisting of at most one offline
agent upon its arrival. Consider a metric w where w((iy, j1)) = 1 and w((iy, j)) = e > 0forall j € J\ {j1}.

Under the metric w, we can verify that:

(1) Greedy achieves an expected utility of 1/n-1+(1—1/n) -€ < 1/n+e.

(2) A clairvoyant optimal OPT-W achieves an expected utility of (1 — 1/e) - 1 + 1/e - €. This is because OPT-W

will assign i; to jj if j; arrives at least once, which happens with probability 1 —1/e.’

By definition, Greedy achieves a competitive ratio no greater than (1/n+¢€)/(1 — 1/e) = 0 under metric w. m

Time-adaptive Simulation-based Attenuations. For online optimization problems, the arrival setting of
known distributions like here makes simulation-based attenuation plausible since we can simulate both the
internal randomness in the algorithm itself and the external randomness from online agents’ arrivals. A typical
framework is as follows. Suppose we aim for a target competitive ratio of 7 € (0, 1) and a collection of assignment
S. For each S € S, let x is the expected number of times that S is made in a clairvoyant optimal (that can
be obtained through solving a benchmark LP). Consider an agent of type j that arrives at time t and let S; be
the set of all assignments relevant to j. By applying Monte-Carlo simulations, we can get a sharp estimate of
Ys, = Pr[SFs;] for every S € §;, which denotes the probability that assignment S is safe to make with respect to
external constraints (e.g., budgets constraints on all offline agents involved in S). Then the sampling distribution
over S; is carefully designed to include a factor of 7/ys; such that every assignment S € S; will be selected with
probability equal to 7 - x3/T during every round ¢ € [T], and thus, the total expected number of selections of S is
equal to 7 - xg. In this way, every assignment S is selected with a fraction of 7 times of the clairvoyant optimal,
which immediately leads to a competitive ratio of 7. The framework above is called non-adaptive in the way that
every assignment S will be selected with a uniform probability (r - x¢/T), regardless of its arrival time. Almost all

>The probability that j; never arrives during the T = n rounds is (1 — i JT)T = (1 = 1/T)T, which approximates 1/e as T — co. This
means it arrives at least once with a probability of 1 — 1/e.
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current existing attenuations are non-adaptive; see, e.g., stochastic knapsack [27], stochastic matching [1, 8], and
(online) matching policy design in rideshare [39, 17, 13].

In this paper, we propose a framework of time-adaptive attenuations. Specifically, we carefully craft a time-
dependent sampling distribution for every arriving online agent j at time ¢ such that every assignment S € S;
will be selected with probability equal to 7 - x} - (1 — A/T)*~!/T at time t; see more details in Algorithm 1.

3 Main Algorithm

Throughout this paper, we use OPT-W and OPT-D to denote the clairvoyant optimal algorithms (and the cor-
responding performance) under metrics w and d, respectively. Recall that S = U;¢;S;, the collection of all
assignments for online agents. For each agent i, let S; = {S|3j € J : S € S;and (i, j) € S}, the collection
of assignments involving i. For each S € §, let xs be the expected number of times that S is selected in the
clairvoyant optimal. Our benchmark LPs can be stated as follows.

max Z w(S) - xs (3)
SeS

max Z d(S) - xs (4)
SeS
Z xs<rj Vje] (5)
SESj
Z xs<c¢ Viel (6)
SeS;
0 < xs VSeS. (7)

Throughout this paper, we use LP (3) and LP (4) to denote the two LPs of Objective (3) and (4) each with
Constraints (5) to (7).

LEMMA 1. The optimal values of LP (3) and (4) are valid upper bounds for the expected performance of OPT-W
and OPT-D, respectively.

