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We conceptualize explainability in terms of logic and formula size, giving a number of related definitions of explainability in a
very general setting. Our main interest is the so-called local explanation problem which aims to explain the truth value of
an input formula in an input model. The explanation is a formula of minimal size that (1) obtains the same truth value as
the input formula on the input model and (2) transmits that truth value to the input formula globally, i.e., on every model.
As an important example case, we study propositional logic in this setting and show that the local explainability problem
is complete for the second level of the polynomial hierarchy. The hardness result holds already for DNF-formulas. We also
give parameterized versions of these problems leading to NP-completeness. The generality of our definitions allows us to lift
complexity results also, e.g., to S5 modal logic and ensembles of decision trees. We also provide an implementation in answer
set programming and investigate its capacity in relation to explaining answers to the n-queens and dominating set problems.
Furthermore, we give an example of explaining the behavior of a black-box classifier.
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1 Introduction

This paper investigates explainability in a general setting, with a goal of generalizing the most common approaches
in the literature. The key in our approach is to relate explainability to formula size. We define several problems
related to explainability for an arbitrary logic and show that these definitions instantiate well to the case of
propositional logic. We differentiate between the global and local explanation problems. The global explanation
problem for a logic L takes as input a formula ¢ € L and outputs an equivalent formula of minimal size. Thus the
objective is to explain the global behaviour of ¢. For example, we can consider =————p, where the number
of negations is even, to be globally explained by p. In contrast, the goal of the local explanation problem is to
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explicate why an input formula i gets the truth value b in an input model (or instance) M. Given a tuple (M, ¥, b),
the problem outputs a formula y of minimal size such that (1) the formula y obtains the same truth value b
on M, and (2) on every model M’ where y gets the truth value b, also i gets that same truth value. Intuitively,
this second condition states that the given truth value b of y on a model M’ causes i to be judged similarly. In
summary, the local explanation problem gives reasons why a piece of data (or a model) is treated in a given way
(i.e., obtains a given truth value) by a classifier (or a formula).

The two explanation problems are search problems and naturally give rise to corresponding decision problems
we call explainability problems. The global explainability problem for a logic L asks, given a formula ¢ € L and
k € N, whether there exists a formula equivalent to ¢ of size at most k. The local explainability problem gets
as input a tuple (M, /, b, k), and the task is then to check whether there exists a formula y of size at most k
satisfying the above conditions (1) and (2) of the local explanation problem. In addition to these two decision
problems and the two search problems above, we also define some further generalizations allowing for uncertainty,
approximation and explaining with a different logic than that of the input.

As an important particular case, we study the local explainability problem of propositional logic (PL) in detail.
We show that for PL in particular, it suffices to consider local explanations which are (De-Morganizations of)
subconjunctions of the input assignment. This coincides with many approaches in the literature, where subsets
of the input assignment are the objects that are sought as explanations to begin with.

We prove that the local explainability problem for PL is Zé’ -complete. This is an important result whose
usefulness lies in its implications that go far beyond PL itself. Indeed, the result gives a robust lower bound for
various logics. We demonstrate this by establishing 2’;’ -completeness of the local explainability problem of S5
modal logic, and we observe that, indeed, a rather wide range of logics with satisfiability in NP have Z'g -complete
local explainability problems.

We also show that the local explainability problem for PL can be reduced to the same problem for DNF-formulas,
establishing that the 2§ -completeness of local explainability holds already for DNF-formulas. This result again
has far-reaching implications as DNF-formulas—due to their simple syntactic form—can particularly easily be
translated into various machine learning classifiers. As an easy application, we show that explaining ensembles
of decision trees via PL is 2*;’ -complete.

As a further theoretical result, we prove that, when limiting to explaining only the positive truth value T, the
local explainability problem is only NP-complete for CNF-formulas of PL. As a corollary, we get NP-completeness
of the problem for DNF-formulas in restriction to the truth value L. While theoretically interesting, these results
are also relevant from the point of view of applications, as quite often real-life classification scenarios require
explanations only in the case of one truth value. For example, explanations concerning automated insurance
decisions are typically relevant only in the case of rejected applications.

In addition to global and local explanations, we also define a general version of the counterfactual explanation
problem in the spirit of the related literature. The problem asks for the smallest change to the input that leads
to a desired result. We instantiate the corresponding decision problem to PL and show that the PL version is
NP-complete. Surprisingly this precise result does not seem to have been formulated for PL in the literature.

We provide an implementation of the local explainability problem of PL based on answer-set programming
(ASP). Generally, ASP is a logic programming language based on the stable model semantics and propositional
syntax, particularly Horn clauses. ASP is especially suitable and almost custom-made for implementing the local
explainability problem of PL, as ASP is designed precisely for the complexity levels up to Z‘g . Indeed, while
the disjunction-free fragments of ASP [23] cover the first level of the polynomial hierarchy in a natural way,
proper disjunctive rules with cyclic dependencies become necessary to reach the second level of the hierarchy
[9]. However, we exploit the expressive power of such disjunctions indirectly via the stable-unstable semantics
[4] and oracles based on disjunction-free logic programs.
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We test the implementation via experiments with benchmarks based on the n-queens and dominating set
problems. The experiments provide concrete and compact explanations why a particular configuration of queens
on the generalized chessboard or a particular set of vertices of a graph is or is not an acceptable solution to the
involved problem. Runtime scale exponentially in the size of the instance and negative explanations are harder to
compute than positive ones. We also use a modified version of the implementation to explain the behavior of a
black-box classifier with several classification categories. Here we see that by varying the set of categories to be
explained, we can obtain different information in terms of the lengths and generality of the explanations.

For global explainability, we use propositional logic to obtain approximate global explanations of data based on
the percentage of misclassified points as the notion of error. We utilize an implementation previously published
in [14].

Related work. While the literature on explainability is extensive, only a small part of it is primarily based on
logic. One of the earliest logic-based notions of explanation was the prime implicant explanation of [21]. In the
context of PL, a prime implicant of a formula ¢ is a subset-minimal set X of literals such that X implies ¢. The
notion of prime implicant has a long history in theoretical computer science, but [21] were the first to explicitly
relate them to the currently active trend of research on explainable Al Other closely related notions of logic-based
explanations include abductive explanations [18, 2] and sufficient reasons [16, 1].

All of the above notions are clearly related to our notion of local explanations. However, there are some
key differences. The notions in the literature are defined in terms of finding a minimal subset of features—or
propositions—that suffice to explain the input instance of a Boolean decision function. Our definition of local
explainability allows for any kind of formulas as outputs and generally imposes very few restrictions on the
logics that can be considered. In the case of propositional logic, we separately prove that a De-Morganization
(cf. 5.1) of a subconjunction of the literals in the input is always a possible output. We end up with a similar
goal of removing propositions, but from a different starting point and in a different, general setting. The fact
that our definition ends up similar to the standard one in the case of propositional logic can be considered—we
believe—as evidence towards its naturalness. For other logics, such as FO and beyond, the resemblance to previous
notions decreases. One benefit of our definition is that it is directly applicable to a wide variety of logics. For
example, our approach immediately provides a suitable setting for studying the explainability problem of S5
modal logic, which we show Zg -complete. It is also worth noting that in Shih et al. (2022), Ji and Darwiche (2023),
Marques-Silva and Ignatiev (2022) and Bassan and Katz (2023), the explanations are subset-minimal while we
use globally formula-size minimal explanations. In Bassan and Katz (2023), the subset-minimal explanations are
accompanied by a coefficient that estimates how close the explanation is in terms of size to a globally minimal
explanation.

We also note that while most of the literature on logic-based explainability focuses on variants of explaining
the decision of a classifier on a single input, we also define global explanation problems that aim to explain the
entire behavior of a classifier. The simplest variant comes down to the previously studied problem of formula
minimization [24], while the more general versions allow for approximation or formulating explanations in a
logic different from the input logic.

Counterfactual explanations have no single fixed definition in the literature, but are generally related to
(minimal) changes to the input to achieve some different outcome. Variants of this idea are studied in the
literature, e.g., the necessary reasons of [16] and the contrastive explanations of [18]. Perhaps the closest to our
definition is the problem called Minimum Change Required (MCR) in [1]. Our definitions are similar to the ones
in the literature and generalized to an arbitrary logic.

We also mention some famous approaches to explainable Al that are not logic-based. The well-known LIME
method [20] produces local approximate explanations in some neighborhood of the input model. Our generalized
definitions in Section 3.1 also feature approximation but we focus on fully global and fully local explanations,
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differing from the semi-local approach of LIME. In practice, LIME is often used as a feature importance measure;
other such measures include e.g., Shapley values [17]. While feature importance as an approach to explainability
can highlight relevant features, it can fail to recognize the relevance of combinations of features. Our approach
on the other hand produces minimal formulas that can refer to multiple features and their combinations in a
natural way.

We move on to work related to our complexity results. [24] shows that the shortest implicant problem is
Zg -complete, thereby solving a long-standing open problem of Stockmeyer. An implicant of ¢ is a conjunction
y of literals such that y F ¢. The shortest implicant problem asks whether there is an implicant of ¢ with size
at most k. Size is defined as the number of occurrences of literals. Below we prove that the local explainability
problem for PL can be reduced to certain particular implicant problems. However, despite this, the work of Umans
does not directly modify to give the Zg -completess result of the local explainability problem. The key issue is
that the explainability problem requires an interpolant between a set y of literals and a formula ¢, where y has
precisely the same set of propositional symbols as ¢. Thus we need to give an independent proof for the Z‘g lower
bound. Also, formula size in [24] is measured in a more coarse way.

