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In this research note, we revisit the bandits with expert advice problem. Under a restricted feedback model, we prove a
lower bound of order /KT In(N/K) for the worst-case regret, where K is the number of actions, N > K the number of
experts, and T the time horizon. This matches a previously known upper bound of the same order and improves upon the best

available lower bound of /KT (In N)/(In K). For the standard feedback model, we prove a new instance-based upper bound
that depends on the agreement between the experts and provides a logarithmic improvement compared to prior results.
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1 Introduction

The problem of bandits with expert advice provides a simple and general framework for incorporating contextual
information into the non-stochastic multi-armed bandit problem. In this framework, the learner receives in every
round a recommendation, in the form of a probability distribution over the actions, from each expert in a given
set. This set of experts can be seen as a set of strategies each mapping an unobserved context to a (randomized)
action choice. The goal of the learner is to minimize their expected regret with respect to the best expert in
hindsight; that is, the difference between their expected cumulative loss and that of the best expert. This problem
was formulated by Auer et al. [9], who proposed the EXP4 algorithm as a solution strategy that has since become
an important baseline or building block for addressing many related problems; for example, sleeping bandits
[17], online multi-class classification [12], online non-parametric learning [10], and non-stationary bandits [19].
Auer et al. [9] proved a bound of order VKT In N on the expected regret incurred by the EXP4 strategy, where
T denotes the number of rounds, K the number of actions, and N the number of experts. This result is of a
worst-case nature, in that it holds for any sequence of losses assigned to the actions and any sequence of expert
recommendations.

The appealing feature of this bound is that it exhibits only a logarithmic dependence on the number of experts,
in addition to the VK dependence on the number of actions known to be unavoidable in the classical bandit
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problem, where the learner competes with the best fixed action. While the minimax regret! in the latter problem
has been shown to be of order VKT [6], a similar exact characterization remains missing for the expert advice
problem. Kale [16] studied a generalized version of the bandits with expert advice problem—originally proposed
by Seldin et al. [23]—where the learner is only allowed to query the advice of M < N experts. When M = N, the
results of Kale [16] imply an upper bound of order y/min{K, N}T(1 + In(N/min{K, N})) on the minimax regret,
improving upon the bound of Auer et al. [9]. Unlike the latter, the logarithmic factor in the bound of Kale [16]
diminishes as K increases with respect to N, leading to a bound of order VNT when N < K, which is tight in
general as the experts in that case can be made to emulate an N-armed bandit problem. This improved bound
was achieved via the PolyINF algorithm [6, 7] played on the expert set utilizing the importance-weighted loss
estimators of EXP4. Later, Seldin and Lugosi [24] proved a lower bound of order KT (InN)/(InK) for N > K.

As these upper and lower bounds still do not match, the correct minimax rate remains unclear. In this work,
we take a step towards resolving this issue by showing that the upper bound is not improvable in general under a
restricted feedback model in which the importance weighted loss estimators used by EXP4 or PolyINF remain
implementable. In this restricted model, without observing the experts’ recommendations, the learner picks an
expert (possibly at random) at the beginning of each round, and the environment subsequently samples the action
to be executed from the chosen expert’s distribution. Afterwards, the learner only observes the distributions
of the experts that had assigned positive probability to the chosen action. Via a reduction from the problem of
multi-armed bandits with feedback graphs, we use the recent results of Chen et al. [11] to obtain a lower bound
of order KT In(N/K) for N > K.

Departing from the worst-case results discussed thus far, a few works have obtained instance-dependent
bounds for this problem. The dependence on the instance can be in terms of the assigned sequence of losses
through small loss bounds [2], or in terms of the sequence of expert recommendations through bounds that
reflect the similarity between the recommended expert distributions; e.g., see [21, 13] or [18, Theorem 18.3].
Our focus here is on the latter case, where to the best of our knowledge the state of the art is a bound of order

w/ZtT:1 C: In N, shown in the recent work of Eldowa et al. [13] for the EXP4 algorithm. Here, C; is the (chi-squared)
capacity of the recommended distributions at round ¢. This quantity measures the dissimilarity between the
experts’ recommendations and satisfies 0 < C; < min{K, N} — 1. Improving upon this result, we illustrate that it
is possible to achieve a bound of order \/Zthl Ci(1+ In(N/max{Cr, 1})), where Cr= thl C:/T is the average
capacity. This bound combines the best of the bound of Eldowa et al. [13] (its dependence on the agreement
between the experts) and that of Kale [16] (its improved logarithmic factor), simultaneously outperforming both.

