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Abstract

The overlapping coalition structure generation problem (OCSGP) is a challenging com-
putational problem in multi-agent systems. It focuses on selecting possibly overlapping
coalitions from a set of agents to maximize the social welfare of all coalitions while contain-
ing all agents. However, in practical applications, coalitions may be formed to selectively
respond to tasks from a pool of potential tasks assigned to agents. Consequently, this study
considers OCSGP in a task-based setting, where each agent has finite resources and can
only respond to tasks of interest, and each coalition can only take on mutually disjoint
subsets of tasks. Specifically, we first present a model of the task-based OCSGP and inves-
tigate its computational complexity. Our theoretical results demonstrate that this specific
OCSGP remains intractable even under restrictive assumptions. Subsequently, we develop
a generic evolutionary algorithm framework (EAF) to find an approximately optimal over-
lapping coalition structure (OCS) in time quartic polynomial in the size of the instance.
Particularly, we devise a specific solution-repair based heuristic of cubic time complexity
to generate a feasible OCS. Finally, we compare the proposed EAF with a task-oriented
heuristic and a hybrid algorithm for OCSGP, and examine its applicability in the pursuit-
evasion problem. The experimental results reveal that the proposed EAF exhibits superior
performance in finding feasible OCSs and demonstrates flexible adaptability to problem
size and resource status.

1. Introduction

Coalition formation is the most basic and crucial cooperation form of in multi-agent systems
(MAS) (Sandholm & Lesser, 1997; Shehory & Kraus, 1998). Forming a coalition can make
incompetent agents capable enough to accomplish tasks by sharing their resources and
working together. Usually, the coalition formation process consists of three main phases
(Sandholm & Lesser, 1997):

(©2025 The Authors. Published by AI Access Foundation under Creative Commons Attribution License CC BY 4.0.



ZHANG, SU, SONG, Gao, L1 & Yao

e Coalition structure generation (CSG) (Greco & Guzzo, 2017; Rahwan et al., 2012,
2015; Service & Adams, 2011b). This phase aims to make each agent join a coalition
and find an optimal set of coalitions (i.e., a coalition structure) to maximize social
welfare.

e Coalition value calculation (Rahwan & Jennings, 2007; Riley et al., 2015). This phase
involves calculating the utility value of each possible coalition and distributing this
calculation among agents.

e Revenue distribution (Airiau & Sen, 2009; Anshelevich & Sekar, 2015; Deng & Pa-
padimitriou, 1999; Ketchpel, 1994; Markakis & Saberi, 2005; Zick et al., 2012). This
phase focuses on dividing the payoff of every formed coalition into a stable distribu-
tion, where no agent can object to its assigned payoff.

Obviously, CSG is the most important phase, the primary objectives of which are to deter-
mine the formation of coalitions and the allocation of tasks to each coalition. However, this
process can be computationally challenging due to the exponential growth in the number of
possible coalitions with the increase in the number of agents (Conitzer & Sandholm, 2006;
Hoefer et al., 2018; Sandholm et al., 1999).

Over the past decade, a wide range of CSG model and algorithms have been developed
in different situations, such as as characteristic function games (CFGs) (Greco & Guzzo,
2017; Rahwan et al., 2012, 2015; Service & Adams, 2011b), coalitional skill games (CSKGs)
(Bachrach et al., 2010, 2013; Liu et al., 2016), coalitional resource games (CRGs) (Dunne
et al., 2010; Su et al., 2020; Wooldridge & Dunne, 2006; Zhang et al., 2015), and overlapping
coalition formation games (OCFGs) (Chalkiadakis et al., 2010; Mahdiraji et al., 2021;
Zhang et al., 2020; Zick et al., 2019, 2014). More precisely, in CFGs, the coalition value is
predefined by a characteristic function. CSKGs and CRGs associate the value of a coalition
with its accomplishing tasks or achieving goals under the constraints of skills, resources,
or capabilities. Additionally, they allow a coalition to simultaneously undertake multiple
different tasks, implying that an agent can join diverse tasks in disguised forms. A harsh
reality, however, is that both CSKGs and CRGs stipulate that an agent cannot but join only
a coalition at any time, no matter how capable or resourceful it is. This property greatly
reduces the enthusiasm of agents to respond to tasks, leads to extremely low resource
utilization, and limits the cooperative flexibility of coalitions for task-solving.

In many practical application scenarios, decision makers always hope to maximize their
benefits derived from a pool of potential or real-time tasks by using the existing resources
of agents (Chen & Sun, 2012; Dang & Jennings, 2006). Consequently, it is possible for
each agent to serve different tasks of interest (Su et al., 2020; Wooldridge & Dunne, 2006).
For example, in computing power network (Yu et al., 2024; Di et al., 2023), if an agent
is implemented on a sole available supercomputer, it should not be limited to joining only
one coalition, as only it has enough processing power that can be shared across different
coalitions with high demands. Additionally, in cooperative transportation (Guajardo et al.,
2018), each truck prefers to accept the shipping orders nearby to reduce the transportation
cost as much as possible. Similarly, in wireless sensor networks (Srinivasan & Murthy, 2020;
Sun et al., 2016; Wang et al., 2014; Xiao et al., 2015), each sensor is inclined to monitor
targets within its sensing region to maximize the network lifetime.

OCFGs are a formal model for cooperative games with overlapping coalition structures
(OCSs), in which agents need to allocate their different types of resources to simultaneously
serve different tasks as members of different coalitions (Zick et al., 2014, 2019). Clearly,
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OCFGs can effectively model the above task-driven scenarios. Now, the primary concern
in OCFGs is to find an optimal OCS to maximize the total coalition value. This is widely
recognized as the OCS generation problem (OCSGP) and is also known for its high com-
putational complexity (Zhang et al., 2020).

Against this background, in this work, we discuss OCSGP from the perspective of task-
based settings and make the following contributions to the state-of-the-art in OCSGP.

e We propose a natural variation of the traditional OCSGP in a task-based setting. In
the proposed model, each agent has finite resources and can only respond to a part of
tasks, and each coalition can only take on mutually disjoint subsets of tasks.

e We analyze the size of the search space and the computational complexity of the
proposed OCSGP. We show that checking whether a pending overlapping coalition
structure (OCS) is feasible can be solved in polynomial time, while it is impractical
to find the optimal OCS in time polynomial in the number of agents and tasks.

e We develop a generic evolutionary algorithm framework (EAF) to solve the proposed
OCSGP efficiently. The proposed EAF can be combined with any binary evolution-
ary algorithms (EAs) (Poli & Langdon, 2006; Slowik & Kwasnicka, 2020; Yu et al.,
2012). Particularly, we embed a specific solution-repair based heuristic of cubic time
complexity to generate a feasible OCS. The embedded heuristic in EAF assigns a task
only according to the residual resources of agents, which enables EAF to effectively
prevent the potential resource conflicts over the rare, but highly demanded resources
between the competitive overlapping coalitions. In this case, the proposed EAF can
find an approximately optimal OCS in time quartic polynomial in the size of the
instance.

e We compare EAF with a task-oriented heuristic (Zhang et al., 2020) and a hybrid
algorithm (Zhan et al., 2012) for OCSGP, and examined its applicability in the pursuit-
evasion problem (Lopez et al., 2020; Pan & Yuan, 2023). The experimental results
demonstrate the high competitiveness of EAF.

The remainder of this work is structured as follows. First, in Section 2, an overview
of the related work on OCFGs is provided. Section 3 presents the OCSGP in task-based
settings. Sections 4 and 5 analyze the search space and the computational complexity of the
proposed OCSGP, respectively. Section 6 proposes a generic EAF to solve OCSGP more
efficiently, in which a heuristic is presented in detail to show how to generate a feasible OCS.
In Section 7, the experimental methodology is introduced, and in Section 8 the results are
reported. Finally, Section 9 concludes and recommends future work.

The remainder of the paper extensively employs various notations. For ease of reference,
we have compiled a summary of the primary notations used and included it in Appendix
A. Furthermore, to maintain a high level of readability in the main body of the text, we
have opted to exclude detailed proofs. Instead, these comprehensive proofs can be found in
Appendix B.

2. Related Work

Several state-of-the-art reviews of coalition structure generation and OCFGs has been car-
ried out recently in (Mahdiraji et al., 2021; Rahwan et al., 2015). In this section, we only
provide a general discussion regarding models and algorithms that we believe are closest
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to task-related coalition structure generation. Additionally, similarities and differences be-
tween the related work will be examined. Moreover, the recent applications of OCFGs will
be discussed.

2.1 Coalition Structure Models

The traditional coalition structure generation aims to find an optimal partition of the agent
set to maximize the coalition structure value (Rahwan et al., 2015). Unfortunately, the
value of each coalition is known in advance and is independent of the task. To address
this problem, Deng and Papadimitriou (1999) considered a two-level hierarchy of agents
to cooperate in solving a linear programming problem. Markakis and Saberi (2005) pro-
posed a multicommodity flow game, where the payoff that a node receives depends on its
capacity. Dang and Jennings (2006) proposed a model of coalition structure generation
in task-based settings, in which alternative coalitions are responsible for mutually disjoint
subsets of tasks and only one coalition can do nothing. Anshelevich and Sekar (2015) devel-
oped a transferable-utility coalition formation model and computed an approximately core
stable solution. Prantare and Heintz (2020) considered the ordered coalition structure, in
which each embedded coalition cannot but take on only one unrepeated task. Bachrach et
al. (2013) presented a CSGs model for agents’ coordination in uncertain environments. In
CSGs, each agent has a set of skills that are hard to be quantified but can only be qualita-
tively expressed; a coalition can perform a task only if its members can cover the required
skills of the task; and the coalition structure value is the maximum number of tasks that can
be completed. Wooldridge and Dunne (2006) developed a CRGs model in terms of resource
contention between goals. Differently, in CRGs, each agent has a personalized interest set;
an agent will join a coalition only if it can find an interesting goal in the collective goal
set; and a coalition structure is a set of cooperation structures, each of which contains the
disjoint coalition, goal set, and contribution vector. Su et al. (2020) presented a natural
extension of the traditional CRGs, in which each agent contributes its resources only to
goals that are in its own interest set. Then, they proposed a flow-network-based exhaust
algorithm and a heuristic hybrid algorithm to find the largest successful coalition, respec-
tively. However, in the above models, the coalition structure generation problem stipulates
that an agent cannot but join only a coalition at any time. That is, a coalition structure is
a partition of the agent set. This harsh term will result in very low resource utilization and
is extremely detrimental to the implementation of tasks, especially when only few agents
have rare, but highly demanded resources.

To improve the flexibility of collaboration, Chalkiadakis et al. (2010) presented an
OCFGs model on the basis of the previous work carried out by Shehory and Kraus (1998).
In OCFGs, agents can simultaneously participate in completely different coalitions, as long
as they have sufficient and required resources. In this case, an OCS is not a partition, but
a cover of the agent set. Although the OCFGs model can maximize the resource utilization
of agents, many computational questions surrounding it have become extremely complex
and intractable. Specifically, Chalkiadakis et al. (2010) first explored the issue of core
stability in OCFGs. Zick et al. (2011, 2012, 2014, 2019) presented an arbitration model
of OCFGs and discussed the stability of the arbitration core. It has been revealed that
the computational complexity of many decision problems in arbitration OCFGs is largely
dependent on the resource amount owned by agents and the coalition size. Mamakos and
Chalkiadakis (2017) presented an iterated OCFGs to deal with the situation that each agent
has no knowledge of the amount of resources possessed by other agents, but knows well the
potential resource investment of every other agent. However, they found that the optimal
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response of an agent in the coalition-formation process is computationally intractable in
polynomial time.