Proor. By linearity of expectation, we can verify that the two objectives (3) and (4) correctly code Max-W
and Max-D, respectively. It will suffice to show the validities of all constraints. Consider a given arrival sequence
A = (Ajlj € J), where A; is the number of arrivals of agent j. For each S € S, let Xg[ be the number of times that
S is selected in an offline optimal after observing A. First, we have Y ¢ S; Xg[ < Aj since we can select at most
one assignment from S; upon each arrival of j. Taking expectation over A on both side, we get Constraint (5).
Second, Yges, Xsﬂ < ¢; since i can be included in at most ¢; different assignments for every arrival sequence.
Taking expectation over A, we get Constraint (6). The last one is trivial. Thus, we are done. ]

3.1 An Algorithm with Time-adaptive Attenuations

Let a € [0,1] and S € [0, 1] be two parameters with & + < 1. Our first algorithm, ATT(e, ), is formally stated
in Algorithm 1.
We now justify Step (9) in ATT(«, ). Observe that

Z (axs + Pys)[rj = a Z xs/rj+p Z xs/ri<a+p <1
Ses; SeS; SeS;

The first inequality above is due to Constraint (5) in benchmark LPs and the second inequality follows from
our assumption. To validate Step (9) in ATT(«, f), it suffices to show that (1 — A/T)!"! < ys, forall Sand ¢, as
presented in the lemma below.
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Algorithm 1: An Algorithm with Time-adaptive Attenuations ATT(a, ), with0 < a, f < landa+f < 1.

1 Offline Phase:

/* The offline phase will output {ys(|S € S,t € [T]}, where ys; denotes the probability
that every offline agent involved in S has at least one capacity at (the beginning
of) t (we call S is safe at t). */

Solve LP (3) and LP (4), and let {x¢} and {y3} be the respective optimal solutions.

Initialization: When t = 1, setys; = 1 forall S € S.

fort=2,3,...,T do

Applying the Monte-Carlo method to simulate Step 8 to Step 10 for all the rounds ¢’ = 1,2,...,t — 1 of

Online Phase, we can get a sharp estimate of the probability that each assignment S € S is safe at t,
denoted by ys ;.

Online Phase:

fort=1,2,...,T do

Let an online agent (of type) j arrive at time ¢.

Sample an assignment S € S; with probability (ax} + fy%)/r; - (1= A/T)* " /ys,).

10 Select S if S is safe and reject j otherwise.

(3 I

o e N &

LEMMA 2. (1-A/T)""! <ys, forallS € S andt € [T].

Proor. We prove by induction over t = 1,...,T. When t = 1, we have ys; = 1. Thus, we are done. Consider a
given time t’ > 2and S’ € S. Let I(S’) be the set of offline agents involved in S”. Recall that ys - is the probability
that every i € I(S’) has at least one capacity at ¢’. Consider a given i € I(S’). Let NV; be the set of neighbors of i in
the graph G. For each j € Nj, let S;; = {S € S;|(i, j) € S}, the collection of assignments including edge (ij). Let
Ui v be the (random) number of times that i gets matched during the previous t’ — 1 rounds. Foreach t < ¢/, j € N,
and S € S;j, let Y, = 1 indicate that j arrives at ¢, Zs; = 1 indicate if S is sampled at ¢, and SFs; = 1 indicate
that S is safe at t. By definition, we have E[Y;;] = r;/T, E[Zs,] = (ax; + ﬁyg)/rj (1= A/T) yse) = sy,
and E[SFs;] = ys;. Thus, we have

BIULT=B| > > " Vi Zs - SFs] ®)

t<t’ jeN; SeS;j

= (ri/T) nst - yse ©)
DD

t<t’ jeN; SeS;j

Z Z Z (axs + Bys) - (1= A/T)' YT (10)

t<t’ jeN; SeS;;

=31 (axg+ pys) - (1= A/TY YT (11)
1<t’ SeS;

<c- Z(l - A/DYT (12)
t<t’

=ci- (1= (1= /1)) (13)

Equality (11) is due to the fact {S;j|j € N;} are disjoint and U;cn,S;j = S;. Inequality (12) follows from
Constraint (6) suggesting Yse s, X¢ < ¢; and Yges, Yo < c¢;, and the fact e+ < 1. Now we analyze the probability
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that S’ is safe at t’.

