On CNF Conversion for SAT and SMT Enumeration

GABRIELE MASINA”, University of Trento, DISI, Italy
GIUSEPPE SPALLITTA, Rice University, USA
ROBERTO SEBASTIANI, University of Trento, DISI, Italy

Modern SAT and SMT solvers are designed to handle problems expressed in Conjunctive Normal Form (CNF) so that non-CNF
problems must be CNF-ized upfront, typically by using variants of either Tseitin or Plaisted and Greenbaum transformations.
When passing from plain solving to enumeration, however, the capability of producing partial satisfying assignments that
are as small as possible becomes crucial, which raises the question of whether such CNF encodings are also effective for
enumeration.

In this paper, we investigate both theoretically and empirically the effectiveness of CNF conversions for SAT and SMT
enumeration. On the negative side, we show that: (i) Tseitin transformation prevents the solver from producing short partial
assignments, thus seriously affecting the effectiveness of enumeration; (ii) Plaisted and Greenbaum transformation overcomes
this problem only in part. On the positive side, we prove theoretically and we show empirically that combining Plaisted and
Greenbaum transformation with NNF preprocessing upfront —which is typically not used in solving— can fully overcome the
problem and can drastically reduce both the number of partial assignments and the execution time.
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1 Introduction

State-of-the-art SAT and SMT solvers deal very efficiently with formulas expressed in Conjunctive Normal Form
(CNF). In real-world scenarios, however, it is common for problems to be expressed as non-CNF formulas. Hence,
these problems are converted into CNF before being processed by the solver. This conversion is generally done
by using variants of the Tseitin [78] or the Plaisted and Greenbaum [64] transformations, which generate a
linear-size equisatisfiable CNF formula by labeling sub-formulas with fresh Boolean atoms. These transformations
can also be employed for SAT and SMT enumeration (AlISAT and AlISMT, respectively), by projecting the truth
assignments onto the original atoms only.

When passing from plain solving to enumeration, however, the capability of enumerating partial satisfying
assignments that are as small as possible is crucial, because each prevents from enumerating a number of total
assignments that is exponential w.r.t. the number of unassigned atoms. This raises the question of whether CNF
encodings conceived for solving are also effective for enumeration. To the best of our knowledge, however, no
research has yet been published to analyze how the different CNF encodings may affect the effectiveness of the
solvers for AIISAT and AIISMT.
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Contributions. In this paper, we investigate, both theoretically and empirically, the effectiveness of different
CNF transformations for SAT and SMT enumeration, both in the disjoint and non-disjoint cases. The contribution
of this paper is twofold.

First, on the negative side, we show that the commonly-employed CNF transformations for solving are not
suitable for enumeration. In particular, we notice that the Tseitin transformation introduces top-level label
definitions for sub-formulas with double implications, which need to be satisfied as well, and thus prevent the
solver from producing short partial assignments. We also notice that the Plaisted and Greenbaum transformation
solves this problem only in part —by labeling sub-formulas only with one-way implications if they occur with
single polarity— but it has similar issues to the Tseitin transformation when sub-formulas occur with both
polarities.

Second, on the positive side, we prove theoretically and we show empirically that converting the formula into
Negation Normal Form (NNF) before applying the Plaisted and Greenbaum transformation can fix the problem
and drastically improve the effectiveness of the enumeration process by up to orders of magnitude.

This analysis is confirmed by an experimental evaluation of non-CNF problems originating from both synthetic
and real-world-inspired applications. The results confirm the theoretical analysis, showing that the proposed
combination of NNF with the Plaisted and Greenbaum CNF allows for a drastic reduction in both the number of
partial assignments and the execution time.

Previous works. A preliminary version of this paper was presented at SAT 2023 [52]. In this paper, we present
the following novel contributions:

o we formalize the main claim of the paper and formally prove it (Theorem 1 in §4);

e we extend the analysis to non-disjoint AIISAT and disjoint and non-disjoint AIISMT;

o we extend the empirical evaluation to a much broader set of benchmarks, including also non-disjoint ALISAT
and disjoint and non-disjoint AIISMT, which confirm the theoretical results. We extend the evaluation by
using also the novel AlISAT and AIISMT enumerators TABULARALLSAT and TABULARALLSMT, obtaining
similar results as with MATHSAT. Moreover, we extend the timeout of each job-pair from 1200s to 3600s,
providing thus a more informative comparison;

e we present a much more detailed related work section.

Organization. The paper is organized as follows. In §2 we introduce the theoretical background necessary
to understand the rest of the paper. In §3 we analyze the problem of the classical CNF transformations when
used for AIISAT and AlISMT. In §4 we propose one possible solution, whose effectiveness is evaluated on both
synthetic and real-world-inspired benchmarks in §5. The related work is presented in §6. We conclude the paper
in §7, drawing some final remarks and indicating possible future work.

2 Background

This section introduces the notation and the theoretical background necessary to understand the content of
this paper. We assume the reader is familiar with the basic syntax, semantics, and results of propositional and
first-order logics. We briefly summarize the main concepts and results of SAT and SMT, and the fundamental
ideas behind SAT and SMT enumeration and projected enumeration implemented by modern AIISAT and AIISMT
solvers.

2.1 SAT and SAT Modulo Theories

Notation. In the paper, we adopt the following conventions. We refer to Boolean atoms with capital letters,

such as A and B, and to first-order atoms (including Boolean atoms), with Greek letters, e.g., @. The symbols

AZ {Ay,...,An}and B o {By, ..., By} denote disjoint sets of Boolean atoms, and & “ {a1,...,ar} denotes a
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set of first-order (including Boolean) atoms. Propositional and first-order formulas are referred to with Greek

letters ¢, . We write ¢ () to denote that « is the set of atoms occurring in ¢. We denote Boolean constants
def

by B = {T, L}. Total truth assignments are denoted by n, whereas partial truth assignments are denoted by £,
possibly annotated with superscripts.

Propositional Satisfiability. A propositional (also Boolean) formula ¢ can be defined recursively as follows. The
Boolean constants T and L are formulas; a Boolean atom A and its negation —A are formulas, also referred to as
literals; a connection of two formulas by one of the Boolean connectives A, V, —, < is a formula. A disjunction
(V) of literals is called a clause. Propositional satisfiability (SAT) is the problem of deciding the satisfiability of a
propositional formula, i.e., if there is a way to assign truth values to the atoms such that the formula evaluates to
T. We refer to standard literature (e.g., [8]) for details.

Satisfiability Modulo Theories. As it is standard in most SMT literature, we restrict to quantifier-free first-order
formulas. A first-order term is either a variable, a constant symbol, or a combination of terms using function
symbols. A first-order atom is a predicate symbol applied to a tuple of terms (Boolean atoms can be viewed as
zero-arity predicates). A first-order formula is either a first-order atom, or a connection of two formulas by one of
the Boolean connectives. A first-order theory 7~ is a (possibly infinite) set of first-order formulas, that provides an
intended interpretation of constant, function, and predicate symbols. Examples of theories of practical interest are
those of equality and uninterpreted functions (EUF), of linear arithmetic over integer (LJ A) or real numbers
(LRA), and combinations thereof. We refer to formulas and atoms over symbols defined by 7~ as 7 -formulas
and 7 -atoms, respectively.

Satisfiability Modulo the Theory T, also SMT(T"), is the problem of deciding the satisfiability of a first-order
formula with respect to some background theory 7. A formula ¢ is 7 -satisfiable if ¢ A T is satisfiable in the
first-order sense. Otherwise, it is 7 -unsatisfiable. We refer to standard literature (e.g., [3]) for details.

Hereafter, unless otherwise indicated, by formulas we mean both Boolean and 7 -formulas, and by atoms we
mean both Boolean and 7 -atoms, for a generic theory 7. We assume that formulas are internally represented as
single-rooted directed acyclic graphs (DAGs) where internal nodes are labeled with Boolean connectives, and
leaves are labeled with literals or atoms. (Some authors call them "circuits”, e.g. [21, 20].) In this way, multiple
occurrences of the same sub-formula in one formula are represented by only one shared sub-DAG. The size of a
formula is the number of nodes and arcs of its DAG representation.

Total and partial truth assignments. Given a set « of atoms, a total truth assignment is a total map n : @ — B.
A partial truth assignment is a partial map p : @ — B. Notice that a partial truth assignment represents (aka
“covers”) 2K total truth assignments extending it, where K is the number of unassigned atoms in y. We often
represent a truth assignment either as a set, s.t. g = {a| u(a) =T} U {=a| u(a) = L}, or as a conjunction of
literals, s.t. u = Ap(a)=1 & N Np(ay=1 ~- I 1 C pip [resp. py C po] we say that py is a sub-assignment [resp. strict
sub-assignment] of i, and that i, is a super-assignment [resp. strict super-assignment] of ;. We denote with ¢/,
the residual of ¢ under i, i.e. the formula obtained by substituting in ¢ each «; € & with u(«;), and by recursively
applying the standard propagation rules of truth values through Boolean operators.

Given a set a of atoms and a formula ¢(«), we say that a [partial or total] truth assignment u : @ — B
propositionally satisfies ¢, denoted as yi |=, ¢, iff @, = T.'

A partial truth assignment p is minimal for ¢ iff y |=, ¢ and every strict sub-assignment y’ C p is such
that yi [£, ¢. A Boolean formula is satisfiable iff there exists a truth assignment propositionally satisfying it. A
7 -formula is 7 -satisfiable iff there exists a 7 -satisfiable truth assignment propositionally satisfying it.

IThe definition of satisfiability by partial assignment may present some ambiguities for non-CNF and existentially-quantified formulas [68,
57, 69]. Here we adopt the above definition because it is the easiest to implement, the most efficient to compute, and it is the one typically
used by state-of-the-art SAT solvers. We refer to [68, 57, 69] for details.
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Given two disjoint sets a, B of atoms, and aformula {/(a U B), we say that a [partial or total] truth assignment
u% : a — B propositionallysatisfies 3B.y/ iff there exists a total truth assignment ® : B +— B such that
1% Un®: a UB +— B propositionally satisfies 1.

Two formulas ¢ and ¢ are propositionally equivalent, denoted as ¢ =, ¥, iff every total truth assignment
propositionally satisfying ¢ also propositionally satisfies i, and vice versa.

Negation Normal Form. Given a formula ¢, a sub-formula occurs with positive [resp. negative] polarity (also
positively [resp. negatively]) if it occurs under an even [resp. odd] number of nested negations. Specifically, ¢
occurs positively in ¢; if ~¢; occurs positively [resp. negatively] in ¢, then ¢; occurs negatively [resp. positively]
in @; if @1 A @2 or @1 V @2 occur positively [resp. negatively] in ¢, then ¢; and ¢, occur positively [resp. negatively]
in ¢; if p; — @, occurs positively [resp. negatively] in ¢, then ¢; occurs negatively [resp. positively] and ¢, occurs
positively [resp. negatively] in ¢; if ¢; <> ¢, occurs in ¢, then ¢; and ¢, both occur positively and negatively in
.

A formula is in Negation Normal Form (NNF) iff it is given only by the recursive applications of A and Vv
to literals, i.e., iff all its sub-formulas occur positively, except for literals. A formula can be converted into a
propositionally-equivalent NNF formula by recursively rewriting implications (¢; — ¢2) as (=¢; V ¢;) and
equivalences (¢; < @2) as (=1 V @2) A (¢1 V =¢2), and then by recursively “pushing down” the negations:
=(@1 V @2) as (01 A =@3), (@1 A @2) as (m@; V —¢y) and ——¢@; as ¢;. The following fact holds.