2.2 Algorithms for Coalition Structure Generation

Bachrach and Rosenchein (2010) proposed a fixed parameter tractable algorithm (FPTA)
to search for the optimal coalition structure of CSKGs according to the tree decomposition
in the hyper-graph. Liu et al. (2016) evaluated the usability of EAs, such as binary particle
swarm optimization (BPSO) (Kennedy & Eberhart, 1997) and binary differential evolution
(BDE) (Pampara et al., 2006), in solving CSKGs. Compared with FPTA, the combination
of heuristic and EAs can significantly improve the exploration ability and search efficiency.
Notice that although CSKGs still require that an agent cannot but join only a coalition,
they allow a coalition to undertake diverse tasks, so that an agent can respond to different
tasks in disguised forms. However, the qualitative characteristic of CSKGs assumes that
each agent’s resources are inexhaustible. Obviously, this assumption is too idealistic and is
suitable only for some specific scenarios.

When it comes to OCFGs, to our best knowledge, the first attempt from the perspective
of algorithms was made by Shehory and Kraus (1998). They proposed greedy algorithms to
successively generate a coalition for a task in terms of the task priority, in which coalitions
may partially overlap. However, they set a specific limitation on the coalition size, while how
to set the coalition size is very difficult. To this end, Zhan et al. (2012) proposed a hybrid
algorithm, henceforth called DPG, to solve the OCSGP in threshold task games (TTGs)
(Chalkiadakis et al., 2010) on the basis of dynamic programming and greedy approach.
TTGs is a specific case of OCFGs, in which each agent has only a type of resources. If a
group of agents want to complete a task, they must serve the resource needs of the task.
Consequently, DPG is very close to the solution in task-related settings. To efficiently solve
OCSGP under multiple types of resources, Zhang et al. (2010, 2011, 2020) addressed the
characteristic-function-based OCSGP in resource-constrained and subadditive task-oriented
domains. Then, to resolve the potential resource conflicts between competitive coalitions,
Zhang et al. (Zhang et al., 2020) developed a task-oriented heuristic (TOH) for solution
repair, in which an agent will join a coalition only if it has the required resources and a task
can be done only if a coalition can satisfy its resource needs. Particularly, TOH can be used
in binary EAs to generate a feasible OCS more efficiently, especially in harsh environments
with fierce competition over scarce resources.

2.3 Applications of OCFGs

Wang et al. (2014) proposed a distributed cooperative sensing algorithm in which the
secondary users self-organize into a desirable network structure with overlapping coalitions.
Zhang et al. (2014) formulated the cooperation problem between small cells as an OCFG
to optimize their sumrate under the maximum transmit power constraints. Di et al. (2017)
made smartphone users form overlapping coalitions for different sensing tasks to improve
the quality of smartphone applications. Zhang et al. (2017) employed OCFGs to achieve
effective opportunistic selection and cooperative localization for wireless networks. Hou et
al. (2020) achieved the resource allocation for multi-cast transmission in wireless small cell
networks by OCFGs. Qi et al. (2023) presented a sequential OCFG for resource allocation
according to the task execution order in heterogeneous unmanned aerial vehicle networks.

Xiao et al. (2015) established a Bayesian non-transferable utility OCFG to model and
analyze the spectrum sharing problem between a set of device-to-device (D2D) links in
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cellular networks. Sun et al. (2016) proposed an overlapping coalition formation-based
double auction to jointly consider the multi-demand of buyers, heterogeneous spectrum, and
economical efficiency. Zhao et al. (2017) used OCFGs to allocate resource in the network
coding aided cooperative D2D communications. Srinivasan and Murthy (2020) proposed
spectrum slicing coalition formation protocol to address effective spectrum slicing. Chen et
al. (2021) presented a generalized user grouping concept for non-orthogonal multiple access
from an overlapping perspective.

Guajardo et al. (2018) addressed the collaborative transportation problem with overlap-
ping coalition configuration to minimize the total cost. Shi et al. (2023) adopted OCFGs
to select social vehicles to contribute data and improve the high definition map quality.
Krausburg et al. (2021a, 2021b) proposed a sequential characteristic-function game to
solve a disaster response management problem, in which discrete overlapping coalitions
must respond to a disaster event.

Obviously, most of the above practical applications are task driven: at each time, select
the right coalition to undertake one task with the highest priority according to the priority
of multiple tasks. However, these applications focus on finding feasible coalitions rather
than an OCS. Differently, this work studies OCSGP in task-based settings. Specifically, in
this work, a new model of the task-based OCSGP is proposed and analyzed in terms of the
computational complexity. Note that this work focuses on how to search for the optimal
OCS from the algorithmic perspective, rather than theoretical investigations on the stability
of OCS. Therefore, a generic EAF for solving this specific OCSGP is developed to deal with
the task assignment in a parallel manner. It is expected that the proposed generic model
and algorithm can be used in the above real-world applications that have the specific need
to efficiently and parallelly assign the right multiple tasks to agents.

3. Overlapping Coalition Structure Generation in Task-Based Settings

In numerous practical applications, coalitions are often formed to perform tasks from a col-
lection of possible tasks that an agent system must undertake. However, the conventional
characteristic-function-based OCSGP usually makes certain restrictive assumptions about
coalition values. On the one hand, it frequently posits that a coalition’s value is realized
when its members combine their resources and tasks in some manner. On the other hand,
it maintains that a coalition’s value is unaffected by the actions of non-members. Clearly,
the characteristic-function-based OCSGP does not address computational issues from the
perspective of the connection between coalitions and tasks (Dang & Jennings, 2006). For
OCSGP in a general task-based setting, the concept of tasks generally heightens the prob-
lem’s complexity, as there are usually numerous ways to map coalitions to tasks, which will
be demonstrated in greater detail in Section 4. Moreover, a coalition’s value now hinges
on the tasks it performs, and these tasks are accessible to all the agents that are interested
in them. Therefore, the OCSGP in a task-based environment can be considered a more
general case, making it easier to be applied in various scenarios.

In the realm of operations management and artificial intelligence, numerous scenarios
can be interpreted as the OCSGP in task-based environments. Consider agents in the
following cases.

Multiple virtual organizations:

In collaborative commercial orders, various agile enterprises team up to share resources
in order to fulfill collective orders. However, each enterprise has finite resources and
is likely to prioritize orders that align with their interests, such as those with friendly
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Figure 1: The illustration of the overlapping coalition structure in task-based settings.

costs, short lead times, or convenient coordination. Accordingly, the motivation is to
create a network of overlapping virtual organizations that can fill the most profitable
orders (Zhang et al., 2010).

Disaster response management:

In post-disaster emergency response, multiple supply locations possess different types
of emergency relief supplies and multiple demand locations require services. In this
scenario, the primary focus is on deploying emergency relief supplies efficiently and
promptly (Krausburg et al., 2021b; Su et al., 2016). Since each supply location has
limited resources, they may primarily respond to nearby or severely damaged demand
locations. The objective, therefore, is to form a set of overlapping disaster response
coalitions of supply locations to ensure that as many victims as possible can be covered.

We believe that the focus on the OCSGP in task-based settings is very natural, given the
concerns of MAS and related disciplines: resource limitations, task preferences, and the need
to efficiently assign the right tasks to agents. For a better understanding, Figure 1 describes
the OCS in a task-based setting. Specifically, there is a set of agents, A = {aq,...,a,},
n € N, confronting a set of simultaneous tasks, T'= {t1,...,t,}, m € N. ‘ ‘

Each agent a; € A, j € {1,...,n}, has a r-dimensional resource vector, B; = [b],..., 7],
in which bi; € N is the amount of resources of type k, k € {1,...,7}, r € N. Besides, each
agent a; has an exclusive interest set T; C T', satisfying U?Zl T; =T. Agent a; will invest
resources only in the tasks of interest in T7.

Each task t; € T, i € {1,...,m}, has a demand vector, D; = [di,...,d.
di € N is the required amount of resources of type k of task t;.

Once an agent a; demdes to serve a task t;, a; will have a contribution vector, W; =

[wl’, ..., w], in Wthh wy' € N is the invested amount of resources of type k of agent a; for

task ¢;, satisfying w]' < min{dj, bfc} Note that if ¢; > T}, for each k € {1,...,r}, w]' = 0.

], in which

Definition 1. A task-based coalition (C,V') is a tuple comprising a non-empty agent subset
C C A and a collective task subset V.C T (Dang & Jennings, 2006).

Definition 2. A task-based overlapping coalition structure, OC'S = {(C1,V1),...,(Cs, Vs)},
is a set of task-based coalitions, as shown in Figure 1. Fach Cy, 1 € {1,..., s}, will undertake
a Vy, such as:

e Foreachle{l,...,s}, C; C A and C; # 0;
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H(Ce, Cy)lz #y AN CeNCy # B} > 0, namely, C1,...,Cs may be overlapped;

U_,Cr = A and (C1,...,Cs) may be a cover of A;

Foreachle {1,...,s}, Vi CT;

H(Va, Vy)lz #y AV NV, =0} =0, namely, Vi, ...,V are disjoint;

o {VI|lVi =0} < 1. That is, at most one V; is empty, which can happen only if there
exist some idle agents. In this case, all the idle agents will be merged into a C; with
Vi=10.

In the above representations, a task can be completed only by at most one Cj, or no
() can take on it due to unavailable agents or insufficient resources. If C; has required and
sufficient resources, it can simultaneously undertake multiple tasks of interest. Notice that
in an OCS, if (4, ..., Cs are overlapped, (C4, ..., Cs) is often a cover rather than a partition
of A, as C1,...,Cs have overlapping members and their union covers all the members in A.
On the other hand, (V,...,Vs) is a subset of a partition of 7. This is because Vi,..., V;
are pairwise disjoint subsets of T and some tasks may not be served, namely, Uj_,V; C T

Definition 3. A coalition (Cy,V}) is an idle coalition if and only if C; # 0 and V; = ().
Example 1. The OCS instance in Figure 1 is

{(C1 ={a1,a2,a3,a4}, V1 = {t1,12}),
Cy = {a3, a4, a5, a6}, Va2 = {t3,t4}),
C3 = {ag,ar,as}, V3 = {t5}),

Cy ={ayg, ar0}, Va = {te, t7}),

Cs = {a11,a12}, Vs = 0)}

where Cq,Co, C3 are overlapped; Cy is disjoint; Vi, Va, V3, Vy, Vs are disjoint; and (Cs, V)
is idle, because it cannot afford any of {ts,t9}.