Road map. We formalize the problem setting in the next section. In Section 3, as a preliminary building block,
we present Algorithm 1, an instance of the follow-the-regularized-leader (FTRL) algorithm with the (negative)
g-Tsallis entropy as the regularizer. This algorithm is essentially equivalent to the PolyINF algorithm [8, 1],
which was used by Kale [16] to achieve the best known worst-case upper bound. We then show in Section 4
that combining this algorithm with a doubling trick allows us to achieve the improved instance-based bound
mentioned above. The lower bound for the restricted feedback setting is presented in Section 5. Finally, we
provide some concluding remarks in Section 6.

2  Preliminaries

Notation. For a positive integer n, [n] denotes the set {1,...,n}. For x,y € R, let x V y = max{x,y} and
x Ay = min{x, y}. Moreover, we define x; = x V 0.

IThe best achievable worst-case regret guarantee.
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Algorithm 1 ¢-FTRL for bandits with expert advice

input: g € (0,1), 7 >0
initialization: p; (i) < 1/N forallie V
fort=1,...,T do

receive expert advice (0!);cv

draw expert I; ~ p; and action A; ~ Gf‘

construct 7; € RN where 3, (i) = %t} (Ay) forallieV
let prar — argmin,n (X5, G P) + Vg (p)

end for

Problem setting. Let V. = [N] be a set of N experts and A = [K] be a set of K actions. We consider a
sequential decision-making problem where a learner interacts with an unknown environment for T rounds. The
environment is characterized by a fixed and unknown sequence of loss vectors (£);¢[T], where ¢ € [0, 11X is the
assignment of losses for the actions at round ¢, and a fixed and unknown sequence of expert advice (9§)l~€v,t€[7],
where 0! € Ak is the distribution over actions recommended by expert i at round ¢.> At the beginning of each
round t € [T], the expert recommendations (6!);cy are revealed to the learner, who then selects (possibly at
random) an action A; € A and subsequently suffers and observes the loss #;(A;). For an expert i € V, we define
Y (i) = Ysen 0:(a)t(a) as its loss in round t. The goal is to minimize the expected regret with respect to the

best expert in hindsight:
T T
Ry = E[Z &(At)] ~min > ().
t=1 t=1

where the expectation is taken with respect to the randomization of the learner.

3 ¢-FTRL for Bandits with Expert Advice

The EXP4 algorithm can be seen as an instance of the FTRL framework (see, e.g., [22, Chapter 7]) where a
distribution p, over the experts is maintained at each round ¢ and updated as follows

t

Pre1 < argming <Z gs,p> + Zp(i) Inp(i),
pPEAN s=1 ieV

where 1 > 0 is the learning rate, the second term is the negative Shannon entropy of p, and ¥ (i) is an importance-

weighted estimate of ys(i). The action A, is drawn from the mixture distribution ;v p:(i)0:(-). Consider a

more general algorithm (outlined in Algorithm 1) where the negative Shannon entropy is replaced with the

negative g-Tsallis entropy, which for q € (0, 1) is given by

Ya(x) = 1# (1 - Zx(i)q) Vx € Ay.
—4 iev

In the limit when ¢ — 1, the negative Shannon entropy is recovered. The following theorem provides a regret

bound for the algorithm. This result is not novel, a similar bound is implied by Theorem 2 in [16] for a closely

related algorithm in a more general setting. We provide a concise proof of the result for completeness. As

mentioned before, when N < K, this bound is trivially tight in general. While, when N > K, we prove an

order-wise matching minimax lower bound in Section 5 under additional restrictions on the received feedback.

%For a positive integer d, we let Az denote the probability simplex in R4 defined as {u € R? : Z?=1 u(j)=1landu(j) >20Vj € [d]}.
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THEOREM 3.1. Algorithm 1 run with

1 In(N/(K A N)) \/ 2N
q=Z(1+ €[1/2,1) and n= ,
JIn(N/ (K AN+ 442 (- (K A N)

satisfies

Rr < 2\/e(K AN)T(2+In(N/(K AN))) .