LEMMA 1. Let ¢ be a formula and NNF (@) be the NNF formula resulting from converting ¢ into NNF as described
above. Then the size of NNF(¢) is linear w.r.t. the size of ¢.

(Although we believe this fact is well-known, we provide a formal proof in §A.1.) Intuitively, we only need at most
2 nodes for each sub-formula ¢; of ¢, representing NNF(¢;) and NNF(—¢;) for positive and negative occurrences
of ¢; respectively. These nodes are shared among up to exponentially-many branches generated by expanding
the nested iffs. Notice that Lemma 1 holds because a DAG representation of NNF is used, so that we need at most
two nodes for each sub-formula, one for each polarity. (If instead one represented the NNF formula as a tree,
then the NNF representation would blow up exponentially in the number of nested <’s in the original formula,
because each sub-formula (¢; < ¢;) is recursively expanded into (=¢; V ¢;) A (¢; V —¢;).)
We have the following fact, for which we provide a complete proof in §A.2.

LeEmMA 2. Consider a formula ¢, and a partial truth assignment j1. Then ¢|,, = v iff NNF(¢)|, = v, forv € {T, L}.

Notice that Lemma 2 is not a direct consequence of the fact that NNF(¢) is equivalence-preserving, because
the above notion of satisfiability by partial assignment is such that if ¢; =, ¢, then u =, ¢ does not imply

that p |=, @2 [68, 57, 69]. Consider, e.g., ¢4 E (AV B) A (AV =B) and ¢, £ (A A B) V (A A =B), and the partial

assignment y = {A}. Although ¢, =, @2, we have that ¢;], = T, but ¢2|, = BV =B, which, although logically
equivalent to T, is syntactically different from it.

CNF Transformations. A formula is in Conjunctive Normal Form (CNF) iff it is a conjunction of clauses. Numerous
CNF transformation procedures, commonly referred to as CNF-izations, have been proposed in the literature. We
summarize the three most frequently employed techniques.

The Classic CNF-ization (CNF /) converts a formula into a propositionally-equivalent formula in CNF by
applying DeMorgan’s rules. First, it converts the formula into NNF. Second, it recursively rewrites sub-formulas
01V (@2 A @3) as (o1 V @2) A (@1 V @3) to distribute V over A, until the formula is in CNF. The principal limitation
of this transformation lies in the possible exponential growth of the resulting formula compared to the original
(e.g., when the formula is a disjunction of conjunctions of sub-formulas), making it unsuitable for modern SAT
and SMT solvers (see e.g., [65]).
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The Tseitin CNF-ization (CNF1,) [78] avoids this exponential blow-up by labeling each sub-formula ¢; with a
fresh Boolean atom B;, which is used as a placeholder for the sub-formula. Specifically, it consists in applying
recursively bottom-up the rewriting rule ¢ = ¢[¢;|B;] A CNF,,(B; < ¢;) until the resulting formula is in
CNF, where ¢[¢;|B;] is the formula obtained by substituting in ¢ every occurrence of ¢; with B;.

The Plaisted and Greenbaum CNF-ization (CNF,;) [64] is a variant of the CNF_, that exploits the polarity
of sub-formulas to reduce the number of clauses of the final formula. If a sub-formula ¢; appears only with
positive [resp. negative] polarity, then it can be labeled with a one-way implication as CNF,, (B; — ¢;) [resp.
CNF\ (Bi <= ¢1)]; if ¢; occurs with both polarities, then it is labeled as CNF,, (B; < ¢;), as with CNF__.

With both CN Frg and CN Fogs due to the introduction of the label variables, the final formula does not preserve
the propositional equivalence with the original formula but only the equisatisfiability. Moreover, they also have a
stronger property. If ¢(«) is a non-CNF formula and /(& U B) is either the CNF_ or the CNF; encoding of ¢,
where B are the fresh Boolean atoms introduced by the transformation, then ¢(e) =, 3B.y/(a U B).

Most of the modern SAT and SMT solvers do not deal directly with non-CNF formulas, rather they convert
them into CNF by using either CNF__ or CNF, and then find truth assignments propositionally satisfying ¢ (a)
by finding truth assignments propositionally satisfying 3B.j/(a U B).

2.2 AlISAT, AlISMT, Projected AIISAT and Projected AIISMT

AlISAT is the task of enumerating all the truth assignments propositionally satisfying a Boolean formula. The
task can be found in the literature in two versions: disjoint AIISAT, where the assignments are required to be
pairwise mutually inconsistent, and non-disjoint AIISAT, where they are not. A generalization to the SMT(7")
case is AIISMT(7"), defined as the task of enumerating all the 7 -satisfiable truth assignments propositionally
satisfying a SMT(7") formula. Also in this case, both disjoint or non-disjoint AIISMT(7") are possible.

In the following, for the sake of compactness, we present definitions and algorithms referring to AlIISAT. An
extension to AIISMT(7") can be obtained straightforwardly, by substituting “A” with “a” and “truth assignments”

with “T -satisfiable truth assignments”.
def

Given a formula ¢, we denote with 77A(¢) = {n1,...,n;...,nm} the set of all total truth assignments

def

propositionally satisfying ¢. We denote with TA(¢) = {p1,..., i ..., un} a set of partial truth assignments
propositionally satisfying ¢ s.t.:

(a) every n € TTA(p) is a super-assignment of some p € TA(¢p);
and, only in the disjoint case:
(b) every pair p;, uj € TA(p) assigns opposite truth value to at least one atom.

Notice that, whereas 77A(¢) is unique, multiple 7A(¢)s are admissible for the same formula ¢, including
TTA(p). ALISAT is the task of enumerating either 77A(¢) or a set TA(¢). Typically, ALISAT solvers aim at
enumerating a set 7A(¢) which is as small as possible, since every partial truth assignment prevents from
enumerating a number of total truth assignments that is exponential w.r.t. the number of unassigned atoms, so
that to save large amounts of computational space and time.

The enumeration of a 7A(¢p) for a non-CNF formula ¢ is typically implemented by first converting it into
CNF, and then by enumerating its satisfying assignments by means of Projected AIISAT. Specifically, let ¢(A) be a
non-CNF formula and let ¢(A U B) be the result of applying either CNF,, or CNF to ¢, where B is the set of
Boolean atoms introduced by either transformation. 7A(¢) is enumerated via Projected ALISAT as 7A(3B.y),
i.e. as a set of (partial) truth assignments over A that can be extended to total truth assignments satisfying i over
A U B. We refer the reader to the general schema described in [41], which we briefly recap here for completeness
of narration.
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Algorithm 1 MINIMIZE-ASSIGNMENT(Y;, ;, A)
Input: CNF formula y;, total truth assignment #; s.t. n; |5, ¥, set of relevant atoms A:

Yi(AUB) =y A \IZ] —p? if disjoint, ¢ =  if non-disjoint
ni=npUnp
Output: minimal partial truth assignment ,u? s.t. ,u? unt k= i

1: IJ? — }];A

2: for ¢ € y?* do

3: if ¢l|#;\\{[} U ”:3 =T then
a o\ {e}

5: return pf‘

Let /(A U B) be a CNF formula over two disjoint sets A, B of atoms, where A is a set of relevant atoms s.t. we
want to enumerate a 7A(3B.y). For disjoint AIISAT with minimal models, the solver enumerates one-by-one

partial truth assignments p, ..., g, . . . un which comply with point (a) above where each y; E] ,u? U ry? is s.t.:

(1) (satisfiability) p; =p ¥;

(2) (disjointness) for each j < i, u®*

P ,u? assign opposite truth values to some atom in A;
(3) (minimality) p* is minimal, meaning that no literal can be dropped from it without losing properties 1

and 2.

For the non-disjoint case, property 2 is omitted, and the reference to it in 3 is dropped. If the minimality of models
is not required, property 3 is omitted.
An example of a basic projected AIISAT procedure producing minimal models (implemented e.g. in MATH-

SATS5 [15]) works as follows. At each step i, it finds a total truth assignment #; £ nAunB sty I=p Vi, where
2 = ¥ A ;;% —w?, and then invokes a minimization procedure on 17? to compute a partial truth assignment

p? satisfying properties 1, 2 and 3. Then, the solver adds the blocking clause —w? —to ensure property 2 for the
disjoint version and to ensure an exhaustive exploration of the solutions space for the non-disjoint version— and
it continues the search. This process is iterated until {51 is found to be unsatisfiable for some N, and the set
{pA}Y, is returned. The minimization procedure consists in iteratively dropping literals one-by-one from 7,
checking if it still satisfies the formula. The outline of this minimization procedure is shown in Algorithm 1. Each
minimization step is O(#clauses - #vars).

Notice that, since we are in the context of projected AIISAT, the minimization algorithm only minimizes the
relevant atoms in A, and the truth value of existentially quantified variables in B is still used to check the
satisfiability of the formula by the current partial assignment. Moreover, in the disjoint case, to enforce the
pairwise disjointness between the assignments, ; in Algorithm 1 refers to the original formula conjoined with
all current blocking clauses /\ ;;% —|,uj.‘, whereas in the non-disjoint case i; refers to the original formula only,
allowing for a more effective minimization while renouncing the disjointness property.

The procedure reduces to non-projected ALISAT if B = (. The same procedure can be easily generalized to
disjoint and non-disjoint AIISMT(7"), with the only difference that only 7 -satisfiable total truth assignments 7;
are considered.

We stress the fact that the above procedure is reported just as an example, and that the work described in
this paper is agnostic w.r.t. the AIISAT or AIISMT procedure used, provided that it is able to produce partial
assignments.
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3 The Impact of CNF Transformations on Enumeration

In this section, we present a theoretical analysis of the impact of different CNF-izations on the enumeration
of short partial truth assignments. In particular, we focus on CNF_ [78] and CNF [64]. We point out how
CNF-izing AIISAT problems using these transformations can introduce unexpected drawbacks for enumeration.
In fact, we show that the resulting encodings can force the enumerator to produce partial assignments that are
larger in size and in number than necessary. In our analysis we refer to AIISAT, but it applies to AIISMT as
well by restricting to theory-satisfiable truth assignments. Moreover, the analysis applies to both disjoint and
non-disjoint enumeration.

3.1 The Impact of Tseitin CNF Transformation

We show that using the CNF, transformation [78] can be problematic for enumeration. In particular, we point
out a fundamental weakness of CNF_:

Fact 1. If a partial assignment p™ satisfies ¢, this does not imply that ™ satisfies 3IB.CNF (o).

In fact, we recall that CNF, works by applying recursively the rewriting step (§2.1):
¢ = @l@ilBil A (Bi © 1) (1)

and then by recursively CNF-izing the two conjuncts. A partial assignment y®* may satisfy a non-CNF formula
@(A) because it does not need to assign a truth value to the atoms in all sub-formulas of ¢. (E.g., u* can satisfy
® = @1 V @, without assigning values to the atoms in ¢ if it satisfies ¢;.) Consider (1) s.t. ¢; is some sub-formula
of ¢ whose atoms are not assigned by y*. Although p? satisfies ¢, u* does not satisfy 3B;.(¢[¢;|B;] A (B; < ;).
In fact, to satisfy the second conjunct it is necessary to assign some truth value not only to B; but also to some of
the unassigned atoms in ¢;, so that to make ¢; evaluate to the same truth value assigned to B;.