[1] consider a problem they call Minimum Sufficient Reason (MSR), which is similar to local explainability. They
implicitly show that MSR for PL is Zg -complete, using Umans’ work 2001 as a starting point. Our proof for PL is
more direct and simpler and we also go further, showing that 25 -completeness holds already for DNF-formulas.
Barcel6 et al. also do not provide any implementation of MSR.

Summary of contributions.

« General formulation of global, local and counterfactual explanations in the spirit of the related literature.

« Instantiations of these problems to propositional logic with proofs that link them to previous notions in
the literature.

« Proof of Zg -completeness for the local explainability problem of PL, including its restriction to DNF-
formulas.

« Proof of NP-completeness for the local explainability of CNF-formulas and DNF-formulas when restricted
to specific truth values.

« Instantiations of local explainability for S5 and ensembles of decision trees with Z‘g -completeness results.

« Implementations and examples of the problems for PL with openly available code, showing that the
problems work in a natural way in practice.

This article is an extension of the conference article [13] and the manuscript [12]. This version includes the
following new additions compared to these works. We have further generalized the explainability problems,
allowing for approximation, explanations via a different logic and explanations of sets of truth values rather than
just single truth values. We also define counterfactual explainability problems in this version and show that the
problem for PL is NP-complete. We improve upon our earlier result of Zg -completeness for the local explainability
problem for PL by showing that the same problem restricted to DNF-formulas is already Z‘g -complete. We
apply this result to show that explaining ensembles of decision trees using PL is likewise Zg -complete. On the
experimental side, we have added an example on global explanations with approximation using a previously
published implementation, as well as an example of explaining different sets of truth values of a four-valued
black-box classifier using PL.
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2 Preliminaries

Let @ be a set of propositional symbols. The set PL(®) of formulas of propositional logic PL over ® is given by
the grammar
e:=plTILI¢l(@re)|(pve)

where p € ®. A literal is either an atom p or its negation —p, also known as positive and negative literals,
respectively. We do not consider T and L as literals for technical reasons having to do with some definitions
below. A ®-assignment is a function s : ® — {0, 1}. When @ is clear from the context or irrelevant, we simply
refer to assignments rather than ®-assignments. A ®-assignment that is otherwise like s but sends p € ® to
b € {0, 1} is denoted by s(p/b). We define the semantics of propositional logic in the usual way, and we write
s k @ if the assignment s satisfies the formula ¢ € PL(®). Alternatively, we can use the standard valuation
function vy defined such that vg(s, ¢) = 1if s k ¢ and otherwise vg(s, ) = 0.

A formula ¢y € PL(®) is a logical consequence of ¢ € PL(®), denoted ¢ F 1/, if for every ®-assignment s, s k ¢
implies s F . A formula y € PL(®) is an interpolant between ¢ and ¢/ if ¢ F y and y k ¢. For a finite ®, we say
that a formula ¢ is a maximal conjunction w.r.t. @ if ¢ is a conjunction of exactly one literal for each p € . A
®-assignment s can be naturally identified with a maximal conjunction, for example {(p, 1), (g, 0)} identifies with
p A—g. A formula y is a subconjunction of a conjunction of literals ¢ if y is a conjunction of literals occurring
in @ or if y = T. We similarly define a maximal disjunction w.r.t. ® as a disjunction of exactly one literal for
each p € @ and a subdisjunction y of a disjunction of literals ¢ as a disjunction of some of the literals in ¢ or
x = L. The size of ¢, denoted size(¢), is the number of occurrences of propositional symbols, binary connectives
and negations in ¢. For example, the size of =—=(p A p) is 5 as it has one A and two occurrences of both = and p.
Note that this means that size(T) = size(L) = 0.

A formula ¢ € PL(®) is in disjunctive normal form, or DNF, if ¢ is a disjunction, where each disjunct is
a conjunction of literals. For IT C ®, the formula ¢ is in II-full DNF if additionally each disjunct is a maximal
conjunction w.r.t. II. We also define conjunctive normal form CNF and II-full CNF in a dual fashion, switching
the roles of conjunction and disjunction. Note that all four normal forms presented here are expressively complete,
meaning that any formula ¢ can be transformed to an equivalent formula in any of these four forms. To give an
example, if ¢ € PL(®), then an equivalent ®-full CNF is given by

A (Vv Vo)

sis a @-assignment " s(p)=0 s(p)=1
N

3 Notions of Explanation and Explainability

In this section we introduce four natural problems concerning the global and local perspectives to explainability.
The global problems deal with the question of explaining the entire behaviour of a classifier, whereas the local ones
attempt to explicate why a single input instance was classified in a given way. We give very general definitions
of these problems, and for that we will devise a very general definition of the notion of a logic. Our definition of
a logic covers various kinds of classifiers in addition to standard formal logics, including logic programs, Turing
machines, neural network models, automata, and the like.

Definition 1. We define that a logic is a tuple (M, F,v,m) where # and F are sets; v : M xF — Visa
function mapping to some set V;and m : # x % — N is a function. Emphasizing the set V, we can also call
(M,F ,v,m) a V-valued logic.

The set F could consist of, for example, formulas in propositional logic or neural networks. The set .# would
then contain assignments or input instances, respectively. We refer to the elements of .# as models and the
elements of # as formulas, adhering to common terminology in mathematical logic. The functionv : M xF -V
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gives the semantics of the logic, with v(IR, ¢) being the truth value of a formula ¢ in M, e.g., 0 or 1 in the case of
classical logics. We call va valuation. The function m gives a complexity measure for the formulas in &. This
measure can depend on a model I, such as the time required to check that I satisfies &, or be independent
of models, such as formula size. If m(M, ¢) does not depend on M, we instead write m(¢). In computational
problems, where members of V are inputs, we of course assume that V'is somehow representable.

Example 2. Propositional logic PL over a set ® of propositional symbols can be defined as a tuple (A, F,v,m),
where / is the set of ®-assignments; F the set PL(®) of formulas; v : M x F — {0, 1} is the standard valuation
vp; and m(p) = size(p) for all ¢ € F. Note that here we do not utilize the possibility of having m depend on the
model M.

Now, the following example demonstrates that we can consider much more general scenarios than ones
involving the standard formal logics.

Example 3. Let ./ be a set of data and & a set of programs for classifying the data, that is, programs that take
elements of ./ as inputs and output a value in some set V of suitable outputs. Now v : # x F — Vis just the
function such that v(D, P) is the output of P € & on the input D € .. The function m can quite naturally give
the program size for each P € & We can also let m(D, P) be for example the running time of the program P on
the input D, or the length of the computation (or derivation) table.

Given a logic, we define the equivalence relation = C % xF such that (¢, /) € = if and only if v(M, ¢) = v(M, )
for all M € . We shall now define four formal problems relating to explainability. The problems do work
especially well for finite V, but this is not required as long as the elements of V are representable in the sense that
they can be used as inputs to computational problems.

Definition 4. Let L = (M, % ,v,m) be a logic. We define the following four problems for L.
Global explanation problem
Input: ¢ € &, Output:y € F
Description: Find ¢y € & with ¢/ = ¢ and minimal m(y/).
Local explanation problem
Input: (M, p,b) where M € M, p € Fand b € V, Output: y € For error
Description: If v(I, ) # b, output error. Else find ¥ € & with minimal m(M, ¢) such that the following two
conditions hold:
(1) v(M, ) = band
(2) Forall M’ € M, v(M',¢) =b = v(M',p) =b.
Global explainability problem
Input: (@, k), where ¢ € Fand k € N, Output: Yes or no
Description: If there is € F with iy = g and m(y') < k, output yes. Otherwise output no.

Local explainability problem

Input: (M, @, b, k) where M € M, p € F, b e Vand k € N, Output: Yes or no

Description: Output “yes” if and only if there exists some y € F with m(M, ) < k such that the conditions (1)
and (2) of the local explanation problem hold.

Informally speaking, if we view the formula ¢ as a classifier, then the global explanation problem provides an
answer to the question “How does ¢ work?” while the local explanation problem answers the question “Why
does ¢ classify I as b?”.

The above definitions are quite flexible. Notice, for example, that while the set .# may typically be considered
a set of models, or pieces of data, there are many further natural possibilities. For instance, .# can be a set of
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formulas. This nicely covers, e.g., model-free settings based on proof systems. However, the definitions above
generalize quite naturally to a yet more comprehensive setting, as we will next demonstrate. The main reason
that we have first given the above definitions is that in this article we shall concentrate mostly on the case of
propositional logic, and the definitions in their above form suffice for that purpose. Secondly, the more general
definitions below are easier to digest when reflected and compared to the above simpler scheme. In the following
subsection we develop the more general definitions. As already noted, we shall stick to the above, less general
definitions in the remaining parts of the article, starting from Section 4.

3.1 The Explanation and Explainability Problems More Generally

We first generalize local explainability by replacing the single truth value b in V with a set of truth values from V.
Suppose 7 to be a finite or countably infinite set of symbols, we call a functionw : 7" — (V) arepresentation
over P(V). Here, (V) denotes the power set of V. For b € Vand B € 7, we write b € B to mean that b € w(B).
The local explanation and local explainability problems are then defined as follows.

Definition 5. Let L = (M, % ,v,m) be a logic. We define the following two problems for L.
Local explanation problem
Input: (I, ¢, B) where M € M, ¢ € Fand B € 7, Output: y € For error
Description: If v(IN, ) ¢ B, output error. Else find ¥ € & with minimal m(M, ¢) such that the following two
conditions hold:
(1) v(M, ) € Band
(2) For all MW" € M, v(W', ) € B = v(M’, ) € B.
Local explainability problem
Input: (M, @, B,k) where M € M, € F, Be€ Z'and k € N, Output: Yes or no
Description: Output “yes” if and only if there exists some y € F with m(, /) < k such that the conditions (1)
and (2) of the local explanation problem hold.