Definition 4. A coalition (C},V}) in an OCS = {(C1,V1),...,(Cs, Vs)} is feasible if and
only if (C1,V)) satisfies:

(
(
(
(

e For each agent a; € C;, T; NV, # 0, namely, each agent aj in C; can find at least a
task of interest in V;

e For each task t; € Vi, Ja; € C; satisfies t; € T, namely, each task t; in V; can find at
least an agent a; in C; that is interested in it;

e For each task t; € Vi, and for each k € {1,...,r},
i _ ji 1
k ZajeCl wk ( )
That is, the resource requirements of each task t; in Vi can be met;

e For each agent a; € Cy, and for each k € {1,...,1},

Dt D, S @)

It means that the total amount of resources that each aj in C; contributes to all the
coalitions in the OCS cannot exceed the amount it has. In other words, there can be
no resource conflict no matter within (Cy,V;) or between (C1,V1),...,(Cs, V5).
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Definition 5. An OCS is feasible if and only if it includes at least a feasible coalition.

It is worth mentioning that the proposed model is a natural variation of the traditional
CSG in a task-based setting (Dang & Jennings, 2006). Differently, based on the above
definitions, determining whether a coalition (Cj, V) in an OCS is feasible is not trivial. We
need to consider not only each agent’s interest set, but also the potential resource conflicts
within and between coalitions. Notably, Constraint Sets (1) and (2) become much more
strict than the feasibility conditions in (Dang & Jennings, 2006; Zhang et al., 2020). Addi-
tionally, the infeasible coalitions make no contribution to the value of an OCS. Therefore,
all the infeasible coalitions can be merged into the idle coalition.

Traditionally, if (Cj, V) is feasible, its value can be computed by

w(CL V) =) 3)

t;€V]
where p; € N is a reward rendered by task ¢;, if ¢; can be completed by members in Cj.

Note that v(C; # 0,V; = ))=0 for the reason that no task is served by Cj. Then, the value
of an OCS is just the total values of all the involved coalitions:

v(0CS) =3 w(CL W) (4)

Given the above terms, the OCSGP is concentrated on finding an optimal OCS* to
maximize the social welfare:

0CS* = arg MaxX ;g e v(0OCS) (5)

where Hz represents the set of all the possible OCSs derived from A and T.

4. Search Space of Proposed OCSGP

Is the proposed OCSGP still intractable under the newly added restrictive assumptions?
To answer this question, in this section, we investigate the size of the search space of the
proposed OCSGP. We aim to present a minimal search to establish a bound from the
optimal. We have the following results.

Proposition 1. The total number of possible (C, V) with V # () is (2" — 1) - (2™ — 1).

Proof. 1t is well-known that there are in total (2" — 1) non-empty subset C' of A (Rahwan
et al., 2015). Similarly, there are (2™ — 1) possible nonempty subset V of T. In a task-
based setting, each C' may be assigned a non-empty V. Consequently, there are at total
(2" — 1) - (2™ — 1) possible (C, V) with V # (. O

Proposition 2. In an OCS, the number of agent occurrences is at most n - 2",

Proof. 1t is possible that an OCS contains all the different subsets of A. In this case, the

number of agent occurrences is 1-CL +2-C2+ ... +n-C! = > i (4 C)=n-27"1. O

Proposition 3. For an OCS = {(C1,V1),...,(Cs, V5)}, we have s < m + 1.

Proof. On one hand, each task is assigned at most one coalition, so for the m given tasks in
T, there are at most m different, assigned coalitions in an OCS, each of which carries out
a single, different task. On the other hand, some agents may not be selected to carry out
the given tasks, so as well as the m coalitions, the OCS may also contain a coalition that
has agent members but does nothing (i.e., the collective task subset is empty). Therefore,
there are at most m + 1 overlapping coalitions in an OCS, namely, s < m + 1. ]
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Proposition 4. For A, the total number of possible cover (Ci,...,Cs) with size s is
(2n—1)!

(2n—1-s)!"

Proof. See Appendix B. O

Proposition 5. For T, the total number of possible partition subset (V1,...,Vs) with size
- +1
sisy o CE L - S(x,8)].

Proof. See Appendix B. O

Proposition 6. The total number of possible OCSs with size s is

(2" -1 yrrtes - S(x, 9)]
(2n —1—9)!

Proof. See Appendix B. O

Proposition 7. The total number of possible OCSs is

T mmin{2n-Lmt1) (20 = DTN CE - S(a, )]
L =2 2 —1— )

Proof. See Appendix B. O

Proposition 8. The smallest number of OCSs that needs to be searched to establish a bound
from the optimal OC'S* is at least 2™ — 1.

Proof. See Appendix B. O

Proposition 9. The smallest number of OCSs that needs to be searched to establish a bound
from the optimal OCS™* is 2™ — 1.

Proof. See Appendix B. O

5. Computational Complexity of Proposed OCSGP

The optimal OC'S* must be a feasible OCS. Usually, there are two types of coalitions in
an OCS: one is the disjoint coalition with no overlapping member (e.g., C4 in Figure 1);
and the other is the overlapping coalition where some members are also contained by other
coalitions (e.g., C1,Cy, Cs in Figure 1). Obviously, for a disjoint coalition, we only need to
check whether a feasible resource allocation scheme can be found within the coalition. When
it comes to overlapping coalitions, we not only need to check the resource allocation within
each associated coalition, but also need to check whether there is a resource conflict between
associated coalitions in terms of the overlapping members. In this section, we introduce
and define a number of natural decision problems associated with the above cases, and then
analyze their computational complexity. The results of this section are summarized in Table
1. Before proceeding, it should be noted that, if a decision problem is in P, we develop at
least one algorithm of polynomial time complexity to solve that problem.
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Problem Comlexity Reference
Feasible Disjoint Coalition in P Proposition 10
Feasible Overlapping Coalition in P Proposition 12
Feasible Overlapping Coalition Structure in P Proposition 14

Overlapping Coalition Structure Generation | NP-complete | Proposition 16

Table 1: Main complexity results relating to the proposed OCSGP.

5.1 Disjoint Coalition

In a disjoint coalition (C,V'), C' is an isolated subset of A. In this case, we only need to
focus on whether we can find a feasible resource allocation scheme for C' to serve each task
in V.

Proposition 10. The problem of checking whether a disjoint coalition (C,V) in an OCS
is feasible is in P.

Proof. See Appendix B. O

To verify Proposition 10, Algorithms 1 and 2 show a deterministic algorithm for checking
whether a disjoint coalition (C, V) in an OCS is feasible. We can explain the algorithm as
follows:

e Check the validity of members in (C,V) based on Algorithm 2. As long as Ja; € C
and T; NV =0, or 3t; € V and ¢; > Uajech, or 3k € {1,...,r},3t; € V and

> a;€CNGET; bZ: < di, it can be immediately obtained that (C, V) is infeasible.

e If the resource requirements of each task in V' can be met by the interested agents in
C, further check whether there is a resource conflict between competitive tasks. For
this purpose, build a flow network (Ahuja et al., 1993) based on Figure 2. For each
k € {1,...,r}, update the capacity on each arc in the network with bfc and d’, and
use the Edmonds-Karp algorithm (Cormen et al., 1990) to compute the maximum
flow f¥.. in the network. Based on the max-flow min-cut theorem and the integral
flow theorem (Ahuja et al., 1993), if f* < dotiev di, there is no feasible flow in the
network that can make each arc (t;, E) saturated. This indicates that there exists a
conflict over the resources of type k between competitive tasks. In this case, (C,V)

is infeasible.
e Ifforeach k € {1,...,r}, fk > D otev di, there is no resource conflict between tasks.
Thus, (C,V) is feasible.
Proposition 11. The worst case complexity of Algorithm 1 is O(nS).

Proof. See Appendix B. O

5.2 Overlapping Coalition

An overlapping coalition refers to a situation where it has some shared members with other
coalitions. This scenario is rather intricate. For instance, assume that (Cq, V1) and (Ca, V3)
have the same members, and (Cs,V2) and (Cs, V3) share the same members as well. It
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Algorithm 1 Checking the feasibility of a disjoint (C, V).
Require: a disjoint (C, V)
1: check the validity of members based on Algorithm 2;
2: if (C,V) is invalid then
3:  return infeasible;
4: else

5. build a flow network based on Figure 2;

6: foreach ke {l,...,r} do ‘

7 update the capacity on each arc in the network with b{c and d};;
8: compute the maximum flow fX__ in the network;

9: if fF.. <Y cvdi then

10: return infeasible;

11: end if

12:  end for

13: end if

14: return feasible;

Algorithm 2 Checking the validity of agent and task members in (C, V).
Require: (C,V)

1: for each agent a; € C do
2. if 3T; NV = then
3 return invalid;

4:  end if

5. end for
6
7
8
9

: for each task t; € V do
if 3t; 5 U,,ec Ty then
return invalid;
. end if
10: end for
11: for each task t; € V do
122 foreach ke {l,...,r} do

13: if Zajec/\tieTj bj, < dj, then
14: return invalid;

15: end if

16: end for

17: end for

18: return valid;

is clear that even if (C1,V;) and (C3,V3) do not have overlapping members, the resource
allocation strategy of (Ca,Va2) will inevitably impact the feasibility of both (Ci, Vi) and
(C3,V3). In other words, (Cy, V1) and (Cs, V3) could potentially have a resource constraint
relationship due to their shared connection through (Cs, V). Therefore, we must consider all
the overlapping coalitions that have resource constraint relationships through their shared
members to determine if a feasible overall resource allocation scheme exists to cater to the
needs of all the involved coalitions. To this end, we provide the following definition.

Definition 6. An associated coalition set (ACS) includes all the overlapping coalitions in
which the relationship occurs and is passed through the joint agent members.
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Figure 2: The overall structure of the flow network construction for the disjoint (C,V).
Specifically, we add a source node S and a sink node FE in a directed graph; each
agent a; € C'is a supply node near S, and there is an arc between S and a;; each
task t; € V is a demand node beside F, and there is also an arc between t; and
E; and for each agent a; € C and each task ¢; € V, as long as t; € T}, there exists

an arc between a; and ¢;. Intuitively, the capacity for arc (S, a;) indicates bi; the
capacity on arc (t;, E) denotes d}; and the capacity on arc (aj, ;) is min{b?, d; }.

Example 2. The ACS instance in Figure 1 is

{(C1 ={a1,a2,a3,a4}, V1 = {t1,t2}),
(CQ = {ag,a4,a5,a6},V2 = {tg,t4}),
(C3 ={ag,ar,as},Vs = {ts})}

Notice that although C1 and C3 are disjoint, they are connected through Cs. Clearly, AC'S C
ocCs.

Proposition 12. The problem of checking whether an overlapping coalition (C,V) in an
0CS is feasible is in P.

Proof. See Appendix B. O

To verify Proposition 12, Algorithm 3 lists a deterministic algorithm for checking whether
an overlapping coalition (C, V) in an OCS is feasible. We can explain the algorithm as fol-
lows:

e Compute the ACS related to (C, V) and copy a backup AC'S* for the ACS.

e For each coalition (C},V;) € ACS, check the validity of members in (Cj, V) based
on Algorithm 2. If (C}, V}) is invalid, (Cy,V}) is infeasible, and thus execute AC'S <+
ACS — {(C},V})} to drop (Cy,V;) out of ACS.
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Algorithm 3 Checking the feasibility of an overlapping (C, V).

