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1 Introduction

The level of trust that Al models generate in people has been repetitively linked to our ability of explaining
the decision of said models [1], thus motivating the area of explainable AI (XAI) as an important aspect of the
deployment of trustworthy artificial intelligence. A sub-area of explainability that has received considerable
attention over the last years, showing quick progress in theoretical and practical terms, is that of local explanations,
that is, explanations for the outcome of a particular input to an ML model after the model has been trained.
Several queries and scores have been proposed to specify explanations of this kind. These include, for example,
queries based on prime implicants [2] or anchors [3], which are parts of an instance that are sufficient to explain
its classification, as well as scores that intend to quantify the impact of a single feature in the output of such a
classification [4, 5].

A remarkable achievement of this area of research has been the development of formal notions of explainability.
The benefits brought about by this principled approach have been highlighted in a very thorough way by a recent
survey [6]. A prime example of this kind of approach is given by “sufficient reasons”, which are also known as
prime implicant explanations [2] or abductive explanations [7].

Given an ML model M of dimension n and a Boolean input instance x € {0, 1}", a sufficient reason for x under
M is a subset y of the features of x, such that any instance z compatible with y receives the same classification
result as x on M. In more intuitive words, y is a sufficient reason for x under M if the features in y suffices to
explain the output of M on x. In the formal explainability approach, one then aims to find sufficient reasons y
that satisfy one of the following optimality criteria:

(1) they are minimum, that is, there are no sufficient reasons with fewer features than y, or
(2) they are minimal, that is, there are no sufficient reasons that are strictly contained in y.

Problem. The XAI community has studied for which Boolean ML models the problem of computing (minimum
or minimal) sufficient reasons is computationally tractable and for which it is computationally hard (see, e.g., [8,
9, 10]). It has been argued, however, that for practical applications sufficient reasons might be too rigid, as they
are specified under worst-case conditions. That is, y is a sufficient reason for x under M if every “completion”
of y is classified by M in the same way as x. As several authors have noted already, there is a natural way in
which this notion can be relaxed in order to become more suitable for real-world explainability tasks: Instead of
asking for each completion of y to yield the same result as x on M, we could allow for a small fragment of the
completions of y to be classified differently than x [11, 12, 13]. More precisely, we would like to ensure that a
random completion of y is classified as x with probability at least € (0, 1], a threshold that the recipient of the
explanation controls. We call y a d-sufficient reason for x under M.

The study of the cost of computing minimum J-sufficient reasons for expressive Boolean ML models based on
propositional formulas was started by [11]. They show, in particular, that the decision problem of checking if
x admits a §-sufficient reason of a certain size k under a model M, where M is specified as a CNF formula, is
NPPP-complete. This result shows that the problem is very difficult for complex models, at least in theoretical
terms. Nonetheless, it leaves the door open for obtaining tractability results over simpler Boolean models, starting
from those which are often deemed to be “easy to interpret”, for example, decision trees [14, 15, 16]. In particular,
the study of the cost of computing both minimum and minimal §-sufficient reasons for decision trees was initiated
by [12, 17], but nothing beyond the fact that the problem lies in NP has been obtained. The work of [18] has
shown that it is possible to obtain efficient algorithms that succeed with a certain probability, and that instead of
finding a smallest (either cardinality or inclusion-wise) §-sufficient reason, find d-sufficient reasons that are small
compared to the average size of 5-sufficient reasons for the considered model.

Decision Trees need to be explained. When looking at small decision trees (e.g., ~15 leaves, as the example
depicted in Figure 1) it is tempting to think that decision trees do not require algorithms to be explained, as a
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Fig. 1. Example of a decision tree for judging loan applicants with binary features. The decision path for a concrete applicant,
Jane Done, is highlighted in blue.

human can readily look at the root-to-leaf path associated to any classification decision they want to understand.
This view, however, has been repeatedly challenged by the formal XAI community as rather naive [15, 19, 20].
Let us present a brief summary of some of the issues involved. First, practical training algorithms, with standard
choices of hyper-parameters, often result in trees with hundreds or even thousands of nodes, which makes
manual inspection significantly harder than in toy examples [21]. Second, “path explanations” (i.e., the set of
features mentioned in the path that a given input instance takes along the decision tree) can be much larger than
small sufficient reasons, as shown both in theory and practice [15, 19, 20]. The decision tree example presented
in Figure 1 depicts a path explanation for applicant Jane Doe that includes 6 out of the 7 possible features. However,
its subset of 5 features not including Fraud Convictions can be easily checked to be a (minimum) sufficient reason.!
Not only is this reducing the size of the explanation by 1, but it also makes the explanation less misleading: we
claim that Jane Doe’s application is not approved because of her fraud convictions, but despite them, since her
other features as an applicant are very positive. Checking our claim requires inspecting not only the decision
path of Jane’s application, but potentially the entire tree, to see that if she did not have fraud convictions, her
application would have taken a different path but resulted in approval nonetheless. While in this particular toy
example the feature names are suggestive enough to make rather obvious that the fraud conviction is not a good
explanation for Jane’s approval, we claim this illustrates how in a general case, with a large number of potentially
opaque features, minimal explanations are needed to understand whether a classification is happening despite a
given a feature or partially because of it. As it has been claimed by others in the literature (e.g., [15]), we believe
this makes a compelling argument to reject the view that decision trees are immediately interpretable by looking

