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Topological Data Analysis (TDA) is used to extract topological features such as rings from point clouds. Recent works
have identified that existing methods, which construct persistence diagrams in TDA, are not robust to noise and varied
densities in a point cloud. This causes these methods to obtain incorrect topological features. We analyze the necessary
properties of an approach that can address these two issues, and propose a new filter function for TDA based on a new
data-dependent kernel that possesses these properties. Our empirical evaluation reveals that (i) the proposed kernel provides
a better mean for UMAP dimensionality reduction (ii) the proposed filter function can significantly improve the performance
of Topological Point Cloud Clustering (iii) the proposed filter function is a more effective way of constructing Persistence
Diagram for t-SNE visualization and SVM classification than three existing methods of TDA, In addition, we explore the
proposed filter’s performance on a more complex deformation named Riemannian stretching. Our proposed filter equipped
with Sample Fermat distance outperforms all the other filters when noise and Riemannian stretching coexist. Code is available
at https://github.com/IsolationKernel/Codes/tree/main/Lambda-kernel.
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1 Introduction
Topological Data Analysis (TDA) is an important approach to studying the shape of a point cloud using techniques
from topology (Wasserman 2018). An important and popular technique is persistent homology (PH) (Edelsbrunner
et al. 2000), which typically produces a persistence diagram (PD) to describe the topological characteristics of a
point cloud.

PH has been applied to many fields. In biology, it has been applied to (a) systematically study DNA structures,
and has successfully discriminated three types of DNA (Meng et al. 2020); and (b) protein-ligand binding affinity
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prediction (Liu et al. 2022). In chemistry, it was employed to accelerate a first-principle screening for the discovery
of the next generation of functionalized molecules and materials, such as screening a large database to discover
the 𝐶𝑂2-philic functional groups (Townsend et al. 2020).
PD is beneficial for machine learning methods because it captures the topological structure information of a

point cloud (Ali et al. 2023; Hensel et al. 2021) which cannot be obtained by other means. Recent efforts have been
devoted to transforming a PD into some features, to be used as the input representation for machine learning
algorithms (Chan et al. 2022; Hofer et al. 2019; Kusano et al. 2017). Most of the works have focused on different
vectorization methods (Adams et al. 2017; Bubenik 2020; Carrière et al. 2017; Chevyrev et al. 2018; Kusano
et al. 2017; Le and Yamada 2018; Polanco and Perea 2019; Reininghaus et al. 2015) and the similarity measure of
PH (Reani and Bobrowski 2022) in order to improve the results of machine learning algorithms, with a strong
assumption that a correct and good PD has been derived.
This work begins by asking a question: Do existing methods produce a correct and good PD? Unless we are

certain that they do, any vectorization method and similarity measure used only propagate the errors introduced
by PD, leading to poor final task-specific performance.
Existing works use a distance measure in their core computations, for example, (Zomorodian and Carlsson

2004). Some have identified shortcomings in using a distance measure (Berry and Sauer 2019; Blumberg and
Lesnick 2022; Chazal, Fasy, et al. 2017; Vipond 2020; Vishwanath et al. 2020). There are two fundamental issues,
i.e., PD is not robust to outliers (Chazal, Fasy, et al. 2017; Vishwanath et al. 2020) and varied densities (Berry and
Sauer 2019) in a point cloud. Current research has provided some solutions to each of these issues independently.

The multi-parameter approach (Blumberg and Lesnick 2022) attempts to address both issues. But it still suffers
from the same flaw of the one-parameter approach. No attempts have been made to address both issues in the
one-parameter approach. To the best of our knowledge, we are the first to address both issues, i.e., when both
noise and varied densities coexist in a point cloud.
The main contributions of this work are:

(1) Investigating the shortcomings of existing methods to produce correct and good PDs. And highlighting the
importance of the problem of the lack of robustness of PD when noise and varied densities coexist in a
point cloud.

(2) Proposing a new data-dependent kernel and a new filter to produce a PD in order to address the above
problem.

(3) Showing that using a good PD improves the visualization outcome of t-Distributed Stochastic Neighbor
Embedding (Van der Maaten and Hinton 2008) and the classification accuracy of Support Vector Machines
(Hearst et al. 1998).

(4) Showing that our proposed data-dependent kernel can be integrated into UMAP (McInnes et al. 2018)
and the performance of Topological Point Cloud Clsutering (TPCC) (Grande and Schaub 2023) can be
significantly improved by replacing Rips with our proposed filter.

Comparison with our conference version. This paper is an extended version of our conference paper
(Zhang et al. 2023), which only analyzes the robustness of Λ-filter to noise and varied densities caused by isotropic
stretching and shrinking. The conference paper demonstrated the superiority of the proposed filter by combining
PD and machine learning algorithms (t-SNE and SVM) to perform tasks at point cloud level, i.e., for a dataset
containing many point clouds, we utilize PD as the feature of each point cloud. We extend it to demonstrate the
superiority of the proposed filter by combining some topology-based algorithms (UMAP and TPCC) at point
level, i.e., for a dataset consisting of individual points, we perform visualization or clustering. This paper expands
the conference version with the following new contents:

(1) We establish the theoretical guarantee on Λ-filter’s robustness against noise, as shown in Theorem 15.
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Table 1. Key symbols and notations used.

𝑋 A data set of 𝑥 ∈ R𝑑 , where |𝑋 | = 𝑛

X Sample space of 𝑋
D A subset of 𝑋 , where |D| = 𝜓

Λ A Voronoi Diagram
𝜃 A Voronoi cell in Λ
𝑣𝑖 Center of Voronoi cell 𝜃𝑖
𝜅 Kernel function
𝔇 Persistence diagram
ℓ (·, ·) Distance measure
ℓ𝑘 (𝑥) Distance to 𝑥 ’s 𝑘-th nearest neighbor

(2) We extend the cause of varied densities from isotropic stretching to Riemannian stretching. Our proposed
filter equipped with Fermat distance is the only filter that can produce a robust Persistence Diagram when
noise and Riemannian stretching coexist, as shown in Section 9.

(3) We demonstrate Λ-kernel’s application in dimensionality reduction (UMAP) and Λ-filter’s application in
clustering (TPCC) at point level, as shown in Section 5.2 and 8.2.

2 Background
Here we present the pertinent details on PH (see (Chazal and Michel 2021) for a detailed introduction). The key
symbols and notations are shown in Table 1.
Let 𝑓 : X → R+ be a function on metric space (X, ℓ) and 𝑋 ⊂ X be a parameter of 𝑓 . At level 𝜖 > 0, the

sublevel set X 𝑓
𝜖 = {𝑥 ∈ X | 𝑓 (𝑥) ≤ 𝜖} encodes the topological information in X. For 𝑠 ≤ 𝜖 , the sublevel sets are

nested, i.e., X 𝑓
𝑠 ⊆ X 𝑓

𝜖 . Thus {X
𝑓
𝜖 }0≤𝜖<∞ is a nested sequence of topological spaces, called a filtration, denoted by

𝑆𝑢𝑏 (𝑓 ), and 𝑓 is called the filter function.
The evolution of the topology (new cycles appear or existing cycles disappear through merging) is captured

in the filtration as 𝜖 ranges from 0 to ∞, where the 0-dimensional cycle is connected component and the 1-
dimensional cycle is loop/ring whose numbers are denoted as Betti numbers (Milnor 1964) 𝑏0 and 𝑏1, respectively.
A cycle is said to have been born at 𝑐 ∈ R when it starts to appear in X 𝑓

𝑐 ; and it dies at 𝑔 ∈ R when it no longer
exists in X 𝑓

𝑝 for any 𝑝 > 𝑔. PH is an algebraic module that tracks the persistence pair (𝑐, 𝑔) in 𝑆𝑢𝑏 (𝑓 ). The
persistence pairs (𝑐, 𝑔) are shown in the form of Persistence Diagram (PD)𝔇(𝑓 ), where 𝑐 is the x-coordinate and
𝑔 > 𝑐 is the y-coordinate. PD can be equivalently represented by Persistence Barcode (Carlsson, Zomorodian,
et al. 2004), where (𝑐, 𝑔) in PD corresponds to a bar ranging from 𝑐 to 𝑔.
There is an equivalent way to perform filtration from a distance matrix, such as Rips filtration (Hausmann

et al. 1995). In Rips filtration, Rips complex at 𝜖 is 𝑉𝑅𝜖 (𝑋 ) = {𝜎 ⊂ 𝑋 | 𝑑𝑖𝑎(𝜎) ≤ 𝜖}, where 𝑋 ⊂ X is a finite point
cloud and 𝑑𝑖𝑎(𝜎) represents the diameter of 𝜎 . This process is equivalent to connect 𝑥,𝑦 ∈ 𝑋 if ℓ (𝑥,𝑦) ≤ 𝜖 .
PH tracks the evolution of topology in {𝑉𝑅𝜖 (𝑋 )}0≤𝜖<∞. The same result can be obtained through a filter

function 𝑓 (·) = 2 min
𝑥∈𝑋

ℓ (·, 𝑥). An example is given in Figure 1.

3 Related Work
PH is a method that captures different topological features of a point cloud at different spatial resolutions. Features
that persist over a wide range of spatial scales are regarded to be the true features of the underlying space,
rather than the artifacts of sampling, noise, or specific selection of parameters. Note that not all short-persistence
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Fig. 1. An example filter function, three sublevel sets and a PD.

features are noise. There are short-persistence features which are important for some intended task, for example
in protein structures (Xia and Wei 2014). However, these short-persistent features can be easily mistaken as noise
if the measure is sensitive to noise. we aim to suppress noise and preserve the persistence of real features.
(Vietoris–)Rips (Hausmann et al. 1995) and 𝐶ech (Ghrist 2014) complexes are most commonly used in PH

to produce a PD. However, the PD based on either (Vietoris–)Rips complex or 𝐶ech complex is sensitive to
noise (Chazal, Fasy, et al. 2017; Lesnick and Wright 2015). Furthermore, both of them have trouble with varied
densities (Berry and Sauer 2019; Blumberg and Lesnick 2022). As a result, they are not robust to the stretching
and shrinking of a point cloud.

In order to be robust to noise, Distance-to-a-measure (DTM) is a commonly used approach to generate a robust
PD from a point cloud with noise. PD is obtained via a distance-to-a-measure function which uses the average
squared distances of k-nearest neighbors (Chazal, Fasy, et al. 2017). However, we found that DTM has difficulty
in a point cloud with varied densities.
Several strategies have been proposed to address this issue, and can be divided into two frameworks: 1-

parameter and multi-parameter frameworks. In the 1-parameter framework, fixing a density threshold and fixing
the scale parameter are two commonly used approaches (Carlsson, Ishkhanov, et al. 2008; Chazal, Guibas, et al.
2013; Chazal, Guibas, et al. 2011). The multi-parameter filtration constructs a bi-filtration by using additional
parameters, e.g., using density to capture the topological features of varied densities (Blumberg and Lesnick
2022; Carlsson and Zomorodian 2007; Frosini and Mulazzani 1999). Multi-parameter persistent homology can
consider points of different densities separately, such as by codensity, thereby eliminating the influence of noise.
However, even if points of different densities are considered separately, if the filter MPH uses, such as Rips
filter, is data-independent, MPH will obtain different persistence when the point cloud is stretched or shrunk.
In contrast, our data-dependent Λ-filter can obtain the same persistence. Detailed discussion and experimental
demonstration are provided in Appendix B.6.
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However, none of the approaches mentioned above can deal with the problem of varied densities satisfactorily:
the detected feature in the dense region is still less persistent than that in the sparse region. Continuous k-nearest
neighbors (CkNN) has been claimed to be the only approach to identify the ‘correct topology’ by a filtration based
on k-nearest neighbors distance (Berry and Sauer 2019) as far as we know; and it belongs to the 1-parameter
framework.

A common disadvantage of the above-mentioned approaches is that they cannot capture the correct topological
features when noise and varied densities coexist in a point cloud. Because they are all proposed to address only
one of the two issues.
We analyze the reasons why they cannot obtain a correct PD when noise and varied densities coexist in the

following section.

4 How to Construct a Correct PD
In this section, we provide two requirements that an approach must satisfy in order to construct a correct PD.
Based on these requirements, we analyze the reason why the existing approaches mentioned above cannot obtain
a correct PD. Furthermore, we propose the necessary properties of a filter function in order to satisfy these
requirements.

Proposition 1. A correct PD must be robust to noise and varied densities.

A correct PD must be robust to noise in order to determine the correct topological features because the
topological feature can be severely affected by noise. Rips fails because it uses the nearest Euclidean distance,
which is sensitive to noise. Improving upon Rips, DTM (Chazal, Fasy, et al. 2017) uses a more robust measure,
which is realized as the average squared distances of 𝑘-nearest neighbors (𝑘-nn). However, DTM is not robust to
varied densities because the 𝑘-nn distance is easily affected by varied densities.

A correct PD must be robust to varied densities. With a point cloud with vary densities that caused by
either stretching, shrinking, the PD produced should be the same before and after the data modification. This is
because the topological features remain unchanged before and after stretching, shrinking. Rips and DTM are
not robust to varied densities because they get large DTM values in sparse regions and small DTM values in
dense regions. CkNN attempts to remove this effect by normalization: the distance between two points 𝑥,𝑦 is
normalized by the square root of the product of 𝑥 ’s and 𝑦’s 𝑘-th nearest neighbor distances. However, CkNN is
not robust to noise because the distance to the 𝑘-th nearest neighbor is sensitive to noise.

No existing filters can produce PD that is robust to both noise and varied densities, as far as we know.
To satisfy the requirements in Proposition 1, a filter function, which is used to produce PD, must have the

following properties.

Property 2. Tolerant to noise.
We say that a filter 𝑓 is tolerant to noise if 𝑓 produces approximately the same value from a finite point cloud 𝑋 ,
with and without noise, i.e., 𝑓 (𝑥 |𝑋 ) ≈ 𝑓 (𝑥 |𝑋 ∪ 𝑋𝑛), where 𝑋𝑛 is a set of noise points (defined in Definition 3), and
𝑓 (𝑥 |𝑋 ) means the filter value of 𝑥 based on the given 𝑋 . The definition of noise is given as following:

Definition 3. Let 𝜌 (·) and 𝜌𝑛 (·) be the probability density function (pdf) of X and X𝑛 , 𝑋 ⊂ X𝑛 , where X is
the sample space of normal points, and X𝑛 is the sample space of noise points. 𝑋 ∈ X and 𝑋𝑛 ∈ X𝑛 are sampled
according to 𝜌 (𝑥) and 𝜌𝑛 (𝑥) respectively. 𝛾 =

|𝑋𝑛 |
|𝑋 | controls the noise level.

𝜌𝑛 (𝑋 ) is set to be a uniform distribution in our experiments.
Let a finite point cloud 𝑆 sampled from S be obtained from another finite point cloud 𝑇 sampled from T

through stretching(shrinking)𝑚 : T → S , s.t. ∀𝑥,𝑦 ∈ T , ℓ (𝑚(𝑥),𝑚(𝑦)) = 𝑟 · ℓ (𝑥,𝑦), where stretch factor 𝑟 > 1
(stretching) or 𝑟 < 1 (shrinking). This definition of stretching/shrinking is applicable globally or locally in a
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point cloud.𝑚(·) is referred as isotropic stretching if ℓ (·, ·) is Euclidean distance. A more complex Riemannian
stretching is defined in Section 9.2.