Require: an overlapping (C, V)

1: calculate the AC'S related to (C,V);

2: ACS* + ACS,

3: for each coalition (C7, V) € ACS do

4:  check the validity of members based on Algorithm 2;

5. if (C1,V}) is invalid then

6: (C1, V) is infeasible;

T: ACS + ACS —{(C;,) };

8: end if

9: end for

10: if ACS = () then

11: return all the coalitions in AC'S* are infeasible;

12: end if

13: if ACS # () then

14:  build a flow network based on Figure 3;

15:  for each k € {1,...,r} do A
16: update the capacity on each arc in the network with b{c and d};;
17: compute the maximum flow fX__ in the network;

18: if fF. <Y1 cacsdy then

19: return all the coalitions in AC'S* are infeasible;
20: end if
21:  end for
22: end if
23: return coalitions in AC'S are feasible and coalitions in ACS* — AC'S are infeasible;

e If AC'S = (), all the overlapping coalitions in AC'S* are infeasible.

e If ACS # (), build a flow network based on Figure 3. For each k € {1,...,r}, update
the capacity on each arc in the network with bi; and d:, and compute the maximum
flow f¥ . in the network. If f& < Ztie ACS d};, the residual coalitions in AC'S are

ax max
infeasible, implying that all the overlapping coalitions in AC'S* are infeasible.

o If for each k € {1,...,7}, fk. . > D teACS di, all the overlapping coalitions in AC'S
are feasible, while the coalitions in AC'S* — AC'S are infeasible.

Proposition 13. The worst case complexity of Algorithm 3 is O(n").

Proof. See Appendix B. O

5.3 Overlapping Coalition Structure

Using the previously established theoretical and algorithmic findings, when given an OCS,
we merely need to explore the OCS to identify all the disjoint coalitions and ACSs. Sub-
sequently, we can sequentially evaluate the feasibility of each disjoint coalition and ACS.
To facilitate understanding, we have developed a deterministic algorithm for identifying
disjoint coalitions and ACSs for a given OCS, which is presented in Algorithm 4.

Proposition 14. The problem of checking whether an OCS is feasible is in P.
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Figure 3: The overall structure of the flow network construction for the non-empty AC'S.
Similarly, each agent a; in AC'S is a supply node near S and each task t; in AC'S
is a demand node beside E. Differently, there exists an arc between a; and ¢; if
and only if ¢; € T}, and at the same time, a; and ¢; belong to the same coalition
(C1,V}) in ACS (i.e., a; € Cp,t; € Vi). That is, the arcs between agents and tasks
in the network are divided according to each overlapping coalition in AC'S. If t;
and a; are not in the same coalition, an arc cannot be constructed even if a; is
interested in ¢;, because no such collaboration exists in AC'S.

Algorithm 4 Identifying disjoint coalitions and ACSs for a given OCS.
Require: an OCS
while OCS # () do
for each coalition (C,V) in OCS do
if (C,V) has overlapping agents then
put all the connected coalitions in a AC'S;
OCS + 0CS — ACS;
else
put (C,V) in a disjoint coalition set;
OCS + 0CS —{(C,V)};
end if
end for
: end while
: return disjoint coalitions and ACSs;

— = =

Proof. See Appendix B. O

To verify Proposition 14, Algorithm 5 illustrates a deterministic algorithm for checking
whether an OCS is feasible. We can explain the algorithm as follows:

e Traverse the pending OCS to delineate all the disjoint coalitions and all the ACSs
based on Algorithm 4. Note that there may be more than one ACS in the OCS.

e For each disjoint coalition and each ACS, Algorithm 1 and Algorithm 3 can be called
to discriminate their feasibility, respectively.
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Algorithm 5 Checking the feasibility of an OCS.
Require: OCS
. delineate all the disjoint coalitions and all the ACSs based on Algorithm 4;
for each disjoint coalition do
check its feasibility based on Algorithm 1;
end for
for each ACS do
check the feasibility of the contained overlapping coalitions based on Algorithm 3;
end for
for each feasible coalition do
compute its value according to Equation (3);
end for
: compute the value of OC'S based on Equation (4);
: return v(0CYS);

— = =

e For all the feasible coalitions, their values can be calculated based on Equation (3).
Then, the value of the OCS can be obtained according to Equation (4).

Proposition 15. The worst case complexity of Algorithm 5 is O(n").
Proof. See Appendix B. O

Proposition 16. The OCSGP is NP-complete.
Proof. See Appendix B. O

6. EAF for Solving the Proposed OCSGP

It should be noted that Algorithms 1-5 can only be used to determine whether a pending
OCS is feasible, but cannot find a satisfactory OCS in task-based settings. On the other
hand, the theoretical results of complexity analysis show that the proposed OCSGP is
intractable for the reason that the number of possible OCSs is exponential with n and m.
It is impractical to find an OCS* in polynomial time, especially when n and m is large.
In many complex real-world decision-making problems, the pursuit of an optimal solution
at significant computational cost is often not justified. In scenarios where high accuracy
and real-time performance are desired, it is often more practical to find a near-optimal or
satisfactory solution within an acceptable time.

EAs (Poli & Langdon, 2006; Slowik & Kwasnicka, 2020; Yu et al., 2012) are often highly
effective in approximating near-optimal solutions for a wide range of problems and are
widely used as optimization tools for complex real-world problems, especially in the context
of searching for coalition structures (Sen & Dutta, 2000; Liu et al., 2016; Zhang et al., 2010,
2011, 2020) and evolving coalitions (Seo et al., 1999, 2000; Zhang et al., 2015). To solve
the proposed OCSGP more efficiently, in this section, we adopt EAs to develop a generic
EAF to find the approximately optimal OCS. However, although there have been a large
amount of superior EAs for solving constrained optimization problems, these constrained
EAs are problem-specific and unavailable for OCSGP. This is because the resource allocation
scheme of an OCS directly determines its feasibility, while Constraint Sets (1) and (2) are
too strict to be satisfied in the search course of EAs. Specifically, with the evolution of
EAs, a population of candidate solutions also stay changing. The original EAs have no
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Figure 4: The 2D solution, representing a possible OCS.

problem-specific constraint handling technique and cannot guarantee that the generated
solutions satisfy Constraint Sets (1) and (2). In such cases, EAs often fail in finding a
feasible solution even after a considerable number of fitness evaluation. Consequently, the
proposed EAF needs to uncover and resolve the potential resource conflicts over resources
between the competitive overlapping coalitions. For this purpose, we embed a polynomial-
time heuristic for solution repair in the proposed EAF. This customized heuristic assigns a
task from the perspective of the current, remaining resources of agents, which can prevent
resource conflicts and maximize the utilization of all the available resources. In contrast to
the original EAs, the proposed EAF is enhanced by the embedded heuristic, always searches
within the feasible region, and locates feasible OCSs more quickly, thereby a higher chance
to find better OCSs.

For the purpose of illustration, we start by proposing the solution representation and
show how to decode a solution. Then, we show how to generate a feasible OCS by so-
lution repair. Finally, we detail the procedure of EAF and investigate its computational
complexity.

6.1 Solution Representation, Initialization, and Decoding

To characterize an OCS, we design a specific 2D binary solution representation, as shown
in Figure 4. Row ¢ represents task ¢;, and column j stands for agent a;. If bit 6;; = 1, a;
will take on ?;; otherwise, a; has nothing to do with ¢;.

To initialize a solution, we generate a random number rand € (0,1) with a normal
distribution for each d;;. If rand > 0.5, d;; < 1; otherwise, d;; < 0.

To decode a solution, we present a deterministic algorithm, as shown in Algorithm 6.
Specifically, we first go through each row. It is clear that each row represents a possible
coalition (Cy,V; = {t;}). For each row with no bit “1”, C; < (. For those rows with
exactly the same agent members, merge the corresponding C; and V;, respectively. Then,
we check each column. For columns with no bit “1”, we put these agents in a subset C’,
whose collective task subset is empty. Finally, all the non-empty C; with their V; and the
non-empty C’ can form an OCS.

Example 3. Consider the following solution.

ap az a3 a4 as ag
tt 0 1 0 1 1 0
tos 1 0 1 0 1 0
t3 0 1 0 1 1 O
t4 0O 0 0 O 0 O
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Algorithm 6 The algorithm for decoding a solution.

Require: a solution
1: for each i€ {1,...,m} do

2: C, « @;

3: Vl — @;

4:  for each j € {1,...,n} do

5: if 51']' =1 then

6: C; %C’H—{a]‘};

7: end if

8 end for

9: if C; # () then

10: ViV, + {ti};

11:  end if

12: end for

13: C' 0

14: for each j € {1,...,n} do

15:  if there is no bit “1” in column j then
16: C" +— C'"+{a;}

17 end if

18: end for

19: Merge all the C; and V; with exactly the same agent members;
20: OC'S « 0;
21: for each coalition (Cj, V;) do
22: if C; # () then
23: 0CS + 0CS+{(C;, Vi) };
24:  end if
25: end for
26: if C’" # () then
2. OCS « OCS +{(C",0)}:
28: end if
29: return an OCS;

It can be observed that (Cy = {ag2,as,a5}, Vi = {t1}), (Ca = {a1,as3,a5}, Vo = {ta}), (C5 =
{a2,a4,0a5},V3 = {t3}), C4 = 0, and C" = {ag}. Since Ci and Cs have the same agent
members, the two coalitions can be merged into (Ch = {az,a4,a5}, V1 = {t1,t3}). Taking
C1, Cy, and C' together, we obtain an OCS:

{({a% a4, (15}, {tl’ t3})a ({ab as, a5}a {tQ})a ({aﬁ}v @)}

Note that although we can directly decode an OCS from the solution, we do not know
whether this OCS is feasible or not, so that we cannot calculate its value. Accordingly, the
next major difficulty is: how to check, repair, and evaluate the decoded OCS?

6.2 The Heuristic for Solution Repair

According to Definition 4, we know that the core issue of coalition feasibility is determining
whether there are possible resource conflicts within and between overlapping coalitions in
an OCS. Under the strict constraints of resources and interest sets, when we maximize the
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total benefits, some tasks may be facilitated, but others hindered. To analyze the solution
and characterize the possible resource conflicts, we give the following definitions.

Definition 7. Each agent a; € A has a residual vector P; = [p{, .. ,qu;], where pi € N is
the current residual amount of resources of type k of agent a;.

Definition 8. Each agent subset C; C A has an investment vector E; = [e}, ... €l], where

ez, € N is the amount of resourced of type k invested by agent members for C;, satisfying
for each k € {1,...,r}, e} = Zajeci wy!.

To pursue the feasibility of an OCS, in this work, we put forward a heuristic for solution
repair. The core idea is to deal with a pending solution from the perspective of the D; of
each task and the P; of each agent. First, we check each row. For each i € {1,...,m},
we examine whether ¢; can be afforded by agents that have interest in it. If the P; of the
active agents cannot achieve D;, ¢; should be excluded from the OCS. If D; is achievable,
we make (C;, V; = {t;}) feasible by reversing bits in row ¢ on the basis of the constraints of
resources and interest sets. Then, we determine each member’s W; and update their P;
to ensure that E; = D;. Similarly, other rows can also be checked according to agents’ P;
and tasks’ D;. After all the rows have been inspected, we decode the solution to generate
an OCS according to Algorithm 6 and compute its value on the basis of Equations (3) and
(4).