As a consequence of Fact 1, given i satisfying ¢, in order to produce an assignment ' satisfying 3B.CN Fr (@)
the enumerator is most often forced to assign other atoms in A, so that " > y®. Given the fact that the amount
of total assignments covered by a partial assignment decreases exponentially with its length (see §2.1), the above
weakness causes a blow-up in the number of partial assignments needed to cover all models. This may drastically
affect the effectiveness and efficiency of the enumeration.

This is illustrated in the following example, where instead of one single short partial assignment the enumerator
is forced to enumerate 9 longer ones.

ExamPLE 1. Consider the propositional formula over A 4 {A1, Az, A3, Ay, As, Ag, A7 }:

Bs
By
B; B, B3
def/—/% —_—~——
0= (A1 ANAY) V(A3 V Ag) A (A5 V Ag)) & A7) (2

¢ is not in CNF, and thus it must be CNF-ized before starting the enumeration process. If CNF__ is used, then the
following CNF formula is obtained:
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CNFp(p) Z(=Bi V. A1) A (=B V. Ap) A ( By V=ArV—~ApA  //(B & (Ag A Ay)) (32)
( BaV=A3)A( BaV=AY A(=B2V A3V AN [/(Bz & (A3 V Ay)) (3b)
( BsV—=As)A( B3V =Ag) A(=BsV AsV Ag)A  [/(Bs © (As V Ag)) (30)
(=ByV By) A(=ByV B3) A( ByV-ByV-Bs) A //(By <> (Bz AB3)) (3d)
(=BsV By V A7) A(=BsV -ByV Ay) A [/(Bs & (By < A7)) (3e)
( BsV ByV A7) A( BsV =ByV—Ay) A
( BV Bs) (3f)

where the fresh atoms B 4 {B1, Bs, B3, B4, Bs} label sub-formulas as in (2).
Consider the (minimal) partial truth assignment:

pt 2 {-A5, - Ay, ~A7). 4)

u? satisfies ¢ (2), even though it does not assign a truth value to the sub-formulas (A; A Az) and (As V Ag). Yet, y*
does not satisfy IB.CNF_ (¢). In fact, there is no total truth assignment n® on B such that y U n® I=p CNF (@),
because (3a) and (3c) cannot be satisfied by assigning only variables in B; rather, it is necessary to further assign at
least one atom in {A1, Az} to satisfy (3a) and at least one in {As, Ag} to satisfy (3c).

Suppose an enumerator assigns first the literals in ™ (4), which force to assign also u® £l {=By, =By, Bs} due
to (3b), (3d), and (3e) respectively. Since ™ U u® satisfies all clauses except those in (3a) and (3c), then the enumerator
needs extending ™ U ii® by enumerating the partial assignments on the unassigned atoms {A,, Ay, As, Ag, B, B3}
which satisfy (3a) and (3c). Regardless of the search strategy adopted, this requires generating no less than 9 satisfying
partial assignments on {A;, Ay, As, Ag}. ? For instance, in the case of disjoint AIISAT, instead of the single partial
assignment pi™ (4), the solver may return the following list of 9 partial assignments satisfying 3IB.CNF (@) which
extend p:

By Bs
—— ——
{-4,, A3, Ay, —As, —Ag, A7} //{—Bi, Bz, —Bs,—Bs, Bs}
{-4Ay, —As, —Ay,  As, A7} //{—=Bi1,-B;, Bs,—~B;, Bs}
{-A, —As, —Ay, —As,  Ag, A7} [//{—Bi,—Bz Bs,—Bs, Bs}
Ay, Ay —As, —Ay, —As, —Ag, Azt [//{-Bi,—By,—Bs, =By, Bs} (5)
A1, Ay, A3, DAy A, -A7}  //{~By,—Bj, Bs,—By, Bs}

Ay, —Ay; —As, -Ay -As,  Ag, —Aj} [/{—By, =B, B3, —Bs, Bs}
A, Ay —As, —Ay, -As, —Ag, Ay} //{ By, —Bg,—Bs3,—By, Bs}
Ay, Ay, A3 —Ay As, -A7}  //{ Bi,—B; B3, By, Bs}
A, Ay —As, Ay, —As,  As, A7} //{ Bi,—Bi, B3, —By, Bs}

N e N e e

In the case of non-disjoint AlISAT, the solver may enumerate a similar set of partial assignments, with {—A,} instead
of {A1, mAz} and {Ag} instead of {—As, As}. o

2The set of models for (3a) is {{ Bi, A1, Az}, {-Bi, Aj, Az}, {-B1,~A;, A}, {-Bi,~A;,~A;}}, which can be covered only either
by {{ Bi, A1, Az}, {-B1,-A1},{-B1, Ay, -Az}}orby {{ Bi, A1, Az}, {-B1,-Az},{-B;,-A;, A;}}in the case of disjoint enu-
meration, and by {{ Bi, A;, Az}, {—=Bi,~A1}, {-B1,—Az}} in the case of non-disjoint enumeration. In all cases, we need no less than 3

distinct partial assignments on {A;, A, }. Similar considerations hold for (3c). Thus, we need no less than 3 X 3 = 9 partial assignments on
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3.2 The Impact of Plaisted and Greenbaum CNF Transformation

We point out that also the CNF,, transformation [64] suffers for the same weakness as CNF —that is, Fact 1
holds also for CNF,;— although its effects are mitigated.
In fact, we recall that CNF,; works by applying recursively the rewriting step (§2.1):

(B; — ¢;) if ¢; occurs only positively in ¢
© = ¢|@i|Bi] A3 (Bi « ¢;) if ¢; occurs only negatively in ¢ , (6)
(Bi © ¢;) if ¢; occurs both positively and negatively in ¢

and then by recursively CNF-izing the two conjuncts. As with CNF__, consider (6) s.t. ¢; is some sub-formula of
@ whose atoms are not assigned by p*.

If ¢; occurs both positively and negatively in ¢, then (6) reduces to (1) and CNF, behaves like CNF_, so that
u does not satisfy 3B;.(¢[¢pi|Bi] A (B; < ¢1)).

If instead ¢; occurs only positively [resp. negatively] in ¢, then it is possible to extend p® by assigning B;
to L [resp. T] to satisfy (B; — ¢;) [resp. (B; « ¢;)] without assigning any atom in ¢;. Thus p? satisfies
3B;.(¢l@ilBi] A (Bi = ¢1)) [resp. 3Bi.(¢[@i|Bi] A (Bi < ¢1))].

As with CNF_, given p? satisfying ¢, in order to produce an assignment ' satisfying 3B.CN Fog (@) the
enumerator is most often forced to assign other atoms in A, so that ,uA’ ) ,uA. We notice, however, that the effect
of this problem is mitigated by the presence of single-polarity sub-formulas among those left unassigned by 2.
As an extreme case, if all sub-formulas in ¢ occur with single polarity, then no further assignment to atoms in A
is needed.

ExAMPLE 2. Consider the formula ¢ (2) as in Example 1. Suppose that ¢ is converted into CNF using CNF . Then,
we have:

CNFpo(9) Z(=B1 V. A A (=B vV Ay) A /](Br = (A1 A Ag)) (72)
( BaV-A3) A( BaVoAY A(mBy Vo A3V AN [/(By < (A3 V Ag)) (7b)
( B3V —As) A( B3V —-Ag) A(=Bs V. AsV Ag)A [/(Bs < (A5 V Ag)) (7c)
(=By vV By) A(=ByV B3) A( ByV-ByV-Bs) A //(By <> (B2 AB3)) (7d)
(=BsV By V A7) A(=BsV —By vV Ag) A [/(Bs — (By < A7)) (7e)
( BiV Bs). (7£)

We remark that (7a) and (7e) are shorter than (3a) and (3e) respectively, since the corresponding sub-formulas
(A1 A Ap) and ((...) & Aj) occur only with positive polarity in ¢ (2), so that only the one-way implication
(Bi — ¢;) is needed.

As in Example 1, consider the partial assignment u =) {~A3, ~Aq, ~A7} (4) which satisfies ¢ (2). As before, p®
does not satisfy 3B.CNF, (). In fact, there is no total truth assignment n® on B such that p* U n® |=, CNF, (@),
because (7c) cannot be satisfied by assigning only variables in B; rather, it is necessary to further assign at least
one atom in {As, Ag} to satisfy (7c). Notice that, unlike with Example 1, in order to satisfy (7a) it is sufficient to set
By = L with no need to assign any atom in {A;, Az}.

Suppose an enumerator assigns first the literals in y®, which force it to assign also u® 2 {(~By, =By} due to (7b)
and (7d) respectively. Since ™ U 1 satisfies all clauses except those in (7a), (7c), and (7f), the enumerator needs
extending p® U B by enumerating partial assignments on the unassigned atoms {A;, Ay, As, Ag, B1, B3, Bs} which
satisfy them. Regardless of the search strategy adopted, to satisfy (7c) it is necessary to generate no less than 3 partial
assignments on {As, A} (see Example 1); to satisfy (7a), and (7f), instead, the enumerator needs only assigning
By = L, which forces it to assign Bs = T due to (7f).
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For instance, in the case of disjoint AIISAT, instead of the single partial assignment ™, the solver may return the
following list of 3 partial assignments satisfying 3B.CNF, (@) which extend ph:

B;
—_—~—
{ —As, —Ay —As, —Ag, A7} //{—Bi, By, B3, 1By, Bs} (8)
{ —As, Ay As, -A;}  //{—-By,—Bz, Bs,—Bs, Bs}

{ —As, -Ay —As,  Ag, —Ay} [/{—By, =B, Bs,—Bs, Bs}

In the case of non-disjoint AlISAT, the solver may enumerate a similar set of partial assignments, with {A¢} instead
of {—As, Ag} in the third assignment. o

Notice that, to maximize the benefits of CNF,, the sub-formulas occurring with positive [resp. negative]
polarity only must have their label assigned to false [resp. true]. In practice, this can be achieved in part by
instructing the solver to split on negative values in decision branches. > Even though the solver is not guaranteed
to always assign to false these labels, we empirically verified that this heuristic provides a good approximation of
this behavior.

4 Enhancing Enumeration via NNF Preprocessing

In this section, we propose a solution to address the shortcomings of CNF and CNF, for SAT and SMT
enumeration described in §3. The idea is simple: we transform first the input formula ¢ into NNF, and then we
apply CNF, to NNF(¢). In fact, NNF guarantees that every non-atomic sub-formula of NNF(¢) occurs only
positively, because every sub-formula ¢; occurring with double polarity in ¢ is converted into two syntactically-
different sub-formulas ¢} N NF(¢;) and ¢; N NF(—¢;), each occurring only positively. Thus, when computing
CNF,(NNF(9)), ¢; and ¢; are labelled with two distinct atoms B} and B; respectively, adding the one-way
implications (B; — ¢;) and (B; — ¢;). (If ¢; occurs only positively [resp. negatively] in ¢, then only ¢; [resp.
¢;] occurs in NNF(¢), so that only B; [resp. B;] is introduced and only (B; — ¢;) [resp. (B; — ¢;)] is added.)

We remark that with this preprocessing we maintain the correctness and completeness of the enumeration
process, because ¢ is equivalent to NNF(¢), which is equivalent to 3B.CNF,,(NNF(¢)). We remark also that
we produce a linear-size CNF encoding, since NNF(¢) has linear size w.r.t. ¢ and CNF,;(NNF(¢)) has linear
size w.r.t. NNF(¢) (see §2.1).