Property 4. Tolerant to varied densities.
If sample spaceS is a stretched/shrunken version of T , i.e.,S is sparser/denser than T , we say that a filter 𝑓 is tolerant
to varied densities if ∀𝑥 ∈ S, 𝑦 =𝑚(𝑥) ∈ T , 𝑓 (𝑥 |𝑆) = 𝑓 (𝑦 |𝑇 ), where 𝑆,𝑇 are sampled from S,T respectively.

According to CkNN (Berry and Sauer 2019), a filter 𝑓 being tolerant to varied densities implies that 𝑓 is capable
of capturing multi-scale geometry.

5 The Data-dependent Λ-kernel
Motivated by Properties 2 and 4, we propose a new data-dependent kernel and its associated new filter function
which produces PDs that conform to Proposition 1.

We propose a new kernel called Λ-kernel as a similarity measure, which is based on Voronoi Diagram. Voronoi
Diagram has been widely used in geometric and topological analyses because it has many favorable topological
properties. For example, it forms small partitions in high-density regions and large partitions in low-density
regions (Aurenhammer 1991; Aurenhammer and Klein 2000; Okabe et al. 2000).

5.1 Definition and Properties
Let 𝑋 be a finite point cloud sampled from X ⊆ R𝑑 , and D = {𝑣1, 𝑣2, ..., 𝑣𝜓 } be sampled uniformly from 𝑋 . A
Voronoi Diagram Λ constructed from D has Voronoi cell 𝜃𝑖 centred at 𝑣𝑖 ∈ D defined as follows:

𝜃𝑖 =

{
𝑥 ∈ X | 𝑣𝑖 = arg min

𝑣∈D
ℓ (𝑥, 𝑣)

}
An example of Voronoi Diagram is shown in Figure 2a. Λ-mapping Φ : R𝑑 → R𝜓 is defined as:

Φ (𝑥 | Λ) =
[
𝑒−𝜂ℓ (𝑥,𝑣1 )

Υℓ
, ...,

𝑒−𝜂ℓ (𝑥,𝑣𝜓 )
Υℓ

]⊤
,

where Υℓ =
(∑𝜓

𝑗=1 𝑒
−2𝜂ℓ (𝑥,𝑣𝑗 )

) 1
2 is the normalization term which ensures ∥Φ(𝑥 |Λ)∥2 = 1, 𝜂 is the hyperparameter

controlling the relative importance of the entries of Φ(𝑥 |Λ) and 𝜂 > 0. Λ-mapping is agnostic towards the choice
of ℓ (·, ·). Unless otherwise specified, ℓ (·, ·) represents the Euclidean distance.

b

Fig. 2. (a) Example Voronoi Diagram where the 𝜓 (=8) black points in R𝑑 are sampled from the point cloud. (b) Data
distribution after Λ-mapping Φ(· | Λ) when𝜓 = 2.
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Φ(·|Λ)-mapped points in R𝜓 are distributed on the surface of a (𝜓 − 1)-sphere 𝑆𝜓−1 = {𝑧 ∈ R𝜓 : ∥𝑧∥2 = 1}.
Figure 2b shows an example of 𝑆1 (𝜓 = 2), all mapped points are located on the red arc. The enlarged black point
on the arc in the figure indicates the mapped location of the boundary in Voronoi Diagram Λ for𝜓 = 2 points.
The points from the same cell in R𝑑 are mapped to the same side of the mapped boundary in R𝜓 .

Let 𝑉 (𝑋 ) be the set containing all the possible Voronoi Diagrams. For a Voronoi diagram Λ ∈ 𝑉 (𝑋 ),𝜓 points
randomly sampled from 𝑋 are used as the centers of Voronoi cells. Sampling different𝜓 points will construct
different Voronoi diagrams. There are

(
𝑛
𝑘

)
different combinations of points that can be sampled from 𝑋 , so there

are a total of
(
𝑛
𝑘

)
different Voronoi diagrams that can be constructed by 𝑋 . 𝑉 (𝑋 ) is the set containing all these

possible Voronoi Diagrams.
Given that e𝑥 ≔ lim

𝜂→∞
Φ(𝑥 |Λ), map Φ(𝑥 |Λ) has the following properties:

Property 5. ∀𝜖 > 0, ∃𝜂 > 0,∀𝜂 ≥ 𝜂, 𝑥 ∈ 𝑋, Λ ∈ 𝑉 (𝑋 ), ∥Φ(𝑥 | Λ) − e𝑥 ∥ ≤ 𝜖 , and e𝑥 is in one-hot form, under
the assumption that 𝑥 isn’t exactly located on the boundary of Voronoi Diagram Λ.

Property 5 shows that Φ(𝑥 |Λ) is increasingly influenced by 𝑥 ’s nearest neighbors (inD) as 𝜂 increases. When 𝜂
tends to infinity, Φ(𝑥 |Λ) is determined by 𝑥 ’s nearest point only in D. Proofs not given in this paper are provided
in the supplementary materials.

The similarity between two points is defined as the inner product after they have been mapped using Φ(·|Λ).
Definition 6. For any 𝑥,𝑦 ∈ R𝑑 , the similarity of 𝑥 and 𝑦 based on Voronoi Diagram Λ is defined as:

𝑠 (𝑥,𝑦 | Λ) = ⟨Φ (𝑥 | Λ) ,Φ (𝑦 | Λ)⟩ .

This similarity has the following property:

Property 7. For a point cloud 𝑋 , ∃𝜂,∀𝜂 ≥ 𝜂,∀𝑥,𝑦, 𝑥 ′, 𝑦′ ∈ 𝑋 , if 𝑥,𝑦 belong to the same Voronoi cell; and 𝑥 ′, 𝑦′

belong to different Voronoi cells, then 𝑠 (𝑥,𝑦 |Λ) ≥ 𝑠 (𝑥 ′, 𝑦′ |Λ).
Given a point cloud 𝑋 , we denoted the set of all possible Voronoi Diagrams built from 𝑋 using𝜓 seeds as𝑉 (𝑋 ).

From Definition 6, Λ-kernel of 𝑥 and 𝑦 with respect to 𝑋 , a similarity based on all possible Voronoi Diagrams
derived from 𝑋 , is defined as follows:

Definition 8. ∀𝑥,𝑦 ∈ R𝑑 , Λ-kernel derived from 𝑋 is defined as:

𝜅 (𝑥,𝑦 |𝑋 ) = EΛ [𝑠 (𝑥,𝑦 |Λ)] = 1
|𝑉 (𝑋 ) |

∑︁
Λ∈𝑉 (𝑋 )

𝑠 (𝑥,𝑦 |Λ) .

In practice, 𝜅 (𝑥,𝑦 |𝑋 ) is estimated from a finite number of Voronoi Diagrams Λ𝑖 ∈ 𝑉 (𝑋 ), 𝑖 = 1, . . . , 𝑡 :

𝜅̂ (𝑥,𝑦 | 𝑋 ) = 1
𝑡

𝑡∑︁
𝑖=1

𝑠 (𝑥,𝑦 | Λ𝑖 ) .

Lemma 9. 𝜅̂ (𝑥,𝑦 | 𝑋 ) is a valid kernel.
The empirical feature map Φ̂(𝑥) of kernel 𝜅̂ is expressed as

Φ̂(𝑥) = 1
√
𝑡

[
Φ1 (𝑥)⊤,Φ2 (𝑥)⊤, ...,Φ𝑡 (𝑥)⊤

]⊤
,

where Φ𝑖 (𝑥) ≔ Φ(𝑥 |Λ𝑖 ). Map Φ̂(·) has Property 10, which is a direct result of Property 5.

Property 10. ∀𝜖 > 0, ∃𝜂 > 0,∀𝜂 > 𝜂, 𝑥 ∈ 𝑋, ∥Φ̂(𝑥) − ê𝑥 ∥ ≤ 𝜖 , where ê𝑥 ≔ lim
𝜂→∞

Φ̂(𝑥).
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Here we propose distance 𝑑Λ which satisfies the following Lemma and has data-dependent Property 12.

Lemma 11. For 𝑥,𝑦 ∈ 𝑋 , 𝑑Λ (𝑥,𝑦 |𝑋 ) ≔ 1 − 𝜅̂ (𝑥,𝑦 |𝑋 ) is a distance metric when 𝜂 → ∞.

Property 12. For any two points 𝑥,𝑦 in dense region S and their corresponding 𝑥 ′, 𝑦′ in sparse region T , it
holds that 𝑑Λ (𝑥,𝑦 |𝑆) = 𝑑Λ (𝑥 ′, 𝑦′ |𝑇 ) or equivalently 𝜅̂ (𝑥,𝑦 |𝑆) = 𝜅̂ (𝑥 ′, 𝑦′ |𝑇 )), where 𝑆 ⊂ S, 𝑇 ⊂ T , and S =

{𝑚(T ) + 𝑟 (𝑥 −𝑚(T )) |𝑥 ∈ T } for 𝑟 > 1.

Property 12 shows that the Λ-kernel can obtain the same similarity for point pairs before and after stretching
and shrinking. This property works as the theoretical underpinning of Theorem 17, which shows that the PDs
obtained by Λ-filter (see Section 6) are the same before and after stretching and shrinking.

5.2 Λ-kernel for UMAP Dimensionality Reduction
We show that the current similarity used in UMAP (or Uniform Manifold Approximation and Projection for
Dimension Reduction (McInnes et al. 2018)) can be replaced with Λ-kernel. The new UMAP algorithm using
Λ-kernel is named Λ-MAP and it produces a better dimensionality reduction performance than the original
UMAP.
In brief, UMAP is a recent technique for reducing the dimensionality of high-dimensional data, which is

based on the assumption that there exists a manifold on which the data would be uniformly distributed. UMAP
finds a low-dimensional representation of the data that preserves the topological structure of this manifold by
minimizing the cross-entropy between the two topological representations (simplicial set) of high-dimensional
and low-dimensional data. (McInnes et al. 2018) achieves this by the following 5 steps:

* Graph Construction
1. Construct a k-NN graph (using Euclidean distance).
2. Assign weight on the edges of the k-NN graph, based on the graph connectivity
3. Deal with the inherent asymmetry of the k-NN graph: treat the weight in step 2 as the probability that a

directed edge exists and get pairwise similarity as the probability that at least one directed edge exists.
* Optimized Representation
4. Define an objective function that preserves the desired characteristics of this k-NN graph.
5. Use Spectral Embedding as initialization and find a low dimensional representation that optimizes this

objective function.
A key issue in UMAP: UMAP assigns weights on the edges of the k-NN graph in step 2 to ensure that the

points are uniformly distributed w.r.t. the similarity obtained through step 3. This weighting scheme is designed
for points within each cluster and heavily depends on the k-NN graph connectivity. However, when points
between two clusters are connected in the k-NN graph, the scheme reduces the distance between the two clusters
inadvertently; hence leading to low inter-cluster distance.

The above issue of UMAP can be addressed by using Λ-kernel1 as pairwise similarity, without using
k-NN and its weights. Λ-kernel is computed purely on the attributes of data. And it can enlarge inter-cluster
distance because of its graph-independent nature. We replace steps 2 and 3 in UMAP with a single step that
computes Λ-kernel as pairwise similarity, and name the resultant algorithm Λ-MAP. And we compare
the performance of UMAP and Λ-MAP on six real datasets and one artificial dataset.
The dimensionality reduction results on seven datasets are shown in Table 3. Since all the datasets we used

have ground truths, we select three commonly used indices of cluster validation and dimensionality reduction
validation, i.e. Calinski-Harabasz index (CH) (Caliński and Harabasz 1974), Davies-Bouldin index (DB) (Davies and
Bouldin 1979) and (AR) (Lee, Peluffo-Ordóñez, et al. 2015; Lee, Renard, et al. 2013; Lee and Verleysen 2009; Zhu and
1The task is to map a point in high-dimensional space to a point in low-dimensional space, which does not need to compute the PD. Thus
only Λ-kernel is required, not Λ-filter.
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Ting 2021), whose definition is provided in Supplementary Material, to evaluate whether all clusters are correctly
identified after dimensionality reduction by UMAP and Λ-UMAP. Both CH and DB consider the similarity of
points within a cluster and the similarity between different clusters; while AR measures the preservation of k-ary
neighbourhoods after dimensionality reduction.

Table 2. Dimension reduction results of UMAP and Λ-MAP on seven datasets.

UMAP

Λ-MAP

WDBC Pendigit ForestType Dermatology

UMAP

Λ-MAP

Seeds Wine TwoRings

Λ-MAP outperforms UMAP on six datasets in terms of CH, and five datasets in terms of DB. UMAP performs
slightly better than Λ-MAP in terms of AR on five datasets. This is not surprising because UMAP preserves k-ary
neighbourhoods—the exact condition AR is measuring. In other words, AR is a measure that biases in favor of
UMAP.
In addition, the results in low-dimensional space R2 are shown in Table 2. Visually, Λ-MAP produces better

results than UMAP in two ways:
• On the TwoRings dataset, the red ring is better preserved by Λ-MAP than UMAP, where the one by UMAP
is broken into three segments. This is despite the fact that both produce clusters of similar density, where
the two rings originally had varied densities.
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• On the WDBC, ForestType and Dermatology datasets, an obvious advantage of Λ-MAP over UMAP is that
the former separates different clusters much better in low-dimensional space than the latter. UMAP often
has a much smaller inter-cluster distance, the inter-cluster distance is significantly reduced when the k-NN
graph connects points between different clusters. Λ-kernel avoids this issue without using a k-NN graph.

Table 3. Dimensionality reduction results. ↑ indicates that a higher score means a better dimensionality reduction result, and
↓ indicates the opposite.

Dataset UMAP Λ-MAP
CH (↑) DB (↓) AR (↑) CH (↑) DB (↓) AR (↑)

WDBC 1046 0.62 0.35 1521 0.50 0.31
Pendig 7147 1.56 0.23 9423 1.25 0.16
ForestType 519 0.86 0.38 838 0.72 0.34
Dermatology 22621 0.37 0.38 61622 0.30 0.36
Seeds 78 2.94 0.56 75 2.61 0.54
Wine 196 1.50 0.61 257 1.52 0.65
TwoRings 6754 0.27 0.53 239819 0.03 0.49

The results of dimensionality reduction show that Λ-kernel has good properties in retaining the topological
structure of the data. In the next section, we will introduce Λ-filter based on Λ-kernel.

6 Filter Function Based on Λ-kernel
Here we give a new filter function 𝑓Λ (·) called Λ-filter based on Λ-kernel, whose corresponding filtration is
referred to as Λ-filtration. We also prove that PD built from Λ-filtration is not only stable with respect to 𝑓Λ, but
also stable with respect to the perturbation of input point cloud 𝑋 .