Yo = Pr[ /\ (Ui < ci = 1)] (14)

i€l(S")
>1- Z Pr(Ui; > ;] (15)
i€l(S")
E[U; A1
>1- M2(1——) . (16)
Ci T

i€l(s")

Note that Inequality (15) is due to the union bound; the first inequality on (16) is due to Markov’s inequality; the
second one on (16) is due to Inequality (13) and the fact [I(S")| < |S’| < A. O

Here we present the proof of Theorem 1.

Proor oF THEOREM 1. Consider a given j and an assignment S € S;. Let X be the random number of times
that S is selected by ATT(a, f8). For each t € [T], let Y; = 1 indicate that j arrives at t and Zs, = 1 indicate that S
is sampled at t. Thus,

T
E[Xs] = D EIY; - Zs; - SFs,]

t=1

T
= D (/T - (axs + Bys) /ry - (1= AT fysa) - v
t=1

T
= (ax§+Bys) Y. (1=A/T) YT

= (axg + Pys) - (1 - e )/A. (By taking T — co)

Thus, we have E[Xs] = (axg + ﬁy;)(l — e 2)/A. By linearity of expectation, we claim that the expected
performance of ATT under the metric w, denoted by AT Ty, satisfies that

—e A

ATTy = 3 w(s)-E[Xs] = 3 wi(S) - (ax§) - ———

SeS SeS A
=a-LP(3)- (1-e2)/A > OPT-W -« - (1 —e 2)/A.

The last inequality above is due to Lemma 1. The analysis above suggests that ATT(«, f) achieves a competitive
ratio at least &+ (1—e~2) /A for the metric w. We can argue in the same way that ATT(q, ) achieves a competitive
ratio at least 8- (1 — e~*)/A for the metric d. O

4 Proof of Theorem 2

Example 2. Consider the projective plane H = (V, &) of order d — 1 [10], where d — 1 is a prime number. H is
a hypergraph such that: (1) H is d-uniform, d-regular, and intersecting; (2) |'V| = |E| = d* — d + 1; and (3) the
natural canonical LP on H has an optimal value of d — 1 + 1/d. Now, based on H, we construct an instance as
follows.

For ease of notation, we use v € V and f € & to denote a hyper-vertex and a hyper-edge, respectively. For
each v € V, we create an offline agent type i,. Similarly, for each f € &, we create two online agent types, jr and
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j}, such that j; and j} each admit a single valid assignment. Specifically, S;, = {S;,} with S;, = {(is, jr) 1 v € f},
and Sj} = {Sj}} with Sj_’f = {(iu,j}) t0 € f1°

LetI:={i,:v€eV}iand J={jr: f € S}U{jj’, :f €&} :=JiUJysuchthat |I| = 1] = || =d? —d + 1.
For each online agent j € J, set r; = 1/d. Thus, the total sum of arrival rates among all online agents in J is
R:=3eyrj=2(d-1+1/d). We assume R < T.” Observe that A = max;e; maxges; |S| = d. Set ¢; = 1 for all
i € I. Consider a uniform metric for w and d such that for each pair of online agents, (j, j}), and their associated

unique valid assignments, (S; Sj}), we have w(S;,) = 1and d(S;,) = 0, and W(Sj}) =0 and d(Sj}) =1m

Jf> Jf
LEMMA 3. LP-(3) and LP-(4) each have an optimal value of at least d — 1 + 1/d for Example 2.

Proor. First, focus on LP-(3) with the metric w. We can ignore online agents in J, and their associated
assignments, as their values under the metric w are zero by definition (see Example 2).

Let 81 = Ujej, S be the collection of all valid assignments for online agents in J;. Consider the solution
xs = 1/d for all S € S;. This solution {xs}ses, can be verified to be feasible for LP-(3) with an objective value
equal to d — 1+ 1/d. This implies that the optimal value of LP-(3) is at leastd — 1+ 1/d.