ProoF. Let i* € argmin,.y, Zthl y;(i), and note that Ry = EZthl (yt(It) - yt(i*)) as B4 (Ay) = By, ().
For round t € [T], let 7; = o(1, A1, ..., I}, A;) denote the o-algebra generated by the random events up to
the end of round ¢, and let E;[-] = E[- | %;-1] with %, being the trivial o-algebra. For action a € A, let
$r(a) = Ycv pe(i)0i(a) and note that conditioned on F;_1, A; is distributed according to ¢;. As p; is Fr—1-
measurable, it is then easy to verify that E,y; = y;. Hence, Lemma 2 in [14] implies that

pe N0 ZT:E D PTG @
(- q)r7 295 |
For fixed t € [T] and i € V, we have that
~  n2] _ Qi(At)z 2] gi(At)z] l(a) _ 9;(‘1)2
E: [9:()*] = B [QSt(At)Z[t(At) <E: sA |~ A}| = ;{ $:() (2)

where the inequality holds because £ (A;) € [0, 1] and the final equality holds because E; I{a = A;} =P(a = A; |
Fi-1) = ¢:(a). Hence, it holds that

ey pe(D)27901 (a)?
E; ZPt(i)z_q gt(i)zl = Z Zlevp;lza) (a)
iev acA ¢
Yiev pe(1)°796;(a)* "1 ;
LT e
(Siev pe (D01 (@)
D ¥ P R G
= Z P¢(a )(max;‘(/ai (a)) (Z rlrézi‘;(@f(a))q < (KAN)Y,
acA aceA

where the second inequality follows from the superadditivity of x2~4 for x > 0 and q € (0, 1), the third inequality
follows from the concavity of x7 for g € (0, 1) because of Jensen’s inequality, and the last inequality holds since
max;ey 0(a) < min{1, ¥};cy 0i(a)}. Substituting back into (1) yields that

1-q

re (1-q)n

+ L(KAN)T.
2q
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For brevity, let £ := (K A N). In a similar manner to the proof of Theorem 1 in [14], substituting the specified
values of 1 and q allows us to conclude the proof:

Ry < W—_ng’]"
"“\qi-9
- \/zr exp(l + L) - LI vse 4) (z +fIn(N/E + 4)
< \/zT exp(l + 1IN - i (N/g))(z s ln(v/e? + 4)
= \/zegT(z ++/In(N/&)% + 4) < 2\/6§T\/ln (N/E)?+4

< 2eT (2 + In(N/D) -

4 An Improved Instance-Based Regret Bound

We now obtain a more refined regret bound whose form is analogous to the bound of Theorem 3.1 except that
it depends on the similarity between the experts’ recommendations at each round, replacing K A N with an
effective number of experts. Before discussing the algorithm, we introduce some relevant quantities from [13].
For any round ¢ € [T] and 7 € Ay, define

0i0) = Y ) 61| Zyevrip]) = Y VTS

& Sh S ev ()0 (a)

where y2(p || q) = Yaca q(a) (p(a)/q(a) = 1)* = Y ecq p(@)2/q(a) — 1 is the chi-squared divergence between
distributions p, q¢ € Ag. Additionally, let

T

C; = sup Q(r) and Cr= 1 ZC}
TEAN T =1

be the chi-squared capacity of the recommended distributions at round t and its average over the T rounds. As

remarked before, C; is never larger than (K A N) — 1 and can be arbitrarily smaller depending on the agreement

between the experts at round ¢. In particular, it vanishes when all recommendations are identical.

The idea of Algorithm 2 is to tune Algorithm 1 as done in Theorem 3.1 but with Cr replacing K A N. However,
to avoid requiring prior knowledge of Cr, we rely on a doubling trick to adapt to its value. In a given round t,
we maintain a running instance of Algorithm 1 tuned with an estimate for Cr. Let m; be the round when the
present execution of Algorithm 1 had started. If the current estimate is found to be smaller than % E:m, Qs(ps),
the algorithm is restarted and the estimate is (at least) doubled. This quantity we test against is a simple lower
bound for C7/2 that can be constructed without computing the capacity at any round. As the value of C can be
arbitrarily close to zero, the initial guess (which ideally should be a lower bound for Cr) is left as a user-specified
parameter (denoted by J) for the algorithm, and appears in the first (and more general) bound of Theorem 4.1.
The second statement of the theorem shows that choosing In(e?N)/T as the initial guess suffices to obtain a

bound of order \/ Zthl Ci(1+In(N/ max{Cr, 1})), up to an additive In N term. This simultaneously outperforms
the \/>I_, C; In N bound of Eldowa et al. [13] and the \/(K AN)T(1+In(N/(K A N))) bound of Kale [16].
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Algorithm 2 ¢-FTRL with the doubling trick for bandits with expert advice

1: input: J € (0, N]
2: initialization: r; « [log2 f| —1,m; « 1,p1(i) « 1/NforallieV
3: define: For each integer r € (—o0,log, N],