1As shown by [15], the difference in size between path explanations and minimal sufficient reasons can be arbitrarily large.
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at their decision paths, and that to properly understand their decisions it might be necessary to run algorithms
that obtain explanations that consider the globality of the tree.

Our results. In this paper, we provide an in-depth study of the complexity of the problem of minimum and
minimal §-sufficient reasons for decision trees.

o Hardness results: We first show that, assuming P # NP, neither of these problems can be solved in polynomial
time. For the problem of computing minimum J-sufficient reasons over decision trees, the hardness holds
even for each fixed § € (0, 1].

o Non-approximability results: Then we study the approximation properties of these problems, and establish
that neither of them can be approximated by assuming a stronger complexity conjecture; namely, that NP
problems cannot be solved in quasi-polynomial time. Although this assumption is stronger than P # NP,
it is still widely accepted. In fact, even the so-called ETH (exponential time hypothesis), stating that SAT
cannot be solved just in sub-exponential time, is a standard complexity assumption now. Nevertheless, this
means that our non-approximability results do not directly imply our hardness results, as the former rely
on a stronger hypothesis. We mention that similar inapproximability results have been obtained by [11],
but for Boolean circuits instead of decision trees, making our results much stronger (although their results
are under the weaker assumption, P # NP).

o Tractability results: Finally, we look at structural restrictions on decision trees that, at the same time,
represent meaningful practical instances and ensure that the problems studied in the paper can be solved
in polynomial time. The first such restriction is having a bounded split number, which intuitively means
that there is a constant ¢ > 1 such that, for every node u in the decision tree T, the number of features that
appear both in the subtree of T rooted at u and outside this subtree is bounded by c. We show that both
problems studied in this paper, that is, computing minimum and minimal §-sufficient reasons over decision
trees, can be solved in polynomial time for decision trees of bounded split number. The second restriction
studied is monotonicity, which refers to the class of decision trees that, when presented with an instance
x € {0, 1}" that is classified positively, also classify as positive every instance x’ that is obtained from x by
changing the value of some of its features from 0 to 1. We show that the problem of computing minimal
d-sufficient reasons can be solved in polynomial time over monotone decision trees.

Organization of the paper. We start with preliminaries in Section 2. Our main results are presented, without
proof, in Section 3. Proofs of our hardness results are in Section 4, of non-approximability results in Section 5,
and of tractability results in Section 6. We finalize with closing remarks and open problems in Section 7.

2 Preliminaries

Let us begin by providing the necessary definitions and notation that will be used throughout the paper.

2.1 Models and Instances

An instance of dimension n, with n > 1, is a tuple x € {0, 1}". We use notation x[i] to refer to the i-th component
of this tuple, or equivalently, its i-th feature. Moreover, we consider an abstract notion of a model of dimension n,
and we define it as a Boolean function M : {0, 1} — {0, 1}. That is, M assigns a Boolean value to each instance
of dimension n, so that we focus on binary classifiers with Boolean input features. Restricting inputs and outputs
to be Boolean makes our setting cleaner while still covering several relevant practical scenarios. We use notation
dim(M) for the dimension of a model M.
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2.2 Binary Decision Diagrams and Decision Trees

A binary decision diagram (BDD) of dimension n is a rooted directed acyclic graph M with labels on edges and
nodes such that:

o each leaf (a node with no outgoing edges) is labeled with true or false,
e each internal node (a node that is not a leaf) is labeled with a feature i € {1,...,n},
e each internal node has two outgoing edges, one labeled 1 and the other one labeled 0.

Every instance x € {0, 1}" defines a unique path 7, = u; - - - ux from the root u; to a leaf uy. of M such that: if the
label of u; is j € {1,...,n}, where i € {1,...,k — 1}, then the edge from u; to u;.; is labeled with x[j]. Moreover,
the instance x is positive, denoted by M(x) = 1, if the label of uy is true; otherwise the instance x is negative,
which is denoted by M(x) = 0. ABDD M is free if for every path from the root to a leaf, no two nodes on that
path have the same label. A decision tree is simply a free BDD whose underlying directed acyclic graph is a rooted
tree. When a computational problem has a decision tree as part of its input, we assume a standard encoding
whose number of bits is polynomial in the number of nodes of the tree.