We prove the following fact: if a partial truth assignment u® satisfies ¢, then it satisfies also IB.CNF,(NNF(9)).
(The vice versa holds trivially.) We remark that, as shown in §3, this fact does not hold for CNF, and CNFpg-

TuEOREM 1. Consider a formula ¢, and a partial truth assignment u® such that u* =p . Then ur =p
IB.CNF,,(NNF(9)).

PrOOF. We show that, for every y* such that A I=p @, there exists a total truth assignment n® such that p* U
n® I=p CNF,(NNF(¢)). We first show how such a 1B can be built, then we prove that it satisfies CN Fog (NNF(¢))

if conjoined with y*. In the following, the symbol “+” denotes any formula that is not in {T, 1}, so that “p;| ,a = *”

i
means that the residual of ¢; under p? is not a constant.

For each sub-formula ¢; of ¢, whose positive and negative occurrences in CNF,;(NNF(¢)) are associated
with the variables B} and B; respectively, do:

(a) if g:[,2 = T, and hence NNF(¢;)[,a = T and NNF(=¢;)|,a = L by Lemma 2, then add {B;, =B;} to n8;

(b) if @il = L, and hence NNF(¢;)|,a = L and NNF(=¢;)[,2 = T by Lemma 2, then add {-B;, B;} to n8;

(c) otherwise if ¢;],a = =, then add {=B;j, ~B;} to nB;

3To exploit this heuristic also for sub-formulas occurring only negatively, the latter can be labeled with a negative label —B; as (-B; < ¢;).
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(If ¢; occurs only positively or negatively, then only assign B; or B; respectively.)
We prove that p* U B IFp CNF,;(NNF(¢)) by induction on the structure of the formula CNF,(NNF(¢)).
Consider a sub-formula ¢; of ¢:

(i) if @; occurs positively in ¢, then

(9a) (9b)
—
CNFpg(NNF(9)) = CNFp (NNF(9) [NNF(¢:)[B;] A (Bf — NNF(¢:))) ©)
(ii) if ¢; occurs negatively in ¢, then
(10a) (10b)
CNFp(NNF(¢@)) défCNFPG(NNF(q))[NNF(—|(p,-)|BlT] A (B; = NNF(=¢;))) (10)

For each pair of cases we have:
(a)d) pAunB Fp (9a) since we substitute NNF(¢;) with B; and NNF(¢;)[,a = B;|,;s = T;
A unB I=p (9b) since A I=p NNF(¢;);
(i) pAunB Fp (10a) since we substitute NNF(—¢;) with B; and NNF(=¢;)|,s = B;|,s = L;
p* Un® |5, (10b) since n® |=, —B;;
(b)) prun® Fp (9a) since we substitute NNF(¢;) with B; and NNF(¢;)[,a = B;|,;s = L;
pA U B =, (9b) since n® |, —B;;
(i) pAunB Fp (10a) since we substitute NNF(—¢;) with B; and NNF(=¢;)|,s = B;|,s = T;
p* U nB =, (10b) since p* |=, NNF(=g;);
(0)G) prunB =, (9a) since we substitute NNF(¢;) with B}, and substituting NNF(¢;)|,a = * with Bj[;s = L
preserves the satisfiability; y U B I=p (9b) since nB l=p —B;;
(i) pAun® I=p (10a) since we substitute NNF(—¢;) with B;, and substituting NNF(=¢;)| 4 = = with B|,» = L
preserves the satisfiability; g U nB k=, (10b) since n® |=, —B;;
Therefore, y* U B =p CNF,(NNF(p)). O

As a consequence of Theorem 1, given p® satisfying ¢, the enumerator is no more forced to assign any more
atom in A to satisfy IB.CNF,;(NNF(¢)). This prevents the enumerator from producing multiple assignments
extending p#, avoiding thus the blow-up in the number of assignments for CNF(¢) and CNF () described in
§3. We stress the fact that Theorem 1 is agnostic of the AlISAT (or ALISMT) algorithm adopted, and that it holds
for both disjoint and non-disjoint enumeration.

REMARK 1. Unlike with AlISAT or AlISMT, the pre-conversion into NNF is typically never used in plain SAT or
SMT solving, because it causes the unnecessary duplication of labels B; and B;, with extra overhead and no benefit
for the solver.

We notice that the proof of Theorem 1 is constructive, that is, it not only says that an assignment 1® s.t.
urunB Fp CNF,,(NNF(¢)) exists, but also it shows how to construct it. In particular, points (a), (b), and (c)
implicitly suggest a strategy for assigning the right values to the B atoms given y*, which is based on the iterative
applications of the following steps, interleaved with the assignment of values which are forced by residual
constraints:

(a) if B; occurs negatively in already-satisfied clauses only, then add {B;, ~B;} to n®;

(b) if B; occurs negatively in already-satisfied clauses only, then add {B;, -B;} to n®;

(c) if B} [resp. B;] occurs negatively in a not-yet-satisfied clause whose other unassigned literals are all

A-literals, then add {—B;} [resp. {—B;} ] to nB.
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This strategy mimics the application of points (a), (b), and (c) in the proof to the sub-formulas ¢; and ¢; of
NNF(¢p) in a bottom-up fashion, from the leaves to the root. *

We also notice that, due to the constraints (B; — ¢;) and (B; — ¢;) and to the fact that ¢; and ¢; are mutually
inconsistent by construction, no assignment satisfying CNF,;(NNF(¢)) may assign both B} and B; to T. Thus,
to further improve the efficiency of the enumeration procedure without affecting its outcome, we also add to
CNF,;(NNF(¢)) the mutual-exclusion clauses (=B} V =B;) when both B; and B; are introduced, which prevent
the solver from assigning both B} and B; to T, and thus from wasting time in exploring inconsistent search
sub-trees for residual formulas like (... A @f Ag; A...).

We illustrate the benefit of our proposed technique with the following example.

ExAMPLE 3. Consider the formula ¢ of Example 1. By converting it into NNF, we obtain:

B}

B} B; B; B} B}

NNF(¢) 2 (A1 A A9 V ((((mA3 A =Ag) V (mAs A ~Ag)) VA7) A (((As V Ag) A (As V Ag)) V-47))

Applying CNF . and adding the mutual-exclusion clauses we obtain the CNF formula:

CNFpo(NNF(9)) Z(=Bi v A) A (=B} V AN [/(Bj — ( AiA Ay)) (11a)
(=B, V =A3) A (=B, V =AYA /(B = (A3 A =Ay)) (11b)
(=B V =As) A (=B3 V =Ag)A /(B — (=As A =Aq)) (11c)
(=ByVv B,V Bj) A J/(By— ( B,V Bj)) (11d)
(=B; Vv B,V A7) A [/(Bs— ( ByV Ap)) (11e)
(=By VvV A3V Ay AN /(B = (A3 v Ag)) (11f)
(=ByV A5V Ag) AN /By — (AsV Ag)) (11g)
(=ByV B3) A(=ByV By A [/(By— ( ByA Bj)) (11h)
(=Bg Vv BV -4g) A [](Bg — ( By V —Az)) (11i)
(=B;V Bs) A(=B;V By A [[/(B; = ( BsA Bp)) (11j)
( Bjv B;) A (11k)
(=B; Vv —B3) A /[ mutual exclusion for B;, B, (111
(=B V —B3) A /[ mutual exclusion for B;, B; (11m)
(=Bj; Vv —By) /[ mutual exclusion for By, B, (11n)

Notice that the labels B}, B;, B, B; and their respective one-way constraints are not introduced, because there is no
negative occurrence of the respective sub-formulas in ¢.

*In fact, we notice that B} [resp. B;] occurs negatively only in the clauses encoding the (B; — ¢;) [resp. (B; — ¢;) ] constraints, because
by construction it always occurs positively elsewhere, since it substitutes some sub-formula ¢; [resp. ¢;] which occurs only positively in
NNF(¢). Also, by construction, we can have at most one negative B-literal per clause.
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As in Examples 1 and 2, consider the partial assignment yi &l {—As, =Ay, A7} (4) which satisfies ¢. First, it is
easy to see that i satisfies also NNF(¢), in compliance with Lemma 2. Also, i satisfies 3IB.CNF,(NNF(9)),
because ,uA U r]B =p CNFPG(NNF(q))) where UB = {=B;, -B;, B;, ~B}, -B;, ~B}, B,, B, B;, B} }.

The above assignment can be produced by adopting the strategy described above. First, we assign the literals in ™,
which force to add also {—B;, ~Bj} due to (11f) and (11h) respectively. Then we add {B;} by step (a) on (11i), {B,} by
step (b) on (11b), and {~Bj, =B, =B;} by step (c) on (11a), (11c), (11g) respectively. These force to add {B;} and { B}
due to (11k) and (11j) respectively. Finally, we add {B,} by step (b) on (11d). Overall, this corresponds to enumerate
only the partial assignment i satisfying 3IB.CNF,(NNF(¢)), with both disjoint and non-disjoint enumeration:

{=As,~Ay, -As}  //{~B}, =By, By, ~B3, =B, =B, By, Bs, B, B7}. ¢

Notice that, the shorter is y* w.r.t. a total assignment, the higher is the chance that CN Fr, and CNF force the
production of a high number of extra assignments, the more beneficial is the usage of NNF+CNF,; which avoids
it. This said, if the enumerator is able to produce short partial assignments y* satisfying the formula, we expect a
high benefit from using NNF+CNF,, instead of CNF__ and CNF; vice versa, if the enumerator produces only
total or nearly-total assignments, we expect no or very-limited benefit respectively.

Implementation-wise, the strategy to assign the values of n® described above is difficult to implement inside the
current enumerators. Therefore, there is no formal guarantee that a generic enumeration procedure always finds
exactly the 7B which prevents the generation of longer assignments. For example, the enumeration procedure of
§2.2 finds a total truth assignment 7 U ® that satisfies the formula, and then finds y* C »* that is minimal
w.r.t. that specific n® such that y* U B =p CNF,(NNF(¢)), so that the n® found is not guaranteed to be the
one that allows for the most effective minimization of y*. Ad-hoc enumeration heuristics could be adopted.
Nevertheless, in §5 we show that a very simple heuristic —i.e., force the assignments of false values first to decision
atoms— guarantees dramatic improvements w.r.t. previous approaches using two state-of-the-art AIISAT/AISMT
enumerators.

5 Experimental Evaluation

In this section, we experimentally evaluate the impact of different CNF-izations on the disjoint and non-disjoint
AlISAT and AlISMT tasks. In order to compare them on fair ground, we have implemented a base version of each
from scratch in PySMT [22], avoiding specific optimizations done by the solvers.

We have conducted a very extensive collection of experiments on AIISAT and AlIISMT. We tested the encodings
on MATHSAT, which supports disjoint and non-disjoint AIISAT and AlISMT, and on TABULARALLSAT and
TaBULARALLSMT, which support disjoint AIISAT and AlISMT, respectively. The choice of the solvers is motivated
in §5.1; the benchmarks are described in §5.2, the information for the reproducibility of the experiments is given in
§5.3, and the results are presented in §5.4; finally, in §5.5 we analyze and discuss the application of the encodings
to related fields.

5.1 An Analysis of Available Solvers

In order to evaluate the different CNF encodings, we need an ALISAT/AIISMT solver that (i) is publicly available,
(ii) takes as input a CNF formula, (iii) allows performing projected enumeration, (iv) allows enumerating (disjoint
or non-disjoint) partial truth assignments; (v) also, the ability of producing minimal assignments is valuable
although not necessary.