1(1+ In(N/2") )
2 VIn(N/2r)2 +4 +2

ny = min g (N4 — 1) ar (l_eg_r;;)
' eT(1-q,) (2N 1-¢,

qr =

4: fort=1,...,T do

5 receive expert advice (6!);cv
6: draw expert I; ~ p; and action A; ~ 9{’

: 7, eRN Ty B4 ,
7: construct 7, € RY where y; (i) = Sorp 0] (A,)[t(At) forallie V
8: if % Zg:m, Qs(ps) > 2"t*1 then
9: pr41(i) &« 1/NforallieV

10: ree1 < 108, (3 Tbm, Qs(ps)) | = 1 mpyt — t+1
11: else

12: Pry1 < arg minpeAN ’7rt<2£:m, gS»P) + ‘/’qu (p)
13: Tig1 € Tp, Mpgy €< My

14: end if

15: end for

The proof (deferred to Appendix B) combines elements from the proof of Theorem 1 of Eldowa et al. [13]
and the proof of Theorem 3 of Eldowa et al. [14], who adopt a similar algorithm to address online learning with
time-varying feedback graphs. Compared to the latter work, we require a more refined analysis to account for
the case when Cr < 1. This refinement is achieved in part via the use of Lemma A.1, which also allows adapting
the analysis of Eldowa et al. [13] to account for the fact that we use the g-Tsallis entropy as a regularizer in place
of the Shannon entropy.

Theorem 4.1.

ln(ezN) +1.

eN ., () e [ (U v CrT) Aln(ern))
08, 5 083 7T
+

Rr < 38e\/(ET vV J)TIn (_—
CrvJvi

+

In particular, setting ] = In(e?N) /T yields that

— e’N ETT 2
Rr <38 T1 1 — 46el N)+1.
T < e,’CT n(C’TV1)+ ng(ln(ezN))++ eln(e’N) +

5 A Lower Bound for Restricted Advice via Feedback Graphs

In this section, we provide a novel lower bound on the minimax regret for a slightly harder formulation of the
multi-armed bandit problem with expert advice. We consider a setting where the learner picks an expert I; (possibly
at random) at the beginning of each round ¢t € [T] without observing any of the experts’ recommendations
beforehand. The action A; to be executed is subsequently drawn by the environment from the chosen expert’s
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distribution, i.e., A; ~ Gf‘. Afterwards, the learner observes A;, the incurred loss £;(A;), and the advice Gi only
of experts i € V that have the drawn action A, in their support, i.e., 01(A;) > 0. For experts outside this set,
the learner can only infer that, by definition, 0!(A;) = 0. We will refer to this variation of the problem as the
multi-armed bandit with restricted expert advice (note that this differs from the limited expert advice model
studied by Kale [16]). Observe that Algorithm 1 is still implementable in this scenario and guarantees a regret
upper bound of order A/¢éT (1 + In(N/&)) for £ := K A N, as previously analyzed. Here we show that the regret
of Algorithm 1 is the best regret we can hope for, up to constant factors, for any number K of actions and any
number N of experts. While a Q(VNT) regret lower bound in the case N < K is immediate (as mentioned
before), the following theorem provides an Q(y/KT In(N/K)) lower bound when N > K, improving upon the
Q(vVKT(InN)/(InK)) lower bound of Seldin and Lugosi [24].

In what follows, we fix N > K > 2. We derive the lower bound relying on a reduction from the multi-armed
bandit problem with feedback graphs [20, 3, 4, 5]. In this variant of the bandit problem, we assume there exists
a graph G = (V,E) over a finite set V = [N] of actions from which the learner selects one action J; € V at
each round ¢ € [T]. Then, the learner observes the losses of the neighbours of J; in G. For the construction of
the lower bound, it suffices to assume that G is undirected and contains all self-loops, i.e., (i,i) € E for each
i € V. Consequently, the learner always observes the loss of the selected action and the graph G is strongly
observable—see [4] for a classification of feedback graphs. We particularly focus on a specific family of graphs
(also considered in the recent work of Chen et al. [11]) where the N vertices are partitioned into disjoint cliques
with self-loops. Precisely, we let M = |K/2] > 1 be the number of disjoint cliques in G. For any k € [M],
let Cy. be the set of vertices of the k-th clique in G. Since each Cy is a clique with all self-loops, we have that
(i,j) € Eif and only if i, j € Cy for some k € [M], and thus E = Ukem)(Cr X Ci). Additionally, for our
purposes, we only consider the partition into cliques Cy = {i € [N]:i=k mod M } of roughly the same size
|Ck| = IN/M] > |2N/K] = N/K.