The new Λ-filter, is given as follows:

𝑓Λ (𝑥) = − 1
|𝑉 (𝑋 ) | max

𝑦∈𝑋

∑︁
Λ∈𝑉 (𝑋 )

𝜌 (Λ)𝑠 (𝑥,𝑦 | Λ)

A linearly-transformed version of 𝑓Λ (·): 4(1 + 𝑓Λ (·)) is used for further analysis, whose empirical estimation is

𝑓Λ (𝑥) = 4 min
𝑦∈𝑋

(1 − 𝜅̂ (𝑥,𝑦 |𝑋 )) . (1)

Let 𝐵(𝑥, 𝜖) ≔ {𝑦 ∈ R𝑑 |ℓ (𝑥,𝑦) ≤ 𝜖}, and X 𝑓Λ
𝜖 ≔ {𝑥 ∈ X | 𝑓Λ (𝑥) ≤ 𝜖}. Then we have X 𝑓Λ

𝜖 = Φ̂−1 (𝑈 ), where
𝑈 =

⋃
𝑥∈Φ̂(𝑋 ) 𝐵(𝑥,

√︁
𝜖/2) and 𝑈 is homotopy equivalent to the geometric realization of the C̆ech complex

𝐶√
𝜖/2 (Φ̂(𝑋 )), which is usually replaced with Rips complex 𝑉𝑅√2𝜖 (Φ̂(𝑋 )) to improve computational efficiency,

since only pairwise distance is needed in Rips.
So X 𝑓Λ

𝜖 can be fully represented by a set of edges :{
(𝑥,𝑦) ∈ 𝑋 2 |



Φ̂(𝑥) − Φ̂(𝑦)




2 ≤
√

2𝜖
}
,

which is equivalent to {(𝑥,𝑦) ∈ 𝑋 2 | 𝑑Λ (𝑥,𝑦 |𝑋 ) ≤ 𝜖}, where 𝑑Λ (·, ·|𝑋 ) is defined in Lemma 11 and 𝑑Λ (𝑥,𝑦 |𝑋 ) =
1 −

〈
Φ̂(𝑥), Φ̂(𝑦)

〉
=



Φ̂(𝑥) − Φ̂(𝑦)


2

2 /2.
This illustrates that using 𝑓Λ as a filter function for PH is equivalent to using 𝑑Λ (𝑥,𝑦) to replace Euclidean

distance in the filter function of Rips.
A fundamental property of PD is stability, i.e., a small perturbation in the input point cloud only leads to a

small perturbation of its persistence diagram with respect to bottleneck distance (Chazal and Michel 2021). It is a
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Wasserstein distance defined as:

𝑊∞ (𝑃,𝑄) := inf
𝛾 ∈Γ (𝑃,𝑄 )

(∫
∥𝑥 − 𝛾 (𝑥)∥∞𝑑𝑃 (𝑥)

)
,

where 𝑃 and 𝑄 are two distributions and Γ(𝑃,𝑄) is the set containing all the possible maps from the support of 𝑃
to that of 𝑄 that transports the mass from 𝑃 to 𝑄 .

If 𝑃 and 𝑄 are empirical distributions based on sets 𝑋 and 𝑌 , i.e. 𝑃 = 1
|𝑋 |

∑
𝑥∈𝑋 𝛿𝑥 and 𝑄 = 1

|𝑌 |
∑

𝑦∈𝑌 𝛿𝑦 , where
𝛿𝑥 is the Dirac point mass at 𝑥 , then:

𝑊∞ (𝑋,𝑌 ) := inf
𝜑 :𝑋→𝑌

sup
𝑥∈𝑋

∥𝑥 − 𝜑 (𝑥)∥∞,

where the infimum is over all bijections between 𝑋 and 𝑌 . For PDs 𝔇1 and 𝔇2, the bottleneck distance is the
maximum distance between the points of the two PDs, after minimizing over all possible pairings of the points,
including the points on the diagonal 𝜕Ω, i.e. the boundary of half plane Ω = {(𝑡1, 𝑡2) ∈ R2 |𝑡2 > 𝑡1}.
Furthermore, we show that Λ-filter is also stable to the input point cloud 𝑋 , i.e., a small perturbation in 𝑋

implies a small change in PD. The theorem is given as follows:

Theorem 13. The bottleneck distance between two persistence diagrams𝔇(𝑓 ) and𝔇(𝑔), derived from Λ-filters
𝑓 (𝑋 ) and 𝑔(𝑋 ′), respectively, is bounded as follows:

𝑊∞ (𝔇(𝑓 ),𝔇(𝑔)) ≤ ∥ 𝑓 − 𝑔∥∞ ≤ 𝑑𝐻 (𝑋,𝑋 ′) ,
where 𝑋 ′ is the perturbed version of 𝑋 ; and 𝑑𝐻 (𝑋,𝑋 ′) is the Hausdorff Distance between 𝑋 and 𝑋 ′.

7 Robust to Noise
7.1 Definition and Experiments on Artificial Dataset
We start by providing the definition of robustness to noise.

Definition 14. Let 𝛿 > 0 be a sufficiently small real number, For two given point clouds 𝑋 and 𝑋𝑛 , sampled from
X and X𝑛 , respectively, we say that filter function 𝑓 is a robust to noise if it satisfies the following conditions:
(a) 𝑊∞ (𝔇(𝑋 |𝑓 ),𝔇(𝑋 ∪ 𝑋𝑛 |𝑓 )) < 𝛿 , and
(b) the numbers of valid persistent features are the same in𝔇(𝑋 |𝑓 ) and𝔇(𝑋 ∪ 𝑋𝑛 |𝑓 ),

Theorem 15. When using Λ-filter 𝑓 , if𝜓 2𝑡 > (1−𝑒−2𝜂𝑅)𝑛2𝑡 , then for any order 𝑘 > 0,𝔇𝛿
𝑘
(𝑋 ∪𝑋𝑛 |𝑓 ) = 𝔇𝛿

𝑘
(𝑋 |𝑓 )

holds with probability more than (1 − 𝑚
𝑛+𝑚 )𝜓𝑡 , where𝔇𝛿

𝑘
stands for the persistence diagram of the 𝑘-th order when

the max filtration value is 𝛿 , 𝑅 stands for the diameter of 𝑋 ∪ 𝑋𝑛 , 𝛿 = 1 − 𝑒−2𝜂𝑅 , and 𝑛 = |𝑋 |,𝑚 = |𝑋𝑛 |.

DTM’s filter function is a robust approximation of that of Vietoris-Rips (Chazal, Fasy, et al. 2017), estimated as:

𝑓𝐷𝑇𝑀 (𝑥) =

√√√
1
𝑘

𝑘∑︁
𝑖=1

ℓ2
𝑖
(𝑥)

where ℓ𝑖 (𝑥) is the 𝑖-th nearest neighbor distance of 𝑥 in 𝑋 ∪ 𝑋𝑛 and 𝑘 is the user-specified number of neighbors.
Filter 𝑓𝐷𝑇𝑀 (𝑥) using ℓ𝑖 (𝑥) to reduce the effect of noise points. When |𝑋𝑛 | is small, for any 𝑥 ∈ R𝑑 , its 𝑘 nearest

neighbors in 𝑋 have a small change only after adding 𝑋𝑛 . Hence 𝑓𝐷𝑇𝑀 (𝑥) almost does not change. Therefore
DTM has Property 2.
Our proposed Λ-filter2 is robust to noise because it is based on the Voronoi Diagram Λ constructed from the

sampled subset D. D sampled from 𝑋 is close to D′ sampled from 𝑋 ∪ 𝑋𝑛 , i.e. D ≈ D′ when there is only a
small amount of noise. Therefore, 𝑓Λ (𝑥 |𝑋 ) ≈ 𝑓Λ (𝑥 |𝑋 ∪ 𝑋𝑛), i.e., Λ-filter also has Property 2.
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Furthermore, compared with DTM, Λ-filter considers more topological information via𝜓 points sampled from
a point cloud: (i) Λ-filter contains the global distributional information of the point cloud, while DTM utilizes
local information pertaining to 𝑘-nn only. (ii) In addition to the distance to the𝜓 sampled points, Λ-filter utilizes
the order of these distances. While DTM only uses the square mean of these distances.

We verify the behaviors of Λ-filter and DTM with respect to Definition 14 on the Cassini dataset (Chazal, Fasy,
et al. 2017), where we add noise with ratio 𝛾 = |𝑋𝑛 |/|𝑋 | (|𝑋 |=1000 in our experiments) from 0 to 0.5 in steps of
0.025, based on Definition 3.
Figure 3 shows that Λ-filter outperforms DTM and GK-filter2 from the following aspects:
(i) The bottleneck distance due to Λ-filter is smaller than those of DTM and GK-filter at most values of 𝛾 .
(ii) The bottleneck distances of Λ-filter and DTM are 0.03 and 0.08 respectively, while GK-filter is 0.17 when

𝛾 = 0.025. This shows that GK-filter is very sensitive to noise. When 𝛾 > 0.2, the bottleneck distance due to DTM
gradually increases as 𝛾 increases; while that due to Λ-filter remains below 0.2.

(iii) The Cassini dataset has one ring only, so the number of valid features is 1. GK-filter produces the correct
number only when 𝛾 < 0.05. DTM always yields two rings incorrectly; while Λ-filter produces the correct number
except at 𝛾=0.2.

Fig. 3. (a) Bottleneck distance between𝔇(𝑋 ) and𝔇(𝑋 ∪ 𝑋𝑛) at different values of 𝛾 . (b) Number of valid 1-dim features in
𝔇(𝑋 ∪ 𝑋𝑛) at different values of 𝛾 . Here we treat a feature (𝑐, 𝑔) as a persistent feature if its lifespan 𝑔 − 𝑐 is greater than
half of the maximum lifespan.

Then we demonstrate the effectiveness of robust PD obtained by Λ-filter in two tasks: visualization of immune
cells from the tumor area and classification of bone scripts in the next two subsections. Both the immune cell
dataset and the bone script dataset have numerous noisy data points.

7.2 Visualization of Immune Cells by Capturing Spatial Patterns via Persistent Homology
Here we treat each image independently, where its set of pixels is treated as a point cloud. The point cloud is
transformed into a PD using each of Rips, DTM, CkNN, and Λ-filter. The distance between two images can then be
computed as Wasserstein distance between two PDs. Following (Vishwanath et al. 2020), Wasserstein-1 distance
matrices Δℎ [𝑖, 𝑗] =𝑊1 (𝔇(𝐶𝑖 ),𝔇(𝐶 𝑗 )) for ℎ-dimensional PDs is computed, where ℎ = 0, 1, and 𝐶 is a point cloud.

2We use a filter function that employs data-independent Gaussian Kernel (GK) in Equation 1 to represent noise-sensitive methods like Rips.
We denote it as GK-filter.
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Fig. 4. (a) An example of bone scripts3. (b) A region of a head and neck tumor IHC slide stained to show CD8 cells. The
regions of interest are highlighted.4. A point cloud of immune cell locations is extracted for each region of interest. Three
example point clouds are shown here.

Finally, we feed Δ𝑚𝑎𝑥 =𝑚𝑎𝑥{Δ0,Δ1} to t-SNE (Van der Maaten and Hinton 2008) and get the visualization result,
which is shown in Figure 5.

The dataset we used consists of 150 images (or point clouds 𝐶1, ...,𝐶150) from 3 types of cells in tumor regions
(Vipond et al. 2021), each type contains 50 point clouds. CD8, FoxP3 and CD68 are 3 types of immune cells, and
their cell locations are extracted from IHC slides as (𝑥,𝑦)-coordinates, shown in Figure 4b, as conducted by
(Vipond et al. 2021).

The results in Figure 5 show the superiority of Λ-filter over Rips, DTM, and CkNN. CD68 is well separated
from the other two classes in the case of Λ-filter, except two points. CD8 has three groups at the fringes of FoxP3.
DTM is the second best, followed by CkNN and Rips. DTM has a slightly poorer outcome than Λ-filtration, with
seven points from CD8 and one point from CD68 mixed with FoxP3, and the fringe between CD8 and CD68 has
some minor mixing up. Using the data after dimensionality reduction by t-SNE for kNN classifier over 10 trials of
5-fold Cross-Validation, the average accuracies of DTM and Λ-filter are 0.8 and 0.89, respectively.

7.3 Classification of Bone Scripts
Bone scripts are the earliest known written characters in China, so named because they are engraved on bones.
In this experiment, we examine the use of PDs in a classification task on a bone-scripts dataset5, as shown in
Figure 4a.

1-dim PDs from Rips, DTM, CkNN, and Λ-filter are constructed and then vectorized as Persistence Image (PI)
(Adams et al. 2017) which is a finite-dimensional vector representation for PD. We restrict the vector length to
400, which corresponds to 20 × 20 PI resolution. A SVM classifier using rbf kernel is then trained on the PIs.

We vary the PI bandwidth from 0.1 to 0.4, and report the mean classification accuracy and the corresponding
standard deviation of 10 random train/test splits for each PI bandwidth. All the methods are relatively stable with
respect to the bandwidth. But in terms of classification accuracy, Λ-filter outperforms the other three methods
for every bandwidth, as shown in Figure 6a.

3Sourced from https://en.wikipedia.org/wiki/Oracle_bone_script.
4Sourced from https://www.pnas.org/doi/full/10.1073/pnas.2102166118. The image is used with permission from Christopher W. Pugh, one of
the authors of (Vipond et al. 2021).
5The dataset is available at http://jgw.aynu.edu.cn/.
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Fig. 5. t-SNE visualization results.

Fig. 6. (a) Accuracy of SVM classification of bone scripts. (b) Accuracy at different values of 𝜂 as𝜓 increases.

In addition, we show the accuracy of SVM classification employing Λ-filter at different values of 𝜂 and 𝜓
in Figure 6b. When 𝜂 ≠ ∞, the accuracy is significantly higher and much more stable with respect to 𝜓 than
that when 𝜂 = ∞. When 𝜂 = ∞, the feature map of Λ-filter is located on grid (the coordinate is either 1 or 0).
When 𝜂 ≠ ∞, the feature map are located more smoothly, which will better preserve the topological feature from
original space and produce higher classification accuracy.
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8 Robust to Isotropic Stretching and Shrinking
In this and next sections, we show the robustness of Λ-filter to varied densities, In this section, we explore the
robustness on varied densities due to the simple isotropic stretching and shrinking.

In addition to robustness to noise, as we stated earlier, robustness to varied densities is also important, whose
definition is given as follows:

Definition 16. A filter function 𝑓 is robust to varied densities (due to stretching/shrinking) if the PDs pro-
duced from two finite point clouds 𝑆 and 𝑇 (a stretched/shrunken version of 𝑆) are approximately the same, i.e.,
𝑊∞ (𝔇(𝑓 (𝑆)),𝔇(𝑓 (𝑇 ))) = 0.

CkNN (Berry and Sauer 2019) is the only approach that can handle the issue of varied densities as far as we know.
CkNN connects points 𝑥,𝑦 if ℓ (𝑥,𝑦)√

ℓ𝑘 (𝑥 )ℓ𝑘 (𝑦)
< 𝜖 , where the parameter 𝜖 is allowed to vary continuously to perform

filtration. With the normalization term
√︁
ℓ𝑘 (𝑥)ℓ𝑘 (𝑦), the lifespan of the connection of the two points is almost the

same as that before stretching. Hence CkNN’s filtration is robust to varied densities due to streching/shrinking.

Theorem 17. Λ-filter is robust to varied densities.

Fig. 7. (a) An example of 𝑋𝑟 ∪ {𝑥} when 𝑟 = 1. (b) Point cloud with noise and topological features of different densities. (The
radius of the left ring is 10 times larger than that of the right one.)