Example 6. Let # =V = Z and let F be the set of polynomials in the variable x with integer coefficients. The

function v : M x F — Vevaluates a polynomial p € Fatapointa € #.Letm : & — N be the complexity

measure which counts the number of occurrences of x, operations (addition and multiplication) and constants.
Consider the local explanation problem with the input

(4,p:x5—2x4—x3—5x2—2x—3,z>0)

where Z, is a symbol representing the set of positive integers. Intuitively, we are asking for an explanation for
the fact that this polynomial evaluated at 4 gets a positive value. In this case the problem would output x — 3, a
very simple explanation. We see that 4 — 3 = 1 is positive and since p = (x — 3)(x? + 1)(x? + x + 1), we also see
that whenever x — 3 is positive, p is also positive. Finally, m(x — 3) = 3 so x — 3 is clearly the minimal explanation.

An interesting property of the previous example is that we can provide an explanation for the explanation.
Indeed, the factorization of p explains why x > 3 implies that p(x) > 0. We leave it for future work to incorporate
the explainability of explanations into our definitions.

We generalize the problems further to allow for uncertainty or approximation. To this end, we need the
following notions related to metric spaces.

Definition 7. Let A be a set. A functiond : Ax A — [0,) is a pseudometric over A, if the following
conditions hold for all a, b, c € A:

(1) d(a,a) =0,

(2) d(a,c) < d(a,b) +d(b,c),

(3) d(a,b) = d(b, a).
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If additionally d(a,b) = 0 implies a = b, then d is a metric over A. In this case the pair 7 = (A, d) is called a
metric space.

We consider metric spaces over the sets V of “truth values” in V-valued logics. To enable real numbers in inputs
to computational problems, we also consider representable sets of reals: if & is a finite or countably infinite set
of symbols, then a function r : & — Ris called a representation of reals. If ¢ € &, we let B(b, ¢) denote the
closed ball that contains all those points of V whose distance is at most r(¢) from the point b € V.

For the global explanation problem we additionally consider a pseudometricd : & x # — Ry over & The
pseudometric d corresponds to the degree of equivalence between two formulas. Since two syntactically different
formulas can nevertheless be equivalent, the use of a pseudometric instead of just a metric is well-justified.

The below definition extends Definitions 4 and 5.

Definition 8. Let L = (M, % ,v,m) be a V-valued logic as given in Definition 1. Let J be a metric space
over Vandr : &% — R a representation of reals. Let w : 7" — P(V) be a representation over (V). Let
d : F xF — Ry be a pseudometric over #. We define the following four problems for L.

Global explanation problem
Input: (¢,¢), where p € F, e € B Output: )y € F
Description: Find ¢ € & with d(¢, ) < r(¢) and minimal m(y)).

Local explanation problem

Input: (MM, ¢, B,e) where M € M, p € F,Bc V'andec € R

Output: € For error

Description: If v(9, ¢) ¢ B, output error. Else find ¢y € & with minimal m(IR, /) such that the following two
conditions hold:

1) v, ¢) € | B(b,¢) and
(2) For all 9’ beg% we have
v’ y) € () Bb.e) = v, p) €| ) B(b. o).

beB beB

Global explainability problem
Input: (¢, ¢,k), where ¢ € F, ¢ € & and k € N, Output: Yes or no
Description: If there is € F with d(p, ) < r(¢) and m(y/) < k, output yes. Otherwise output no.

Local explainability problem

Input: (MM, ¢, B, e, k) where M e M,p e F Be Ve € Randk € N,

Output: Yes or no

Description: Output “yes” if and only if there exists some y € F with m(, ) < k such that the conditions (1)
and (2) of the local explanation problem hold.

Note that if we restrict the sets B in the above definition to singletons, we obtain an important, specific
generalization of the local explanation and local explainability problems of Definition 4. In this version, there is
only one truth value to be explained but we still have a metric space over the truth values.

Example 9. Let #/ =V = Q and let F be the set of polynomials in the variable x with rational coefficients.
As the metric of Vwe simply take d(q,q") := |q — q’|. The functionv : # x F — Q evaluates a polynomial
p € Fatapointq € M.Letm : F — N be the complexity measure that gives the degree of the polynomial,
eg,m(x?+1) =2
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Consider the local explanation problem with the input
(2,p:x3—x2+x—5,B={1},g: 0.01).

Intuitively, we ask for an approximate explanation for the fact that this polynomial evaluated at 2 gets the value
1. Since p is differentiable, we can approximate it near the point 2 using the following linear approximation

h(x) :=p2)+ p'(2)(x—2)=14+9(x—2) =9x — 17.

We claim that h is a possible output. First, we have that m(h) = 1, which is optimal because no polynomial
of degree 0 (a constant polynomial) can satisfy condition (2). Furthermore h(2) = 1, so it satisfies condition
(1). Finally, a simple calculation shows that if d(h(x), 1) < 0.01 then also d(p(x), 1) < 0.01, so h also satisfies
condition (2).

Concerning the global explanation problem, in Section 5.3 we define one natural possibility for the pseudometric
d based on the number of models, where ¢ and i/ disagree.

3.2 Explanations via a Different Logic

All of the above definitions assume that the explanation is a formula of the same logic as the formula to be
explained. In practice this is not always the case. One might, for example, wish to explain the behavior of a neural
network using a simpler logic of some kind. Below we outline how any of the above definitions can be adapted
for two different logics.

Let L, be the logic used for explanations and L, the logic to be explained. All sets and functions related to
these logics will be denoted with the respective subscripts. The set of models .Z is used for both logics.

We start with global explainability. Here we only need to define the notion of equivalence or approximate
equivalence over both logics L; and L,. As an example, we give a version of the global explanation problem in
Definition 8 for two different logics. We assume that d is a pseudometric over the set #; u %, that is, over all
formulas of both logics. Even though the below definition is quite general, we can still conceive ways to push it
even further, but this is left for future work.

Global explanation problem
Input: (¢, ¢), where ¢ € Fy, e € B Output: y € F;
Description: Find ¢y € &, with d(¢p,¥) < r(¢) and minimal m;(¢).

For local explainability, the adaptation for different logics is also quite simple. We essentially just use different
logics and truth value sets for the left and right sides of the implication in condition (2). This version of the local
explanation problem as given in Definition 5 is defined as follows.

Local B;-explanation problem
Input: (M, ¢, By) where M € M, ¢ € Fy and By € 75, Output: y € F; or error
Description: If v,(IN, @) ¢ By, output error. Else find ¢ € %; with minimal m;(, ¢) such that the following
two conditions hold:
(1) vy(M,¢) € B; and
(2) For all ﬁn, € ﬂ, Vl(i);n,,lﬁ) € Bl = vz(im’,(p) € B2.

The global explanation problem for different logics can be seen as formalizing “knowledge distillation”, where
the idea is to find a simpler machine learning model, such as a decision tree, which approximates the behavior of a
more complex machine learning model, such as a neural network, see e.g., [8, 19]. The use of the local explanation
problem for different logics with different sets of truth values is demonstrated in the experiments in Subsection
6.2, where we use (two-valued) propositional logic to explain a four-valued classifier.
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3.3 Counterfactual Explainability

Counterfactual explainability concerns itself with scenarios where we are asking for the smallest change to the
current input that leads to a desired truth value. This is common in applications. Consider, for example, a customer
asking for the smallest change needed to get a rejected application accepted. Here we give two formalisations of
the related tasks, again separating explanation and explainability problems from each other. For the definitions,
we use the conventions from above. Furthermore, we use a metric dy; C A x A to measure distances between
input models.

The counterfactual explanation problem is specified as follows.

Counterfactual explanation problem

Input: (MM, p,b) where M € M,p € FandbeV

Output: N € M or error

Description: Output a model N with minimum dy (I, N) such that v(N, @) = b. If there is no model N such that
v(N, ¢) = b, output error.

The corresponding explainability problem is defined as follows.

Counterfactual explainability problem

Input: (M, @, b, e) where M € M, p € Fandb e V,ande € R

Output: Yes or no

Description: Output “yes” if there exist a model N € # such that dy (M, N) < r(e) and v(N, ) = b. Otherwise
output “no”.

As the other classes of problems, also the counterfactual explanation and explainability problems have imme-
diate natural generalizations. We here mention the variants where instead of b € V, we specify a range of target
truth values via an input B € 7.

We further investigate the counterfactual explanation problem for propositional logic. To this end, we define
dp(s, s”) between two assignments s and s’ to be the Hamming distance between the assignments, i.e., the number
of truth value changes (of propositional symbols) required to make one of the assignments identical to the other.
Note here that s and s’ must have the same domain. Formally, the counterfactual explainability problem for
propositional logic is specified as follows.

Counterfactual explainability problem for PL

Input: (s, @, b, k) where s is an assignment interpreting at least all the propositional symbols in the formula ¢ of
PL, while b € {0, 1} and k € IN.

Output: Yes or no

Description: Output “yes” if there exists an assignment s” such that dy(s, s”) < kand v(s, ¢) = b. Otherwise output

»

no .

The following is now very easy to prove. As far as we know;, this result has not been stated explicitly in the
literature. However, as stated in the introduction, [1] studies the complexity of similar problems, but not for PL
specifically.