Hence, we will focus on the class of instances, denoted by Zpg, of the multi-armed bandit problem with
feedback graphs where the graph assumes the particular structure described above. In particular, any instance
I € Epg is defined as a tuple I = (T, G, £) containing the number T of rounds, the feedback graph G = (V, E)
over V = [N] composed of the disjoint cliques Cy, ..., Cy as defined above, and the sequence L = (£;);¢[r] of
binary loss functions £ : V — {0, 1} over V. On the other hand, we let Zggs be the class of instances for the
multi-armed bandit problem with restricted expert advice, with N experts and K actions. An instance ' € Egga
isatuple 7 = (T, V,A,©, L) containing the number T of rounds, the set V = [N] of experts, the set A = [K] of
actions, the sequence © = (Qg)iEV,te[T] of expert advice where Hﬁ € Ak, and the sequence £ = (£;),¢[7] of loss
functions £ : A — {0, 1} over A. The sought result is established by showing that the worst-case regret of any
algorithm against a particular subset of instances in Egga is order-wise at least as large as the minimax regret on
=rG, combined with a lower bound on the latter quantity by Chen et al. [11].

THEOREM 5.1. Let B be any possibly randomized algorithm for the multi-armed bandit problem with restricted
expert advice for any number K > 2 of actions A = [K] and any number N > K of experts V = [N]. Then, for a
sufficiently large T, there exist a sequence ty, . . ., tr: A — {0, 1} of binary loss functions and a sequence (0});cv re[T]

of expert advice such that the expected regret of B is Q(vKT In(N/K)).

Proor. We first describe a reduction from the multi-armed bandit problem with feedback graphs to the multi-
armed bandit problem with restricted expert advice. We accomplish this by providing a mapping p: Zrg — Egga
from the considered instance class ZEpg of the former problem to the instance class Zgga of the latter.

Consider any instance 7 = (T, G, L) € Epg and recall that G = (V, E) is a union of M = | K/2] disjoint cliques
Cy,...,Cp over V = [N]. The mapped instance p(I) = (T,V, A, O, L) € Egga is defined over the same number
of rounds T and an experts set corresponding to the actions V in the original instance 7, whose sequence of
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recommendations is provided by © = (Gi)iev,tem. We first observe that the cardinality of the new action set
A = [K] does relate to the number of cliques M. In particular, considering the partition of experts given by the
cliques in G, we also partition the actions (in the expert advice instance p(J')) by associating 2 actions to each
clique. Precisely, for any k € [M], we associate actions Ay = {2k — 1, 2k} to C¢. If K is even, this partitions the
entire set of actions A, while it leaves out action K otherwise. We can ignore the latter case and assume K is
even without loss of generality, since we can otherwise leave action K outside of the support of any expert advice
0! € Ak in the following construction (thus becoming a spurious action).

Second, we focus on the construction of the loss sequence £’ = (f],...,4;). For any t € [T], we define
2 € {0,1}" as

g@k-1)=0 and £(2k)=1 Vke[M]

Finally, we define the sequence of expert advice (ei)iev,tem depending on the sequence of losses £ of the
starting instance 7. For any ¢ € [T], any k € [M], and any i € C, we define 0! € Ak as

0 = Ook—1 i £(i) =0
P Sy ife(i)=1"

where §; € Ak is the Dirac delta at j € A. This ensures that the loss of expert i at round ¢, given by y, (i) =
Yaea 02(a)t]/(a) coincides with # (i), the loss of action i in the original feedback graphs instance at the same
round. Moreover, the knowledge of # (i) suffices to infer 6!.

At this point, given our instance mapping p and our algorithm $, we design an algorithm 8, for the class
Zrc. Consider any instance I € Epg. Over the interaction period, the algorithm 8, without requiring prior
knowledge of 7, maintains a running realization of 8 on instance p(Z). At any round t € [T], let I; be the expert
selected by algorithm 8B in p(J), and let k; € [M] be the index of the clique I; belongs to, i.e., I; € Cx,. Algorithm
B,, interacting with the instance 7, executes action J; = I; provided by B and observes the losses (£ (i))iec,, -
Then, thanks to the design of the mapping p, 8, can construct and provide 8 the feedback it requires and which
complies with instance p(7). Namely, it determines that A, = 2k; — 1 if £,(J;) = 0 or else that A; = 2k;, then
passes A;, its loss ¢, (A;) (trivially determined), and the restricted advice (Hi)ieckt to B. The last of which is a
super-set of the recommended distributions having positive support on A; since A; is never picked by experts
outside C, by construction.