The intuition behind the proof is that each point 𝑥 ’s membership in a Voronoi cell remains almost the same
after stretching/shrinking. Then the distance between 𝑥 and other points, as measured by 𝑑Λ, remains unchanged.
Hence the value of Λ-filter remains unchanged.
Figure 7a and Figure 8 show an example of the influence of stretching and shrinking on PD. 𝑋𝑟 is stretched

from𝑋 with stretch factor 𝑟 . Meanwhile, we keep the Euclidean distance between the noise point 𝑥 and its nearest
neighbor 𝑥 in 𝑋𝑟 to be constant. An example of 𝑋1 ∪ {𝑥} is shown in Figure 7a.
The bottleneck distance between the PD of 𝑋 and the PD of 𝑋𝑟 is shown in Figure 8, where we have the

following observations:
(i) The PD produced by Λ-filter is robust to stretching and shrinking. It has almost zero bottleneck distance,

outperforming the other three measures over all values of 𝑟 .
(ii) DTM and Rips are very sensitive to stretching and shrinking: their bottleneck distance grows as 𝑟 increases.
(iii) CkNN’s robustness to stretching and shrinking is severely affected by noise. Having only one noise point

𝑥 , its bottleneck distance grows dramatically as 𝑟 decreases when 𝑟 < 1, as shown in Figure 8b.
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Fig. 8. Comparisons in varied densities. (a) Without noise: The bottleneck distance between𝔇(𝑋 ) and𝔇(𝑋𝑟 ) at different
values of 𝑟 . (b) With one noise point 𝑥 : The bottleneck distance between𝔇(𝑋 ∪ {𝑥}) and𝔇(𝑋𝑟 ∪ {𝑥}) at different values of 𝑟 .

8.1 Noise and Varied Densities Coexist
The comparison of the four approaches (Rips, DTM, CkNN and Λ-filter) is summarized in Table 4.

Table 4. Summary of filter functions and their robustness.

Approach Filter Function Robust to
𝑓 (𝑥) noise varied densities

Rips 2 min𝑦∈𝑋 ℓ (𝑥,𝑦) × ×
DTM

√︃
1
𝑘

∑𝑘
𝑖=1 ℓ

2
𝑖
(𝑥) ✓ ×

CkNN6 min𝑦∈𝑋
2ℓ (𝑥,𝑦)
ℓ𝑘 (𝑦) × ✓

Λ-filter 4 min𝑦∈𝑋 (1 − 𝜅 (𝑥,𝑦)) ✓ ✓

A simple example is used to show the difference between these four approaches. The point cloud contains two
rings with radius 5 (Figure 9a), whose filter function (Rips) is shown in Figure 9b. Then we stretch the left ring to
radius 10, shrink the right ring to radius 1 and add 40 random noises (as shown in Figure 7b).
Table 5 shows the results of the comparison. Both Rips and DTM can detect one prominent (left) ring only

because the less persistent (right) ring is indistinguishable from the topological features introduced by the noise
around the more persistent (left) ring. We refer to this phenomenon as masking: the less persistent feature is
masked out by the noise.
Although DTM is more robust to noise than Rips, DTM is unable to provide a completely noise-free PD. The

masking effect has an adverse impact on DTM.
CkNN and Λ-filter have no masking effect: the two rings are identified as almost equally prominent, having

their persistent levels significantly greater than that of the noise. However, there are some seemingly persistent
features due to noise in the 1-dim barcode (and PD) of CkNN; but none in Λ-filter.

6The original paper (Berry and Sauer 2019) of CkNN gives the distance definition as 𝑙 (𝑥,𝑦)√
𝑙𝑘 (𝑥 )𝑙𝑘 (𝑦)

only. Here we provide an approximated

filter function of CkNN.
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Fig. 9. (a) Data with no noise or varied densities. (b) The corresponding filter function (Rips) values and its contour map.

Table 5. A comparison result based on the point cloud shown in Figure 7b. The Persistence Diagram contains both 0-dim
(red) and 1-dim (blue) feature. The Persistence Barcode row only shows 1-dim feature.

Rips DTM CkNN Λ-filter

Persistence Diagram

Persistence Barcode

Filter function

In a nutshell, only Λ-filter can handle the problem of noise and varied densities at the same time. DTM fails
when the point cloud has varied densities; CkNN cannot handle the influence of noise; and Rips fails in both
cases.

8.2 Λ-filter in Topological Point Cloud Clustering
We show the limitations of employing Rips in Topological Point Cloud Clustering (Grande and Schaub 2023)
(TPCC) and propose to use the Λ-filter to address this issue and produce better clustering result.

TPCC clusters the points according to what topological features of the point cloud they contribute to. It works
by the following 4 steps:
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Table 6. Persistence Diagram , 1-dim Barcode, clustering result on edges and final clustering result. The red vertical dashed
line in Barcode indicates the 𝜖 TPCC selects in the first step. The point cloud has 500 points and consists of three adjacent
rings. Each ring has 160 points. The middle ring’s radius is 15 times of that of the left and right ring. In addition, 20 noise
points from a uniform distribution are added to the point cloud.

Persistence Diagram Persistence Barcode Clustering Edge Final Cluster

Rips

CkNN

Λ-filter

1. Build simplicial complex under hyperparameter 𝜖 from point cloud
2. Extract Simplex Features by subspace clustering simplices
3. Build point feature (topological signature) from simplex clustering result
4. Cluster topological signatures
In the first step, TPCC selects 𝜖 in a a heuristic way which uses Rips to compute the persistence diagram of the

point cloud, and then picks the 𝜖 as the birth time of the most persistent feature. However, when the point cloud
has varied densities and Rips is employed, it may occur that the most persistent feature’s birth time is larger
than the death time of the less persistent ones, as shown in the Rips row in Table 6. This will cause that only the
middle ring exists in the simplicial complex. The edges from the left and right rings contribute equally to the
middle ring. So the points from the left and right rings are clustered together incorrectly.
For CkNN, under the selected 𝜖 , there exists four persistent rings instead of three. The middle rings is split

because of the presence of noise, which affects the clustering result. Only Λ-filter is capable of selecting an 𝜖 value
that generates a simplicial complex that reflects three rings, the actual topology of the point cloud. Evaluation of
the clustering result is given in Table 7.

Journal of Artificial Intelligence Research, Vol. 84, Article 24. Publication date: December 2025.



Towards a Robust Persistence Diagram via Data-dependent Kernel • 24:19

DTM is not considered here because TPCC aims to cluster all the points and the simplicial complex of DTM
may not contain all the points, especially when 𝜖 is small.

Table 7. Adjusted Rand Index (ARI) and Normalized Mutual Infomation (NMI) of the clustering result in Table 6.

Rips CkNN Λ-filter

ARI 0.38 0.41 0.71
NMI 0.52 0.54 0.68

9 Robust to Riemannian Stretching
We previously demonstrated in Section 8 that CkNN and Λ-filter can generate a PD that is robust to varied
densities, caused by isotropic stretching. We now broaden the scope of the cause of varied densities from isotropic
stretching to a more general form, Riemannian stretching, and investigate its solution, experimentally.

In Section 9.1, we emphasize the importance of Riemannian distance by pointing out the current filters equipped
with ℓ (·, ·) as Euclidean distance, including Λ-filter, have trouble in obtaining the correct topological features
of a manifold with complex shape. And this problem can be addressed, to a certain extent, when Riemannian
distance7 is employed as ℓ (·, ·) instead of Euclidean distance. In Section 9.2, we extend the cause of varied densities
from isotropic stretching w.r.t. Euclidean distance to stretching w.r.t. Riemannian distance, named Riemannian
stretching, as defined in Definition 18. When no noise in the point cloud, we show that Λ-filter and CkNN
equipped with ℓ (·, ·) as Geodesic distance can produce a PD robust to varied densities caused by Riemannian
stretching. In Section 9.3, we improve the robustness of Λ-filter and CkNN against noise by using Sample Fermat
distance (Fernández et al. 2023), a density-weighted Geodesic distance.

9.1 Importance of Riemannian Distance
Existing methods have difficulty in obtaining correct topological features for a point cloud sampled from a
manifold with complex shape. For example, on the eyeglasses dataset with no noise or perturbation, as shown in
Figure 10a, we plot the selected simplicial complex, together with corresponding sublevel set of each filter in
Table 8. In every filter, there exists a simplicial complex in the filtration, where two rings exist at the same 𝜖 . This
lead to a PD containing two (incorrect) persistent rings instead one persistent ring.

As we have described in Section 2, the Rips filtration works by having a ball, centered at each point of a point
cloud, growing with radius 𝜖 . When two balls intersect with each other, an edge is added to connect the ball
centers, resulting a simplicial complex. The balls centered at the middle narrow region, e.g. 𝐶, 𝐷 in Figure 10a,
intersect each other with a smaller 𝜖 than the balls centered at 𝐴, 𝐵. As a result, the process splits one large ring
into two small rings. DTM, CkNN, Λ-filter fail for the same reason.
In a nutshell, the four filters suffer from the same issue: the distance of two points is based on positions of

points in the ambient space.
Recall the manifold assumption (Bernstein et al. 2000): finite data points in ambient space R𝑑𝑎 are assumed

to lie on a smooth submanifold M𝑑𝑖 of low dimension 𝑑𝑖 ≪ 𝑑𝑎 , where 𝑑𝑖 , 𝑑𝑎 are the numbers of intrinsic and
ambient dimensions, respectively. For example, in Figure 11, we show a manifold in the shape of a ring with
𝑑𝑎 = 3 and 𝑑𝑖 = 1.

We can address the forementioned issue (the distance of two points is based on their positions in ambient
dimension) by computing the distance in the intrinsic dimension via Riemannian distance. For a manifoldM ,
7In practice, we use its estimator named graph-based Geodesic distance (Bernstein et al. 2000), referred as Geodesic distance for short.
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Fig. 10. (a) Eyeglasses dataset (b) When the eyeglasses dataset is measured by using Geodesic Distance (k=5) as input to
MDS.

Table 8. Persistence Diagram of different filters on the eyeglasses dataset, filter function value, selected simplicial complex
and corresponding sublevel set (Rips: 𝜖 = 0.6, DTM: 𝜖 = 0.65, CkNN: 𝜖 = 1.5, Λ-filter: 𝜖 = 0.25), when using Euclidean
distance.

Rips DTM CkNN Λ-filter

Persistence Diagram

Filter Function

Simplicial Complex

the (unweighted) Riemannian distance (Bernstein et al. 2000) is defined as

𝑑M (𝑥,𝑦) = inf
𝛾

{length(𝜁 )} ,
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Fig. 11. A manifold (in black) in the shape of a ring with the number of ambient dimensions = 3 and the number of intrinsic
dimensions = 1.

where 𝑙𝑒𝑛𝑔𝑡ℎ(𝜁 ) =
∫
𝐼

√︃〈 ¤𝜁 (𝑡), ¤𝜁 (𝑡)〉𝑑𝑡 , 𝐼 = [0, 1], 𝜁 is a piecewise smooth curve 𝜁 : 𝐼 → M with 𝜁 (0) = 𝑥, 𝜁 (1) = 𝑦

and ¤𝜁 is the derivative of 𝜁 .
The length of the shortest path of two points in the k-NN graph (i.e., Geodesic distance) is an estimator of

Riemannian distance (Bernstein et al. 2000). Two points having short Euclidean distance do not necessarily
possess short Geodesic distance. Recall our example in Fig 10a, 𝐴, 𝐵 have longer Euclidean distance than that of
𝐶, 𝐷 , but the Geodesic distance between 𝐴, 𝐵 is almost the same as that of 𝐶, 𝐷 .

The issue with the four existing filters is avoided by directly utilizing Geodesic distance, instead of Euclidean
distance, on the eyeglasses dataset to obtain PD, as shown in Table 9 (Eyeglasses row). We observe that only one
persistent ring is obtained in the PD. And the simplicial complex forms one ring when 𝜖 ranges from 0.5 to 1.5. In
fact, from the MDS result shown in Figure 10b, we deduce that this one ring will never spilt into two smaller
rings, which is consistent with the PD.

Table 9. Persistence Diagram (PD) and selected simplicial complex8 (SC) by using Geodesic distance in Rips filtration on the
eyeglasses dataset shown Figure 10a.

PD SC (𝜖 = 0.5) SC (𝜖 = 1) SC (𝜖 = 1.5)

Eyeglasses

8Geodesic distance only works inside point cloud 𝑋 , where the k-NN graph is built. For all the other points in the whole space, no Geodesic
distance can be computed. As a consequence, sublevel set is unavailable here.
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9.2 Riemannian Stretching
Here we study the case of stretching w.r.t. Riemannian distance, which creates the same problem of varied
densities, studied under isotropic stretching in Section 8. The isotropic stretching is equivalent to a deformation
that multiplies the pairwise Euclidean distance with 𝑟 ≥ 1 (or 𝑟 ≤ 1 for shrinking). Isotropic stretching is a special
case of Riemannian stretching which is defined as follows:

Definition 18. A manifoldM′ is Riemannian stretched from another manifoldM if for any 𝑥,𝑦 ∈ M and their
corresponding 𝑥 ′, 𝑦′ ∈ M′, 𝑑M′ (𝑥,𝑦) = 𝑟 · 𝑑M (𝑥 ′, 𝑦′), with 𝑟 ≥ 1, and 𝑟 ≤ 1 if M′ is shrunk from M.

Table 10. Persistence Diagram (PD) of different filters on the point cloud shown in the rightmost column. The ideal PD
should contain three equally persistent rings. The point cloud contains both isotropic stretching (from top left ring to bottom
sparse ring, 𝑟 = 3) and Riemannian stretching (from top right eyeglasses to bottom sparse ring, 𝑟 = 3).

Rips DTM CkNN Λ-filter point cloud

Euclidean

Geodesic

We show here that a PD that is robust to varied densities caused by Riemannian stretching can be obtained by
simply replacing ℓ (·, ·) in CkNN and Λ-filter from Euclidean distance to Geodesic distance9.
Table 10 shows that: 1) When Geodesic distance is used instead of Euclidean distance, all filters obtain the

correct three persistent rings instead of four because Geodesic distance can prevent the split of the eyeglasses
into two small rings. 2) Only CkNN and Λ-filter equipped with Geodesic distance can correctly detect three rings
with almost the same persistence. Two rings’ persistence is significantly smaller than the other one’s persistence
in the PDs produced by Rips and DTM. This happens because the Geodesic distance of the bottom sparse ring is
much longer than those of the top dense rings.

9.3 Improve Robustness against Noise with Fermat Distance
Although Λ-filter and CkNN equipped with Geodesic distance can deal with Riemannian stretching, their
performance can suffer from noise. As shown in the Geodesic row of Table 11, CkNN and Λ-filter produce too
many noise features in the PDs and the persistences of these noise features are quite large.

We can improve their robustness against noise by using Sample Fermat distance instead of Geodesic distance.
Sample Fermat distance (Groisman et al. 2018; Mckenzie and Damelin 2019), a density-weighted Geodesic distance
on a complete graph, is defined as:

𝑑𝐹 (𝑥,𝑦) = inf
𝜁

𝑘∑︁
𝑖=0

∥𝑥𝑖+1 − 𝑥𝑖 ∥𝑝2 , (2)

9In practice, when the Geodesic distance between two points is ∞, we set it to be twice of the maximum finite Geodesic distance.
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Table 11. Persistence Diagram (PD) of different filters on the point cloud shown in the rightmost column. The ideal PD
should contain two equally persistent rings. The persistence of noise should be as close to 0 as possible.

Rips DTM CkNN Λ-filter Point Cloud

Geodesic

Fermat

where the infimum is taken over all paths 𝜁 = (𝑥0, 𝑥1, ..., 𝑥𝑘+1) of finite length with 𝑥0 = 𝑥 , 𝑥𝑘+1 = 𝑦 and 𝑝 > 1. It
is robust to noise and can be used to obtain PD (Fernández et al. 2023). It finds the shortest path by bypassing the
low density (noise) region. Hereafter we will refer Sample Fermat distance as Fermat distance10 for short.
Our experiment is conducted on real dataset MPEG711 (Latecki et al. 2000; Vishwanath et al. 2020), which

contains 70 shape categories with 20 different images for each category. This dataset is part of the MPEG-7
standard, which has been used for characterizing multimedia content. We choose two instances from the deer and
beetle classes and uniformly sample points on the image boundary, together with some injected noise, as shown
in the point cloud column of Table 11. We enlarge beetle to create Riemannian stretching from deer to beetle.