In the literature, we found the following candidate solvers: for AIISAT, we found RELSAT [4], GRUMBERG [26],
SOLALL [42], JiN [33, 34], cLasp [24], P1coSAT [7], Yu [79], BC, NBC, and BDD [76], bEPBDD [75], DuaLizA [56],
BASOLVER [80], ALLSATCC [43], HALL [21, 20], TABULARALLSAT [72, 73], and MODEL-GRAPH [37]. For AlISMT,
the only candidates are MATHSAT [15], AZ3 [63], and TABULARALLSMT [73].
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In Appendix B Table 1 we report an analysis of the above features (i)-(v) for each of the above-mentioned solvers.
Overall, we observe that only four solvers match all our needs: MATHSAT, TABULARALLSAT, TABULARALLSMT,
and Duariza. MATHSAT supports disjoint and non-disjoint AIISAT and AIISMT enumeration of minimal partial
assignments, using the blocking-clause-based enumeration strategy of [41] described in §2.2. TABULARALLSAT
supports disjoint AlISAT enumeration of non-minimal partial assignments, based on chronological backtracking
without blocking clauses [72, 73]. TABULARALLSMT, its counterpart for AlISMT, supports disjoint AIISMT.
Duatiza supports disjoint and non-disjoint AIISAT enumeration of non-minimal partial assignments, based on
dual reasoning. Since DuALIzA has been shown empirically to perform poorly [20], we decided to leave it out of
our experiments, and to focus on MATHSAT, TABULARALLSAT, and TABULARALLSMT only.

5.2 Description of the Problem Sets

We consider five sets of benchmarks of non-CNF formulas coming from different sources, both synthetic and
real-world. For AlISAT, we evaluate the different CNF encodings on three sets of benchmarks. The first one
consists of synthetic Boolean formulas, which were randomly generated by nesting Boolean operators up to
a fixed depth. The second one consists of formulas encoding properties of ISCAS’85 circuits [12, 27] as done
in [74]. The third one is a set of benchmarks on combinatorial circuits encoded as And-Inverter Graphs (AIGs)
used in [21].

For AlISMT, we consider two sets of benchmarks. The first one consists of synthetic SMT(LRA) formulas,
which were randomly generated by nesting Boolean and SMT(LRA) operators up to a fixed depth. The second
one consists of formulas encoding Weighted Model Integration (WMI) problems [59, 60, 70, 71].

With respect to the conference version of the paper [52], we have extended the set of Boolean synthetic
benchmarks and added the AIG benchmarks. Moreover, we have added the SMT(LRA) benchmarks, and
modified the WMI benchmarks so that they contain also LRA atoms.

The Boolean synthetic benchmarks. The Boolean synthetic benchmarks were generated by nesting Boolean
operators A, V, < until some fixed depth d. Internal and leaf nodes are negated with 0.5 probability. Operators in
internal nodes are chosen randomly, giving less probability to the <> operator. In particular, < is chosen with 0.1
probability, whereas the other two are chosen with an equal probability of 0.45. We generated 100 instances over
a set of 20 Boolean atoms and depth d = 8, 100 instances over a set of 25 Boolean atoms and depth d = 8, and 100
instances over a set of 30 Boolean atoms and depth d = 6, for a total of 300 instances.

The ISCAS’85 benchmarks. The ISCAS’85 benchmarks are a set of 10 combinatorial circuits used in test
generation, timing analysis, and technology mapping [12]. They have well-defined, high-level structures and
functions based on multiplexers, ALUs, decoders, and other common building blocks [27]. We generated random
instances as described in [74]. In particular, for each circuit, we constrained 60%, 70%, 80%, 90%, and 100% of the
outputs to either 0 or 1, for a total of 250 instances.

The AIG benchmarks. The AIG benchmarks are a set of formulas encoded as And-Inverter Graphs used
in [21]. They consist of a total of 89 instances, subdivided into 3 groups: 29 instances encoding industrial Static
Timing Analysis (STA) problems containing up to 13000 input variables, 40 instances from the “arithmetic”
and “random_control” benchmarks of the EPFL suite [1] —combining the multiple outputs with an or or an xor
operator— containing up to 1200 input variables, and 20 instances consisting of large randomly-generated AIGs
containing up to 2800 input variables.

We notice that the discussed CNF encodings can be applied to AIGs as well, as an AIG can be seen as a
non-CNF formula involving only A and — operators. Moreover, we store formulas as DAGs, so that the same
sub-formula is not duplicated multiple times, and the CNF encodings use the same Boolean atom to label the
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different occurrences of the same sub-formula. Hence, all the discussed CNF encodings result in a CNF formula
of linear size w.r.t. the size of the AIG.

The SMT(LRA) synthetic benchmarks. These problems were generated with the same procedure as the Boolean
ones, with the difference that atoms are randomly-generated SMT(LRA) atoms over a set of R real variables
{x1,...,xg}, in the form (Zﬁl aix; < b), where each g; and b are random real coefficients. We generated 100
instances with depth d = 5, 100 instances with depth d = 6, and 100 instances with depth d = 7, all of them
involving R = 5 real variables, for a total of 300 instances.

The WMI benchmarks. WMI problems were generated using the procedure described in [70]. Specifically,
the paper addresses the problem of enumerating all the different paths of the weight function by encoding it
into a skeleton formula. Each instance consists of a skeleton formula of a randomly-generated weight function,
where the conditions are random formulas over Boolean and LRA-atoms. Since the conditions are typically
non-atomic, the resulting formula is not in CNF, and thus we preprocessed it with the different CNF-izations
before enumerating its 7A(. ..). As done in [70], we fixed the number of Boolean atoms to 3, and the number of
real variables to 3, and we generated 10 instances for each depth value 4, 5, 6, and 7, for a total of 40 problems.

5.3 Information for the Reproducibility of the Experiments

We ran MATHSAT with the option -dpll.allsat_minimize_model=true to enumerate minimal partial assign-
ments. For disjoint and non-disjoint enumeration, we set the options -dpll.allsat_allow_duplicates=false and
-dpll.allsat_allow_duplicates=true, respectively. We also set the options -preprocessor.simplification=0 and -
preprocessor.toplevel_propagation=false to disable several non-validity-preserving preprocessing steps. As dis-
cussed in §3.2 and §4, we also set the options -dpll.branching_initial_phase=0 and -dpll.branching_cache_phase=2
to split on the false branch first but enabling phase caching. TABULARALLSAT was run with default options, which
include branching on the false branch first. TABULARALLSMT was run with the same options as MATHSAT to
disable preprocessing steps, since it uses MATHSAT as a backend for theory reasoning.

All the experiments were run on an Intel Xeon Gold 6238R @ 2.20GHz 28 Core machine with 128 GB of RAM,
running Ubuntu Linux 20.04. For each problem set, we set a timeout of 3600s. Benchmarks, results, and source
code are made available online on a Zenodo repository [50, 51]. An updated version of the source code is available
at https://github.com/masinag/allsat-cnf.

5.4 Results

Figures 1 and 2 show the results for AIISAT with MATHSAT and TABULARALLSAT, respectively. Figures 3 and 4
show the results for AISMT with MATHSAT and TABULARALLSMT, respectively. For each figure, we report a pair
of subfigures comparing the CNF-izations for disjoint and non-disjoint enumeration (when both are supported).
Each subfigure reports a set of scatter plots to compare CNF, CNF, . and NNF+CNF in terms of number of
partial truth assignments (size of 77A), in the first row, and execution time, in the second row. Each problem set
is represented by a different color and marker. (In §F, we report the scatter plots for each group of benchmarks
separately.) Timeouts are represented by the points on the dashed line, and summarized in the tables below the
plots.
Notice the logarithmic scale of the axes (!).

The Boolean synthetic benchmarks. (Figures 1 and 2) The plots show that in the disjoint case CNF; performs
better than CNF,_, since both MATHSAT (Figure 1a) and TABULARALLSAT (Figure 2a) enumerate a smaller 7:A
(first row) in less time (second row) on every instance. Furthermore, the combination of NNF and CNF,; yields
by far the best results for both solvers, drastically reducing the size of 7A and the execution time by orders of
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(b) Results for non-disjoint enumeration.
T.O. for disjoint AIISAT T.O. for non-disjoint AIISAT
Bench. Instances | CNF CNF,;  NNF+CNF,; | CNF . CNF,;  NNF+CNFp
Syn-Bool 300 151 84 20 88 48 0
ISCAS85 250 47 43 30 27 22 1
AIG 89 79 73 71 78 60 50

(c) Number of timeouts.

Fig. 1. Results on the Boolean benchmarks using MATHSAT. Plots in 1a and 1b compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in Tc. All axes use a logarithmic scale.

Journal of Artificial Intelligence Research, Vol. 83, Article 11. Publication date: July 2025.



On CNF Conversion for SAT and SMT Enumeration

11:17

Syn-Bool ISCAS85 AIG
TO __TO __TO
= =
< 10° = 108 b 108
= S o
= S S
é 10° a 100 @ 10°
2 4 4
— o w
o 10 = 10 = 10
o o o
= + +
© L0 w10
=2 =2
104 . 104 - 1004 -
10° 10° 10° 10° 10° 10° 10° 10° 10° 10° 10° 10°
CNFs (Size of TA) CNFpg (Size of TA) CNFs (Size of TA)
Z Z 5
el o 0
g S}
910 o107
o o
S 8
+ +
L Fao
=2 =
=2 =2
10° 10° 10045

u;" 10" 10* 10°
CNFs (Time (s))

10! 10 10*
CNFpg (Time (s))

10°

10 107
CNFs (Time (s)

1
)

0*

(a) Results for disjoint enumeration.
T.O. for disjoint AIISAT

Bench. Instances | CNF;  CNF,;  NNF+CNF,
Syn-Bool 300 0 0 0
ISCAS85 250 17 11 3
AIG 89 77 67 47

(b) Number of timeouts.

Fig. 2. Results on the Boolean benchmarks using TABULARALLSAT. Plots in 2a compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 2b. All axes use a logarithmic scale.

magnitude w.r.t. both CNF;, and CNF,. The advantage of NNF+CNF, over both CNF  and CNF is even
more evident for the non-disjoint case (Figure 1b).

The ISCAS’85 benchmarks. (Figures 1 and 2) First, we notice that CNF and CNF,; have very similar behavior,
both in terms of execution time and size of 7A. The reason is that in circuits most of the sub-formulas occur
with double polarity, so that the two encodings are very similar, if not identical.

Second, we notice that by converting the formula into NNF before applying CNF,; the enumeration, both
disjoint and non-disjoint, is much more effective, as a much smaller 7A is enumerated, with only a few outliers.
The fact that for some instances NNF+CNF . takes a little more time can be due to the fact that it can produce a
formula that is up to twice as large and contains up to twice as many label atoms as the other two encodings,
increasing the time to find the assignments. Notice also that, even enumerating a smaller 7A at a price of a small
time overhead can be beneficial in many applications.

The AIG benchmarks. (Figures 1 and 2) This set of benchmarks is by far the most challenging one, as they
contain many Boolean atoms and a very complex structure. For this reason, even the best-performing encoding,

NNF+CNF,, reports many timeouts.

PG’
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(b) Results for non-disjoint enumeration.
T.O. for disjoint ALISMT T.O. for non-disjoint AIISMT

Bench. ‘ Instances

CNF,, CNF,; NNF+CNF,; | CNF.  CNF,; NNF+CNF
Syn-LRA | 300 155 88 48 152 74 7
WMI 40 23 23 9 23 23 9

(c) Number of timeouts.