ProrosITION 10. The counterfactual explainability problem for PL is NP-complete.

Proor. For the upper bound, to check an input (s, ¢, b, k), guess an assignment ¢ with d,(s,t) < k and check
in polynomial time whether v(t, ¢) = b.
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The lower bound is a simple reduction from Boolean SAT. For a Boolean formula 1, let p(i/) denote the set of
propositional symbols in , and let s, : p(y) — {0, 1} be, say, the constant assignment mapping every proposition
to 0. Now the satisfiability of a Boolean formula ¢ is equivalent to (s, ¢, 1, |p(@)|). O

In fact, the above argument directly gives NP-completeness for any reasonable fragment of PL which has
NP-hard satisfiability problem. Furthermore, Proposition 10 can be used to establish the NP-completeness of
the counterfactual explainability problem for many extensions of PL for which the model checking problem is
solvable in polynomial time.

4 Local Explainability for PL

Let (¢, ¥, b) be an input to the local explanation problem of propositional logic, where ¢ is a maximal conjunction
w.r.t. some (any) finite ® (thus encoding a ®-assignment), { a ®-formula and b € {0, 1}. The local explanation
problem can be reformulated equivalently in the following way.

(1) Suppose b = 1. If ¢ F ¢, find a minimal interpolant between ¢ and ¢. Else output error.

(2) Suppose b = 0. If ¢ k =/, find a minimal interpolant between 1y and —¢. Else output error.

Let ¢ € PL(®) be a conjunction of literals. Let P(¢) and N(¢) be the sets of positive and negative literals in ¢,
respectively. We denote the De Morgan transformations of ¢ and —¢ by

DM(p) := /\ p/\—u< \/ q) and DM(—¢) := —|< /\ p)v \/ q.
peP(e) —qeN(p) peP(e) —qeN(p)
We additionally denote DM(—T) = 1L and DM(—L) = T.
We begin with a simple lemma.

LEMMA 11. Let ®@ be a finite set of propositional symbols and let 0 € PL(®) be a formula with no negations and no
occurrences of T or L. Let I1 C ® withII # @.

(1) Let y be a maximal conjunction w.r.t. IL Let ¥’ be the subconjunction of y with only the positive literals. If
X EO theny’ # T and y' k0.

(2) Let y be a maximal disjunction w.r.t. I1. Let y’ be the subdisjunction of y with only the positive literals. If0 F ,
then Y’ = L and 0 F y’.

ProOF. We prove the first claim by induction on the structure of the negation-free formula 6.

Assume first that 8 = p for some p € . Now if y F 6, then p is a conjunct of y. Thus p is also a conjunct of y’
so ' # Tand y’ k6.

Next, assume 6 = ¢ A ¢ for some negation-free ¢, € PL(®) with no occurrences of T or L. Now if y k 6, then
x Foand y F . By the induction hypothesis, y” # T and we obtain y’ F ¢ and y’ k . Thus y’ F 6.

Finally, assume 6 = ¢ v i/ for some negation-free ¢, € PL(®) with no occurrences of T or L. If y k 6, we may
assume by symmetry that y F ¢. By the induction hypothesis, y” # T and y’ F ¢. Thus y’ k 6.

The second claim is proved in a dual fashion. O

We proceed with a theorem on interpolation in propositional logic.

THEOREM 12. Let ® be a finite set of propositional symbols, let ¢ be a maximal conjunction w.r.t. I1 C ® and let
Y € PL(®D).

(1) If ¢ £ |, then there is a subconjunction y of ¢ such that DM() is a minimal interpolant between ¢ and .

(2) If  E —), then there is a subconjunction y of ¢ such that DM(—y) is a minimal interpolant between y and .

Proor. Assume that ¢ F 1. Clearly at least one minimal interpolant exists, as for example ¢ itself is an
interpolant. Since ¢ is a maximal conjunction, we have ¢ ¥ L so L is not an interpolant. If T is an interpolant,
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then we set y = T as T is a subconjunction of ¢ and size(T) = 0 so T is clearly minimal. Below we assume that
the minimal interpolant contains at least one propositional symbol.

Let Obe a minimal interpolant. Let ®(0) # @ be the set of propositional symbols occurring in 6. We transform 6
into an equivalent formula 8’ in ®(6)-full disjunctive normal form where each disjunct is a maximal conjunction
w.r.t. ®(0).

Now, as ¢ is a maximal conjunction, exactly one disjunct of ’ is a subconjunction of ¢. Let y denote this
disjunct. Now since y is a subconjunction of ¢, we have ¢ k y. As y is also a disjunct of 8", we have y F ¢’. Thus
@k x E0" EYso yis an interpolant between ¢ and .

We next show that size(DM(y)) < size(8). Each proposition in ®() occurs in y and thus also in DM(y) exactly
once, so DM(y) has at most the same number of occurrences of propositional symbols and binary connectives as
0. Furthermore, DM(y) has at most one negation. Thus, if & has at least one negation, then DM( y) has at most
the same number of negations as 6. If 6 has no negations, then we claim DM( ) also has none. To see this, first
note that 6’ is equivalent to 0, so y F 6. Now 0 is negation free and since 6 is formula-size minimal, 6 has no
occurrences of T or L. Thus by Lemma 11, we obtain y’ k 6, where y’ is the subconjunction of y with only the
positive literals. If y had any negative literals, then y” would be a smaller interpolant than the minimal 6. Thus,
we have y’ = y so y and DM(y) are negation free. We have shown that size(DM(y)) < size(6), so DM(y) is a
minimal interpolant.

Suppose then that ¢ F =) Since ¢ is a partial conjunction, we have T ¥ —¢ so T is not an interpolant between
Y and —¢. If L is an interpolant, then we set y = T, since DM(—T) = L and L is size minimal. Below we assume
that the minimal interpolant contains at least one propositional symbol.

Let 0 be a minimal interpolant between i and —¢. We proceed in a dual fashion compared to the positive case
above.

We transform 0 into an equivalent formula 6’ in ®(6)-full conjunctive normal form where each conjunct is
a disjunction with exactly one of the disjuncts p and —p for each p € ®(0). Additionally let ¢’ be the negation
normal form of —¢. Now ¢’ is a disjunction of literals and exactly one conjunct of 6 is a subdisjunction of ¢’.
Let y’ denote this conjunct and let y denote the negation normal form of =y’. Now y is a subconjunction of ¢
and thus =y F =¢. On the other hand, -y is equivalent to y’, which is a conjunct of 8, so 8’ F —y. We obtain
Y E6O E -y E—psoyis an interpolant between ¢ and —¢.

As in the positive case, DM(—y) has at most the same number of propositional symbols and binary connectives
as the minimal interpolant 6. The formula DM(—y) again has at most one negation so we only check the case
where 6 has no negations. Recall that =y is equivalent to y’, which in turn is a conjunct of 6’. Thus 6 k y’. As 6
has no negations and y’ is a maximal disjunction w.r.t. ®(0), by Lemma 11, we have 0 k y”, where y” is the
subdisjunction of y” with only the positive literals. By the minimality of 6 we obtain y” = y’ so y’ has no
negations. Thus also DM(—y) is negation-free and is a minimal interpolant. O

The above theorem implies that for propositional logic, it suffices to consider subconjunctions of the input in
the local explanation and explainability problems. This will be very useful both in the theoretical considerations
below and in implementations. The result also shows that our formulation of the local explainability problem for
PL turns out to be essentially equivalent with the minimum sufficient reason problem of [1]. A differing detail
arises from the fact that we count negations into the length of formulas. Indeed, consider two subconjunctions y
and y’ with equally many literals but such that y has only positive literals whereas y” has at least one negative
literal. Our problem prefers y’ because DM(y) has no negations whereas DM(y”) has exactly one negation. The
result also reveals a connection to the prime implicant explanations of [21], with the difference being subset
minimal versus globally minimal explanations. Note, however, that this is only a specific instantiation of the
general definitions of local explanation and explainability in Definition 4. The fact that the problem for PL
coincides with those in the literature is evidence in favor of the general problem being canonical.
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We next prove Z‘g -completeness of the local explainability problem for PL. As mentioned in the introduction, it
was proved (though not explicitly stated) already in [1, Lemma 21] that the minimum sufficient reason problem is
Z‘g -complete for PL. The proof there utilizes a reduction from the shortest implicant problem for DNF-formulas,
which was proved by Umans to be Z‘g -complete [24]. In contrast to this, our proof uses a direct reduction from

>»SAT, which is well-known to be Z‘g -complete. The input of the problem is a quantified Boolean formula ¢ of
the form

Ap1 . 3P VG - VG OP1, s P Qs -+ s Gin)-
The output is yes iff ¢ is true.

THEOREM 13. The local explainability problem for PL is Zg-complete.

ProoF. The upper bound is clear. For the lower bound, we will give a polynomial time (Karp-) reduction from
29SAT. Consider an instance
Apy - IPaq; - qu‘g(Pl: s Puoqrs e qm)
of 3,SAT. We start by introducing, for every existentially quantified Boolean variable p;, a new propositional
symbol p; (not to be confused with the negation of p;). Denoting 0(py, ..., pp, q1, ... » @) simply by 0, we define

v o= Npvpa (9 v\ @).
i=1 i=1

We let v be the valuation mapping all propositional symbols to 1, i.e., the assignment corresponding to the
maximal conjunction

n m
oy = \@inp)n \aj
i=1 j=1

w.r.t. the set of propositional symbols in 1. Clearly ¢, F . We now claim that there exists an interpolant of size at
most 2n — 1 between ¢, and 1/ iff the original instance of ¥,SAT is true.