The basic process of the proposed heuristic for solution repair is shown in Algorithm 7.
We can explain the algorithm as follows:

e Initialize E; = 0 and P; = B;.

e Examine the feasibility of (C;, V;) by repeating the following procedure until all the
rows are travelled.

— Pick randomly an unchecked row ¢ from a uniform distribution.

- If 3k € {1,...,7}, Z?:l/\tieTj p{; < di, task t; cannot be completed due to
insufficient resources of agents. Let agents quit the competition for ¢; by reversing
all the bits “17.

— If for each k € {1,...,7}, Z?:l/\tieTj pi > di, t; can be satisfied.
x Check the availability of agents for C; according to the constraints of re-
sources and interest sets.

- For each bit “1”, if it has no interest in ¢; or has no required resource,
kick this agent out of C; by reversing the bit.
- For each bit “0”, if it is interested in ¢; and has available resources, let
this agent join C; by reversing the bit.
x Create a resource allocation plan for C; by repeating the following operations
until all the bits “1” are examined.
- Choose randomly an unexamined bit “1” in row i from a uniform distri-
bution.
- If ¢; has been satisfied, this agent is dispensable for C;. Thus, drop this
agent out of C; by reversing the bit and give it more opportunities to
associate itself with other tasks.
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Algorithm 7 The heuristic for solution repair.
Require: a solution

1: for each i€ {1,...,m} do
2 E; + 0;

3: end for

4: for each j € {1,...,n} do
5: Pj — Bj;
6
7
8
9

: end for
: while not all the rows are checked do
pick randomly an unexamined row i;
if ke {l,...,r}, Z}l:l/\tieTj pj, < dj, then

10: for each j € {1,...,n} do

11: if 0;; = 1 then

12: 51’]’ +— 0

13: end if

14: end for

15:  else

16: for each j € {1,...,n} do ‘
17: if 6;; =1 but t; > Tj or for each k € {1,...,r}, min{d; ,p.} =0 then
18: 51']' — 0;

19: end if

20: if ;; = 0 but t; € T; and 3k € {1,...,r}, min{d},p} > 0 then
21: 51‘]’ — 1;

22: end if

23: end for

24: while not all the bits “1” are inspected do

25: choose randomly an unchecked bit “17;

26: if each k € {1,...,r}, min{d} — e, p.} = 0 then

27: 51']' +— 0;

28: else

29: for each k € {1,...,r} do

30: wzz — min{di —el.p}

31: Py < D — Wy

32: el el +wi';

33: end for

34: end if

35: end while

36: end if

37: end while
38: decode the solution to generate an OCS according to Algorithm 6;
39: return a feasible OCS;

- If ¢; is not achieved, this agent is necessary for t;. Allocate its resources
to C; according to the principle of maximum individual contribution: for
each k € {1,...,r},

wf: < min{d}, — 627132;} (6)
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Figure 5: The corresponding revision procedure for a 2D solution of the given instance in
Example 4.

Then, update P; of this agent and E; of Cj: for each k € {1,... 1},
P < P =} (7)
el < eh + wii (8)

e Generate a feasible OCS according to Algorithm 6.

Example 4. Consider the following instance.

T = {t1,t2,t3}, A = {a1,a2,as,a4}

Ty = {t1}, Ty = {t1,t2,t3}, T3 = {t2,t3}, Ty = {t1}
By = [3,2), B = [6,3], B — [2,6], By = [2,2]

D; = [5,2], D2 = [4,3],D3 = [2,4]

1 ="T,p2="7u3 =06

For a wvisual understanding how the proposed heuristic works, in Figure 5 we show the
detailed revision procedure for a 2D solution derived from the above instance. Specifi-
cally, row 8 is first selected randomly. t3 can be satisfied by the residual resources of
as and az. In row 8, ai is not interested in ts, so 031 < 0. Then, to achieve t3, as
is first selected to contribute Was = [2,3] and ag is successively selected to contribute
W33 = [0,1]. Afterwards, row 2 is randomly chosen. to can be satisfied by the residual
resources of as and az. Note that ayq is not interested in to and thus do4 < 0. In row
2, to accomplish ta, ag is first selected to contribute Wsa = [2,3] and ag is successively
selected to contribute Waog = [2,0]. Finally, only row 1 needs to be checked. ti can be
satisfied by the residual resources of a1, as, and ay. However, as is not interested in ti,
so 613 < 0. as has available resources for ti, and thus §12 < 1. In row 1, to com-
plete t1, ag is first selected to contribute Way = [2,0] and ay is then selected to contribute
Wi, = [3,2]. Since t; has been satisfied, ay is unnecessary for t1 and 614 < 0. After the
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Algorithm 8 The proposed EAF for solving the OCSGP in task-based settings.
Require: an OCSGP instance and the employed EA
create randomly a group of initial solutions;
check and repair each solution based on Algorithms 6 and 7;
evaluate the fitness of each amended solution according to Equations (3) and (4);
while stopping criterion is not met do
create new solutions by exploitation and exploration steps of the employed EA
check and repair each new solution with Algorithms 6 and 7;
evaluate the fitness of each new solution according to Equations (3) and (4);
replace the worst solutions by the best new ones;
end while
return the best found OC'S*;

—
@

repair, we travel each row and each column and can obtain that (Cy = {a1,a2}, Vi = {t1}),
(Cy = {ag,as}, Vo = {t2}), (C5 = {az,as},V3 = {ts}), and C' = {as}. Therefore, the
generated OCS = {({a1,a2},{t1}), {az, as}, {ta, t3}), {as}, D)}, in which the former two
overlapping coalitions are feasible. The value of OCS is 7T+ 7+ 6 = 13. Clearly, the
generated OC'S is an optimal OCS*.

It can be observed that in Algorithm 7, each task t; is checked and assigned separately.
Whether ¢; is achievable depends directly on whether the current constraints of resources
and interest sets can be obeyed. Once the remaining, available resources are insufficient, t;
will be abandoned. Additionally, if ¢; can be satisfied, only the agents that are interested
in ¢; and have the available resources can be selected to join C;. The above mechanism can
effectively prevent the potential resource conflicts within and between C; and make each
non-empty (Cj, V;) certainly feasible. Moreover, each selected agent a; does whatever it can
to contribute its residual resources to ¢;. Once ¢; is satisfied, those unemployed agents will
be excluded from C; to compete for other tasks that they have interest in. The purpose is
to make other tasks as achievable as possible under the premise of ensuring the feasibility
of (C;,V;) to maximize utilization of the available resources as well as the social welfare.
Obviously, Algorithm 7 looks like a local improvement strategy and can make the generated
OCS as good as possible. This is because in each generated OCS, there is no unassigned
task that can be achieved by the residual resources of agents.

To further verify the above distinguishing features, we now theoretically analyze the
efficiency and serviceability of Algorithm 7. We have the following results.

Proposition 17. The worst case complexity of Algorithm 7 is O(n3).

Proof. See Appendix B. O

Proposition 18. As long as T contains at least a task that can be achieved by agents in
A, the pending solution will be repaired to generate a feasible OCS by Algorithm 7.

Proof. See Appendix B. O

6.3 The Procedure of EAF

The proposed EAF for solving the OCSGP in task-based settings is listed in Algorithm 8,
where Algorithms 6 and 7 serve as crucial guarantees for the EAF to identify feasible OCSs.
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Specifically, EAF starts with the random initialization of a group of solutions. Next, check
and amend each solution to make them as feasible as possible according to Algorithms
6 and 7. Then, compute the fitness of solutions according to Equations (3) and (4). In
each generation, the original solutions are utilized to create a group of new solutions by
the exploitation and exploration steps of the employed EA; these newly-obtained solutions
require feasibility repair based on Algorithms 6 and 7, followed by evaluation in accordance
with Equations (3) and (4); afterwards, replace the worst solutions by the best new ones.
Finally, the best found solution is returned as the final output.

Proposition 19. The worst case complexity of Algorithm 8 is O(n?).

Proof. See Appendix B. O

It should be pointed out that EAF cannot guarantee to find an optimal solution in
quartic polynomial time, as EAF is a kind of metaheuristic optimization framework.

7. Experimental Methodology

In this section, we introduce the experimental methodology for assessing the performance
of our EAF (i.e., Algorithms 6-8).

7.1 Research Questions

Our experiments aim to answer the following four research questions:

e Research Question 1 (RQ1): Is it possible for Algorithm 7 to enhance the search
performance of basic EAs when applied to OCSGP?

e Research Question 2 (RQ2): Can our EAF surpass the performance of the current
state-of-the-art hybrid algorithm for OCSGP?

e Research Question 3 (RQ3): Is our EAF’s performance influenced by the size of the
instance?

e Research Question 4 (RQ4): Can our EAF be effectively utilized in other coalition-
based application problems?

We use RQ1 to show whether Algorithm 7 can generate a feasible OCS and greatly
enhance the efficiency of EAs on OCSGP. We ask RQ2 to determine whether our EAF can
provide better results than the existing hybrid algorithm for OCSGP. We investigate RQ3
to verify whether our EAF is sensitive to the size of the instance. We address RQ4 by
examining the applicability of our EAF in the pursuit-evasion domain (Lopez et al., 2020;
Pan & Yuan, 2023).

7.2 Compared Methods

To our best knowledge, most of the existing works on OCFGs are concentrating on analyzing
and forming overlapping coalitions rather than solving OCSGP. To comprehensively assess
the performance of the proposed EAF, we follow the previous practice in (Su et al., 2020;
Zhang et al., 2020) and adopt three very basic binary EAs, namely, genetic algorithm (GA)
(Goldberg, 1989), BPSO (Kennedy & Eberhart, 1997), and BDE (Pampara et al., 2006).
The reason for that is 1) we want to show that even with very basic EAs, the proposed
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framework performs better than its competitors, and 2) the improvement obtained does not
come from the EA part (as very basic EAs are used) but indeed the proposed framework.

To address RQ1, we integrate Algorithm 7 and TOH (Zhang et al., 2020) with GA,
BPSO, and BDE, respectively. As mentioned earlier, TOH is a task-oriented heuristic com-
bined with EAs to effectively find the approximately optimal OCS for the given tasks. We
want to check whether Algorithm 7 can adapt to the changes of EAs. For ease of descrip-
tion, TOH indicates a family of TOH+GA, TOH+BPSO, and TOH+BDE; EAs represent
a family of GA, BPSO, and BDE; and EAF denotes a family of EAF+GA, EAF+BPSO,
and EAF+BDE.

To address RQ2, we compare EAF with a state-of-the-art hybrid algorithm DPG (Zhan
et al., 2012), which is a combination of dynamic programming and greedy approach and
is effective to solve the task-related OCSGP in TTGs. We use DPG to highlight the
effectiveness of EAF.

To address RQ3, we examine EAF on various instances with different numbers of agents,
tasks, and resources. We use those instances to comprehensively evaluate the stability of
EAF.