Fig. 3. Results on the SMT(LRA) benchmarks using MATHSAT. Plots in 3a, 3b compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 3c. All axes use a logarithmic scale.
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(b) Number of timeouts.

Fig. 4. Results on the SMT(LRA) benchmarks using TABULARALLSMT. Plots in 4a compare CNF-izations by 7A size (first
row) and execution time (second row). Points on dashed lines represent timeouts, shown in 4b. All axes use a logarithmic
scale.

Nevertheless, we can still observe that the combination of NNF and CNF, is the best-performing encoding
for both solvers, both in terms of size of 7A and execution time.

The SMT(LRA) synthetic benchmarks. (Figures 3 and 4) The plots confirm that the analysis holds also for the
AlISMT case. The results are in line with those obtained on the Boolean benchmarks, for both the disjoint and
non-disjoint cases.

The WMI benchmarks. (Figures 3 and 4) In these benchmarks, most of the sub-formulas occur with double
polarity, so that CNF and CNF, encodings are almost identical, and they obtain very similar results in both
metrics. The advantage is significant, instead, if the formula is converted into NNF upfront, since by using
NNF+CNF the solvers enumerate a smaller 7A. In this application, it is crucial to enumerate as few partial
truth assignments as possible, since for each truth assignment an integral must be computed, which is a very
expensive operation [59, 60, 70, 71]. Notice also that WMI requires disjoint enumeration to decompose the whole
integral into a sum of directly-computable integrals, one for each satisfying truth assignment. Nevertheless, for
completeness, we also report the results for the non-disjoint case.

Overall Results. Overall, from the plots and tables in Figures 1 to 4, it is eye-catching that the usage of
NNF+CNF instead of CNF, or CNF, causes a dramatic improvement in the performances of MATHSAT,
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TABULARALLSAT, and TABULARALLSMT, in terms of both CPU time and size of the assignment sets generated, for
both disjoint and non-disjoint enumeration, on all AIISAT and AIISMT benchmark sets under test.

5.5 Discussion: Using NNF+CNF, with Related Problems

We stress the fact that the proposed NNF+CNF,, encoding is conceived and expected to be effective for enu-
meration techniques which generate partial assignments (see §4). Thus, we do not expect benefits in using it
with plain SAT or SMT solving (see also Remark 1), nor with enumeration techniques which generate total or
nearly-total assignments only. To this extent, we investigate empirically and discuss some related problems for
which we do not expect benefits in using NNF+CNF,, for the above reason. (See also §6.)

Plain SAT and SMT solving. To support Remark 1, in Appendix C we compare the different CNF encodings for
plain SAT and SMT solving on all the benchmarks in §5.2. Even though these problems are very small for plain
solving, and SAT and SMTsolvers deal with them efficiently, we can see that the usage of NNF+CNF brings no
advantage, and solving is uniformly slower than with CNF, or CNF__. This shows that our novel technique
works specifically for enumeration but not for solving, as expected.

Answer Set Programming. For the reason discussed above, we do not expect our new CNF encoding to bring
benefits to Answer Set Programming (ASP), because answer sets represent total truth assignments, since they
include atoms assigned to true, and other atoms are implicitly assumed to be assigned to false. (We received
confirmation from the clasp and clingo developers that these tools do not support partial assignments. See the
discussion at https://github.com/potassco/clingo/issues/512#issuecomment-2223162682.) Notice that the concept
of “minimal” in ASP refers to the minimality of the set of atoms that are true in the answer set, and not to the
minimality of the set of atoms that are assigned a truth value, as in this paper.

(Weighted) Model Counting. For (weighted) model counting the CNF_ encoding is currently the most suitable,
because it preserves the model count, whereas CNF,q —and hence NNF+CNF,,— does not. In order to preserve
the model count with these encodings and with current model counters, one should make them project away the
B labels, drastically worsening their performances.

Although investigating ad-hoc model counting techniques for NNF+CNF . -encoded formulas (e.g., by exploit-
ing the polarity of label variables) could be an interesting topic for future research, it would definitely exceed the
scope of this paper.

d-DNNF compilation, (projected) enumeration and counting. We investigated the effect of the different CNF-
izations on d-DNNF compilation, (projected) enumeration, and model counting. We tested the tools p4+MODEL-
GRAPH [37] for projected d-DNNF compilation and enumeration, and p4 [38] for projected d-DNNF model
counting, on the Boolean benchmarks in §5.2. Each formula was converted into CNF, and then compiled into
d-DNNF projected on the original atoms A.

The results are reported in §D and §E for enumeration and model counting, respectively. We notice that, by
using NNF+CNF,, instead of CNF or CNF, these tools (a) show no substantial difference in terms of number
and size of the assignments generated, and (b) even worsen their time performance. The former fact (a) is due
to the fact that 4, algorithm [39] —implemented by b4 for projected compilation and counting— branches
first on important atoms A, and only at the end of the branch it tries to assign also the non-important atoms B
to be projected away. Consequently, the projected assignments include all or almost-all important atoms, thus
producing total or nearly-total projected assignments on A. This is not surprising, since d-DNNF-based tools
typically do not rely their efficiency on the enumeration of short partial assignments, but rather on the effective
decomposition and caching of subproblems. The latter fact (b) may be due to several reasons: unlike with CNF_,
with CNFp the assignment of the A values does not force the deterministic assignment of the B values by BCP,
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causing extra useless search; also, the NNF transformation up to doubles the number of the non-important atoms
B to be projected away; furthermore, we conjecture that the duplication of labels B; and B;, along with distinct
encodings ¢} and ¢; for NNF(¢;) and NNF(—¢;), may affect the effectiveness of the caching and partitioning
mechanisms inside the p4 d-DNNF compiler.

Although in principle ad-hoc d-DNNF compilation strategies for d-DNNF-based model counting and enumer-
ation could be devised to exploit the properties of our NNF+CNF, encoding, investigating such techniques
would exceed the scope of this paper.

6 Related Work

Applications of AIISAT and AIISMT. SAT and SMT enumeration has an important role in a variety of applications,
ranging from artificial intelligence to formal verification. AIISAT and AIISMT, mainly in their disjoint version, play
a foundational role in several frameworks for probabilistic reasoning, such as model counting in SMT (#SMT) [14]
and Weighted Model Integration (WMI) [5, 59, 60, 70, 71]. Specifically, #SMT(LRA) [49, 81, 23] consists in
summing up the volumes of the convex polytopes defined by each of the LR A-satisfiable truth assignments
propositionally satisfying a SMT(LRA) formula, and has been employed for value estimation of probabilistic
programs [14] and for quantitative program analysis [45]. WMI can be seen as a generalization of #SMT(LRA)
that additionally considers a weight function w that has to be integrated over each of such polytopes, and has been
used to perform inference in hybrid probabilistic models such as Bayesian and Markov networks [5] and Density
Estimation Trees [70]. ALISAT, both disjoint and non-disjoint, has applications also in data mining, where the
problem of frequent itemsets can be encoded into a propositional formula whose satisfying assignments are the
frequent itemsets [10, 19]. It has also been used in the context of software testing to generate a suite of test inputs
that should match a given output [35], and in circuit design, to convert a formula from CNF to DNF [55, 54, 6],
and for Static Timing Analysis to determine the inputs that can trigger a timing violation in a circuit [21]. AIISAT
and AlISMT have also been applied in network verification for checking network reachability and for analyzing
the correctness and consistency of network connectivity policies [47, 32, 46]. Moreover, they have been used for
computing the image and preimage of a given set of states in unbounded model checking [53, 26, 42], and they are
also at the core of algorithms for computing predicate abstraction, a concept widely used in formal verification for
automatically computing finite-state abstractions for systems with potentially infinite state space [40, 17, 41].

AlISAT. Most of the works on AIISAT have focused on the enumeration of satisfying assignments for CNF
formulas (e.g., [61, 28, 79, 77, 76, 43, 72]), with several efforts in developing efficient and effective techniques
for minimizing partial assignments (e.g., [67, 61, 76]). The problem of minimizing truth assignments for Tseitin-
encoded problems was addressed in [29]. They propose to make iterative calls to a SAT solver imposing increasingly
tighter cardinality constraints to obtain a minimal assignment. Whereas this approach can be used to find a single
short truth assignment, it can be very expensive, and thus it is unsuitable for enumeration.

Other works have concentrated on the enumeration of satisfying assignments for combinatorial circuits,
exploiting the structural information of the circuits to minimize the partial assignments over the input variables
(e.g., [33, 34, 74, 21, 20]). In [37], the authors proposed a tool to enumerate disjoint partial satisfying assignments
of formulas in decomposable, deterministic NNF (d-DNNF). The tool takes as input a d-DNNF formula compiled
with D4 [38], and then efficiently traverses it to enumerate the partial assignments. However, projected d-DNNFs
typically do not allow for finding short partial assignments [39], and hence preprocessing the formula with our
encoding does not bring any benefit, as confirmed by the experimental evaluation in §5.5.

A problem closely related to AlISAT is that of finding all the prime implicants of a formula (e.g., [66, 30, 48]).
AlISAT is a much simpler problem, and can be viewed as the problem of finding a subset of implicants (i.e., partial
satisfying assignments), not necessarily prime (i.e., minimal), which covers all the total satisfying assignments of
the formula.
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Projected AIISAT. Projected enumeration, i.e., enumeration of satisfying assignments over a set of relevant
atoms, has been studied mainly for CNF formulas, e.g., in [26, 42, 41, 75, 73]. The ambiguity of the notion
of “satisfiability by partial assignment” for non-CNF and existentially-quantified formulas has been raised
in [68, 57, 69], highlighting the difference between “evaluation to true”, which is simpler to check and typically
used by SAT solvers, and “logical entailment”, which allows for producing shorter assignments. The approach
based on dual reasoning in [56, 58], although able to detect logical entailment and thus to produce shorter partial
assignments, is very inefficient even for small formulas.

AlISMT. The literature on AIISMT is very limited, and AIISMT algorithms are highly based on AIISAT techniques
and tools. For instance, MATHSATS5 [15] implements an ALISMT functionality based on the procedure in [41]. A
similar procedure has been described in [63]. An AIISMT algorithm based on chronological backtracking has
been recently proposed in [73].

Enumeration in related areas. In Answer Set Programming (ASP), answer sets can be seen as truth assignments
satisfying a logic program. ASP programs can be translated into CNF formulas and vice versa, so as to have
a one-to-one correspondence between satisfying assignments and answer sets [16, 44]. Answer sets, however,
correspond to total truth assignments. Thus, our work is not directly applicable to ASP.

Propositional Model Counting (#SAT) is the task of counting the number of satisfying assignments of a
propositional formula. Counting is simpler than enumeration, since only the number of truth assignments is
relevant, but a complete exploration of the space of solutions is still needed. (This is different from #SMT, where
each truth assignment is “consumed” to compute a volume.) Efficient algorithms have been developed for #SAT
on CNF formulas, mostly based either on DPLL-like exhaustive search, or on Knowledge Compilation (see [25]).
Notably, [2] proposed the model counter #crLasp based on enumeration of minimal partial assignment, which
would likely benefit from our encoding. Unfortunately, we did not receive an answer from the authors about the
availability of the tool.