Suppose first that the original instance of 35SAT is true. Thus there exists a tuple (uy, ..., u,) € {0, 1}* such that
vqq ... ¥qm0(uy, ..., Uy, 41 .- @) is true. Consider now the subconjunction y := /\ul:1 i A /\ul_:0 p; of ¢,,. Clearly
X is of size 2n — 1, since for every i € {1, ..., n} either p; or p; occurs in it. Because Vqy ... Vq,,0(uy, ..., Uy, G1, ..., Gm)
is true, y is also an interpolant between ¢, and /.

Suppose then that y is an interpolant of size at most 2n — 1 between ¢, and . Using Theorem 12, we can
assume that y is a subconjunction of ¢,. Since y has size at most 2n — 1, it can contain at most n propositional
symbols. Furthermore, y must contain, for every i € {1,...,n}, either p; or p;> since otherwise y would not
entail /\?:1( pi v p;). Thus y contains precisely n propositional symbols. More specifically, y contains, for every
i € {1,...,n}, either p; or p;. Now, we define a tuple (uy, ...,u,) € {0,1}" by setting u; = 1 if y contains p; and
u; = 0 if y contains p;. It is easy to see that Vq; ... Vg,0(uy, ..., Uy, q1, ... , @) is true. O

The above theorem immediately implies a wide range of corollaries. Recall that S5 is the system of modal
logic where the accessibility relations are equivalence relations. Given a pointed S5-model (I, w) and a formula
@ of S5, we write v((IMM, w), @) = 1if (M, w) F ¢ and otherwise v((M, w), ¢) = 0. Now, the local explainability
problem for S5 has as input a pointed S5-model (M, w), an S5-formula ¢, b € {0, 1} and k € IN. The goal is to
determine whether there exists a S5-formula ¢ of size at most k which satisfies the following conditions:

(1) v((M, w),p) = band

(2) for all S5-models (IMM’, w”) we have that

V(R W), @) = b= v((M', w'),¥) =b.

The following result is easy to establish using Theorem 13.
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CoROLLARY 14. The local explainability problem for S5 is Z‘g—complete.

Proor. The lower bound follows immediately from Theorem 13, while the upper bound follows from the
well-known fact that the validity problem for S5 is cONP-complete [3]. O

Note indeed that the Z‘g lower bound for propositional logic is a rather useful result, implying Zg -completeness
of local explainability for various logics with an NP-complete satisfiability problem.

4.1 Local Explainability for DNF-formulas

In this section we show that the local explainability problem is already Zg -hard for DNF-formulas. As DNF-
formulas have a simple structure, this result facilitates reductions to prove hardness results for other problems
more easily. Below in Subsection 4.2 we will use it to prove that the local explainability problem for tree ensembles
is also Zg -complete. We find it interesting that explaining DNF-formulas, which correspond to simple rule-based
classifiers, is as hard as explaining complicated classifiers such as random forests.

We note that the 25 -hardness for DNF-formulas does not follow from the proof given in [1, Lemma 21] for the
Zg -hardness of the minimum sufficient reason problem of PL. Indeed, the reduction used there produces formulas
of propositional logic which are neither DNF-formulas nor can they be easily transformed into equivalent
DNF-formulas. For the same reasons, these results do not follow from the proof of Theorem 13.

To prove the 25 -hardness result for DNF-formulas, we will give a polynomial time reduction from the local
explainability problem for arbitrary PL-formulas to the local explainability problem for DNF-formulas. We start
with the following lemma.

LEMMA 15. Let i be a formula of PL(®). One can construct in polynomial time w.r.t. the size of y a 3DNF-formula
Y’ € PL(®’), where ® C @', such that for every conjunction ¢ of ®-literals we have that ¢ iff o F {/’.

Proor. Consider the formula —¢. By applying the well-known Tseytin transformation on , we can construct in
polynomial time w.r.t. [i/| a 3CNF-formula /" over a possibly larger vocabulary & = ®u{qy, ..., g,}, such that for
every ®-assignment s we have that s F =/ iff s F 3g; ... 3g,¥/”. Hence we have that s F ¢/iff s F Vg ... Vgq,~¢"”, for
every ®-assignment s. Now —/” is clearly equivalent to a 3DNF-formula, which is also the desired formula. [

This lemma shows that the local explainability problem for PL can be reduced to a variant of the local
explainability problem for 3DNF-formulas, where we consider conjunctions that are not necessarily maximal.
That is, we consider partial assignments instead of full assignments. The main technical task is to now reduce
this problem to the local explainability problem for DNF-formulas.

In [24] a technique called parity-substitution was used to increase the “cost” of some of the propositional
symbols that occurred in a given formula. We will use a similar technique that we call conjunction-substitution.
The idea is that by increasing the “cost” of certain propositional symbols, we can control which propositional
symbols occur in the optimal solution to the local explainability problem.

Fix a formula ) of PL(®), II C ® and k € Z,. For each g € II we introduce k + 1 fresh propositional symbols
{91> > @41} Define

Mg :={g|lgelland1 <€ <k+ 1}

Let Y4, denote the formula obtained from i by replacing each g € II with the conjunction

SARRYAY/ SEP
Note that size(r,1) < (2(k + 1) — Dsize(¥).

LemMa 16. Lets and's” be (O\II) u Iy, ; -assignments such that
(1) s(p) = s’(p), for every p € (P\II) and
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(2) for every q € Il we have that
k+1 k+1

sk Naiffs F \ q
=1 =1
Then s Y1 iff " F Y1

ProOF. Trivial. O

LemMA 17. Let ¢ € PL(®\II) be a conjunction of literals.

(1) For every subconjunction ¢’ of ¢ we have that ¢ F Y iff ¢" F Yjyq.
(2) Suppose that there exists a subconjunction of

Pr+1 = PN /\(Ch Ao NGjer1)
q€ll
with at most k instances of literals and which entails . 1. Then there also exists one which does not contain
any propositional symbols from i ;.

Proor. The first claim is clear and hence we will focus on the second claim. Suppose that y is a subconjunction
of ¢, 1 which contains at most k literals and which entails ¥, 1. If y does not contain any propositional symbols
from ITy, 1, then we are done. Suppose then that y contains some g; € II;, . Let Y’ denote the subconjunction of
x obtained by removing ¢; from y (in the extreme case where y = g, we set y’ := T). We claim that also y’ is
an interpolant between ¢y, 1 and Y.

Aiming for a contradiction, suppose that there exists a (®\IT) u [T, -assignment s such that s k y’ A =, . If

s(qe) = 1, then s k yand thus s k 1, which is a contradiction. Hence s(q;) = 0, which implies that s F = /\ISC;1 qs-

Consider then the assignment s(g;/1). Since s(q;/1) F x, we have that s(q;/1) k jyq. If s(qp/1) F = /\fill s

then by applying Lemma 16 to s and s(qy/1) we would get that s(q;/1) F =411, a contradiction. Hence s(g;/1) F

/\s;1 gs- We can pick some 1 < ¢’ < k + 1 such that gy does not occur in y, since y contains at most k literals.

. k .
Then s(qe/1)(qe /0) ¥ y and hence s(qe/1)(q /0) ¥ Yis1. Since s(qe/1)(qe/0) F = A&y g, by applying Lemma
16 to s and s(qy/1)(q /0) we get that s(qp/1)(q /0) E Y41, a contradiction. O

THEOREM 18. For DNF-formulas, the local explainability problem is Z‘zp -complete.

Proor. We will give a reduction from the local explainability problem for PL. The proof of Theorem 13 shows
that this problem is Zg -hard already for instances of the form (¢, ¥, 1, 2k — 1), where ¢ is a maximal conjunction
of propositional symbols (which are not negated). Let (¢, ¥/, 1, 2k — 1) be such an instance.

Now, let " denote a 3DNF-formula obtained by applying Lemma 15 to . Let IT denote all the propositional
symbols in ¢/’ that do not occur in ¢. Let i, ; denote the formula obtained by using conjunction substitution
with ¢/, IT and k. Note that i/, is not a DNF-formula, since some of its “disjuncts” contain subformulas of the

form
k+1

- /\ -
=1

However, since 1/’ was a 3DNF-formula, we can rewrite these “disjuncts” into disjunctions of conjunctions of
literals with at most a polynomial (more precisely cubic) blow-up in the size of the formula. For example, the

following “disjunct”
k+1 k+1 k+1

~ Naon Nains Pat
=1 =1 =1
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is equivalent to the disjunction
k+1 k+1 k+1

\VAVAVAC " WS

0,=16=145=1
Hence, we can assume that ., ; is a DNF-formula.

Let
ok =0~ [\@1 A A Gr).
q€ll

Notice that ¢y, is a maximal conjunction. By Lemma 17 we have that there exists a subconjunction ¢’ of ¢ with
at most k literals such that ¢’ k ¢/ iff there exists a subconjunction ¢’ of ¢, with at most k literals such that
¢" E iy 1. Since ¢ and @, 1 do not contain negation, this is the same as saying that there exists a subconjunction
¢’ of ¢ with size at most 2k — 1 such that ¢” F /iff there exists a subconjunction ¢’ of ¢y, with size at most 2k — 1
such that ¢’ k ., 1. Hence we have managed to give a polynomial time reduction from the local explainability
problem for PL to that of DNF-formulas. O

By simply negating formulas, we obtain that the local explainability problem is also Zg -hard for CNF-formulas.

CoROLLARY 19. For CNF-formulas, the local explainability problem is Zg-complete.