Similarly, for LP-(4) with the metric d, we focus on agents in J,. Let S, = ¢, S;. The solution xs = 1/d for
all S € S, can be verified as feasible for LP-(4) and yields an objective value of d — 1 + 1/d. Thus, the optimal
value of LP-(4) is also at leastd — 1 + 1/d. O

Proor or THEOREM 2. Consider Example 2 and any given online algorithm ALG. Since the hypergraph H is
intersecting, each hyper-vertex v € V appears in every hyper-edge f € &. Since each offline agent i, has a unit
matching capacity, this means ALG can make at most one assignment given any arrival of an online agent. Let
R:=3;c;rj = 2(d — 1+ 1/d) be the sum of arrival rates among all online agents in J. Note that the probability
that there is at least one arrival of an online agent is equal to

1— (1 _ B)T o 1— e Roq_ e 2(d-1+1/d)
T bl

as T — oo. Note that for any assignment S, we have w(S) + d(S) = 1 by definition. This implies that the sum of

the expected utilities achieved by ALG under metrics w and d is no more than 1 — e~2(d-1+1/d)
Suppose ALG achieves a competitiveness of % (o, ) = % - (a, p), for some a, f = 0

simultaneously on the two pre-specified linear objectives Max-W and Max-D (corresponding to LP (3) and
LP (4)). By Lemma 3, each benchmark LP has an optimal value of at least d — 1 + 1/d. Thus, the expected utilities
achieved by ALG under metrics w and d are at least (1 — e_(d_1+l/d)) ~aand (1 - e_(d_”l/d)) - B, respectively.
Since the sum of the expected utilities achieved by ALG under metrics w and d is no more than 1 — e~2(d-1+1/d)

we have:
1 — e-2(d-141/d)

a+f< T e—@-mia =1+e

—(d-1+1/d) _ 1+ e—(A—1+1/A)
Thus, we have established the first part of our claim (referring to the condition on «a + f in Theorem 2). This
implies that for any algorithm to achieve the stated competitive ratio factor with performance parameters (a, ),
the condition a + f < 1+ e~ (A~1*1/4) must hold.

Now, we address the second part of the claim in Theorem 2, concerning the conditions on individual & and

B. Consider the objective Max-W defined in (1). For this objective, we focus on online agents in J; and their

%Observe that for the two online agents Jjr and j]’c, their unique admissible assignments S; i and S involve the same set of offline
agents, which is {i, : v € f}, but involve different online agents (js and j}, respectively). Thus, we still view the two assignments as distinct.

This implies that in each round, the probability that some online agent will arrive is R/T < 1. We can create a dummy online agent
with no valid assignments that arrives with probability 1 — R/T.
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Table 2. Parameter settings, where the default settings are marked as bold.

.. Setting
Parameters | Description AMT Data ‘ MovieLens 1M
|I| | Numbers of offline agent types 20
|J| | Numbers of offline agent types 20
¥ | Uniform budget for all offline agent types 25 \ 10
A | Uniform capacity for all online agent types {2,4}
Distance | Similarity functions to calculate {Jaccard,
Function | the relevance and diversity Euclidean}
a | Weight for relevance maximization {0,0.1,0.2,.. .,1}
B | Weight for diversity maximization {1,0.9,0.8.. . .,0}

admissible assignments, since the utilities for Max-W from assignments involving agents in J, are zero by
definition. For any online algorithm ALG, its expected utility for objective Max-W is no more than the probability
of at least one arrival from J; (since each such arrival can yield at most unit utility for Max-W and ALG can
make no more than one assignment). This probability is:

1- (1 - %)T x1—e =g (@ 1H/d)

where R; = R/2 is the sum of arrival rates for agents in J;. The optimal value for LP (3) (representing Max-W) is
atleastd —1+1/d = A—1+1/A, as per Lemma 3. This implies that any algorithm can achieve a competitiveness

no more than
1= e-(d-1+1/d) | _ o=(A-1+1/A)

d-1+1/d ~ A-1+1/A"
if using LP (3) as the benchmark. This establishes any feasible @ must satisfy a < 1. Similarly, by considering
objective Max-D and agents in J;, we can show that § < 1. This completes the proof of Theorem 2. ]

5 Experiments

We test our algorithm ATT on two real datasets, namely, an Amazon Mechanical Turk (AMT) dataset collected
from crowdsourcing markets (assigning static tasks to dynamic workers) and a MovieLens dataset collected from
online recommendations (recommending movies to dynamic users).