The role of CNF encodings. Although most AIISAT solvers assume the formulas to be in CNF, little or no work
has been done to investigate the impact of the different CNF encodings on their effectiveness and efficiency. The
role of the CNF-ization has been widely studied for SAT solving (e.g., [11, 31, 9, 36]) and in a recent work also for
propositional model counting in the context of feature model analysis [36].

The idea of using two different variables to label the positive and negative occurrences of a sub-formula shares
some similarities with the so-called dual-rail encoding [13, 62], which has been shown to be successful for prime
implicant enumeration [66, 48], and recently also for AIISAT on combinatorial circuits [21].

Given a CNF formula, the dual-rail encoding maps each atom A; into a pair of dual-rail atoms (AIT, A;}, s.t.
A;, mA; are substituted with A}, A;, respectively, and (—A] V =4;) is conjoined with the formula. The resulting
CNF formula is equisatisfiable to the original one, and every total assignment 5 satisfying the dual-rail encoding
corresponds to a partial assignment y satisfying the original formula. Such p assigns p(A;) to T or L if the pair
(n(A3),n(A;)) is (T, L) or {1, T), respectively, and leaves it unassigned if (n(A;), n(4;)) = (L, L). Short partial
assignments can be obtained by maximizing the number of pairs assigned to (L, L), which can be done either
exactly by solving a MaxSAT problem, or heuristically by assigning negative value first to decision atoms [21].

Using the dual-rail encoding for enumeration, however, requires ad-hoc enumeration algorithms, since the
solver must take into account the three-valued semantics of truth assignments over dual-rail atoms when
enumerating the assignments [21]. Our contribution, instead, focuses on CNF-ization approaches that can be
used in combination with any enumeration algorithm matching the properties described in §2.2. Also, comparing
the NNF + CNF,; encoding with the dual-rail encoding, we observe that the former duplicates only the label
atoms in B, introducing fewer atoms than the dual-rail encoding. Moreover, because of this, the clauses in the
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form (-B; V —B;) are not needed for correctness but only for efficiency, and can in principle be omitted. In the
dual-rail encoding, instead, their presence is essential to prevent the illegal assignment (B;) = (B;) = T.

7 Conclusions and Future Work

We have presented a theoretical and empirical analysis of the impact of different CNF-ization approaches on SAT
and SMT enumeration, both disjoint and non-disjoint. We have shown how the most popular transformations
conceived for SAT and SMT solving, namely the Tseitin and the Plaisted and Greenbaum CNF-izations, prevent
the solver from producing short partial assignments, thus seriously affecting the effectiveness of the enumeration.
To overcome this limitation, we have proposed to preprocess the formula by converting it into NNF before
applying the Plaisted and Greenbaum transformation. We have shown, both theoretically and empirically, that the
latter approach can fully overcome the problem and can drastically reduce both the number of partial assignments
and the execution time.

This work opens an interesting research avenue: investigate the role of CNF-ization in neighbor fields as
d-DNNF compilation and model counting, possibly adapting d-DNNF compilers and model counters so that to
exploit different forms of CNF-izations.
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A Proofs

A.1  Proof for Lemma 1 in Section 2.1

NNF(p1 & @2)  NNF(=(¢1 < ¢2))

NNF(@1 A@a)  NNF(=(p1A@)) = [

NNF(¢1) NNF(=¢1) NNF(¢2) NNF(=¢2) NNF(¢1) NNF(=¢1) NNF(¢2) NNF(=¢2)

(a) Case ¢ E 01 A Q2. (b) Case ¢ 2 P1 < P2.

Fig. 5. 2-root DAGs for the pair (NNF(¢), NNF(=)) for ¢ = g1 A @, and ¢ = ¢, & ¢ (those for ¢; V ¢, and ¢; — ¢, are
similar to that of ¢; A @3).

Proor. NNF(¢) is a sub-graph of the 2-root DAG for the pair (NNF(¢), NNF(=¢)). We prove that the latter
grows linearly in size w.r.t. ¢ by reasoning inductively on the structure of ¢. (The size of a DAG is denoted with

.01
if ¢ is an atom: NNF(¢) = ¢ and NNF(=¢) = —¢, so that: [(NNF(¢), NNF(=¢))| = 2.

if ¢ = —¢1: we assume by induction that [(NNF(¢;), NNF(=¢;))| is linear in |¢4|.
Then (NNF (@), NNF(=¢)) = (NNF(=¢1), NNF(¢1)) (i.e., we just invert the order), so that
[{NNF(¢), NNF(=¢))| = [{NNF(=¢1), NNF(¢1)}| = [(NNF(¢1), NNF(=¢1))| (12)

if ¢ = (1 < @2) s.t.>< € {A, &>}: we assume by induction that [(NNF(¢;), NNF(=¢;))| and
[{NNF(¢2), NNF(=¢2))| are linear in |¢;| and ||, respectively. (See Figure 5):
if >« is A: the DAGs for NNF(¢), NNF(=¢) add 2 “A/V” nodes and 2 + 2 arcs:

NNF( @1 A @y ) ENNF( @) ANNF( ¢,) and
NNF(=(¢1 A 92)) = NNF(=g1) V NNF(=py), thus
[(NNF (), NNF(=¢))| = 6 + [{(NNF(¢1), NNF(=¢1))| + [(NNF(@2), NNF(=¢,))]| (13)

if >« is <>: the DAGs for NNF(¢), NNF(=¢) add 3+3 “A”/“V” nodes and 6 + 6 arcs:
NNF( @1 & g2 ) = (NNF(=p1) V NNF(2)) A (NNF( @) V NNF(=¢;)) and
NNF(=(p1 < ¢2)) = (NNF( @1) V NNF(g2)) A (NNF(=¢1) V NNF(=¢2)), thus
[(NNF(p), NNF(=))] = 18 + [(NNF(p1), NNF (1)) + [(NNF(g2), NNF(=g,))] (14)
if ¢ = (1 > ) s.t.>a € {V, —>}: these cases can be reduced to the previous cases, since
NNF(p1 V @2) = NNF(=(=¢;1 A =¢2)) and NNF(¢; — @2) = NNF(=(@1 A —¢2)).
Therefore, from (12), (13) and (14) we have that [(NNF(¢), NNF(=¢))| is O(|¢]). O
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A.2  Proof for Lemma 2 in Section 2.1

P1lu TIT [T [«[« [t
P2y Tls | L|T|*|L|T|* |1
=(@1lp) Ll L | L] |*|=* |T|T|T
(pl|y/\‘ﬂ2|y T | = L] * | L | L | L | L1
O1ly V @2y T|T|T|T|*]|*|T]|=* |1
401|p — (p2|ﬂ Tl* | L|T|=*|*x |T|T|T
Qg @l || T x [ L|* | *|* | L]|*|T

» «

Fig. 6. Three-value-semantics of ¢|, in terms of {T, L, *} (“true”, “false”, “unknown”).

« 9

In the following the symbol “+” denotes any formula which is not in {T, L}. Following [68, 69], we adopt a
3-value semantics for residuals ¢|, € {T, L, #}, so that “¢|, = +” means “p|, ¢ {T, L}” and “¢1|, = ¢;|,” means
that the two residuals ¢ |, and ¢,|, are either both T, or both L, or neither is in {T, L}. (Notice that, in the latter
case, ¢1], = @2, even if @], and ¢,]|, are different formulas.) We extend the definition to tuples in an obvious
way: (@1l -5 @ulp) = Ulps - Ynlp) iff @il =il for eachi € [1...n].

The 3-value semantics of the Boolean operators is reported for convenience in Figure 6. As a straightforward
consequence of the above semantics, we have that:

(=) u

((Pl > (p2)|,u = (p1|,u P4 (P2|,u forpae {/\, V, —, <_’}
Also, the usual transformations apply: =(¢1 A @2)|, = =@1ly V =@2lu =(@1 V 02)|u = =@1lu A =2l (01 &
02|y = (21l V @2lp) A (@1ly V —@2ly) and ~ (@1 © @2)1, = (@1lu V @21u) A (=1l V —@2l,). For convenience,

sometimes we denote as 0 the complement of v € {T, L, %}, i.e., 3 € w,sothat T=1,1=T,5%=x
We prove the following lemma, from which Lemma 2 in §2.1 follows directly.

=(¢ly) (hereafter simply “-¢],”)

LEMMA 3. Consider a formula ¢, and a partial assignment p. Then:

(@l =@lu) = (NNF(@)], NNF(=9) ). (15)
Proor. As in §A.1, we prove this fact by reasoning on the 2-root DAG for the pair (NNF(¢), NNF(=¢)).
Specifically, we prove (15) by induction on the structure of ¢.
if ¢ is an atom: then NNF(¢) = ¢ and NNF(=¢) = =g, so that ¢|, = NNF(¢)|, and —¢|, = NNF(=¢)|,.
if 9 = —¢;: we assume by induction that (@1l ~@111) = (NNF(1)] NNF(=¢1)],,). Let v be s.t. {¢|,, —¢l,) =
(v,0). Then:

(@1l @il = (@,0)
ind

¢ o1lp—i1ly) = (@,0) &
(NNF( @1)], NNF(=¢1)|,) = (3,0) &
(NNF(=¢1)]u, NNF( 1)) = (0,9)
if ¢ £ (1 2 @3): s.t.>a € {A, &>}. We assume by induction that
(@1l =@1lu) = (NNF(@1)], NNF(=¢1) 1),

(@215 @2y = (NNF(@2) |1 NNF(=¢2) 1)
Then,
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if > is A:
((@1 A @2) s = (01 A @2) ) =
@11y A @2l =1l V ~2l,) =
(NNF(@1) | A NNF(@2) [ NNF(=¢1) [, V NNF(=g2)] ) =
((NNF(@1) A NNF(@2))]y (NNF(=¢1) V NNF(=¢2))|,) =
(NNF (@1 A @2) | NNF(= (01 A @2))],2)
if ais &
((p1 & 402)|ps_'(€01 o <P2)|y> =
(=1 V @2) A (@1 V =02)) s (1 V @2) A (1 V —@2)) ) =
((=1lu V @21u) A (@1l V =02]), (@1lu V @210) A (21l V —~2])) =
((NNF(=¢1)], vV NNF(@2)[,) A (NNF(@1)|, vV NNF(=02)],.),
(NNF(@1)| V NNF(@2)[) A (NNF(=¢1)[, V NNF(=¢2)[,)) =
(((NNF(=¢1) V NNF(¢2)) A (NNF(@1) V NNF(=¢2))) |
((NNF(@1) V NNF(@2)) A (NNF(=¢1) V NNF(=¢2)))|,) =
(NNF(@1 © ¢2)| NNF(= (@1 © ¢2)) ).

11:31

if ¢ = (1 > @2): s.t. >a € {V, —>}. These cases can be reduced to the previous cases, since NNF(¢; V ¢;) =

NNF(=(=¢1 A =¢2)) and NNF (@1 — @2) = NNF(= (@1 A —@2)).

O

Thus, (|, ~¢|.) = (NNF(¢)|,, NNF(=¢)|,) so that ¢|, = v iff NNF(¢)|, = v for every v € {T, L}, so that

Lemma 2 in §2.1 holds.
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B An Analysis of Candidate Solvers
In Table 1 we report an analysis of the features of every candidate AIISAT and AlISMT solver, as discussed in §5.1.