We next show that if the formula ¢ in the local explainability problem is restricted to CNF-formulas and we
consider only the case b = 1, then the problem is only NP-complete (as opposed to remaining 25 -complete). As
an immediate corollary of this result, we also get NP-completeness for DNF-formulas in restriction to the case
b = 0. These results imply, e.g., that in applications where we are only interested in explaining why an input was
not accepted by the classifier, DNF-formulas will be easier to work with than CNF-formulas.

To prove NP-hardness for explaining CNF-formulas, we will give a reduction from the dominating set problem.
For a graph G = (V, E), a dominating set D C Vis a set of vertices such that every vertex not in D is adjacent to
a vertex in D. The input of the dominating set problem is a graph and a natural number k. The output is yes, if the
graph has a dominating set of at most k vertices.

THEOREM 20. For CNF-formulas, the local explainability problem with b = 1 is NP-complete. The lower bound
holds even if we restrict our attention to formulas without negations.

Proor. For the upper bound, let i € PL(®) be a CNF-formula and let ¢ be a maximal conjunction w.r.t. ®. We
want to determine whether there is an interpolant of size at most k. Using Theorem 12, it suffices to determine
whether there is a subconjunction y of ¢ such that size(DM(y)) < k.

Our nondeterministic procedure will start by guessing a subconjunction y of ¢. If size(DM(y)) > k, then
it rejects. Otherwise, we replace the formula i with the formula ¢’ which is obtained from i by replacing
each propositional symbol p that occurs in y with either T or L, depending on whether p occurs positively or
negatively in y. Now, if ¢/’ is valid, then our procedure accepts, and if it is not, then it rejects. Since the validity of
CNF-formulas can be decided in polynomial time, our procedure runs in polynomial time as well.

For the lower bound we will give a reduction from the dominating set problem. Consider a graph G = (V, E)

and a parameter k. Let
= N\pv \/ n) 1)

vev (v,u)eE
and ¢ := /\,cy pr- Now ¢ F and / is a CNF-formula. It is easy to verify that there exists an interpolant 6 of size
at most 2k — 1 if and only if G has a dominating set of size at most k. O

COROLLARY 21. For DNF-formulas, the local explainability problem with b = 0 is NP-complete. The lower bound
holds even if we restrict our attention to formulas in which no propositional symbol occurs positively.

Journal of Artificial Intelligence Research, Vol. 83, Article 8. Publication date: July 2025.



Explainability via Short Formulas + 8:17

4.2 Application: Explaining Tree Ensemble Models Using PL

As a concrete example of how Theorem 18 can be applied, we show that explaining ensembles of decision trees

using formulas of propositional logic is 25 -hard. We start with some definitions. Let @ be a set of propositional
symbols. A decision tree over ® is a pair = (G, {), such that the following conditions hold.

« G = (V,E)isarooted directed binary tree.
« £ : VUE — ®u{0, 1} is a function which places labels on nodes and edges, and which satisfies the following
conditions.
— Every internal node is labelled with a symbol from ® while every leaf is labelled with either 0 or 1.
— For every path from the root to a leaf, no two nodes on that path have the same label.
— Every internal node has one outgoing edge labeled with 0 and one labeled with 1.

Let I be a decision tree over ® and s : ® — {0, 1} an assignment. The assignment s defines a unique path
7, = (W, ..., V) from the root of T to one of its leaves as follows: for every 1 < i < n we have that the edge
(v;, vi41) is labeled with s(£(v;)). We say that J accepts s, if the final node in the path 7 is labelled with 1.

An ensemble of decision trees over @ is simply a multiset of decision trees over ®. Given an assignment
s : ® - {0, 1} and an ensemble & of decision trees over ®, we define that

£(s) 1, if the majority of the trees in & accepts s, and
s) 1=

0, otherwise.

In other words, & accepts s iff the majority of the trees in & accept it. Many state-of-the-art machine learning
algorithms for tabular datasets, such as random forest [5] and XGBoost [7], output ensembles of decision trees
as classifiers [11, 22]. As these ensembles are often quite large, they are not typically intrinsically interpretable.
Hence, it is natural to try to at least explain particular decisions made by such ensembles.

The local explainability problem for ensembles of decision trees has as input an assignment s : ® — {0, 1},
an ensemble & of decision trees over @, b € {0, 1} and k € IN. The goal is to determine whether there exists a
propositional formula ¢ of size at most k which satisfies the following conditions.

(1) v(s, @) =b.
(2) For all ®-assignments s’ we have that if v(s’, ¢) = b, then &(s") = b.

The following result is now easy to establish using Theorem 18.
THEOREM 22. The local explainability problem for ensembles of decision trees is Zg-complete.

Proor. The upper bound is clear. For the lower bound we will give a reduction from the local explainability
problem for DNF-formulas. Clearly it suffices to give a polynomial time translation which translates DNF-formulas
to equivalent ensembles. Let

Q@ =h V..V,

be a DNF-formula. Thus each formula t; is a conjunction of literals. Now, it is clear that for each such conjunction
t; there exists a decision tree J; which is equivalent with ¢ and furthermore J; has linear size w.r.t. size(%;). Let
I+ denote a decision tree which consists of a single node labeled with one. That is, I+ accepts every assignment.
Consider now the following ensemble:

& = {9‘_'_,“_,9”_'_“0/”1,".“6]’"1},

where I occurs m times. It is clear that &(s) = 1 iff at least one of the decision trees 97, ..., J;, accepts s. Thus
& is equivalent with ¢. O
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Listing 1. Domain Predicates for Clauses and Atoms

clause(C) :- rule(C,clause).
atom(P) :- pcond(C,P).
atom(N) :- ncond(C,N).

Remark 23. The proof of Theorem 22 shows that already for the case b = 1 the local explainability problem is

Z‘g -hard. A very similar proof can be used to show that also the case b = 0 is Zé’ -hard by using CNF-formulas
instead of DNF-formulas.

The reduction given in the proof of Theorem 22 is very simple, because DNF-formulas are a very simple class
of formulas. Equally simple reductions can also be used to derive similar Z‘g -hardness results for other machine
learning models, such as decision lists and neural networks.

In [1, Proposition 6] it was proved that the minimum sufficient reason problem for decision trees is NP-complete.
As discussed above, it follows from Theorem 12 that the minimum sufficient reason problem is essentially
equivalent with the variant of the local explanation problem where we use formulas of PL as explanations. Thus
we get that the local explainability problem for decision trees is NP-complete. This means that at least from the
point of view of computational complexity, decision trees are easier to explain than ensembles of them. This is, of
course, what one would intuitively expect.

4.3  On Global Explainability for PL and Beyond

The global explainability problem for propositional logic has been discussed in the literature under motivations
unrelated to explainability. The minimum equivalent expression problem (MEE) asks, given a formula ¢
and an integer k, if there exists a formula equivalent to ¢ and of size at most k. This problem has been shown
in [6] to be Zg -complete under Turing reductions, with formula size defined as the number of occurrences of
propositional symbols and with formulas in negation normal form. The case of standard reductions is still open.
For DNF-formulas the Zg -completeness under standard reductions was already proved in [24].

For logics beyond PL, the literature on the complexity of formula minimization is surprisingly scarce. The
study of formula size in first-order and modal logics has mainly focused on particular properties that either can
be expressed very succinctly or via very large formulas. This leads to relative succinctness results between logics.
The related discussions, including links to local explainability, are left for the future.

5 Implementation

In this section, we devise a proof-of-concept implementation of the explainability problems defined above. The
implementation exploits the ASP fragment supported by the Clingo system® that combines the Gringo grounder
with the Clasp solver. As regards local explainability, we will present implementations specific to two use cases.
First, in Section 5.1, we concentrate on propositional theories encoded as SAT problems in CNF. Second, we
consider complete classifiers specified by assigning categories to all possible data points in Section 5.2. Finally, in
Section 5.3, we sketch the case of global explainability covered by follow-up work elsewhere [14].

5.1 Local Explanations in the Boolean Case

Since CNF-formulas are dominant in the context of SAT checking, we devise our first implementation under
an assumption that input formulas take this particular normal form. Thus, in the spirit of Theorem 12, ¢ is
essentially a set L of literals and i/ is a set S of clauses, i.e., disjunctions of literals. To enable meta-level encodings

!https://potassco.org/clingo/
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Listing 2. Checking Positive Precondition (Theorem 12)

;- clause(C), nlit(P): pcond(C,P); plit(N): ncond(C,N).

simp(C) :- plit(P), pcond(C,P).
simp(C) :- nlit(N), ncond(C,N).
simp(C) :- pcond(C,A), ncond(C,A).

:- clause(C), not simp(C), pcond(C,P), not plit(P), not nlit(P).
:- clause(C), not simp(C), ncond(C,N), not plit(N), not nlit(N).

Listing 3. Checking Negative Precondition (Theorem 12)

t(A) :- plit(A), atom(A).
{ t(A) } :- atom(A), not plit(A), not nlit(A).
:- clause(C), not t(P): pcond(C,P); t(N): ncond(C,N).

in ASP, a CNF-formula in DIMACS format can be reified into a set of first-order (ground) facts using the Ipreify
tool? (option flag -d). Since Ipreify treats clauses as special kinds of rules with positive and negative conditions
expressed with predicates pcond/2 and ncond/2, respectively, Listing 1 defines domain predicates clause/1 and
atom/1 for identifying clauses and atoms that occur in the input.