As shown in Table 11, when using Fermat distance, the number of noise features is significantly reduced for all
the filters. And only Λ-filter produces a PD which contains two persistent rings with almost equal persistence
and noise features with near-zero persistence.
In summary, only Λ-filter equipped with Fermat distance can handle the problem of having both noise and

varied densities caused by Riemannian stretching.

10 Discussion and Future Works
As defined in (Prasolov 1998), topology studies the properties of geometrical objects that remain unchanged
under transformations called homeomorphisms and deformations, such as stretching, twisting, crumpling, and
bending.

However, the persistence of a topological feature in existing methods to produce PD is sensitive to the scale of
a point cloud. In the case of Rips and DTM, a stretched point cloud leads to a more persistent feature than that of
the original point cloud. This contradicts with the stated aim of topology mentioned above.

Hence, a data-dependent measure is a way to ensure that the persistence of a topological feature remains the
same after continuous deformations while keeping the number of valid features unchanged. Λ-filter and CkNN
are examples of this attempt.
The intuition behind Λ-filter is based on the point correspondence before/after stretching the manifold.

However, if we have two point clouds 𝑋,𝑌 sampled respectively from manifold X and its stretched version Y
and |𝑋 | ≠ |𝑌 |, the point correspondence no longer holds, hence Λ-filter fails in this case. When comparing two
point clouds of different sizes, for the point cloud with the bigger size, we can downsample to ensure the sizes
10When not used in CkNN or Λ-filter, Fermat distance alone cannot handle the isotropic stretching, not to mention Riemannian stretching.
According to Equation 2, isotropic stretching (𝑟 > 1) will directly multiply Fermat distance with 𝑟𝑝 . Consequently, the persistence of
topological feature in PD is significantly enlarged.
11The dataset is available at https://github.com/sidv23/robust-PDs.
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of two point clouds to be the same as a potential method. For the point cloud with smaller size, one potential
way is to use data generation methods to generate some pseudo points to make the sizes of two point clouds
to be the same. In addition to changing point cloud size, when constructing the random Voronoi Diagrams,
we could use sampling methods that is invariant to the point cloud size, such as Farthest Point Sampling. It
would be interesting to consider a filter function that can produce stretching-invariant PD without the point
correspondence requirement in the future.

Note that Λ-filter only works for isotropic stretching. And we experimentally show that Λ-filter equipped with
Geodesic Distance works for Riemannian stretching. Finding a filter function for all continuous deformation with
a theoretical guarantee remains an open problem.

11 Conclusions
We are the first to address the problem of the lack of robustness of existing PDs when noise and varied densities
coexist in a point cloud in the field of PH. Existing methods are partial, solving either the noise or varied densities
issue only.

The key to addressing the noise issue is a noise-tolerance kernel; and the key to addressing the varied densities
(stretching/shrinking) issue is a data-dependent kernel that adapts to local distribution with Property 12; The
proposed Λ-kernel possesses both properties. Existing methods do not have both properties. Then, Λ-filter is
derive from Λ-kernel to build PD.

For Λ-kernel, we replace the similarity in UMAP with Λ–kernel, and the resultant Λ–MAP outperforms UMAP
in dimensionality reduction task.

For Λ-filter, we have verified the superiority of computing PD throught the proposed Λ-filter over three existing
methods in three tasks: t-SNE visualization, SVM classification and Topological Point Cloud Clustering.
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A Proofs
A.1 Proof of Property 5
Property 5 ∀𝜖 ∈ (0, 1), ∃𝜂 > 0,∀𝜂 ≥ 𝜂, 𝑥 ∈ 𝑋, Λ ∈ 𝑉 (𝑋 ), ∥Φ(𝑥 | Λ) − e𝑥 ∥ ≤ 𝜖 , where e𝑥 ≔ lim

𝜂→∞
Φ(𝑥 |Λ) and it

is in one-hot form, under the assumption that 𝑥 isn’t exactly located on the boundary of Voronoi Diagram Λ.

Proof. First we start by proving that e𝑥 is in one-hot form when 𝜂 → ∞. Denote the 𝑖-th component of Φ(𝑥 |Λ)
as Φ(𝑥 |Λ) [𝑖] as follows :

Φ(𝑥 |Λ) [𝑖] = 𝑒−𝜂ℓ (𝑥,𝑣𝑖 )(
𝜓∑
𝑗=1

𝑒−2𝜂ℓ (𝑥,𝑣𝑗 )
) 1

2
,

where 𝑖 = 1, ...,𝜓 . Then we know that

lim
𝜂→∞

Φ(𝑥 |𝑉 ) [𝑖] =
{

1, 𝑖 = 𝑖,

0, 𝑖 ≠ 𝑖
,

where 𝑖 ≔ arg min
𝑖

ℓ (𝑥, 𝑣𝑖 ).
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This means that the points are limited in a very small angle near the 𝑖-axis when 𝜂 is very large.
∀𝑥 ∈ 𝑋,Λ ∈ 𝑉 (𝑋 ), set 𝜂𝑥,Λ = 1

2𝑞𝑥,Λ ln (𝜓−1) (2−𝜖2 )
𝜖2 , where 𝑞𝑥,Λ = arg min

𝑖≠𝑖

(ℓ (𝑥, 𝑣𝑖 ) − ℓ (𝑥, 𝑣𝑖 )), then

∥Φ(𝑥 |Λ) − e𝑥 ∥2

= (Φ(𝑥 |Λ) [𝑖] − 1)2 +
𝜓∑︁

𝑗=1, 𝑗≠𝑖

Φ(𝑥 |Λ) [ 𝑗]2

= 2 − 2𝑒−𝜂𝑥,Λℓ (𝑥,𝑣𝑖 )(
𝜓∑
𝑗=1

𝑒−2𝜂𝑥,Λℓ (𝑥,𝑣𝑗 )
) 1

2

= 2 − 2(
1 +

𝜓∑
𝑗=1, 𝑗≠𝑖

𝑒−2𝜂𝑥,Λ (ℓ (𝑥,𝑣𝑗 )−ℓ (𝑥,𝑣𝑖 ) )
) 1

2

≤ 2 − 2(
1 + (𝜓 − 1)𝑒−2𝜂𝑥,Λ𝑞𝑥,Λ

) 1
2

≤ 𝜖2.

To find the 𝜂 for the entire point cloud, take 𝜂 as max
𝑥∈𝑋,Λ∈𝑉 (𝑋 )

𝜂𝑥,Λ, then ∀𝑥 ∈ 𝑋,Λ ∈ 𝑉 (𝑋 ), we have

∥Φ(𝑥 |Λ) − e𝑥 ∥2 ≤ 2 − 2(
1 + (𝜓 − 1)𝑒−2𝜂𝑞𝑥,Λ

) 1
2

≤ 2 − 2(
1 + (𝜓 − 1)𝑒−2𝜂𝑥,Λ𝑞𝑥,Λ

) 1
2

≤ 𝜖2.
□

A.2 Proof of Property 7
Property 7 ∃𝜂,∀𝜂 ≥ 𝜂,∀𝑥,𝑦, 𝑥 ′, 𝑦′ ∈ R𝑑 , if 𝑥,𝑦 belong to the same Voronoi cell 𝜃𝑖 ; and 𝑥 ′, 𝑦′ belong to different
Voronoi cells 𝜃 𝑗 and 𝜃𝑘 , then 𝑠 (𝑥,𝑦 |𝜆) ≥ 𝑠 (𝑥 ′, 𝑦′ |Λ).

Proof. Set 𝜖 =
√

2
4 , according to Property 4, ∃𝜂,∀𝜂 ≥ 𝜂,∀𝑥 ∈ 𝑋, ∥Φ(𝑥 |Λ) − e𝑥 ∥2 ≤ 𝜖 . And we have e𝑥 =

e𝑦, e𝑥 ′ ≠ e𝑦′ , since 𝑥,𝑦 are in the same cell and 𝑥 ′, 𝑦′ are in different cells. So we have ∥Φ(𝑥 |Λ) − Φ(𝑦 |Λ)∥2 ≤
(∥Φ(𝑥 |Λ) − e𝑥 ∥2 + ∥Φ(𝑦 |Λ) − e𝑦 ∥2) ≤ 2𝜖 and ∥Φ(𝑥 ′ |Λ) − Φ(𝑦′ |Λ)∥2 ≥ (∥e𝑥 ′ − e𝑦′ ∥2 − 2𝜖) ≥

√
2 − 2𝜖.

Then because 𝜖 =
√

2
4 , we have

∥Φ(𝑥 |Λ) − Φ(𝑦 |Λ)∥2 ≤ ∥Φ(𝑥 ′ |Λ) − Φ(𝑦′ |Λ)∥2,

which indicates that 𝑠 (𝑥,𝑦 |Λ) ≥ 𝑠 (𝑥 ′, 𝑦′ |Λ), since ∀𝑥 ∈ X, ∥Φ(𝑥 |Λ)∥2 = 1. □

A.3 Proof of Lemma 9
Lemma 9 𝜅̂ (𝑥,𝑦 | 𝑋 ) is a valid kernel.

Proof. We only need to show that the matrix produced by 𝜅̂ is a positive definite matrix (Muandet et al. 2017).
The symmetry of the matrix comes from 𝜅̂ (𝑥,𝑦 |𝑋 ) = 𝜅̂ (𝑦, 𝑥 |𝑋 ), since ∀Λ ∈ 𝑉 (𝑋 ), 𝑠 (𝑥,𝑦 |Λ) = 𝑠 (𝑦, 𝑥 |Λ).
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Kernel 𝜅̂ (𝑥,𝑦 | 𝑋 ) can be re-expressed in a quadratic form as follows:

𝜅̂ (𝑥,𝑦 | 𝑋 ) = 1
𝑡

𝑡∑︁
𝑖=1

Φ(𝑥 | Λ𝑖 )⊤Φ(𝑦 | Λ𝑖 ).

So the matrix produced by 𝜅̂ is positive definite. □

A.4 Proof of Lemma 11
Lemma 11 For 𝑥,𝑦 ∈ 𝑋 , 𝑑Λ (𝑥,𝑦 |𝑋 ) ≔ 1 − 𝜅̂ (𝑥,𝑦 |𝑋 ) is a distance metric when 𝜂 → ∞.

Proof. We prove 𝑑Λ is a distance metric when 𝜂 → ∞ from four aspects:
(1) The distance from a point to itself is zero: 𝑑Λ (𝑥, 𝑥 |𝑋 ) = 0, since 𝜅̂ (𝑥, 𝑥 |𝑋 ) = 1.
(2) The distance between two distinct points 𝑥,𝑦 is always positive when 𝜂 → ∞:

𝑑Λ (𝑥,𝑦 |𝑋 ) can be re-expressed as

𝑑Λ (𝑥,𝑦 |𝑋 ) = 1
𝑡

𝑡∑︁
𝑖=1

(1 − 𝑠 (𝑥,𝑦 |Λ𝑖 )).

And we have lim
𝜂→∞

𝑠 (𝑥,𝑦 |Λ𝑖 ) = 1, if 𝑥,𝑦 are in the same Voronoi cell of Λ𝑖 . Otherwise, lim
𝜂→∞

𝑠 (𝑥,𝑦 |Λ𝑖 ) = 0. If 𝑡

is large enough, then there will be at least one 𝑖 ∈ [𝑡], such that lim
𝜂→∞

𝑠 (𝑥,𝑦 |Λ𝑖 ) = 0. So lim
𝜂→∞

𝑑Λ (𝑥,𝑦 |𝑋 ) > 0.

(3) The distance from 𝑥 to 𝑦 is always the same as the distance from 𝑦 to 𝑥 : 𝑑Λ (𝑥,𝑦) = 𝑑Λ (𝑦, 𝑥), since
𝑑Λ (𝑥,𝑦 |𝑋 ) = 1 − 𝜅̂ (𝑥,𝑦 |𝑋 ) = 1 − 𝜅̂ (𝑦, 𝑥 |𝑋 ) = 𝑑Λ (𝑦, 𝑥 |𝑋 ).

(4) The triangle inequality holds, when 𝜂 → ∞:
𝑑Λ (𝑥,𝑦 |𝑋 ) can be re-expressed as

𝑑Λ (𝑥,𝑦 |𝑋 ) = 1
2𝑡

𝑡∑︁
𝑘=1

𝑑 ′ (𝑥,𝑦 |Λ𝑖 ),

where 𝑑 ′ (𝑥,𝑦 |Λ𝑖 ) = ∥Φ(𝑥 |Λ𝑖 ) − Φ(𝑦 |Λ𝑖 )∥2
2.

So it suffices to prove that triangle inequality holds for 𝑑 ′ (𝑥,𝑦 |Λ) when 𝜂 → ∞. The positions of 𝑥,𝑦, 𝑧
with respect to Voronoi cells of Λ when 𝜂 → ∞ can be divided into 4 cases:
a) 𝑥,𝑦, 𝑧 are in the same Voronoi cell 𝜃𝑖 : 𝑑 ′ (𝑥,𝑦 |Λ) = 𝑑 ′ (𝑥, 𝑧 |Λ) = 𝑑 ′ (𝑦, 𝑧 |Λ) = 0. Hence 𝑑 ′ (𝑥, 𝑧 |Λ) ≤

𝑑 ′ (𝑥,𝑦 |Λ) + 𝑑 ′ (𝑦, 𝑧 |Λ) holds.
b) 𝑥, 𝑧 are in the same Voronoi cell 𝜃𝑖 ; and 𝑦 is in a different Voronoi cell 𝜃 𝑗 : 𝑑 ′ (𝑥, 𝑧 |Λ) = 0, 𝑑 ′ (𝑥,𝑦 |Λ) =

𝑑 ′ (𝑦, 𝑧 |Λ) = 2. Hence 𝑑 ′ (𝑥, 𝑧 |Λ) ≤ 𝑑 ′ (𝑥,𝑦 |Λ) + 𝑑 ′ (𝑦, 𝑧 |Λ) holds.
c) 𝑥, 𝑧 are in different Voronoi cells 𝜃𝑖 and 𝜃 𝑗 , respectively; and 𝑦 is in either 𝜃𝑖 or 𝜃 𝑗 : 𝑑 ′ (𝑥, 𝑧 |Λ) =

2, 𝑑 ′ (𝑥,𝑦 |Λ) = 0 (or 2) and 𝑑 ′ (𝑦, 𝑧 |Λ) = 2 (or 0). Hence 𝑑 ′ (𝑥, 𝑧 |Λ) ≤ 𝑑 ′ (𝑥,𝑦 |Λ) + 𝑑 ′ (𝑦, 𝑧 |Λ) holds.
d) 𝑥,𝑦, 𝑧 are in three different Voronoi cells 𝜃𝑖 , 𝜃 𝑗 and 𝜃𝑘 , respectively: 𝑑 ′ (𝑥,𝑦 |Λ) = 𝑑 ′ (𝑥, 𝑧 |Λ) = 𝑑 ′ (𝑦, 𝑧 |Λ) =

2. Hence 𝑑 ′ (𝑥, 𝑧 |Λ) ≤ 𝑑 ′ (𝑥,𝑦 |Λ) + 𝑑 ′ (𝑦, 𝑧 |Λ) holds.
□

A.5 Proof of Property 12
Property 12 For any two points 𝑥,𝑦 in dense region S and their corresponding 𝑥 ′, 𝑦′ in sparse region T ,
𝑑Λ (𝑥,𝑦 |𝑆) ≈ 𝑑Λ (𝑥 ′, 𝑦′ |𝑇 ) , where 𝑆 ⊂ S, 𝑇 ⊂ T , and S = {𝑚(T ) + 𝑟 (𝑥 −𝑚(T )) |𝑥 ∈ T } for 𝑟 > 1.