Now, let

T
—min ) > 0i(a)¢(a) =

t=1 ae A

RB(I") =E

T
DA
t=1

be the expected regret of algorithm B on some instance I’ = (T, V, A, (6})icv.re[1], (¢])te[1]) € Erea. Similarly,

let
T T
Z ft(]t)l - minz £ (i)
=1 eV =

be the expected regret of algorithm $, on some instance 7 = (T, G, (ft)te[r]) € Zrg. Since J; = I;, we have that

T T
;yt(n)l ~min ) > 6()f/(a)

t=1 ae A

R%(I)=E

y;(I;) = £ (J;) via the properties of p laid out before. Hence, we can conclude that R® (p(I)) = R%»(I) for any
instance 7 € Egg. Define p(Epg) = { p(I): 1€ EFG} C Zgrga as the subclass of instances in ZEgga obtained from
=G via p. Then, it holds that

sup RB(I)> sup RB(I)= sup RB(p(X)) = sup RP(T).

ASS AN Tep(Erg) T€Erg T €5kg
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On the other hand, Lemma E.1 in [11] implies that

sup pr(f)zQ( T Y In(1+|C)| = Q(VKTIn(N/K))

IEEFG kE[M]

for sufficiently large T since Yxc(p In(1+ |Ck|) > MIn(N/M) > KIn(2N/K)/4, thus concluding the proof. O

6 Conclusion

As the lower bound of Theorem 5.1 was proved for a harder formulation of the problem, it remains to be shown
whether the same impossibility result holds for the more standard setup. We conjecture it should be possible to
prove such a lower bound. If it indeed holds, this would imply that the minimax regret in the two variants is of
the same order; that is, as far as we are only concerned with the worst-case regret, the standard feedback setup
would be shown to be essentially as hard as the restricted one. In fact, in a concurrent work, Ito [15] proved a
lower bound of the same order for a less restricted setting by directly adapting the techniques of Chen et al. [11].
In [15], the recommendations of all the experts are revealed to the learner at the end of each round; nonetheless,
the learner must still choose an expert to follow before receiving the recommendations.
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A Auxiliary Results

Lemma A.1. Letq € (0,1),b > 0,c > 1, and (y;)L_, be a sequence of loss vectors in RN satisfying y, (i) > —b for
allt € [T] andi € [N]. Let (pt)T+1 be the predictions of FTRL with decision set An and the q-Tsallis regularizer 4
over this sequence of losses; that is, p; = argmin, . Yq(p), and fort € [T],

t
pest = argming ) (v p) + Y (p).

pEAN s=1
q-1
assuming the learning rate 1y satisfies 0 < n < b q)b (1 Z—q). Then for anyu € Ay,

T N9 _1 ne T N . o
Qe =) S T * 50 2 2P (.

t=1 i=1

Proor. Let p; , = argmin RN, (p.ye) + Dy, (p. pt), where Dy, (-, -) denotes the Bregman divergence based on
. Via Lemma 7.14 in [22] we have that

T _ T N
Do —wys) < M + % PIPIACIREAO
t=1

NIFI_1 g T N o .
STTAETPIP I

i=1
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where z; lies on the line segment between p; and p;_ ;. A simple derivation shows that
1
T-q
1
g, (Yp,(i)1-9
1+ =y (D)pe (i)

P;+1 (i) = p: (i)

for each i € [N]. On the other hand, it holds that
l1-¢q

1- 1- -1
—Ly, (Dpe ()79 > —p—Lpp, ()11 > —p—Lp > ¢Fa 1,
q q

where the first inequality uses that y,(i) > —b (and that p,(i),n > 0), the second uses that p;(i) < 1, and the
-1

third uses that n < ﬁ (1 - cgfq). This entails that p; (i) < cﬁpt(i), which implies that z, (i) < cﬁpt(i)

concluding the proof. m]

B Proof of Theorem 4.1
Theorem 4.1.

In(e?N) +1.

N (@) 1ge . [4(UTVCIT) AlneN))
—) +log,
Crvjvi .

Rr < 38e\/(ér vV J)TIn (_ = log, T
.