The literals present in the set L are expressed by using domain predicates plit/1 and nlit/1 for positive and
negative literals, respectively. We relax the requirement that the set of literals L is maximal, so that any three-
valued interpretation of atoms can be represented. However, the precondition for the positive (resp. negative)
explanation is essentially the same: the result S|; of partially evaluating S with respect to L must remain valid
(resp. unsatisfiable) in accordance to Theorem 12. The positive check is formalized in Listing 2. The constraint in
Line 1 excludes the possibility that L falsifies S directly. Lines 2—4 detect which clauses of S are immediately true
given L and removed from S|; altogether. Rules in Lines 5 and 6 deny any clause containing yet open literals that
could be used to falsify the clause in question. The net effect is that the encoding extended by facts describing L
and S has an answer set iff S| is valid. Since the scope of negation is restricted to domain predicates only, the
check is effectively polytime.

The negative case can be handled by a single ASP program evaluating a cONP query, see Listing 3. We deploy
stable-unstable semantics [4] and the modular approach of [15] for the representation of oracles, therefore hiding
disjunctive and saturating rules [9] from our encodings altogether. The rule in Line 1 infers any positive literal in
L to be true while the negative ones in L remain false by default. In Line 2, the truth values of atoms undefined in
L are freely chosen. The constraint in Line 3 ensures that each clause in the input S must be satisfied. Thus S|y,
is unsatisfiable iff the encoding extended by facts describing L and S has no answer set. In general, this check
is deemed worst-case exponential, but for maximal L, the task reduces to simple polytime propagation as no
choices are active in Line 2.

Our more general goal is to find minimum-size explanations L’ C L possessing the identical property as
required from L, i.e., the set of clauses S|/ is either valid or unsatisfiable. In the negative case (the second item
of Theorem 12), the check for unsatisfiablity is formalized by Listing 4. While the (fixed) set L is expressed by
the predicates plit/1 and nlit/1 as before, its subset L’ is determined by choosing L-compatible truth values
for atoms in Lines 1 and 2. The rule in Line 3 detects when L’ consists of positive literals only. As regards the

2https://github.com/asptools/software
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Listing 4. Finding Minimum/Bounded-Size Explanations

{ t(A) } :- atom(A), plit(A).
{ f(A) } :- atom(A), nlit(A).
positive :- not f(A): nlit(A).

#const k=0.
#minimize { 2,A: t(A), k=0; 2,A: f(A), k=0;
-1: t(A), positive, k=0 }.
c— #sum { 2,A: t(A); 2,A: f(A); -1: positive } > k, k>0.

Listing 5. Oracle for the Negative Case

{ t(A) } :- plit(A).

{ f(A) } :- nlit(A).

et(A) :- t(A).

{ et(A) }:- not t(A), not f(A), atom(A).

:- clause(C), not et(P): pcond(C,P); et(N): ncond(C,N).

respective minimum-size formula DM(L’) = DM(/\;c;/ ), its size can be computed as

2x|L’| =1, if L # @ contains only positive literals and

. ’ —
size(DM(L")) = { 2x|L), otherwise.

)

In the first case of (2), |L’| — 1 conjunction signs are needed to connect |L’| literals. In the latter case, L’ = @
corresponds to an empty conjunction T with size(T) = 0 as a corner case. But otherwise L’ # @ has at least one
negative literal and /\;c;, [ can be reorganized using de Morgan laws such that negative literals are conjoined with
a single negation sign and negated atoms are connected by disjunction signs. E.g., the effective length 8 = 2 x 4
of {a, b, ~c, ~d} is measured as that of a A b A =(c v d).

The size of the formula corresponding to L is put subject to minimization in Lines 6 and 7. The objective
function is activated if the parameter k equals to its default value @ set in Line 5. The term 2 x |L’| present in
all cases of (2) is calculated in Line 6. The corrective term -1 is taken into account only if there are no negative
literals and at least one positive literal (i.e., L’ # @). Note that -1 is counted only once even if there were several
positive literals because -1 is not extended to a pair -1, A in contrast with the occurrences of 2 above. Any positive
parameter values k>0 set by the user activate the local explainability mode: the size of the formula corresponding
to L’ is at most k by the weight constraint in Line 8. Besides evaluating the objective function, we check that
L’ u Sis unsatisfiable by using an oracle encoded in Listing 5. The input atoms (cf. [15]) are declared in Lines 1
and 2. The predicate et/1 captures a two-valued truth assignment compatible with L’ as enforced by Lines 3 and
4. Moreover, the clauses of S are satisfied by constraints introduced in Line 5. Thus, the oracle has an answer set
iff L’ u S is satisfiable. However, the stable-unstable semantics [4] and the translation unsat2lp from [15] produce
the complementary effect, which amounts to the unsatisfiability of S|;,. On the other hand, the positive case (the
first item of Theorem 12) can be covered by extending the program of Listing 4 by further rules in Listing 6. The
rules are analogous to those in Listing 2, but formulated in terms of predicates t/1 and f/1 rather than plit/1
and nlit/1. Thus L’ inherits the properties of L, i.e., the encoding based on Listings 4 and 6 extended by facts
describing L and S has an answer set iff S|;/ is valid for L’ C L corresponding to a minimum-size formula.
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Listing 6. Extension for the Positive Case

simp(C) :- t(P), pcond(C,P).
simp(C) :- f(N), ncond(C,N).
simp(C) :- pcond(C,A), ncond(C,A).

:- clause(C), not simp(C), pcond(C,P), not t(P), not f(P).
:- clause(C), not simp(C), ncond(C,N), not t(N), not f(N).

Listing 7. Finding Minimum/Bounded-Size Explanations for a Given Classifier

attr(A) :- val(D,A,B).
target(M) :- M = #max{ A: attr(A) 3}.
exclude(A) :- target(A).

#const i=1.

1 { in(A): attr(A), not exclude(A) }.

diff(D) :- val(D,A,B), val(i,A,1-B), in(A).

:- val(b,T,B), val(i,T,1-B), target(T), not diff(D).

#const k=0.

positive :- val(i,A,1): in(A).

#minimize { 2,A: in(A), k=0; -1: val(i,A,1), in(A), positive, k=0 }.
= #sum { 2,A: in(A); -1: positive } > k, k>0.

5.2 Explaining Classifiers

Given a certain classifier as a starting point, we can encode the respective local explanation problem in a more
direct way. The values of the target attribute can be generated for each possible data point and represented
in terms of a predicate val(D,A,B) where D is the data point identifier, A the name of an attribute, and B the
value of the attribute A at D, i.e., either @ or 1 for Boolean data. Also, if there is some attribute A not intended for
explanations, this is flagged by a fact exclude(A) in the input. Due to exhaustive enumeration, we can forget
about the syntactic representation of the classifier (if any) and concentrate on how values assigned to attributes
affect the value of the target attribute when solving the local explanation problem with respect to a particular
data point. An ASP encoding of the problem in this exhaustive setting is provided as Listing 7.

In Line 1, the identifiers of attributes are extracted from data and, by default, the one with a maximum identifier
is recognized as the target attribute in Line 2. The target attribute is also excluded from explanations in Line 3.

The global parameter i set in Line 5 signifies the identifier of the data point for which we intend to find a local
explanation. The choice rule in Line 6 selects one or more attributes whose values are understood to form the
explanation in question. The respective assignment satisfies the condition (1) of the local explanation problem by
construction, so we concentrate on verifying the condition (2) as follows. In Line 7, we detect data points D that
differ from the data point i by the value of at least one chosen attribute. Such data points are irrelevant with
respect to the condition (2). The other data points agree with the values of attributes involved in the candidate.
The constraint in Line 8 ensures that the same holds for the value of the target attribute in accordance with the
condition (2).

Finally, the maximum size of the formula is a global parameter k of the encoding in Line 10 as before. The
default value k=0 implies optimization over all possible values, and otherwise k is treated as an upper bound for
the size of the local explanation. The remaining rules have been tailored from the rules in Listing 4.
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Listing 8. Propositional Specification for the n-Queens problem

#const n=8.

pair(X1,X2) :- X1=1..n, X2=X1+1..n.

triple(X1,X2,Y1) :- pair(X1,X2), Y1=1..n-(X2-X1).

queen(X,Y): Y=1..n :- X=1..n.

-queen(X,Y1) | -queen(X,Y2) :- X=1..n, pair(Y1,Y2).

-queen(X1,Y) | -queen(X2,Y) :- pair(X1,X2), Y=1..n.

-queen(X1,Y1) | -queen(X2,Y1+X2-X1) :- triple(X1,X2,Y1). % X1+Y2=X2+Y1
-queen(X1,Y1+X2-X1) | -queen(X2,Y1) :- triple(X1,X2,Y1). % By symmetry

5.3 Global Explanations

For an example on global explainability, we consider explaining data sets with approximation as in Definition
8. A widely-used notion of error is the percentage of data points where the explaining formula disagrees with
the explained formula. This error is clearly a pseudometric and thus fits the definition of Section 3.1 for global
explainability. Intuitively, the error approximates how equivalent the two formulas are, with 0 meaning full
equivalence. More formally, letting A denote the symmetric difference operator, we define

Loy - MDA

||
where Mod(p) = {M € A | v(M, p) = 1}.
For increasing upper bounds € on the size of formulas, we compute in Section 6.3 the formula with the smallest
error among formulas of size at most £. This is intended as a small example of global explanations with error, and
therefore we do not go into implementation details, but rather direct the reader to [14] for more information.

6 Experiments

In this section we apply the implementations presented above to obtain local explanations for some Boolean
benchmark problems and for a blackbox classifier with multiple classification categories. We additionally briefly
discuss global explainability using a previously published implementation. We provide code for reproducing the
experiments as online appendices. Related material can also be found at GitHub3.