Proof. Because one of 𝑆 and 𝑇 can be obtained by isotropic stretching from the other, there is a mapping
ℎ such that: ∀𝑥 ∈ 𝑆, 𝑥 ′ ∈ 𝑇,ℎ(𝑥) = 𝑥 ′, where 𝑥 ′ is the stretched version of 𝑥 . 𝑆 and 𝑇 have the same topology
implication: 𝑂𝑥 = 𝑂ℎ (𝑥 ) = 𝑂𝑥 ′ , ∀𝑥 ∈ 𝑆 , where 𝑂𝑥 is the order: 𝑦 ≤𝑥 𝑧 ⇐⇒ ||𝑥 − 𝑦 | | ≤ | |𝑥 − 𝑧 | |.
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Let D be the subset sampled uniformly from 𝑆 : D = {𝑥1, 𝑥2, ..., 𝑥𝜓 }, D′ = ℎ(D) = {ℎ(𝑥1), ℎ(𝑥2), ..., ℎ(𝑥𝜓 )} =
{𝑥 ′1, 𝑥 ′2, ..., 𝑥 ′𝜓 }. The 𝑗-th Voronoi cell built from 𝑆 and 𝑇 : 𝜃 𝑗 and 𝜃 ′𝑗 can be expressed as:

𝜃 𝑗 =
{
𝑥 ∈ S|𝑥 𝑗 ≤𝑥 𝑥𝑖 ,∀𝑖 ∈ [𝜓 ], 𝑖 ≠ 𝑗

}
𝜃 ′𝑗 =

{
𝑥 ′ ∈ T |𝑥 ′𝑗 ≤𝑥 ′ 𝑥 ′𝑖 ,∀𝑖 ∈ [𝜓 ], 𝑖 ≠ 𝑗

}
= ℎ(𝜃 𝑗 )

Then ∀𝑥,𝑦 ∈ 𝜃 𝑗 ⇐⇒ 𝑥 ′, 𝑦′ ∈ 𝜃 ′𝑗 , where 𝑥
′ = ℎ(𝑥), 𝑦′ = ℎ(𝑦). And the following two equations hold when

𝜂 → ∞:
𝑒−𝜂ℓ (𝑥

′,𝑥 ′
𝑖 )

Υ
′𝑚
ℓ

=
𝑒−𝜂ℓ (𝑥,𝑥𝑖 )

Υ𝑚
ℓ

, 𝑖 ∈ 1, ...𝜓,

𝑒−𝜂ℓ (𝑦
′,𝑥 ′

𝑖 )

Υ
′𝑚
ℓ

=
𝑒−𝜂ℓ (𝑦,𝑥𝑖 )

Υ𝑚
ℓ

, 𝑖 ∈ 1, ...𝜓 .

Hence Φ(𝑥 |Λ) = Φ(𝑥 ′ |Λ′) and Φ(𝑦 |Λ) = Φ(𝑦′ |Λ′). This directly produces the following result:

𝜅 (𝑥 ′, 𝑦′ |𝑇 ) = EΛ′ [𝑠 (𝑥 ′, 𝑦′ |Λ′)]

=
1

|𝑉 (𝑋 ) |
∑︁

Λ′∈𝑉 (𝑋 )
𝑠 (𝑥 ′, 𝑦′ |Λ′)

=
1

|𝑉 (𝑋 ) |
∑︁

Λ′∈𝑉 (𝑋 )
⟨Φ(𝑥 ′ |Λ′),Φ(𝑦′ |Λ′)⟩

=
1

|𝑉 (𝑋 ) |
∑︁

Λ∈𝑉 (𝑋 )
⟨Φ(𝑥 |Λ),Φ(𝑦 |Λ)⟩

=
1

|𝑉 (𝑋 ) |
∑︁

Λ∈𝑉 (𝑋 )
𝑠 (𝑥,𝑦 |Λ)

= EΛ [𝑠 (𝑥,𝑦 |Λ)]
= 𝜅 (𝑥,𝑦 |𝑆).

Since 𝜅̂ is the empirical estimation of 𝜅, for 𝑥, 𝑦 ∈ 𝑆 , 𝑥 ′, 𝑦′ ∈ 𝑇 , and 𝑥 ′ = ℎ(𝑥), 𝑦′ = ℎ(𝑦), we have the following
result:

𝑑Λ (𝑥,𝑦 |𝑆) = 𝑑Λ (𝑥 ′, 𝑦′ |𝑇 ) ≡ 𝜅̂ (𝑥,𝑦 |𝑆) = 𝜅̂ (𝑥 ′, 𝑦′ |𝑇 ).
□

A.6 Proof of Theorem 13
Theorem 13 The bottleneck distance between two persistence diagrams𝔇(𝑓 ) and𝔇(𝑔), derived from Λ-filters
𝑓 (𝑋 ) and 𝑔(𝑋 ′), respectively, is bounded as follows:

𝑊∞ (𝔇(𝑓 ),𝔇(𝑔)) ≤ ∥ 𝑓 − 𝑔∥∞ ≤ 𝑑𝐻 (𝑋,𝑋 ′),
where 𝑋 ′ is the perturbed version of 𝑋 ; and 𝑑𝐻 (𝑋,𝑋 ′) is the Hausdorff distance between 𝑋 and 𝑋 ′.

Proof. Let 𝑋 be the original point cloud and 𝑋 ′ be the perturbed point cloud. Let D and D′ be two given
nonempty subsets from 𝑋 and 𝑋 ′, respectively, where |D| = |D′ | = 𝜓 . ∀𝜙 ∈ Ψ = {1, 2, ...,𝜓 }. Let 𝐴𝜙 = ∪𝑗≠𝜙D𝑗 ,
𝐴′
𝜙
= ∪𝑗≠𝜙D′

𝑗 , 𝛿 = 𝑑𝐻 (𝑋,𝑋 ′).

Definition 19. Given two nonempty subsets 𝐴, 𝐵 ⊆ 𝑋 , ∀𝑥 ∈ 𝑋 , 𝑑𝑜𝑚(𝐴, 𝐵) = {𝑥 ∈ 𝑋 : ℓ (𝑥,𝐴) ≤ ℓ (𝑥, 𝐵)}, here
ℓ (𝑥, 𝐵) = inf{ℓ (𝑥, 𝑏) : 𝑏 ∈ 𝐵}, ℓ (𝐴1, 𝐴2) = inf{ℓ (𝑎1, 𝑎2) : 𝑎1 ∈ 𝐴1, 𝑎2 ∈ 𝐴2}.
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Definition 20. 𝑅𝜙 = 𝑑𝑜𝑚(D𝜙 ,∪𝑗≠𝜙D𝑗 ) = {𝑥 ∈ 𝑋 : ℓ (𝑥,D𝜙 ) ≤ ℓ (𝑥,D𝑗 ), ∀𝑗 ∈ Ψ \ 𝜙}.

In other words, the Voronoi cell 𝑅𝜙 associated with the partition pointD𝜙 is the set of all 𝑥 ∈ 𝑋 whose distance
to D𝜙 is not greater than their distance to the union of the other sites D𝑗 .
Suppose that the following conditions hold:
(1) 𝜂 := inf{ℓ (D𝜙 ,D′

𝑗 ) : 𝑗, 𝜙 ∈ 𝜓, 𝑗 ≠ 𝜙} > 0,
(2) ∃𝛼 ∈ (0,∞) such that for all 𝜙 ∈ Ψ and for all 𝑥 ∈ 𝑋 , the open ball 𝐵(𝑥, 𝛼) intersects 𝐴𝜙 .
Then the following theorem holds (Reem 2011):

Theorem 21. For each 𝜙 ∈ Ψ let 𝑅𝜙 = 𝑑𝑜𝑚(D𝜙 , 𝐴𝜙 ), 𝑅′
𝜙
= 𝑑𝑜𝑚(D′

𝜙
, 𝐴′

𝜙
) be the Voronoi cells associated with the

originalD𝜙 and the perturbed oneD′
𝜙
respectively. Then for each 𝜖 ∈ (0, 𝜂/6), ∃Δ > 0 such that if 𝑑𝐻 (D𝜙 ,D′

𝜙
) < Δ

for each 𝜙 ∈ Ψ, then 𝑑𝐻 (𝑅𝜙 , 𝑅′
𝜙
) < 𝜖 for each 𝜙 ∈ Ψ.

Consider the points close the boundary 𝑙 and 𝑙 ′ of two partitions, which may belong to different partitions
after perturbation. Let 𝑅𝑐 = {𝑥 ∈ 𝑋 : 𝑑 (𝑥, 𝑙) < 𝛿 | |𝑑 (𝑥, 𝑙 ′) < 𝛿}, where the 𝛿 > 𝜖 is the maximum perturbation
distance. 𝑅𝑐 can be divided into two parts. First, the region between 𝑙 and 𝑙 ′, the points in this region must be
changed. Second, the partition of other points in the other area be changed with 50 percent probability. So the
probability for a point 𝑥 to change the partition is:

𝑃 (𝐶 (𝑥)) =
𝜖 + 𝛿−𝜖+𝛿

2
𝜂

=
0.5𝜖 + 𝛿

𝜂
≤ 3𝛿

2𝜂
.

After doing partition for 𝑡 times, the probability (Short 2013) of the partitions of point x be changed 𝛿 ′ ∗ 𝑡
(0 < 𝛿 ′ ≤ 𝛿) times is:

𝑃 (𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′)) ≤ 𝛿 ′)

= lim
𝑡→∞

⌊𝑡∗𝛿 ′ ⌋∑︁
𝑖=0

𝑡 !
(𝑡 − 𝑖)!(𝑖)!

(
3𝛿
2𝜂

)𝑖
∗

(
1 − 3𝛿

2𝜂

)𝑡−𝑖
= 𝑒

−𝑡
(

3𝛿
2𝜂

) ⌊𝑡∗𝛿 ′ ⌋∑︁
𝑖=0

(
3𝛿
2𝜂

)𝑖
𝑖!

≥ 𝑒
−𝑡

(
3𝛿
2𝜂

)
,

where Φ(𝑥) is the feature of 𝑥 mapped by kernel 𝑘 , and 𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′) is the Hausdorff distance between 𝑋

and 𝑋 ′ based on 1− < Φ(𝑋 ),Φ(𝑋 ′) >.
As 𝛿 << 𝜂. 𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′)) ≤ 𝛿 holds with high probability more than 𝑒

−𝑡
(

3𝛿
2𝜂

)
.

For 𝑐 > 4, we have
𝑃 (𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′)) ≤ 𝛿/𝑐)

= lim
𝑡→∞

⌊𝑡∗𝛿/𝑐 ⌋∑︁
𝑖=0

𝑡 !
(𝑡 − 𝑖)!(𝑖)!

(
3𝛿
2𝜂

)𝑖
∗

(
1 − 3𝛿

2𝜂

)𝑡−𝑖
= 𝑒

−𝑡
(

3𝛿
2𝜂

) ⌊𝑡∗𝛿/𝑐 ⌋∑︁
𝑖=0

(
3𝛿
2𝜂

)𝑖
𝑖!

≥ 𝑒
−𝑡

(
3𝛿
2𝜂

)
,
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So 𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′)) ≤ 𝛿/𝑐 holds with high probability. And we have

∥ 𝑓 − 𝑔∥∞ = 2∥ℓ2 (Φ(·),Φ(𝑋 )) − ℓ2 (Φ(·),Φ(𝑋 ′))∥∞
≤ 2∥(ℓ (Φ(·),Φ(𝑋 )) − ℓ (Φ(·),Φ(𝑋 ′))
(ℓ (Φ(·),Φ(𝑋 )) + ℓ (Φ(·),Φ(𝑋 ′))∥∞
≤ 4∥ℓ (Φ(·),Φ(𝑋 )) − ℓ (Φ(·),Φ(𝑋 ′)∥∞
≤ 4 ∗ 𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′))

Finally, we get
𝑊∞ (𝔇(𝑓 ),𝔇(𝑔)) ≤ ∥ 𝑓 − 𝑔∥∞ ≤ 4 ∗ 𝑑𝑘𝐻 (Φ(𝑋 ),Φ(𝑋 ′))

≤ 𝛿 ≤ 𝑑𝐻 (𝑋,𝑋 ′),
where the 𝑑𝐻 is the Hausdorff distance, 𝑑𝐻 (𝑋,𝑋 ′) := max

{
sup𝑥∈𝑋 𝑑 (𝑥, 𝑋 ′), sup𝑥′∈𝑋 ′ 𝑑 (𝑋, 𝑥′)

}
, 𝑓 and 𝑔 is the

filter function of 𝑋 and 𝑋 ′ respectively.
□

A.7 Proof of Theorem 15
Theorem 15 When using Λ-filter, if𝜓 2𝑡 > (1 − 𝑒−2𝜂𝑅)𝑛2𝑡 , then for any order 𝑘 > 0,𝔇𝛿

𝑘
(𝑋 ∪ 𝑋𝑛) = 𝔇𝛿

𝑘
(𝑋 ) holds

with probability more than (1 − 𝑚
𝑛+𝑚 )𝜓𝑡 , where𝔇𝛿

𝑘
stands for persistence diagram of the 𝑘-th order when the

max filtration value is 𝛿 , 𝑅 stands for the diameter of 𝑋 ∪ 𝑋𝑛 , 𝛿 = 1 − 𝑒−2𝜂𝑅 , and 𝑛 = |𝑋 |,𝑚 = |𝑋𝑛 |.

Proof. When building Λ-filter on 𝑋 ∪ 𝑋𝑛 , the probability that all the 𝜓 points in 𝑡 repetitions are sampled
from 𝑋 is (1 − 𝑚

𝑚+𝑛 )
𝜓𝑡 . When this happens, for any 𝑥,𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, we have

𝑑Λ (𝑥,𝑦 |𝑋 ∪ 𝑋𝑛) = 𝑑Λ (𝑥,𝑦 |𝑋 )

= 1 − 1
𝑡

𝑡∑︁
𝑗=1

∑𝜓

𝑖=1 𝑒
−𝜂 (𝑑 (𝑥,𝑥 𝑗

𝑖
)+𝑑 (𝑦,𝑥 𝑗

𝑖
) )√︃∑𝜓

𝑖=1 𝑒
−2𝜂𝑑 (𝑥,𝑥 𝑗

𝑖
)
√︃∑𝜓

𝑖=1 𝑒
−2𝜂𝑑 (𝑦,𝑥 𝑗

𝑖
)

≤ 1 − 1
𝑡

𝑡∑︁
𝑗=1

∑𝜓

𝑖=1 𝑒
−2𝜂𝑅

𝜓

≤ 1 − 𝑒−2𝜂𝑅,

(3)

where 𝑥 𝑗

𝑖
∈ 𝑋 is the i-th sampled point in j-th repetition.