In particular, setting ] = In(e?N) /T yields that

= e2N ETT 2
Rr <38 T1 1 — 46el N)+1.
T < e,’CT n(C’TV1)+ ng(ln(ezN))++ eln(e’N) +

PRrOOF. For brevity, we define U == Cr V J. Let s = [log2 ]] —landn = {log2 U] — 1, the latter of which is the
largest value that r; can take, since for any round t,

1 - 1 S 1 S n+1
?ZQs(ps)ST;Qs(pS)S?SZ:;CsSZ .

s=my;

For any r € {s,...,n}, let T, be the index of the first round ¢t € [T + 1] such thatr, > r,orletT, =T + 1
if no such round exists. Additionally, define T,,;; = T + 2. Note that ¢, € [1/2,1) for any r € {s,...,n}. Let
i* € argmin,_y, 3.7, y,(i). We start by decomposing the regret over the intervals corresponding to fixed values

of r; € {s,...,n} and bounding the instantaneous regret at the last step of each but the last interval by 1:
T
Rr = E[Z(yt(lt) - w(z‘*))]
=1
n Try—2
<E[D. D () -5 ()| +n-s
r=s t=T,
n Try1-2
<E[D D (L) =5 (i) | +log,(U/]) +1. 3)

r=s t=1,

We may assume, without loss of generality, that T,.; > T, + 2 for any r; otherwise, the corresponding sum in the
first term of the decomposition is empty.
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Let e;+ € RN be the indicator vector for i* and define j, € RN where §;(i) = y;(i) — £ (A;) for every i € V.

Similar to the proof of Theorem 3 in [14], we note that for each r € {s,...,n},
Tr41-2 T ) ;
E 1) — ok =E I =r — . (ps) < ot 1) — ”
t:zT; (ye(Ir) = y: (1)) ; {r: nT S:zm:tQ (ps) }(yt( ) =y (i ))l
@ |+ 1<
< r, —
= E ;H{rt =r, Tszzm:[ Qs(ps) <2 t}<pt _ ei*s!/t)l
(b) d 1<
- Zﬂ{i} -n T Qs(ps) < zrt}@t - eimﬂt)l
=1 s=my
Trn1=2
=E| 2, w@4
=T,

where (a) follows since E; [y,(l,)] = Yiev Pe(Dy: (i), B, ['g]t] = y;, and the indicator at round ¢ is measurable with
respect to ;-1 (where F;_; and E; are defined in the same way as in the proof of Theorem 3.1); and () follows
since p;, e+ € An and 7y (i) — §,(i) = €(A;) is identical for all i € V. Similarly to the last argument, the fact
that (gs —Ysp — q) = 0 holds for any p, g € Ay at any round s implies that p;.; can be equivalently defined as
argmin,ca, 1r, (Xiom, Usp) + Yq,, (p). Hence, using that (i) > —1, we can invoke Lemma A.1 (with b = 1 and
¢ = e) to obtain that

Tr+1 -2 Tr+l -2

NI=4 —1 en,
pr—em gy < ———+— (D> g, (i)%.
t:ZT:r Pr Ye (1 - Qr)nr 2qy, ;Tr ;}Pt vt

For any round ¢ € [T] and action a € A, recall the definition ¢;(a) = Y;ey p:(i)0:(a). Similar to (2) in the proof
of Theorem 3.1, we have that

M&ﬁwmw@mmz

E: [9:(i)*] = E;

b1 (Ar)?
g, | A0 — 4 (a0)°
$r(Ar)?
9; — Q¢ 2 6; a ? i
ZZL%ﬁ?i:Z@@uB-Q=ﬂwmy
acA t acA !
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Hence, for any round ¢ and any r € {s, ...

3 P 5 l

ieV

E;

ieV

(D) X2 (0! || p¢
=Qt(pt)zp())(( Il ¢¢)

ieV

(XG0 )"
RS t||¢>pt(i))

ieV

< Q:(pr) (
= Qi(p)?
= Qr(p)?”
= Qi(p)?

< Qe(p)?r

= Qulp))™ (1 - > i)

,n}, it holds that

N AORSLCATS

opy PO

Q:(pr)

1-qr
AL q»))

ieV
S Y AL §,
ieV

i€V aceA ¢t(a)
Yiev pe(i)?0i(a)? B
S Yiev pe(D0(a) ZV

1-gr
(i)z)
1-gr
Pt(i)z)