AMT Dataset Preprocessing. We first use a crawled dataset [32] from AMT, which includes a total of 152, 221
task groups. For each task group, we have task ID, title, reward, description, requester name, and keywords.
According to the predefined 44 keywords (e.g., classification, sentiment analysis and extract information), all
task groups can be divided into 26 task types. Similar to [32], we generate online workers synthetically. For each
worker, we randomly sample 3 to 7 keywords to capture his/her interest topics.

We construct our graph G = (I, ], E) as follows. Each i € I denotes a crowdsourcing task type that is represented
by a 44-dimensional binary vector capturing all keywords it covers. Each j € J describes an online worker type
with a 44-dimensional binary vector representing the worker’s interest topics. An edge e = (i, j) indicates that
task type i and worker type j share at least one similar keyword. We downsample from all task types such that
|I| = 20, and generate 20 worker types such that | J| = 20. For each i, we set a uniform budget ¥ = 25; for each j,
we set a uniform capacity A, which is selected from {2, 4}. We generate a uniform random value r; € [0, 1] for
each j such that 3’ ;.; r; = T. In our experiments, we set T = 150.
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MovieLens Dataset Preprocessing. We further conduct experiments on a movie rating dataset: MovieLens
1M dataset [20] which includes 1, 000, 209 ratings of about 3, 900 movies made by 6,040 MovieLens users. For
each movie we have a unique movie ID, a title including the year of release and genres selected from a set of
18 predefined genres (e.g., comedy, drama, and documentary). For each user, we have an unique user ID and
demographic information (e.g., gender, age, and occupation). Here, we randomly sample 3 to 7 genres for each
user to represent his/her favorite movie genres. Additionally, for each rating record we have the corresponding
user ID and movie ID, the rating score from 1 to 5 and the time when the rating is made.

To set up the proposed online-matching model, we assume that movies are tasks to be rated, and users are
online workers who join the system dynamically. Our goal is to assign to every user a set of relevant and diverse
movies. For each movie type i and user type j, we create a 18-dimensional binary vector such that it captures the
genres covered by i and j. We downsample from all movie types and user types such that |I| = 20 and |]| = 20.
For each i, we set a uniform budget ¥ = 10; for each j, we set a uniform capacity A € {2, 4}. To get the arrival
distribution of online users, we first summarize the rating history for each user and set the number of ratings
as their original arrival rate r}. We adjust the original rate r; by multiplying T/} ;c; r} such that 3 ;c;r; =T,
where we set T = 150.

Relevance and Diversity. Recall that S; denote the collection of all valid assignments for j and for each
S € S;, w(S) and d(S) represent the respective relevance and diversity of S with respect to j. We use pairwise
distance [43, 4] to quantify w and d: for a given set of S for worker j, we have w(S) = Y;c5 (1 — d(i, j)) and
d(S) = X, i es.m>n A(im, in), where d(-) refers to the distance between task and worker or two tasks. In the
experiment, we consider two distance functions, namely, jaccard [32] and euclidean [35].

Algorithms. In addition to ATT, we have implemented two heuristics, namely, ATT-Boosting (ATT-B) and
Greedy, which are stated as follows. Let {xg} and {y} be optimal solutions to LP (3) and LP (4), respectively.
Consider a worker (of type) j arrives at ¢ in the online phase, and let S;; C S; be the set of all safe assignments
with respect to j at time ¢. Recall that an assignment S € S; is called safe at ¢ iff every offline agent involved
in S has at least one budget at (the beginning of) ¢. (i) ATT-B(«, f): it can be viewed as a boosted version of
ATT (e, B), which will sample an assignment S’ € S; ; with probability (ax;, [Xses;, X5+ PYs [/ Xses;, ys) if Sj
is not empty. (ii) Greedy: it will with probability « select the assignment maximizing the relevance among all
assignments in S;; (under the metric of w), and with probability f select the assignment maximizing diversity
among all assignments in S;; (under the metric of d). Break ties in an arbitrary way if any.