Then for noise set 𝑋𝑛 , we assume that for any two different 𝑢, 𝑣 ∈ 𝑋𝑛 , their nearest neighbors in 𝑋 in terms of
Euclidean distance 𝑑 are different. For any 𝑢, 𝑣 ∈ 𝑋𝑛 , 𝑑Λ (𝑢, 𝑣 |𝑋 ∪ 𝑋𝑛) > (𝜓

𝑛
)2𝑡 when 𝜂 → ∞. So there exists an 𝜂,

such that 𝑑Λ (𝑢, 𝑣 |𝑋 ∪ 𝑋𝑛) ≥ (𝜓
𝑛
)2𝑡 .

Then ∀𝑥,𝑦 ∈ 𝑋 (𝑥 ≠ 𝑦), 𝑢, 𝑣 ∈ 𝑋𝑛 (𝑢 ≠ 𝑣), we have

𝑑Λ (𝑢, 𝑣 |𝑋 ∪ 𝑋𝑛) > 𝛿 ≥ 𝑑Λ (𝑥,𝑦 |𝑋 ∪ 𝑋𝑛), (4)

if𝜓 2𝑡 > (1 − 𝑒−2𝜂𝑅)𝑛2𝑡 . There is no connection between any two points in 𝑋𝑛 before 𝛿 . All connections within
𝑋𝑛 can only happen after 𝑋 is pairwise connected, when all the topological features of 𝑋 are dead. Although 𝑋𝑛

can be connetced to 𝑋 , since there’s no connection in 𝑋𝑛 , the noise set 𝑋𝑛 has no impact on the birth and death
of the 𝑋 ’s topological features that have order higher or equal than 1. Hence, we have

𝔇𝛿
𝑘
(𝑋 ∪ 𝑋𝑛) = 𝔇𝛿

𝑘
(𝑋 ), (5)
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where 𝑘 > 0.
Note that 0-dimensional PD of 𝑋 and that of 𝑋 ∪ 𝑋𝑛 are different, since the number of points □

A.8 Proof of Theorem 17
Theorem 17 The PD produced via Λ-filter is robust to varied densities.

Proof. Because one of 𝑆 and 𝑇 can be obtained by isotropic stretching from the other, there is a mapping ℎ
such that: ∀𝑥 ∈ 𝑆, 𝑥 ′ ∈ 𝑇,ℎ(𝑥) = 𝑥 ′, where 𝑥 ′ is the stretched version of 𝑥 . For 𝑥, 𝑦 ∈ 𝑆 , let 𝑥 ′ = ℎ(𝑥), 𝑦′ = ℎ(𝑦).
From Section A.5 we have 𝜅̂ (𝑥,𝑦 |𝑆) = 𝜅̂ (𝑥 ′, 𝑦′ |𝑇 ), hence

𝑓Λ (𝑥 |𝑆) = 4 min
𝑦∈𝑆

(1 − 𝜅̂ (𝑥,𝑦 |𝑆))

= 4 min
𝑦′∈𝑇

(1 − 𝜅̂ (𝑥 ′, 𝑦′ |𝑇 ))

= 𝑓Λ (𝑥 ′ |𝑇 )
□

A.9 Proof of CkNN’s Filter Function
In CkNN, 𝑥𝑖 and 𝑥 𝑗 are connected if ℓ (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝜖

√︁
ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 ). And the filtration is formed by varying 𝜖 . We state

the connection between 𝑥𝑖 and 𝑥 𝑗 in an equivalent form in Lemma 22, which is used for the proof of Theorem 23.

Lemma 22. ∀𝜖 > 0, ℓ (𝑥𝑖 ,𝑥 𝑗 )√
(ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )

≤ 𝜖 iff ∃ 𝑥, 𝑠 .𝑡 . ℓ (𝑥,𝑥𝑖 )√
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗) ≤ 𝜖 and ℓ (𝑥,𝑥 𝑗 )√
ℓ𝑘 (𝑥 𝑗 )

𝑤 (𝑖, 𝑗) ≤ 𝜖 , where 𝑤 (𝑖, 𝑗) =

1√
ℓ𝑘 (𝑥𝑖 )

+ 1√
ℓ𝑘 (𝑥 𝑗 )

.

Proof. (1) If ∃ 𝑥, 𝑠 .𝑡 . ℓ (𝑥,𝑥𝑖 )√
ℓ𝑘 (𝑥𝑖 )

≤ 𝜖
𝑤 (𝑖, 𝑗 ) and

ℓ (𝑥,𝑥 𝑗 )√
ℓ𝑘 (𝑥 𝑗 )

≤ 𝜖
𝑤 (𝑖, 𝑗 ) , then by triangle inequality we have

ℓ (𝑥𝑖 , 𝑥 𝑗 )√︁
ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )

≤
ℓ (𝑥, 𝑥𝑖 ) + ℓ (𝑥, 𝑥 𝑗 )√︁

ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )
≤ 𝜖 .

(2) If ℓ (𝑥𝑖 ,𝑥 𝑗 )√
ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )

≤ 𝜖 , choose 𝑥 = 𝜇𝑥𝑖 + (1 − 𝜇)𝑥 𝑗 ,where 𝜇 =

√
ℓ𝑘 (𝑥 𝑗 )√

ℓ𝑘 (𝑥𝑖 )+
√
ℓ𝑘 (𝑥 𝑗 )

. Then we get

ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

=
ℓ (𝑥, 𝑥 𝑗 )√︁
ℓ𝑘 (𝑥 𝑗 )

=
1

𝑤 (𝑖, 𝑗)
ℓ (𝑥𝑖 , 𝑥 𝑗 )√︁
ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )

≤ 𝜖

𝑤 (𝑖, 𝑗) .

□

Define the graph 𝐺 (𝜖) formed via CkNN under the scale parameter 𝜖 as

𝐺𝜖 (𝑋 ) =
{
(𝑥𝑖 , 𝑥 𝑗 ) ∈ 𝑋 2 |

ℓ (𝑥𝑖 , 𝑥 𝑗 )√︁
ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )

≤ 𝜖

}
.

Then we can have an approximation of CkNN’s filter function, as shown in Theorem 23.

Theorem 23. ∀𝜖 > 0, 𝐺 𝑓
𝜖 (𝑋 ) ⊂ 𝐺𝜖 (𝑋 ) ⊂ 𝐺

𝑔
𝜖 (𝑋 ), where

𝐺
𝑓
𝜖 (𝑋 ) =

{
𝑥𝑖 , 𝑥 𝑗 ) ∈ (𝑋 ∩ X 𝑓

𝜖 )2 |𝐵 (𝑥𝑖 , 𝑟 𝑓𝑖 (𝜖 ) ) ∩ 𝐵 (𝑥 𝑗 , 𝑟
𝑓

𝑗
(𝜖 ) ) ≠ ∅

}
,

𝐺
𝑔
𝜖 (𝑋 ) =

{
(𝑥𝑖 , 𝑥 𝑗 ) ∈ (𝑋 ∩ X𝑔

𝜖 )2 |𝐵 (𝑥𝑖 , 𝑟𝑔𝑖 (𝜖 ) ) ∩ 𝐵 (𝑥 𝑗 , 𝑟
𝑔

𝑗
(𝜖 ) ) ≠ ∅

}
,

Journal of Artificial Intelligence Research, Vol. 84, Article 24. Publication date: December 2025.



Towards a Robust Persistence Diagram via Data-dependent Kernel • 24:33

𝑓 (𝑥) = min
𝑖∈[𝑛]

max
𝑗∈[𝑛]

(
ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗)
)
,

𝑔(𝑥) = min
𝑖∈[𝑛]

min
𝑗∈[𝑛]

(
ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗)
)
,

X 𝑓
𝜖 = {𝑥 ∈ X|𝑓 (𝑥) ≤ 𝜖} = ∪𝑛

𝑖=1𝐵
(
𝑥𝑖 , 𝑟

𝑓

𝑖
(𝜖)

)
,

X𝑔
𝜖 = {𝑥 ∈ X|𝑔(𝑥) ≤ 𝜖} = ∪𝑛

𝑖=1𝐵
(
𝑥𝑖 , 𝑟

𝑔

𝑖
(𝜖)

)
,

𝑟
𝑓

𝑖
(𝜖) =

√
ℓ𝑘 (𝑥𝑖 )

𝑚𝑎𝑥𝑝∈ [𝑛]𝑤 (𝑖,𝑝 ) 𝜖 and 𝑟
𝑔

𝑖
(𝜖) =

√
ℓ𝑘 (𝑥𝑖 )

𝑚𝑖𝑛𝑝∈ [𝑛]𝑤 (𝑖,𝑝 ) 𝜖 . 𝐵 is defined in Section 6, and𝑤 (·, ·) is defined in lemma 22.

Proof. Unlike the case in the Rips filtration, where the radius of a ball centered at 𝑥𝑖 is the given scale parameter

𝜖 , we assign individual radius 𝑟 𝑓
𝑖
to each 𝑥𝑖 under given 𝑟

𝑓

𝑖
(𝜖) =

√
ℓ𝑘 (𝑥𝑖 )

𝑚𝑎𝑥𝑝∈ [𝑛]𝑤 (𝑖,𝑝 ) 𝜖 .

If (𝑥𝑖 , 𝑥 𝑗 ) ∈ 𝐺
𝑓
𝜖 (𝑋 )), 𝐵

(
𝑥𝑖 , 𝑟

𝑓

𝑖
(𝜖)

)
intersects 𝐵

(
𝑥 𝑗 , 𝑟

𝑓

𝑗
(𝜖)

)
. We have that ∃ 𝑥, 𝑠 .𝑡 . ℓ (𝑥, 𝑥𝑖 ) ≤ 𝑟

𝑓

𝑖
(𝜖), ℓ (𝑥, 𝑥 𝑗 ) ≤

𝑟
𝑓

𝑗
(𝜖) , then we have

ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗) ≤ ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

𝑚𝑎𝑥𝑝∈[𝑛]𝑤 (𝑖, 𝑝) ≤ 𝜖 ,

ℓ (𝑥, 𝑥 𝑗 )√︁
ℓ𝑘 (𝑥 𝑗 )

𝑤 (𝑖, 𝑗) ≤
ℓ (𝑥, 𝑥 𝑗 )√︁
ℓ𝑘 (𝑥 𝑗 )

𝑚𝑎𝑥𝑝∈[𝑛]𝑤 ( 𝑗, 𝑝) ≤ 𝜖 .

So according to Lemma 22, we can get ℓ (𝑥𝑖 ,𝑥 𝑗 )√
ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )

≤ 𝜖 , that is to say, (𝑥𝑖 , 𝑥 𝑗 ) ∈ 𝐺𝜖 (𝑋 ). Hence 𝐺 𝑓
𝜖 (𝑋 ) ⊂ 𝐺𝜖 (𝑋 ).

Similarly, we can have 𝐺𝜖 (𝑋 ) ⊂ 𝐺
𝑔
𝜖 (𝑋 ) with 𝑟

𝑔

𝑖
(𝜖) =

√
ℓ𝑘 (𝑥𝑖 )

𝑚𝑖𝑛𝑝∈ [𝑛]𝑤 (𝑖,𝑝 ) 𝜖 as following: if (𝑥𝑖 , 𝑥 𝑗 ) ∈ 𝐺𝜖 (𝑋 ), then
ℓ (𝑥𝑖 ,𝑥 𝑗 )√

ℓ𝑘 (𝑥𝑖 )ℓ𝑘 (𝑥 𝑗 )
≤ 𝜖 . Then by Lemma 22, there exists 𝑥 such that

ℓ (𝑥, 𝑥𝑖 ) ≤
√︁
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗) 𝜖 ≤
√︁
ℓ𝑘 (𝑥𝑖 )

𝑚𝑖𝑛𝑝∈[𝑛]𝑤 (𝑖, 𝑝) 𝜖 = 𝑟
𝑔

𝑖
(𝜖),

ℓ (𝑥, 𝑥 𝑗 ) ≤
√︁
ℓ𝑘 (𝑥 𝑗 )

𝑤 (𝑖, 𝑗) 𝜖 ≤
√︁
ℓ𝑘 (𝑥 𝑗 )

𝑚𝑖𝑛𝑝∈[𝑛]𝑤 ( 𝑗, 𝑝) 𝜖 = 𝑟
𝑔

𝑗
(𝜖).

□

As for the precision of the approximation, 𝑟
𝑓

𝑖

𝑟
𝑔

𝑖

measures how well the approximation is. We have the bound of
𝑟
𝑓

𝑖

𝑟
𝑔

𝑖

as follows:

√︄
𝑚𝑖𝑛𝑝∈[𝑛]ℓ𝑘 (𝑥𝑝 )
𝑚𝑎𝑥𝑝∈[𝑛]ℓ𝑘 (𝑥𝑝 )

≤
1 +

√
ℓ𝑘 (𝑥𝑖 )√

𝑚𝑎𝑥𝑝∈ [𝑛] ℓ𝑘 (𝑥𝑝 )

1 +
√
ℓ𝑘 (𝑥𝑖 )√

𝑚𝑖𝑛𝑝∈ [𝑛] ℓ𝑘 (𝑥𝑝 )

≤
𝑟
𝑓

𝑖

𝑟
𝑔

𝑖

≤ 1.

A higher lower bound leads to a better approximation of CKNN’s filter function. But this lower bound can be
very small if the densities are hugely different.
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To get a better approximation, it is reasonable to assume that 𝑥𝑖 only connects with its 𝑘 nearest neighbors
when 𝜖 is relatively small. Then we can get 𝑓 , 𝑔 as better approximations of CkNN’s filter function, where

𝑓 (𝑥) = min
𝑖∈[𝑛]

max
𝑗∈𝐼𝐷𝑘 (𝑥𝑖 )

(
ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗)
)
,

𝑔(𝑥) = min
𝑖∈[𝑛]

min
𝑗∈𝐼𝐷𝑘 (𝑥𝑖 )

(
ℓ (𝑥, 𝑥𝑖 )√︁
ℓ𝑘 (𝑥𝑖 )

𝑤 (𝑖, 𝑗)
)

and 𝐼𝐷𝑘 (𝑥𝑖 ) is the set of indexes of 𝑥𝑖 ’s 𝑘 nearest neighbors in 𝑋 .

Then for each 𝑥𝑖 , we can improve the lower bound from
√︂

𝑚𝑖𝑛𝑝∈ [𝑛] ℓ𝑘 (𝑥𝑝 )
𝑚𝑎𝑥𝑝∈ [𝑛] ℓ𝑘 (𝑥𝑝 ) to

√︂
𝑚𝑖𝑛𝑝∈𝐼𝐷𝑘 (𝑥𝑖 ) ℓ𝑘 (𝑥𝑝 )
𝑚𝑎𝑥𝑝∈𝐼𝐷𝑘 (𝑥𝑖 ) ℓ𝑘 (𝑥𝑝 )

, while𝐺𝜖 (𝑋 ) is

bounded by 𝐺 𝑓
𝜖 (𝑋 ) and 𝐺𝑔

𝜖 (𝑋 ).
However, the goal is to use one function to approximate CkNN’s filter function instead of two bounds 𝑓 and 𝑔.

To achieve this goal, the neighborhood of 𝑥𝑖 is assumed to be uniformly distributed, i.e.

min
𝑝∈𝐼𝐷𝑘 (𝑥𝑖 )

ℓ𝑘 (𝑥𝑝 ) = max
𝑝∈𝐼𝐷𝑘 (𝑥𝑖 )

ℓ𝑘 (𝑥𝑝 ) = ℓ𝑘 (𝑥𝑖 ).

And finally we can have a good approximationℎ(𝑥) of CkNN’s filter function in the early stage of the topological
feature’s formation process (small 𝜖), where

ℎ(𝑥) = min
𝑖∈[𝑛]

2ℓ (𝑥, 𝑥𝑖 )
ℓ𝑘 (𝑥𝑖 )

.