To address RQ4, we introduce the multi-agent pursuit-evasion problem, which is a widely
studied benchmark in artificial intelligence and swarm robotics (Lopez et al., 2020; Pan &
Yuan, 2023). In this domain, agents can represent autonomous mobile robots, unmanned
air vehicles, spacecraft, wireless sensors, and more. As illustrated in Figure 6, the core issue
in this domain is the development of coordination mechanisms that enable multiple pursuers
to cooperatively capture multiple evaders in a typically discrete grid world with obstacles.
Specifically, the primary challenge is to assign pursuers to evaders in order to minimize the
total number of steps or the total time required to capture all the evaders successfully. This
scenario is clearly task-driven, with each pursuer representing an agent and each evader
being regarded as a task. The key concerns are, therefore, the formation of coalitions and
the allocation of tasks to each coalition. Therefore, we employ our EAF+GA to explore
the optimal task allocation scheme (i.e., the optimal coalition structure), which minimizes
the longest distance between pursuers and evaders. Additionally, we compare EAF4+GA
with the state-of-the-art shortest distance first (SDF) algorithm (Lopez et al., 2020; Pan
& Yuan, 2023; Zhou & Chen, 2024) and shortest capture time first (SCTF) algorithm (Li
et al., 2024; Zhou et al., 2018) for forming pursuit coalitions. In SDF, each agent selects
the nearest evader to pursue. SCTF estimates the capture time of all evaders using the
fast marching method (Adalsteinsson & Sethian, 1995; Wu & Liu, 2010) and assigns agents
with the shorter arrival time to sequentially track the evader with the shortest capture
time. Clearly, SDF and SPTF adopt different perspectives, focusing on agents and tasks,
respectively.

All the codes of the compared methods were written in C++ and run on a computer
with Intel Xeon E5 2.20 GHz CPU, 32.0 GB of RAM, and Windows Server 2012.

7.3 Parameter Settings

We adopted the recommended parameter settings in (Liu et al., 2016; Su et al., 2020; Zhang
et al., 2020). Specifically, the maximum number of fitness evaluation is 1,500. In GA, the
crossover rate is 0.9 and the mutation rate is 0.1. For BPSO, both of the two learning factors
are set to 2.0 and the maximum velocity is restricted to 5.0. As for BDE, the crossover
probability is 0.25 and the scaling factor is 1.0.
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Figure 6: The schematic diagram of the multi-agent pursuit-evasion problem, in which the
red triangle denotes an evader, the small blue circle represents a pursuer, and the
large green circle indicates an obstacle. (a). The original state. (b). The final
pursuit result.

7.4 Test Instances

To address RQ1, RQ2, and RQ3, we do all the tests in two specific task-based settings. One
is the well-resourced setting: agents in A have enough resources to easily accomplish tasks in
T. The other is the poorly resourced setting: agents’ resources are insufficient and conflicts
may often occur over the rare, but highly demanded resources between competitive tasks.
It is worth remarking that the CSG is a fundamental algorithmic problem within coalitional
games, rather than a specific application-based problem. Consequently, there is a scarcity
of real-world data available. Therefore, we generated test instances via simulations of some
class of OCSGP. Following the existing work, we generated at total 150 different instances
randomly from a normal distribution in the above two settings on the basis of n € [10,100],
m € [6,24], r € [1,24], b], € [0,300], di, € [0,450], and p; € [50,100]. It is expected that we
can simulate as many resource conflicts over overlapping coalitions as possible, so as to more
fully verify the effectiveness of our method. This is also the most prevalent approach for
generating test instances in studying algorithms for resource-constrained coalition structure
generation (Dang & Jennings, 2006; Dunne et al., 2010; Shehory & Kraus, 1998; Service &
Adams, 2011a; Zhan et al., 2012; Zhang et al., 2011, 2020). Note that each instance was
tested on each compared method repeatedly for 30 independent runs under diverse random
seeds to enable statistical analysis.

To address RQ4, we analyze the algorithmic performance across different numbers of
evaders. For each number of evaders, we randomly create 10 instances, each corresponding to
a distinct initial location. Moreover, each instance was repeatedly tested on each compared
algorithm for 30 independent runs.

Admittedly, the utilized instances do not encompass all the possible OCSGPs in task-
based environments. It is essential to highlight that our objective in this work is not to
thoroughly confirm our hypothesis in every possible scenario, but rather to examine whether

2149



ZHANG, SU, SONG, Gao, L1 & Yao

© 800 7 EAF+GA °

2 —£—EAF+BPSO 2

> ~&-EAF+BDE >

w 600 o

= —=-TOH 3

E] . |=—EAs s ——EAF

& ) & 400 —=TOH

s b5 B

f= p £ 200(

] ©

o o

V] o

1 5 10 15 20 25 30 1 5 10 15 20 25 30

Instance Instance

(a) (b)

Figure 7: The coalition structure value (mean and standard deviation) attained by different
EAs combined with different heuristics under different instances. (a). In the
poorly resourced setting. (b). In the well-resourced setting.

it holds true for the representative cases of OCSGP. We hope that our research can act as a
launching pad to stimulate discussions within the coalition structure generation community
regarding this crucial issue. Building on this foundation, future studies can expand upon
our work to cover additional OCSGPs that we have not yet addressed.

8. Results and Analysis

In this section, we present the experimental results and address the research questions raised
in Section 7.1. To ensure verifiability, we provide the source codes of the compared methods
and the raw instances at the following link: https://github.com/zgfhfut/0CSG.

It should be noted that in this study, the number of potential OCSs grows exponentially
with the number of agents and tasks. In the poorly resourced setting, there are intense
resource conflicts within coalitions. It is impractical to employ a brute-force method (e.g.,
exhaustive search) to discover the optimal solution. Fortunately, in well-resourced settings,
each task can be easily fulfilled by agents. Therefore, we can ascertain whether the obtained
OCS is an optimal solution by examining the value of the OCS, as the maximum OCS value
is merely the sum of the rewards for all the tasks.

8.1 RQ1: Comparing Different Heuristics

Algorithm 7 in the proposed EAF determines whether the generated OCS is feasible and
plays a key role in the search course of EAF. Thus, in the first experiment, we compared
EAF with TOH (Zhang et al., 2020) and the basic GA, BPSO, and BDE without heuristic.
We randomly generated 60 different test instances in the two settings according to n = 20,
m = 10, and 7 = 5. Notice that in this setting, there are nearly 22%° possible OCSs for each
instance.

Figure 7 depicts the coalition structure value (mean and standard deviation) attained
by different EAs combined with different heuristics under different instances of the two
settings. It can be observed that both TOH and EAs failed in finding a feasible OCS on
all the 60 instances in the two settings. This is because EAs have no heuristic to handle
Constraint Sets (1) and (2); although TOH can handle the constraints of resources, it
can do nothing about the constraints of the interest set. The above results imply that no
matter how powerful TOH and EAs are, it is difficult for them to find a feasible OCS without
leveraging the problem’s knowledge. Conversely, EAF found feasible OCSs on each instance
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Figure 8: The run time (mean and standard error, in seconds) consumed by EAF under
different instances. (a). In the poorly resourced setting. (b). In the well-resourced
setting.

in each setting with very low standard deviation. Additionally, as shown in Figure 7(a),
there is minimal difference between EAF+GA, EAF+BPSO, and EAF+BDE. This suggests
that our framework is compatible with various basic binary EAs, and the enhancement
is primarily due to our framework rather than the used EAs. Surprisingly, EAF found
the optimal solution in the well-resourced setting, because all the 10 tasks were performed
according to the value of the final OCS. This is why there is no standard deviation in Figure
7(b). The above observations also indicate that EAF has good stability and robustness. An
explanation is that EAF not only can make each generated OCS feasible by Algorithm 7,
but also can make v(OCS) as maximal as possible for the reason that Algorithm 7 is able
to maximize the utilization of agents’ resources.

Figure 8 pictures the run time (mean and standard error, in seconds) consumed by EAF
under different instances of the two settings. It can be seen that EAF consumed less than
1s on each instance, with low standard error in both the two settings. This observation
suggests that EAF is very efficient even in the case of a huge solution space.

8.2 RQ2: Comparing with Hybrid Algorithms

In this experiment, we compared EAF with the existing DPG (Zhan et al., 2012) for solving
OCSGP in TTGs, where there is only a type of resources. We randomly generated 60
different test instances of the two settings in a case of n = 20, m = 10, and r = 1.

Figure 9 illustrates the coalition structure value (mean and standard deviation) obtained
by EAF and DPG under different instances in the two settings. As can be seen, DPG often
failed in finding a feasible OCS even in the well-resourced setting, implying that DPG is
unreliable. On the contrary, EAF found feasible OCSs on each instance with significantly
better coalition structure values. A possible reason is that DPG does not care about the
interest set constraint, and thus the selected agents may not be interested in the assigned
task. On the other side, Algorithm 7 in EAF is able to help EAF solve all the potential
constraint violations, which greatly improves the search performance of EAF. It can also
be observed that, much like Figure 7(a), in Figure 9(a), the disparity between EAF+GA,
EAF+BPSO, and EAF+BDE is barely noticeable, suggesting that the enhancement is not
due to the employed EAs, but rather stems from the proposed framework. Note that in
Figure 9(b), EAF found the optimal solution on each instance for the reason that all the 10
tasks have been completed in terms of the value of the attained OCS.
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Figure 9: The coalition structure value (mean and standard deviation) obtained by EAF
and DPG under different instances. (a). In the poorly resourced setting. (b). In
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Figure 10: The run time (mean and standard error, in seconds) consumed by EAF and
DPG under different instances. (a). In the poorly resourced setting. (b). In the
well-resourced setting.

Figure 10 depicts the run time (mean and standard error, in seconds) consumed by EAF
and DPG under different instances of the two settings. It can be observed that both EAF
and DPG consumed less than 1s and are efficient for solving OCSGP. This is because there
is only a type of resources in each instance.

8.3 RQ3: Impact of the Problem Size

The results of the previous two experiments demonstrate that EAF can find the optimal solu-
tion efficiently in the well-resourced setting. Therefore, to further examine the adaptability
of EAF to the problem size, in the third experiment, we compared EAF+GA, EAF+BPSO,
and EAF+BDE in the poorly resourced setting under different n, m, and r. We want to
know whether EAF is still able to work under the tight resource constraints and the huge
solution space.

Figure 11 shows the results obtained by EAF in the poorly resourced setting under
different n, m = 10, and » = 5. Notice that there are about 2!%° and 2'9° OCSs when
n = 10 and n = 100, respectively. As can be observed in Figure 11(a), with the increase of
n, the coalition structure values obtained by EAF showed a decline. An explanation is that
each B; decreases with the increase of n to obey the poorly resourced setting, and thus it
is increasingly difficult for agents to meet the needs of tasks. However, surprisingly, EAF
could still find a feasible OCS even when n = 100. On the other hand, in Figure 11(b),
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Figure 11: The results obtained by EAF in the poorly resourced setting under different n.
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Figure 12: The results obtained by EAF in the poorly resourced setting under different m.
(a). The coalition structure value (mean and standard deviation). (b). The run
time (mean and standard error, in seconds).

the time consumption of EAF rose slowly with the increase of n. Note that when n = 100,
EAF consumed less than 4 s, which is perfectly acceptable from the perspective of the huge
solution space. Additionally, it can also be seen that the standard deviation of coalition
structure value and the standard error of run time are very low. This observation implies
that EAF is stable with the increase of n.