The primary goal of our experiments is twofold. First, we wanted to evaluate the scalability of our ASP-
encodings for the explainability problems of PL. Secondly, we wanted to explore the types of explanations our
definitions produce in practical scenarios.

6.1 Boolean Benchmarks

In what follows, we evaluate the computational performance of the Clingo system by using the encodings from
Section 5 and two benchmark problems, viz. the famous n-queens (n-Qs) problem and the dominating set (DS)
problem of undirected graphs—recall the proof of Theorem 20 in this respect. We study explainability in the
context of these benchmark problems to be first encoded as SAT problems in CNF using the declarative approach
from [10]: clauses involved in problem specifications are stated with rules in ASP style, but interpreted in CNF
by using an adapter called Satgrnd*. Thus, the Gringo grounder of Clingo can be readily used for the instantiation
of the respective propositional schemata, as given in Listings 8 and 9, for subsequent SAT solving.

Our n-Qs encoding in Listing 8 introduces a default value for the number of queens n in Line 1 and, based on n,
the pairs and triples of numbers relevant for the construction of clauses are formed in Lines 2 and 3. Then, for the

Shttps://github.com/asptools/benchmarks/tree/main/explainability
*https://github.com/asptools/software
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Listing 9. Propositional Specification for the Dominating Set Problem

vertex(X) :- edge(X,Y). vertex(Y) :- edge(X,Y).
in(X) | in(Y): edge(X,Y) | in(Z): edge(Z,X) :- vertex(X).

queen in a column X, the length n clause in Line 4 chooses a row Y made unique for X by the clauses introduced
in Line 5. Similarly, columns become unique by the clauses in Line 6. Finally, queens on the same diagonal are
denied by clauses resulting from Lines 7 and 8. Turning our attention to the DS problem in Listing 9, vertices are
extracted from edges in Line 1. The clauses generated in Line 2 essentially capture the disjunctions collected as
parts of ¢/ in (1): our encoding assumes that the edges of the graph are provided as ordered pairs for the sake
of space efficiency. Intuitively, given any vertex X in the graph, either it is in the (dominating) set or any of its
neighboring vertices is.

In the experiments, we evaluate the performance of the Clasp solver (v. 3.3.5) when used to solve various
explainability problems. All test runs are executed on a cluster of Linux machines with Intel Xeon 2.40 GHz
CPUs, and a memory limit of 16 GB. We report only the running times of the solver, since the implementations of
grounding and translation steps are suboptimal due to our meta-level approach and such computations could
also be performed off-line in general, and it is worth emphasizing that our current method has been designed to
work for any CNF and set of literals given as input. For n-Qs, we generate (i) positive instances by searching for
random solutions to the problem with different values of n and (ii) negative instances by moving, in each solution
found, one randomly selected queen to a wrong row. The respective truth assignments are converted into sets of
literals L ready for explaining. For DS, we first generate random planar graphs of varying sizes and search for
minimum-size dominating sets for them. Then, negative instances are obtained by moving one random vertex
outside each optimal set and by describing the outcomes as sets of literals L. For positive instances, we include
the positive literal in(X) in L for all vertices X, in analogy to the reduction deployed in Theorem 20.

The results of our experiments are collected in Figure 1. Since initial screening suggests that explanation under
exact size bounds is computationally more difficult, we present only results obtained by minimizing the size of L
using the Clasp solver in its unsatisfiable core (USC) mode. The first plot shows the performance of Clasp when
searching for positive explanations for DS based on planar graphs from 100 up to 550 vertices. Explanations are
minimum-size dominating sets. The performance obtained for the respective negative explanations is presented
in the second plot of Figure 1. Here we can only cover smaller planar graphs with the number of vertices in
the range 10 ... 50. In this case, explanations consist of sets of vertices based on some vertex and its neighbors.
The final plot in Figure 1 concerns n-Qs when n = 20 ... 60 and negative explanations are sought. Explanations
obtained from the runs correspond to either (i) single (misplaced) queens or (ii) pairs of (threatening) queens.
The respective positive instances simply reproduce solutions and are computationally easy. Therefore, they are
uninteresting.

Some observations are in order. The instances obtained by increasing their size, i.e., either the number of
vertices or queens, give rise to higher running times almost systematically. For each size, the time is computed
as an average for running 10 instances of equal size. Due to logarithmic scale, running times tend to scale
exponentially. Moreover, positive explanations for CNF formulas appear to be easier to find than negative ones
in compliance with complexity results.

6.2 Explaining a Particular Classifier

We demonstrate the local explanation problem by explaining a non-Boolean black-box classifier via propositional
logic as in Section 3.2. We use a data set from the UCI Machine Learning Repository. The Car Evaluation® data set

Shttps://archive.ics.uci.edu/ml/datasets/Car+Evaluation
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Fig. 1. Experimental Results on Explaining DS positively (a), negatively (b), and n-Qs negatively (c).

Table 1. Each cell contains the number of Car Evaluation inputs for which the shortest explanation for the given set of
categories is the given length.

Bl Length— 1 3 5 7 9 11
vgood 0 0 0 0 40 25
vgood, good 0 0 0 36 73 25
vgood, good, acc 0 0 144 280 89 5
good, acc, unacc 1632 26 5 0 0 0
acc, unacc 1440 112 35 6 1 0
unacc 960 144 75 21 9 1

lists the behavior of an expert system for classifying cars into four categories: unacceptable, acceptable, good and
very good. We emphasize that the data set has exactly one row for each possible input to the classifier and thus it
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is a black-box classifier rather than a true data set. We use local explanations in propositional logic to obtain
information about the behavior of this classifier.

Car Evaluation has six categorical attributes with either three or four categories each, resulting in 43 x3° = 1728
possible inputs. We Booleanize these (non-target) attributes by using a one-hot encoding, i.e., by giving each
category of each original attribute its own propositional symbol. Thus after Booleanization each possible input
has precisely six true propositions and the rest are false. Any local explanation of an input will only use some
of the six true propositions since the explanations are formula length minimal and negations increase formula
length. We further note that even though local explanations are based on only one input, they can provide very
general information about the behavior of a classifier. For example, the single proposition safety(low) suffices
to place a car into the unacceptable category.

Since the target attribute is multi-valued, we consider different non-empty subsets B C {acc, good, unacc, vgood}
of its values as the basis for Booleanization. As an example, let us look at a car with a high buying price, medium
maintenance price, three doors, four seats, a medium sized luggage boot and a medium safety rating. This car
is classified as unacceptable. We first explain why the car is classified in the value set B; = {unacc, acc, good},
hence receiving the single proposition explanation safety(low). For the smaller set B, = {unacc, acc} we obtain
the explanation buying(med) A maint(high) of length three. Finally, for B3 = {unacc}, the shortest explanation
is the conjunction of all six positive literals corresponding to the values of attributes in that instance.

We see that even though the instance is classified into only one class, we can vary the set of classes to
be explained and receive different information. A larger set B gives more general information in the form of
short explanations while a smaller B goes into the specifics and the explanations get longer. Even the longest
explanations are conjunctions of six literals, which are easily readable. Any global explanation (with no error)
of the Car Evaluation classifier would by necessity have to be quite complex, but via local explanations we can
obtain easily readable partial information about the behavior of the classifier.

Table 1 reports for each set B of target values and each formula length ¢ from 1 to 11, how many inputs have
an explanation of length £ for why they obtain a truth value in B. Note that only odd lengths are listed as the
formulas contain no negations. We can see that in the Car Evaluation data, receiving a very good evaluation
always requires many positive properties from the car, whereas lower evaluations can often be explained by just
a single negative property. Indeed, the classifier does give most inputs a bad evaluation.

6.3 Global Explanations

We explain two data sets from the UCI Machine Learning Repository, Statlog (German Credit Data) and Breast
Cancer Wisconsin (Original). We do not perform any kind of cross-validation here since the goal of this example
is to explain the data itself, not produce a classifer for an underlying phenomenon. The paper [14] includes some
different results including cross-validation via splitting the data. These results show that short explanations avoid
overfitting to the training data in a very nice way.

The results discussed here are given in Figures 2a and 2b. By allowing the explanations to have some error,
we can obtain very short explanations that are easily human readable. We can see from the figures that longer
explanations allow for smaller errors. For the Breast Cancer data, already very short explanations give very small
errors. In [14] we see also that the errors obtained in the German Credit data are comparable to those of other
methods on the same data.

7 Conclusion

We have provided general, logic-based definitions of explainability and studied the particular case of propositional
logic in detail. The related Zg -completeness result gives a useful, robust lower bound for a wide range of more
expressive logics and future work. We have also shown NP-completeness of the explainability problems with
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Fig. 2. Global Explainability Results for (a) the Bank Data Set and (b) the Breast Cancer Data Set

formulas in CNF and DNF when the input truth value is restricted. Moreover, we have presented a proof-of-
concept implementation for the explanation of CNF-formulas (without truth value restrictions). Our experimental
results confirm the expected worst-case exponential runtime behaviour of Clasp. Negative explanations have
higher computational cost than positive explanations. The optimization variants of explanation problems seem
interesting, because the USC strategy seems very effective and the users need not provide fixed bounds for queries
in advance.

We note that short formulas or expressions can often be natural in explaining more complex ones. However, it
is clear that in various settings, short expressions can be difficult to parse. Up to an extent, this phenomenon is
taken into account already in our definition of a logic, where we let the complexity function m depend on .Z as
well as #. However, further important directions remain to be investigated. A central issue here is considering
normal forms of logics, as such forms are often custom-made such that shorter formulas are not difficult to parse,
but instead reveal the meaning of the formula directly.
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