B Additional Experiments
B.1 Robustness to Noise
This section provides the details of Figure 3 described in Section 7. It presents the advantages of Λ-filter over
other methods in terms of robustness to noise.

Table 12 shows the Cassini dataset and corresponding 1-dim PDs, built from GK-filter, DTM and Λ-filter when
𝛾 = 0, 0.025 and 0.5. The noise points are sampled from a uniformly distribution 𝜌𝑛 .

When 𝛾 = 0 (no noise), only Λ-filter detects one single ring without any noise feature. GK-filter detects the
valid ring, but with two additional rings due to noise. DTM detects two equally persistent rings (two overlapping
points in PD).
When adding some noise (𝛾 = 0.025) in the Cassini dataset, shown in the second row, the PD of GK-filter is

dramatically different from that obtained previously (𝛾 = 0). There are many misleading rings due to the effect of
noise, resulting in the structure of the data cannot be correctly judged from the PD. DTM and Λ-filter are robust
to noise. But DTM obtains two rings incorrectly, and the two rings have different sizes.
When 𝛾 reaches 0.5, only Λ-filter produces a PD which has one distinct persistent ring.

B.2 Property 12 of 𝑑Λ
This section provides an example to show that 𝑑Λ has the ability of preserve the distance after stretching or
shrinking (Property 12 in Section 5.1).
The root cause of a wrong PD is that when using Euclidean distance, points are closer to each other in the

dense region than in the sparse region. A direct way to address this issue is to design a data-dependent distance
metric that enables the distance between two points to remain almost the same after stretching or shrinking.
We will show that 𝑑Λ is such a distance metric in Figure 12, where the dense cluster 𝑇 is obtained by a tenfold
shrinking of sparse cluster 𝑆 .
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Table 12. The PDs (1-dimensional homology are reported) of the data with noise of three different ratios (𝛾 = 0, 0.025, 0.5).

Dataset GK-filter DTM Λ-filter

Fig. 12. (a) Original data with sparse and dense clusters. (b) Similarity matrices and MDS visualizations of Λ-kernel and GK.

In Figure 12, Λ-kernel is compared with Gaussian Kernel (GK), which completely depends on Euclidean distance.
In the case of GK, the points in the dense cluster are much more similar to each other than those in the sparse
cluster. While in the case of Λ-kernel, the similarity matrices of the sparse cluster and dense cluster are quite
similar to each other.
The MDS (Multidimensional Scaling (Mead 1992)) visualization, which preserves the distance in the mapped

space, maps the given dataset via distance matrix, is shown in Figure 12b.
Clusters 𝑆 and 𝑇 have the same density in the MDS-mapped space when Λ-kernel is employed; but they still

have different densities when GK is employed.
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This illustrates that 𝑑Λ can preserve the distance after stretching or shrinking. That is to say, 𝑑Λ has Property
12.

In addition, Section 6 states that using 𝑓Λ as a filter function for PH is equivalent to using 𝑑Λ (𝑥,𝑦) to re-
place Euclidean distance in the Rips filter function. This subsection demonstrates that Λ-filter has Property 4
experimentally.
In summary, the PD built from Λ-filter is robust to varied densities.

B.3 Details of Table 5: Growth of Sublevel Sets
This section gives the corresponding growth of sublevel sets of the Persistence Diagrams in Table 5 from Section
8. For each filter function, 3 snippets of the growth of sublevel sets are provided in Table 13.
Table 13 shows some details of the PH by three sublevel sets of different filter functions. First, when DTM

and Rips are employed, the right ring died before the left ring was born. Second, when CkNN is employed, in
addition to the persistent rings, many other rings are formed due to the influence of noise. Finally, when Λ-filter
is employed, two prominent rings are born at about the same time and then die at about the same time, and the
persistence of other noise rings is extremely small.

B.4 Parameter Setting
This section provides the parameter setting of the experiments in Section 7.

Parameter setting used in the experiments: For Λ-kernel, 𝑡 = 200, 𝜂 = ∞, 𝜓 is searched over {2, 4, 8, 16, 32}.
For DTM and CkNN, the 𝑘 is searched in {𝑚 ∗ 𝑛 |𝑚 = 0.02, 0.04, 0.06, 0.08, 0.1}, where 𝑛 is the dataset size. The
experiments are performed on a machine with 1500MHz CPUs and 2TB RAM.

B.5 Details of Experiments
B.5.1 Classification of Bone Scripts. This section describes the experiment setting of the bone scripts classification
from Section 7.
We use a dataset which contains ten classes of bone scripts, which are referred to as ten ‘heavenly stems’

in Chinese culture. The dataset has 20 images of the bone scripts in each class. We compress each image from
the original 400*400 pixels to 120*120 pixels for efficient PD computation. The pixels of each script image are
extracted as points in a 2-dimensional point cloud, and 20 noise points sampled from a uniform distribution are
added.
In Figure 6a, we run SVM for 10 random train/test splits of the dataset and report the mean accuracy and

standard deviation. In each split, we take 70% of the whole dataset for training and 30% for testing. 3-fold
cross-validation on the training set is used to select the best hyperparameters for each approach: smoothing
factor of rbf kernel, regularization weight in SVM, filtration factor (𝑘 for DTM and CkNN,𝜓 for Λ-filter).

The result of one such split of the dataset (with random seed set to 2022) is shown in Figure 13 in the form of
confusion matrices. These results demonstrate the superiority of PDs produced by Λ-filter, where Λ-filter has the
highest accuracy.
In Figure 6b, for each (𝜂,𝜓 ) pair, we select the best PI bandwidth to explore the effect of 𝜂,𝜓 in Λ-filter.

B.5.2 Λ-kernel for UMAP Dimensionality Reduction. For UMAP, the number of neighbors is search in [5, 10, 20,
50, 100, 200]. For Λ-MAP,𝜓 is searched in [2,4,8,16,32,64], 𝜂 = ∞ and 𝑡 = 500.

B.6 Multi-parameter Persistent Homology
This section shows the flaw of Multiparameter Persistent Homology, mentioned in Section 1.

Multi-parameter Persistent Homology (MPH (Blumberg and Lesnick 2022; Vipond 2020)) claims that it is robust
to varied densities. When a data cloud has varied densities, MPH is claimed to be able to detect the features in
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Table 13. Growth of sublevel sets for each of the four filter functions.

Rips 𝜖 = 0.5 𝜖 = 1.0 𝜖 = 1.5

DTM 𝜖 = 0.6 𝜖 = 0.7 𝜖 = 0.8

CkNN 𝜖 = 0.3 𝜖 = 0.5 𝜖 = 0.7

Λ-filter 𝜖 = 0.125 𝜖 = 0.150 𝜖 = 0.175

sparse and dense regions. We examine this claim in the following experiment with Multiparameter Persistence
Landscape (MPL (Vipond et al. 2021)), a stable representation of PD that generalizes from Persistence Landscape
(PL (Bubenik 2015)). MPL is presented in the form of a matrix, where each column represents a PL.

We employ a commonly-used MPL (Rips and 1NN Codensity) on the point cloud shown in right subfigure in
Figure 7, where there is one dense ring, one sparse ring, and some noise. The result is shown in Figure 14. MPH
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(a) Rips (b) DTM (c) CkNN (d) Λ-filter

Fig. 13. Confusion matrices

can detect the two rings in the first landscape, and the dense ring can be detected earlier with respect to 1NN
Codensity. The second landscape contains the noise features, which are well separated from the true topological
features in the first landscape.
Note that although the two rings can be detected in the first MPL, the persistence of the dense ring is still

significantly smaller than that of the sparse ring, which is the same issue we met in the Rips filtration.
In summary, MPH can tackle the problem of noise and it does not deal with the problem of varied densities

satisfactorily.

B.7 Using Geodesic Distance in Different Filters on Eyeglasses Dataset
The result of using Geodesic distance in different filters on the eyeglasses dataset is shown in Table 14.

Table 14. Persistence Diagram obtained by using Geodesic distance in DTM,CkNN,Λ-filter on the eyeglasses dataset from
Figure 10 a.

DTM CkNN Λ-filter

Persistence Diagram

C Uniform Manifold Approximation and Projection for Dimension Reduction (UMAP)
C.1 UMAP Introduction
Herewe briefly introduce UMAP 9: UMAP is a novel technique for reducing the dimensionality of high-dimensional
data, which is based on the assumption that there exists a manifold on which the data would be uniformly
distributed. UMAP finds a low-dimensional representation of the data that preserves the topological structure of
this manifold by minimizing the cross-entropy between the two topological representations (simplicial set) of
high-dimension and low-dimensional data. (McInnes et al. 2018) achieve this by the following 5 steps:

* Graph Construction
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Fig. 14. First MPL and second MPL, and PD from the Rips filtration.

1. Construct a k-NN graph (using Euclidean distance).
2. Apply some transform on the edges of the k-NN graph to ambient local distance (see Equation 6 below).
3. Deal with the inherent asymmetry of the k-NN graph (see Equation 7 below).

* Optimized Representation
4. Define an objective function that preserves the desired characteristics of this k-NN graph.
5. Use Spectral Embedding as initialization and find a low dimensional representation which optimizes this

objective function.

9The code of UMAP is available at https://github.com/lmcinnes/umap/tree/master.
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UMAP defines aweighted k-NN graphG = (𝑉 , 𝐸,𝑤). The vertices V are𝑋 , 𝐸 = {(𝑥𝑖 , 𝑥𝑖 𝑗 ) |1 ≤ 𝑗 ≤ 𝑘, 1 ≤ 𝑖 ≤ |𝑋 |}
(𝑥𝑖 𝑗 is 𝑥𝑖 ’s j-th nearest neighbor),𝑤 is defined as follows:

𝑤 (𝑥𝑖 , 𝑥𝑖 𝑗 ) = 𝑒𝑥𝑝

(−𝑚𝑎𝑥 (0, ℓ (𝑥𝑖 , 𝑥𝑖 𝑗 ) − 𝜌𝑖 )
𝜎𝑖

)
, (6)

where
𝜌𝑖 =𝑚𝑖𝑛{ℓ (𝑥𝑖 , 𝑥𝑖 𝑗 ) |1 ≤ 𝑗 ≤ 𝑘, ℓ (𝑥𝑖 , 𝑥𝑖 𝑗 ) > 0}

and 𝜎𝑖 is set to be the value such that
𝑘∑︁
𝑗=1

𝑒𝑥𝑝

(−𝑚𝑎𝑥 (0, ℓ (𝑥𝑖 , 𝑥𝑖 𝑗 ) − 𝜌𝑖 )
𝜎𝑖

)
= 𝑙𝑜𝑔2 (𝑘).

Let𝐴 be the weighted adjacency matrix of G via Equation 6, which may be asymmetric. UMAP gets its symmetric
version

𝐵 = 𝐴 +𝐴⊤ −𝐴 ◦𝐴⊤, (7)
where ◦ is the Hadamard (or pointwise) product.

C.2 Limitation of UMAP
In this subsection, we give an illustrative example of UMAP’s limitation. Suppose we have a dataset consisting of
two clusters, whose boundaries are two spheres, as shown in Figure 15, and the minimal pairwise distance inside
each cluster equal to 1 and the minimal distance between two clusters equals to 9.

Fig. 15. Example of UMAP’s limitation.

In the right cluster, we visualize two points 𝑥,𝑦, together with k nearest neighbors (k=4). Note that there are
other points in the cluster, we just didn’t plot them, we only plot 𝑥,𝑦 for clarity. The k nearest neighbors of 𝑦 are
all within the right cluster, with distance to 𝑦 equals to 1, 2, 3, 4. 3 nearest neighbors of 𝑥 are within the right
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cluster (with distance to 𝑥 equals to 1, 2, 3), and one nearest neighbors 𝑥 , whose distance to 𝑥 is 9, is from the left
cluster.

We obtain UMAP weight through Equation 6:𝑤 (𝑥, 𝑥) = 0.02,𝑤 (𝑦,𝑦) = 0.54. By treating 1 −𝑤 as distance, and
normalizing the distance (maximum distance equals to 1), we can see that the minimal distance between two
clusters changes from 9 in the original space to 2.13 in the metric space UMAP produces.
In summary, the limitation of UMAP is that the inter-cluster distance can be significantly reduced when the

k-NN graph connects points between different clusters.

C.3 Intuition of Λ-MAP
We replace 𝐵 with Λ-kernel, that is, replacing steps 2 and 3 in the original UMAP with one step that computes
Λ-kernel and the new UMAP algorithm using Λ-kernel is named Λ-MAP.

Since the aim of UMAP is to preserve the topological structure of the data, and as we mentioned earlier, when
there are varied densities between different clusters, the topology of sparse clusters interferes with the topology of
dense clusters. Hence, a density-invariant similarity is desired. Across-cluster Uniformity Similarity, as defined in
24, is such one. Λ-distance , as defined in Lemma 11 (𝑑Λ (𝑥,𝑦 |𝑋 ) ≔ 1 − 𝜅̂ (𝑥,𝑦 |𝑋 )), is an Across-cluster Uniformity
Similarity, which is a direct result of Property 12. UMAP’s weight 1 − 𝐵 is also an Across-cluster Similarity, since
global uniformity ensures across-cluster uniformity.
In order to ensure the spectral embedding (the initialization of Optimization in step 5) of two clusters of

different densities to be the same in terms of density in the embedded space, UMAP uses the global uniform
metric 𝐵. However, it’s only necessary to use an Across-cluster Uniformity Similarity like Λ-distance. Compared
with the metric used in UMAP, Λ-distance can better preserve the intra-cluster density and enlarge inter-cluster
distance. When the minimal Euclidean distance between two clusters 𝐴, 𝐵 is smaller than the diameter of each
cluster, 𝜅̂ (𝑎, 𝑏 |𝐴 ∪ 𝐵) = 0 for any pair (𝑎, 𝑏) ∈ 𝐴 × 𝐵 as 𝜂 → ∞.

Definition 24. Across-cluster Uniformity Similarity
Given a dataset 𝑋 = {𝐶1, ...,𝐶𝑘 } ⊂ 𝑅𝑑 that satisfies Assumption 1, 𝔐 is an Across-cluster Similarity Metric if
for any 𝑖 ∈ [𝑘], 𝑥 ∈ 𝐶𝑖 , 𝜏 > 0, ∀𝑗 ≠ 𝑖, 𝐵(ℎ𝑖, 𝑗 (𝑥), 𝜏) under metric 𝔐 covers the same number of points in 𝑋 , where
𝐵(𝑥, 𝜏) ≔ {𝑦 ∈ R𝑑 |𝔐(𝑥,𝑦) ≥ 𝜏}.

Λ-distance is an Across-cluster Uniformity Metric, which is a direct result of Property 12.
Assumption 1 : a dataset 𝑋 with 𝑘 clusters is sampled from a manifold of finite intrinsic dimension. Each

cluster has the same number of points and the underlying distribution for each cluster is from the same distribution
class {𝑓 (𝑥) = 1

𝛼
𝑓 ( 𝑠 (𝑥 )

𝛼
) |𝛼 > 0}, where 𝑓 is any probability density function and 𝑠 is an isometric transformation

(reflection, translation, rotation or their combination).
This assumption indicates that the submanifold, from which cluster 𝑖 is sampled, can be stretched or shrunk

via a submanifold from which another cluster 𝑗 is sampled. That is, there exists a natural bijection ℎ𝑖, 𝑗 between
any two different clusters 𝑖 and 𝑗 .
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