Figure 12 pictures the results obtained by EAF in the poorly resourced setting under
different m, n = 20, and r = 5. In this setting, there are about 2?9 and 28 OCSs when
m = 6 and m = 24, respectively. As can be seen from Figure 12(a), with the increase of m,
the coalition structure values obtained by EAF rose sharply. The reason is that each D;
decreases with the increase of m in the poorly resourced setting, and thus it is increasingly
easy for tasks to be satisfied by agents. Note that EAF could find a feasible OCS even
when m = 24. In Figure 12(b), the run time of EAF increased slowly with the growth of
m. When m = 24, EAF consumed less than 2s. In addition, it can also be found that the
standard deviation of coalition structure value and the standard error of run time are very
low. The above results indicate that EAF still keeps stable with the increase of m.

Figure 13 illustrates the results obtained by EAF in the poorly resourced setting under
different r, n = 20, and m = 10. In this setting, the number of possible OCSs is 22°0.
It can be observed in Figure 13(a), with the increase of r, the coalition structure values
obtained by EAF showed a downward trend on the whole. This is because the growth of
r increases the possibility of potential resource conflicts in the poorly resourced setting,
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Figure 13: The results obtained by EAF in the poorly resourced setting under different 7.
(a). The coalition structure value (mean and standard deviation). (b). The run
time (mean and standard error, in seconds).

and it is increasingly difficult for tasks to be satisfied by agents with their finite resources.
Note that EAF could still find a feasible OCS even when r = 24. In Figure 13(b), the time
consumption of EAF rose slowly with the increase of r. When r = 24, EAF consumed less
than 1s. Additionally, it can also be found that the standard deviation of coalition structure
value and the standard error of run time are low. The above results demonstrate that EAF
is also stable with the increase of 7.

In brief, EAF exhibits high effectiveness, efficiency, and stability from the empirical
results on different n, m, and r in the poorly resourced setting. This suggests that EAF is
not sensitive to the problem size, and verifies the theoretical results in Propositions 17 and
19.

8.4 RQ4: Application to the Pursuit-Evasion Problem

Figure 14 depicts the longest distance (mean and standard deviation) between pursuers
and evaders obtained by the three algorithms under various numbers of evaders. It can be
observed that for different numbers of evaders, the EAF+GA algorithm achieves the shortest
distance compared to SDF and SCTF, indicating that EAF4+GA can significantly reduce
the movement distance of pursuers to their corresponding evaders. Specifically, when there
are a small number of evaders, the difference in performance between the three algorithms
is not pronounced. This is because with a small number of evaders, there are relatively few
possible combinations of task allocations, and the allocation strategies produced by each
algorithm do not demonstrate significant differences in effectiveness. However, when there
are a large number of evaders, the possibility of task allocations increases progressively,
and the superiority of our EAF+GA becomes increasingly evident. Furthermore, the size
of the standard deviation gradually decreases as the number of evaders increases. This
is because as the number of evaders grows, the distribution of pursuers in the confined
grid environment becomes denser, and the number of pursuers in each area approaches
equilibrium. Accordingly, the longest distance achieved by each algorithm on different
instances tends to converge.

Figure 15 illustrates the number of total steps (mean and standard deviation) taken
by the three algorithms for capturing all the evaders under different instances on the cases
of 8 and 16 evaders, respectively. It can be observed that EAF+GA took significantly
less steps than SDF and SCTF on each instance. Specifically, EAF+GA saves at least
22.2% and 17.5% steps on average under 8 and 16 evaders, respectively. The above findings
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Figure 15: The number of total steps (mean and standard deviation) taken by the three
algorithms for capturing all the evaders under different instances. (a). 8 evaders.
(b). 16 evaders.

suggest that our EAF4+GA is both efficient and effective in task-oriented scenarios, capable
of assigning the appropriate tasks to the relevant agents. The reason for this lies in the
EAF+GA’s comprehensive evaluation and selection of potential combinations of coalitions
and tasks through coalition structure generation, along with a task allocation strategy that
takes into account the coordination among coalition members, thereby enhancing capture
efficiency. In contrast, both SDF and SCTF are fundamentally greedy algorithms that
assign tasks by minimizing the distance or travel time between pursuers and evaders. The
mechanism of greedy behavior results in choices aimed at maximizing individual interests,
without considering team collaboration. Consequently, the formed distribution strategy
is highly uneven, leading to some pursuer coalitions quickly reaching the vicinity of their
evaders, while others need to cover a longer distance to reach the vicinity of the evaders
they are pursuing. This lack of coordination among team members cannot guarantee that
the structure of the pursuer coalitions will maximize their benefits, ultimately leading to a
decline in overall capture efficiency.

8.5 Discussion

In this subsection, we discuss the implications of the experimental results on the four re-
search questions and explore the possible reasons for the effectiveness.

Regarding the first research question, which examines the benefits of Algorithm 7 to
EAs for addressing OCSGP, the results reveal a surprising outcome. With the assistance of
Algorithm 7, EAs demonstrate more stable and efficient performance on the 60 instances
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in comparison to TOH. Furthermore, each basic EA is able to find the optimal solution in
the well-resourced setting.

The second research question investigates whether EAF surpasses the existing DPG in
solving OCSGP. The results are encouraging, as EAF demonstrates superiority in solving
OCSGP and is able to find the optimal solution in the well-resourced setting. In contrast,
despite having only one type of resource in the 60 instances, DPG struggles to find a feasible
OCS even in the well-resourced setting.

The third research question addresses whether EAF is susceptible to the size of the
instance in the poorly resourced setting. As expected, when the number of agents, tasks,
and resources increases, EAF remains stable in exploring feasible OCSs, with a minimal
increase in time consumption.

The fourth research question concerns the applicability of EAF to the multi-agent
pursuit-evasion problem. Unlike the compared SDF and SCTF, EAF concurrently con-
siders tasks and agents and pursues the overall reward of the coalition structure. This
enables EAF to identify better pursuer coalitions with higher capture efficiency.

The mentioned enhancements are due to the fact that our EAF can directly employ the
polynomial-time Algorithm 7 for repairing solutions to address resource conflicts between
competing coalitions. Consequently, EAF is able to consistently explore the feasible region
and generate feasible OCSs more efficiently, increasing the likelihood of discovering OCSs
with higher values.

9. Conclusion

This work discusses the overlapping colition structure generation problem (OCSGP) from
the perspective of task-based settings. This approach is novel as it considers agents with
finite resources that can only respond to parts of tasks, and coalitions that take on mutually
disjoint subsets of tasks. We have analyzed the size of the search space and the computa-
tional complexity of the proposed OCSGP. Specifically, we show that checking whether a
pending overlapping coalition structure (OCS) is feasible can be solved in polynomial time.
However, finding the optimal OCS remains impractical within polynomial time concerning
the number of agents and tasks. To tackle the intractability, we developed a generic evolu-
tionary algorithm framework (EAF) designed to solve the proposed OCSGP efficiently. This
EAF can be combined with any binary evolutionary algorithms. A key feature of our EAF
is an embedded solution-repair heuristic with cubic time complexity, which ensures feasible
OCS generation by assigning tasks based on the residual resources of agents. This mecha-
nism effectively prevents resource conflicts between competitive overlapping coalitions. We
compared our EAF with a task-oriented heuristic and a hybrid algorithm for OCSGP. Ad-
ditionally, we examined its applicability in a pursuit-evasion problem. The experimental
results demonstrate the high competitiveness and efficiency of our proposed EAF, showing
its capability to find approximately optimal solutions in quartic polynomial time relative
to the instance size.

In our future research, we are committed to further refining our theoretical foundations
by focusing on deriving tighter bounds on the performance of our EAF, particularly in terms
of solution quality and convergence rates. We will analyze how different parameters and
configurations impact the efficiency and effectiveness of the EAF and extend our complexity
analysis to cover more general cases, exploring how varying the number of agents, tasks,
and resource constraints affects computational feasibility. Additionally, we will investigate
the robustness of our approach in dynamic environments where agent capabilities and task

2156



SOLVING OVERLAPPING COALITION STRUCTURE GENERATION IN TASK-BASED SETTINGS

requirements may change over time. To extend the empirical validation of our method,
we will explore its applicability in diverse domains such as disaster response, logistics op-
timization, and healthcare settings. Comprehensive comparative studies will evaluate our
EAF against a wider array of existing methods and benchmarks to better understand its
strengths and limitations. Furthermore, we plan to apply our method to real-world datasets
and case studies to assess its practical utility and identify areas for improvement.
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Appendix A. Notational Conventions

A The set of agents. Members of the set are denoted by a; and subsets of A are
denoted by C, C;, etc.

T The set of tasks. Members are denoted by ¢; and subsets of T are denoted by
V.,V ete.

U; The reward rendered by task ¢;.

T} The interest set of agent a;.

B, The resource vector of agent aj. Members of the vector are denoted by b‘,i.

D; The demand vector of task ¢;. Members of the vector are denoted by dj..

W, The contribution vector of agent a; for task ¢;. Members of the vector are
denoted by wiz

P; The residual vector of agent a;. Members of the vector are denoted by pfc

E; The investment vector of agents in C;. Members of the vector are denoted by
.

(c,v) The task-based coalition.

ocs The task-based overlapping coalition structure.

v(C}, Vi) The value of (C},V)).
v(0OCS)  The value of OCS.

Appendix B. Proofs

To maintain readability in the main text, we have excluded some detailed proofs. We
present these omitted proofs below for completeness.

Proposition 4. For A, the total number of possible cover (Ch,...,Cs) with size s is
(2n—1)!

Proof. 1t is known that there are 2™ — 1 non-empty subsets of A. In OCSGP, each agent

may join these 2" — 1 subsets at the same time. For a cover {C1,...,Cs} of A, without loss

of generality, we assume that the first subset C'; has 2™ — 1 possibilities. Then, there are
only 2" — 1 — 1 possibilities for the next subset C5. The rest may be deduced by analogy
and induction. Particularly, the last subset Cy has 2 — 1 — (s — 1) possibilities. To sum up,
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the total number of possible cover (C1,...,Cs) with size sis (2" —1)- (2" —=1—1)--- (2" —

1-(s— 1)) = 270 =

Proposition 5. For T, the total number of possible partition subset (Vi,...,Vy) with size
sisy o [Cx g - S(x,s)].

Proof. T includes m different tasks. Assume that ) is the (m + 1)-th virtual task in 7. We
first select x > s tasks from 7', and the possible combinations are C} ;. Then, for each
combination, we need to divide these x tasks into s parts disorderly, whose possibilities
are known as the Stirling numbers of the Second Kind and denoted as S(x,s). Therefore,
the number of possible partition subset (V1,...,V;) for each z is Cy, | - S(z,s). Note that
s <z <m+ 1. To sum up, the total number of possible partition subset (V1,...,Vs) with
size s is 3.7 w1 Sz, s)]. O

Proposition 6. The total number of possible OCSs with size s is

(2" = 1 Y (€ - S(a,9)]
(2" —1—9)!