We run the above three algorithms for 500 times and take the average as the final performance for each instance.
For each algorithm, we compute these two ratios: the ratio of relevance (Max-W) to the optimal value of LP (3)
and that of diversity (Max-D) to the optimal value of LP (4). We take these two ratios as the final competitive
ratios (CR) achieved by the algorithm on relevance and diversity, respectively.

Results and Discussions. Figure 2 and Figure 4 show the results of ATT on the two respective datasets and
the related lower bounds in Theorem 1. We observe that competitive ratios (CR) of ATT on both relevance and
diversity always stay above the theoretical lower bounds, as stated in Theorem 1.

Furthermore, in the AMT scenario, the competitive ratios achieved by ATT are higher than the MovieLens
ones. This is due to that we set a higher ¥ in the AMT scenario. Note that a choice of a higher value of @ implies
that ATT will prioritize relevance, which will help ATT achieve a higher CR on relevance. Similarly, a choice of a
higher value of f suggests that ATT will give more preference to diversity; thus, it will lead to a higher CR on
diversity. This trend is more prominent on the MovieLens dataset, as shown in Figure 4.

Figure 3 and Figure 5 show the relative effectiveness and flexibility of ATT compared against ATT-B and
Greedy over different choices of distance functions, « and 5. We see that ATT-B is the clear winner in almost all
cases. This is expected since ATT-B takes advantage of the guidance of LP solutions similar to ATT, and shares
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Fig. 2. AMT Dataset: competitive ratios (CR) of relevance and diversity with @ € {0,0.1,0.2,...,1}and f =1 - . |I| =
20, |J| = 20, ¥ = 25, T = 150. Distance function: Jaccard. A = 2 (Left), A = 4 (Right).
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Fig. 3. AMT Dataset: comparison of competitive ratios (CR) achieved by ATT, ATT-B and Greedy with ¢ € {0,0.1,0.2,...,1}
and f=1-a.|I| =20,|J| =20,¥ = 25,A = 2,T = 150. Distance function: Jaccard (Left), Euclidean (Right).
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Fig. 4. MovieLens Dataset: competitive ratios (CR) for relevance and diversity with « € {0,0.1,0.2,...,1} and f =1 — .
[I| = 20,]]J] = 20, ¥ = 10, T = 150. Distance function: Jaccard. A = 2 (Left), A = 4 (Right).
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Fig. 5. MovieLens Dataset: comparison of competitive ratios (CR) of ATT, ATT-B and Greedy with « € {0,0.1,0.2,...,1}
and f=1-a.|I| =20,]|J| =20,% = 10,A = 2, T = 150. Distance function: Jaccard (Left), Euclidean (Right).

some essence with Greedy. There are cases where Greedy does better than ATT-B, though Greedy tends to be
more unstable and vulnerable to the parameter setting. Specifically, on the AMT dataset with the Jaccard distance
function, Greedy is strictly dominated by ATT. Also, LP-based algorithms such as ATT and ATT-B can provide a
noticeable tradeoff between relevance and diversity under different choices of distance functions.

6 Conclusion and Future Directions

In this paper, we propose a generic online-matching-based model to study bi-objective optimization in online
matching markets. Our proposed model captures many real-world applications such as matching tasks to workers
in crowdsourcing markets, recommending movies to users in online recommendations, and building a team of
workers for arriving tasks in the context of online team formation. We first construct a bi-objective linear program
(LP) to serve as a valid upper bound; then design an LP-based parameterized online algorithm to effectively and
smoothly balance the two goals. Via two separate parameters, our approaches allow the policy designer to specify
overall targets they want to achieve for the two respective objectives. Our work opens a few directions for future
research. A natural one is whether it is possible to beat one for the sum of the two competitive ratios. Perhaps we
need more assumptions on the inherent relation between the two objectives.
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