Required features Options
< =} =] = - g
= 8 3 EE|E =2
Solver 3 o 2 5 E| @ S | Notes
£ 3 & % =|A é
RELSAT v /X X X\ v X
GRUMBERG X v v v vV |V V| Ex-post minimization
SOLALL ? v vV VvV X |V X | Resultstored in (O)BDD
Jin X x x v v | X V| AlGinput
CLASP v v v X X |/ X | ASP solver
P1coSAT o/ X X X v X
= | Yu v X v V|
S | BC VRS SRV RV
< | NBC o/ X X x| voX
BDD v V X vV X | X V | Resultstored in (O)BDD
DEPBDD X v v v X | X | Resultstoredin (O)BDD
Duariza v v v vV X |V V | Dualreasoning-based
BASOLVER X v x v V| Xx V
ALLSATCC X v x v V|V X
HALL v X X v v |V V | AlGinput
TABULARALLSAT | v V V V X |/ X
MODEL-GRAPH v X X v X |V X | d-DNNF input
E | MATHSAT v v v v V|V
Z | az3 VAN S I IV
< | TABULARALISMT | v vV V V X |/ X

Table 1. List of AIISAT and AIISMT solvers (rows) and supported features (columns). (In the “Available” column, “X” indicates
that the authors confirmed to us the unavailability of their tool, whereas “?” indicates that they did not reply to our enquiry.)
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C Experimental Results on Plain SAT and SMT Solving

In this section, we report the results of the experiments on plain SAT and SMT solving with MATHSAT using the
different CNF-izations. The plots in Figure 7 show that NNF+CNF, does not bring any advantage for plain SAT
solving, supporting the analysis in §5.5.

—— CNFpg NNF + CNFpg CNFry  ------ Total number of problems

300

x

250

=

200

,_
=y

150

=
S

100

I

50

Number of problems solved
Number of problems solved

Number of problems solved

0 10 20 30 40 0 20 40 60 80 0 100 200 300
Time(s) Time(s) Time(s)
(a) Boolean synthetic. (b) ISCAS’85. (c) AIG.
300 0 =
< g
5 250 3
z % 307
20 b
2150 £ 204
S -
2 2 104
2 50 E
Z. =
0 04
0 20 10 60 80 0 20 40 60
Time(s) Time(s)
(d) SMT(LRA) synthetic. (e) WMI.

Fig. 7. Time taken for plain SAT and SMT solving using the different CNF transformations. The y-axis reports the number of
instances for which the solver finished within the cumulative time on the x-axis.
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D Experimental Results on d-DNNF-based Enumeration

Recently, in [37], the authors presented a tool, named MODEL-GRAPH, to enumerate all models of a d-DNNF
formula [18].

Following the D4+MODEL-GRAPH approach [37], we first compile the CNF-ization of the input formula into a
d-DNNF using the p4 compiler [38], and then enumerate its models using MODEL-GRAPH. To avoid enumerating
on CNF labels, we project the d-DNNF onto the original atoms A of the input formula, and then use MODEL-GRAPH
to enumerate the models of the projected d-DNNF.

The results of the experiments on the Boolean benchmarks are shown in Figure 8. We see that CNF_ is
uniformly the best-performing CNF-ization, supporting the analysis in §5.5

Syn-Bool ISCASS85 AIG

108 f\( 108 § 108
= = =
S 8 1 g 10
= 10 S0 S0
) <23 |23
N © o
w2
=0 '§ 10* "§ 10*
& ) ]
"N
3 + +
O 10 W 10? W 10

S E
10° : 100 - 10° ‘
10" 10* 10* 10° 10° 10 107 10* 10° 10°% 10° 10* 10* 10° 10°
CNFs (Size of TA) CNFpg (Size of TA) CNFs (Size of TA)
0 Z 08 = 10f
= 2 2
— = =
e & &
& 102 @ 10? © 107
— [V ('
[} = =
o ] ]
=S| + 41 + 0t
S w 10 w 10
= =
10° . 100 ‘ . 100 -
10" 10" 10° 10° 10° 10" 10 10* 10° 10" 10° 10°
CNFrs (Time (s)) CNFpg (Time (s)) CNFrs (Time (s))

(a) Results for disjoint enumeration.

T.O. for disjoint AIISAT

Bench. Instances | CNF,  CNF,; NNF+CNF,,
Syn-Bool 300 0 0 0
ISCASS85 250 15 16 27
AIG 89 76 76 76

(b) Number of timeouts.

Fig. 8. Results on the Boolean benchmarks using b4+MoDEL-GRAPH. Plots in 8a compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 8b. All axes use a logarithmic scale.
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E Experimental Results on d-DNNF-based Model Counting
We tested the different CNF-izations also for model counting using p4. Since CNF,,; and NNF+CNF . do not
preserve the model count, we perform projected model counting on the original atoms of the input formula. Even

though this would not be necessary for CNF_, we apply the same procedure to ensure a fair comparison.
The results of the experiments on the Boolean benchmarks are shown in Figure 9. We can observe that also for

model counting, CNF_ is uniformly the best-performing CNF-ization, supporting the analysis in §5.5.

Syn-Bool ISCASS85 AIG
. Z s Z
—10 o 10 el
=z g g
g S )
S @ 10? @102
— [V [
0 = =
s O v}
Rl Do R
E E
10045 . 1004 - : 1004 - -
10° 10! 107 10 10° 10! 10? 10* 10° 10! 107 10
CNFpg (Time (s)) CNFrs (Time (s))

CNFs (Time (s))

(a) Results for model counting.
T.O. for disjoint AIISAT

Bench. Instances | CNF,  CNF,; NNF+CNF,
Syn-Bool 300 0 0 0
ISCASS85 250 0 0 4
AIG 89 50 67 68

(b) Number of timeouts.

Fig. 9. Results on the Boolean benchmarks using b4 for model counting. Plots in 9a compare CNF-izations by execution time.

Points on dashed lines represent timeouts, shown in 9b. All axes use a logarithmic scale.

F Details on Experimental Results in the Paper

In this section, we report the scatter plots on individual benchmarks for the experiments presented in §5.4,

Figures 1, 2 and 3.
For AIISAT, Figures 10, 11 and 12 show the results for MATHSAT on the Boolean synthetic, ISCAS’85 and AIG

benchmarks, respectively. Figures 13, 14 and 15 show the results for TABULARALLSAT on the same benchmarks.
For AlISMT, Figures 16 and 17 show the results for MATHSAT on the SMT(LRA) synthetic and WMI bench-

marks, respectively. Figures 18 and 19 show the results for TABULARALLSMT on the same benchmarks.
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(b) Results for non-disjoint enumeration.
Fig. 10. Results on the Boolean synthetic benchmarks using MATHSAT. Plots in 10a and 10b compare CNF-izations by 7A

size (first row) and execution time (second row). Points on dashed lines represent timeouts, shown in 1c. All axes use a
logarithmic scale.

Journal of Artificial Intelligence Research, Vol. 83, Article 11. Publication date: July 2025.



On CNF Conversion for SAT and SMT Enumeration « 11:37

TO _TO __TO
g < =
_ N 2
= = o
= 10° © 10° ©
= S S
< a2 )
N
& 10t £ 10" 4
— [ "N
: S S
["H
S 10 + 102 +
© w w
e e
]UU . - - ‘1()(! B - . & - -
10° 10 10* 10 ro 10° 10 10 10° TO 10° 10% 10* 10 ro
CNFs (Size of TA) CNFpg (Size of TA) CNFs (Size of TA)
10 =100
= g g
2 g =)
g 2 10 £ 10?
4 zZ z
[V
2 + + 401
SR M 10 M 10
= =
10° . 10045 10° .
10 10" 107 10° 10° 10" 10° 10° 10° 10" 102 10°
CNFrs (Time (s)) CNFpg (Time (s)) CNFrs (Time (s))
(a) Results for disjoint enumeration.
TO __TO ] .
S =
— = =
= 6 B =
= 10° S 100 S
= S S
< @ o)
& 10 g 10 g
— L [V
: S S
L
3w I N
e 2
10° - 10045 -
0 1w0e 10t 10° TO 0 100 10t 10° TO 0 100 10t 10° TO
CNFs (Size of TA) CNFpg (Size of TA) CNFs (Size of TA)
1 Zae L
2 = E
5102 LEZ 10 E 10?
& 3 Z
"N
=2 + 0t + 0t
S0 M 10 M 10
= =
100 1004 10
10° 10" 107 10° 10° 10" 10? 10° 10° 10" 102 10°
CNFrs (Time (s)) CNFpg (Time (s)) CNFrs (Time (s))

(b) Results for non-disjoint enumeration.
Fig. 11. Results on the ISCAS’85 benchmarks using MATHSAT. Plots in 11a and 11b compare CNF-izations by 7A size (first

row) and execution time (second row). Points on dashed lines represent timeouts, shown in 1c. All axes use a logarithmic
scale.
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(b) Results for non-disjoint enumeration.

Fig. 12. Results on the AIG benchmarks using MATHSAT. Plots in 12a and 12b compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 1c. All axes use a logarithmic scale.
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(a) Results for disjoint enumeration.
Fig. 13. Results on the Boolean synthetic benchmarks using TABULARALLSAT. Plots in 13a compare CNF-izations by 7A

size (first row) and execution time (second row). Points on dashed lines represent timeouts, shown in 2b. All axes use a
logarithmic scale.
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(a) Results for disjoint enumeration.

Fig. 14. Results on the ISCAS’85 benchmarks using TABULARALLSAT. Plots in 14a compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 2b. All axes use a logarithmic scale.
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(a) Results for disjoint enumeration.

Fig. 15. Results on the AIG benchmarks using TABULARALLSAT. Plots in 15a compare CNF-izations by 7A size (first row) and
execution time (second row). Points on dashed lines represent timeouts, shown in 2b. All axes use a logarithmic scale.
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6. Results on the SMT(LRA) synthetic benchmarks using MATHSAT. Plots in 16a and 16b compare CNF-izations by
TA size (first row) and execution time (second row). Points on dashed lines represent timeouts, shown in 3c. All axes use a

ithmic scale.
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Size of TA)

CNFpg

CNFpg (Size of TA)

Fig. 17. Results on the WMI benchmarks using MATHSAT. Plots in 17a and 17b compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 3c. All axes use a logarithmic scale.
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(b) Results for non-disjoint enumeration.
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(a) Results for disjoint enumeration.
Fig. 18. Results on the SMT(LRA) synthetic benchmarks using TABULARALLSMT. Plots in 18a compare CNF-izations by

TA size (first row) and execution time (second row). Points on dashed lines represent timeouts, shown in 4b. All axes use a
logarithmic scale.

Journal of Artificial Intelligence Research, Vol. 83, Article 11. Publication date: July 2025.



11:44

TA

107 10° TO 102 10" TO 10% 10* TO
CNFs (Size of TA) CNFpg (Size of TA) CNFs (Size of TA)

10t L0 =108
o ] &
— = =
g e e
& 107 @ 10? © 10°
— [ L
: g 5
"N
SRl + ot + 10!
e w w

= =2

=2 =2

0k 1004

Masina, Spallitta & Sebastiani

10! 10* 10°
CNFrs (Time (s))

NNF + CNFpg (Size of TA)

10°

10°

10" 10? 10*
CNFpg (Time (s))

TO

10°

10! 10° 10°
CNFr (Time (s))

(a) Results for disjoint enumeration.

Fig. 19. Results on the WMI benchmarks using TABULARALLSMT. Plots in 19a compare CNF-izations by 7A size (first row)
and execution time (second row). Points on dashed lines represent timeouts, shown in 4b. All axes use a logarithmic scale.
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