Proof. For an OCS = {(C1,V1),...,(Cs,Vs)}, we know that {Cy,...,Cs} has %

possibilities (see Proposition 4), and (V1,...,Vs) has
m+1 z
S e S(a,s)
possibilities (see Proposition 5). Accordingly, {(C1,V1),...,(Cs, Vs)} has at total

(2" —1)!-yrtes ., - S(x, 9)]
(2n —1—3s)!

possibilities. O

Proposition 7. The total number of possible OCSs is

T min{2"-1m+1} (27 = 1)!- St w1 S(w,s)]
‘HA’_Zszl (2n —1—3s)!

Proof. There are at most 2" — 1 nonempty subsets of A. It is clear that the collection of all
the possible subsets of A is also the largest cover of A. Therefore, for each OCS with size s,
we have s < 2" — 1. From Proposition 3, we have s < m + 1. Consequently, we can obtain
that s < min{2"™ — 1, m + 1}. Based on Proposition 6, the number of OCSs with size s is

(2" =)t ee - S(x,9)]
(2r —1—s)!

Therefore, the total number of possible OCSs is

T min{2—1m+1} (27— 1)!- S o1 S, )]
|HA|_ZS:1 (2n —1—3)!

O]

Proposition 8. The smallest number of OCSs that needs to be searched to establish a bound
from the optimal OC'S* is at least 2™ — 1.
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Proof. From Proposition 1, we obtain that the total number of possible (Cj, V}) with V; # ()
is (2" —1)- (2™ —1). Obviously, to determine the smallest number of OCSs to be searched
to establish a bound from OCS*, all these (2" —1)- (2™ —1) coalitions should be considered.
For each y € {1,...,n}, there are C}, subset C of size y of A and (2™ — 1) non-empty subset
V, of T, so there are Cj; - (2™ — 1) different (C}, V;) with |C)| = y. Then, the number of agent
occurrences in all these coalitions is Y 7, [Ch- (2™ —1)-y] = (2™ —1)- >3/, (y-Cp) =
(2™ —1) - n - 271 Additionally, from Proposition 2, we know that the number of agent
occurrences in each OCS is at most n - 2"~ 1. Therefore, we need to search through at least
@ -)m2 7 gm g different OCSs to cover all the possible (Cy, V}). That is, the smallest

n-2n—1

number of OCSs that needs to be searched through to establish a bound from OCS* is at
least 2™ — 1. O

Proposition 9. The smallest number of OCSs that needs to be searched to establish a bound
from the optimal OCS™ is 2™ — 1.

Proof. In Proposition 8, we demonstrated that searching at least 27 — 1 OCSs is necessary
to establish a bound from the optimal OCS*. Our next step is to construct a set of 2™ — 1
OCSs such that searching through this set will yield a bound from the optimal. We will
now outline the construction of such a set.

Consider the following set of coalition structures:

G={AWV}I VTV #0}

In other words, G consists of all the possible coalition structures {(A,V)}, where V is a
non-empty subset of the task set 7.

First, we will demonstrate that the number of coalition structures in G is precisely
2™ — 1. Given that there are 27" — 1 non-empty subsets of T', G comprises 2" — 1 coalition
structures.

Next, we will establish that after examining all the coalition structures in GG, a bound
from the optimal can be determined. Let

(C*’ V*) = argmaxceA,verT U(Ca V)

That is, coalition (C*, V*) possesses the maximum rewards among all the possible coalitions.
Since C* C A, in task-based settings, for a given V*, we have v(A,V*) = v(C*,V*).
Consider a coalition structure OCS = {(A, V*)}, we obtain v(OCS) = v(C*,V*).

Now, for any coalition structure OC'S = {(C1, V1), ..., (Cs, Vs)}, we have

v00cs) ="

Keep in mind that given there are at most 2" — 1 subsets of A and m tasks in T, there are
at most only min{2" — 1,m} overlapping coalitions with a non-zero value in any coalition
structure. Therefore, we can deduce that

v(0CS) < min{2" — 1,m} - v(C*,V*) = min{2" — 1,m} - v(OCS)

In turn, we obtain

v(0CS*) < min{2" — 1,m} - v(OCS)

Considering 0CS € G, upon examining all the coalition structures in G, a bound min{2" —
1,m} from the optimal OC'S* can be established. O
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Proposition 10. The problem of checking whether a disjoint coalition (C,V') in an OCS
1s feasible is in P.

Proof. Since (C,V) is a disjoint coalition, we first check whether V' is an empty set. If V'
is non-empty, we further check whether each agent in C' is interested in V and each task
in V is of interest to an agent in C'. Obviously, the above tests can be done in polynomial
time, because both |C| and |V| are bounded. Then, we need to decide whether a feasible
resource allocation scheme W ; can be found to satisfy Constraint Sets (1) and (2). Since
|C|, |V|, and r are bounded, these tests can also be performed in polynomial time. In brief,
the problem of checking whether a disjoint coalition (C,V) in an OCS is feasible can be
solved in polynomial time. O

Proposition 11. The worst case complexity of Algorithm 1 is O(nS).

Proof. See Algorithm 1, it is clear that the computational complexity of the checking al-
gorithm depends on the complexity of the used maximum flow algorithm. In Fig. 2, it
can be observed that there are at most (2 + n 4+ m) nodes and (n + n - m + m) arcs in
the network. Therefore, the computational complexity of the Edmonds-Karp algorithm is
O((2+n+m)(n+n-m+m)?) (Cormen et al., 1990). In addition, all the k types of resources
should be examined for uncovering the potential resource conflicts. Therefore, the worst
case complexity of Algorithm 1is O(k - (2 +n +m)(n +n-m +m)?) = O(nb), which is of
polynomial complexity and is consistent with the result in Proposition 10. O

Proposition 12. The problem of checking whether an overlapping coalition (C,V') in an
0CS is feasible is in P.

Proof. Since (C,V) is an overlapping coalition, we need to consider (C, V') and all the other
overlapping coalitions that are connected to (C, V') together. That is, we should examine
the AC'S derived from (C, V). For each coalition in the AC'S, we first check whether every
member in it is interested in the collective task set and each task in the collective task
set is of interest to a member in it. Then, we need to decide whether there is a feasible
resource allocation scheme that can satisfy Constraint Sets (1) and (2). From Proposition
3, we know that the number of the connected coalitions is bounded, and thus the above
tests can be completed in polynomial time. Therefore, the problem of checking whether an
overlapping coalition (C, V') in an OCS is feasible can be solved in polynomial time. O

Proposition 13. The worst case complexity of Algorithm 3 is O(n").

Proof. From Proposition 11, the main time-consumption of Algorithm 3 is the maximum
flow computation, whose time complexity is at most O(n®). Additionally, by Proposition
3, there are at most m overlapping coalitions with non-empty collective task subsets in an
ASC. Thus, the worst case complexity of Algorithm 3 is O(m - n%) = O(n"), which is of
polynomial complexity and is consistent with the result in Proposition 12. O

Proposition 14. The problem of checking whether an OCS is feasible is in P.

Proof. From Proposition 3, we know that the number of coalitions in an OCS is bounded.
Additionally, based on Definition 5, we have as long as the OCS contains a feasible coali-
tion (C,V), the OCS is just feasible. Moreover, from Propositions 10 and 12, we can
obtain that checking whether a coalition (C, V') in the OCS is feasible is polynomial-time
decidable. Accordingly, checking whether an OCS contains a feasible coalition (C,V) is
also polynomial-time decidable. It means that the problem of checking whether an OC'S is
feasible can be solved in polynomial time. O
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Proposition 15. The worst case complexity of Algorithm 5 is O(n").

Proof. In Algorithm 5, checking disjoint coalitions and ACSs takes up the major compu-
tational overhead. According to Propositions 11 and 13, the time complexity of the above
operations is at most O(n”). Therefore, the worst case complexity of Algorithm 5 is also
O(n"), which is of polynomial complexity and is consistent with the result in Proposition
14. O]

Proposition 16. The OCSGP is NP-complete.

Proof. For membership of NP, we need to guess a feasible OCS. Specifically, it involves
computing the value of each coalition in the OCS, and there are at most m + 1 overlapping
coalitions in any OCS (see Proposition 3). Additionally, to determine the value of a coalition,
it needs to check feasibility according to Definition 4. Both steps can be done in polynomial
time due to the size of the OCS (see Proposition 14), and so the problem is in NP.

To prove OCSGP is NP-hard, we give a reduction from the problem of finding an
optimal OCS in TTGs (Chalkiadakis et al., 2010) to our problem. TTGs is a specific case
of OCFGs and is given by: A set of agents A = {a1,...,a,}, in which each agent a; has a
weight &/ € RT; a set of tasks T' = {t1,...,t,}, where each task t; has a threshold d* > 0
and a utility u; > 0. The problem of finding an optimal OCS in TTGs is as follows: given
A and T, whether is there an OCS whose utility is at least K7 Chalkiadakis et al. (2010)
and Zhan et al. (2012) showed that this problem is NP-complete. We will now construct an
instance of our problem as follows. Let » = 1 (i.e., there is only one type of resources) and
each j € {1,...,n}, Tj = T, namely, each agent is interested in all the tasks in T". Clearly,
this instance is just a TTG. Consequently, based on Proposition 8 of (Chalkiadakis et al.,
2010), we can obtain that our problem is NP-hard.

To sum up, the OCSGP is NP-complete, which is consistent with the result in Proposi-
tions 8 and 9. O

Proposition 17. The worst case complexity of Algorithm 7 is O(n3).

Proof. 1t can be observed that the most time-consuming step of Algorithm 7 is the feasibility
examination for rows. There are at total m rows in a solution. For each selected row i, we
first need to evaluate all the n agents and all the r types of resources to determine whether ¢;
can be achieved. The number of operations required for this check is n-r. If ¢; is achievable,
at most n agents will be selected to create a resource allocation plan. Obviously, the number
of operations needed for resource allocation is also n - r. In summary, the total number of
operations performed by row checks of Algorithm 7ism-(n-r4+n-r)=0(m-n-r) =
O(n3). O

Proposition 18. As long as T contains at least a task that can be achieved by agents in
A, the pending solution will be repaired to generate a feasible OCS by Algorithm 7.

Proof. Without loss of generality, we assume that only a ¢; € T can be satisfied and other
tasks in T' are unachievable for agents in A. According to Algorithm 7, after the repair, all
the rows except row ¢ contain only bits “0”. When ¢; is selected for checks, the remaining
resources of available agents can make sure that (Cy, {¢;}) is feasible. Then, at least we can
obtain a feasible OCS = {(C;, {t;}), {A — C;},0)} if A—C; # 0 or OCS = {(Cy, {t;})} if
A-C;=0. O

Proposition 19. The worst case complexity of Algorithm 8 is O(n?).
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Proof. As shown in Algorithm 8, the run time of EAF is mainly spent in the employed EA
(e.g., BPSO) and the embedded heuristic (i.e., Algorithm 7). The cost of Algorithm 7 is
O(n?) (see Proposition 17). Suppose that in the employed EA, the maximum number of
fitness evaluation is F'E. Note that for each candidate solution, EAF needs to call Algorithm
7 to render it feasible before its fitness evaluation. As a consequence, the time complexity
of EAF is O(FE - n3) = O(n%), which is of quartic polynomial complexity. O
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