1-gr
(Z > pe(oi@) - ) pto')Z)

acAieV ieV
1-qr
) < Ql‘(pt)qr 5

eV

where the second inequality follows from the definition of Q,(p;) and the fact that x!~% is concave in x > 0, and
the third inequality uses the superadditivity of x? for non-negative real numbers and the non-negativity of the

quantity in brackets. Let Tp.q1 = Tr41 — T,

— 1, it then holds that

Tr1-2 T t
g~ . 1 r N2—q
2, 2T =E Zﬂ{rﬁr,f 2 Op) szf}Zpt(oz qryt(oz}
t=T, i€V t=1 s=m; eV
'Trﬂ_z
<E| D Qulp)™
L t=T,
[ r+1 2
< E rr
| +1( Tou tZT: Qt(Pt))
[ T r+l1 o r
<E Tr:r+1 2 <z2T (2 )qr 5
L Tr'r+1

where the second inequality uses the concavity of x? in x > 0 and the third uses that (1/T) ., =20, (py) < 2741

since the algorithm is not reset in the interval [T, Ty —

Tr+1 -2
E

=T,

Z (yt(lt) - yt(i*))l

2]. Overall, we have shown that

1-qr _
e’?r (2)" T

a (1 _qr)’7r qr
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q-(N-97-1) @ (i _ == Lo .
If AO—g T S Tog (L - €77 , then substituting the values of 7, and g, gives that

N1-4 _1 Ni-a- —1)(2n)? T
£ oy = g e( ) (27)
(1- Qr)nr qr qr(1 - Qr)

_, [N1-ar —1 |eN'-ar (2r)% T
N1-dar q-(1-qr)
[N1-ar —1 -
< 2eV2 W\/zr (2+In(N2") T
InN
< r =r
< 2e\/§(,/ln(N2_r) A 1) V2r (2+In(N2") T

= 2e\/§\/2r In(e2N (2" A 1))T,

6:13

where the first inequality holds via the same arguments laid in the last passage of the proof of Theorem 3.1, and

the second inequality holds since

% =1-exp (- In(N'"7))
<(1-g)InN
iy
2 VIn(N/2r)2 + 4 +2
InN - . InN
= SN (z +In(N/2") = VIn(N/27)2 + 4) < N

—qr — qr-1
where the first inequality follows from the fact that 1 — e™ < x. Otherwise, if 4/ % > (1 —e2ar )

1-q,
then 5, takes the latter value and we obtain that

Ni-ar —1 N'=9 —1 N'=7 —1 1-
—+% (2’)‘]rT < +,7r q;-rﬂ
(1=g)nr g (1=gr)nr (1-gr) CIr(l _ eZ—qr)
Ni-a —1
=2
qr(l —erar )
18(N'-4r — 1)
5q-(1-qr)
18 (2")79" (N9 — 1) (2")%"
5qr(l - qr)
18
< ?e (27 In(eEN(27" A 1))
18e
<

~(1v V2r) In(e?N(277 A 1)),
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where the last inequality holds since g, > 1/2, and the second inequality holds since

Lt 1me 1(1-g\"_ 3-g, (1-g) = 2(1- ) (N2 A 1)
C2-qr 2\2-g¢q 2(2-q,)* 7T ' ’

where the first step uses that e™ < 1 — x + x%/2 for x > 0, and the last step uses again that g, > 1/2. Hence, the
results above yield that

Trp1 -2
E Z (y:(I) = y: (i) | < max{Ze\/_\/ZrTln (e2N(27" A 1)) (1vx/§) In(e!N(27" A 1))} (4)
t=T,

Let M = In(e*N) /T and m := log, M, and note that m < 0 (and M < 1) by the assumption that T > In(e’N). In

the case when n < 0, we have that
n Dol 18¢

E Z Z (yt(It)—yt(i*))l “Z((nALm]) —s+1), In(¢’N) +2eV2 Z {2’ TIn(e2N)

r=nA[m]

r=s t=T,
1
< % log, (4(U AM)/]), In(e’N) + 8e,/2UT In(e?N),

S ey = (v S ey = e VTS Vg,

I/\

where the second inequality uses that

V2-1 V2 -1

r=a

with a := n A [m]. Otherwise, if n > 0, then

Tr41-2 n T2
Z Z y,(I,) y, (i" )) < —log2 (4M/])+ln( 2N) +8€,12T1n( ZN) +E Z Z (yt(It) - yz(i*))l
r=s =T, r=s; t=

I/\

log2(4M/])+lneN +8e4/2T In(e?N) +—Z‘/2’ln (e2N2-r

< —log2 (4M/]), In(e’N +8e\/2Tln e’N) +26e\/UT1n (e2N/U)

< ? © log, (4M/)), In(e?N) +38¢4/UT In(e2N/U),

where the first inequality follows from the analysis of the first case with n = 0, the second inequality uses that
r > 0 and the assumption that T > In(e?N), the third inequality uses Lemma 4 in [14], and the fourth uses that
xIn(e?N/x) is increasing in [0,eN] and that U > 2 in this case. The theorem then follows by combining the
bounds provided for the two cases with (3). O
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