2.3 Partial Instances

In the following, a partial instance of dimension n is a tuple y € {0, 1, L}". Intuitively, if y[i] = L, then the value
of the i-th feature is undefined. Notice that an instance is a particular case of a partial instance where all features
are assigned value either 0 or 1. Given two partial instances x, y of dimension n, we say that y is subsumed by x,
denoted by y C x, if for every i € {1,...,n} such that y[i] # L, it holds that y[i] = x[i]. That is, y is subsumed
by x if it is possible to obtain x from y by replacing some undefined values. Moreover, we say that y is properly
subsumed by x, denoted by y C x, if y C x and y # x. For instance,

(0,1,,1,1) ¢ (0,0,1,1L) and (0,1,1,L) ¢ (0,0,0,.L).

Notice that a partial instance y can be thought of as a compact representation of the set of instances z such that
y is subsumed by z, where such instances z are called the completions of y. We write Comp(y) for the set of
completions of y.

2.4 Sufficient Reasons

Sufficient reasons are partial instances obtained by removing from an instance x components that do not affect
the final classification. Formally, fix a dimension n. Given a decision tree T, an instance x, and a partial instance y
with y C x, we call y a sufficient reason for x under T if T(x) = T(z) for every z € Comp(y). In other words, the
features of y that take value either 0 or 1 explain the decision taken by T on x, as T(x) would not change if the
remaining features (i.e., those that are undefined in y) were to change in x, thus implying that the classification
T(x) is a consequence of the features defined in y.

We say that a sufficient reason y for x under T is minimal, if it is minimal under the order induced by C, that is,
if there is no sufficient reason ¢’ for x under T such that ¢y’ C y. Also, we define a minimum sufficient reason for
x under T as a sufficient reason y for x under T that maximizes the value |y|, = |{i € {1,...,n} | y[i] = L}|.

It turns out that minimal sufficient reasons can be computed efficiently over decision trees.

Proposition 2.1. There is a polynomial-time® algorithm that, given a decision tree T and an instance x of the same
dimension, computes a minimal sufficient reason for x underT.

2Whenever we say a polynomial-time algorithm, the polynomial is with respect to the entire input size, which usually involves trees (whose
size is polynomial in the number of nodes), partial instances (whose size is proportional to the dimension), and integers, which we assume
are encoded in binary.
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This proposition can be established by using a very simple algorithm, assuming a sub-routine to check whether
a given partial instance is a sufficient reason (not necessarily minimal) of another given instance. As shown
in Algorithm 2, the idea of the algorithm is as follows: start with a candidate answer y which is initially equal to
x, the instance to explain, and maintain the invariant that y is a sufficient reason for x, while trying to remove
defined components from y until no longer possible. It is not hard to see that one can check whether a partial
instance y is a sufficient reason for an instance x in linear time over decision trees [22], which implies that
Algorithm 2 runs in polynomial time over such models.

Algorithm 2 Minimal Sufficient Reason

: Input: Decision tree T and instance x, both of dimension n
: Output: A minimal sufficient reason y for x under T
Yy—x
: forie{1,...,n}do
J—y
gli] « L
if CheckSufficientReason(T, 7, x) then
y—y
end if
: end for
: returny

R A A R o A

=
—_ O

This algorithm is well known (see e.g., [23]), and its correctness relies on the following simple result, tracing
back to [24].

Proposition 2.2. For any class of models €, if a partial instance y of dimension n is a sufficient reason for an
instance x under a model M € &, but not a minimal sufficient reason, then there is a partial instance § which is
equal toy except that for somei € {1,...,n} we have that§[i] = L andy[i] # L, and such that § is also a sufficient
reason for x under M.

The following theorem shows a stark contrast between the complexity of computing minimal and minimum
sufficient reasons over decision trees.

THEOREM 2.3 ([9]). Assuming P # NP, there is no polynomial-time algorithm that, given a decision tree T and an
instance x of the same dimension, computes a minimum sufficient reason for x underT.

2.5 Probabilistic Sufficient Reasons

Arguably, the notion of sufficient reason is a natural notion of explanation for the result of a classifier. However,
such a concept imposes a severe restriction by asking all completions of a partial instance to be classified in the
same way. To overcome this limitation, a probabilistic generalization of sufficient reasons was proposed by [11]
and [12]. More precisely, this notion allows to settle a confidence § € (0,1]° on the fraction of completions of a
partial instance that yield the same classification.

Definition 2.4 (Probabilistic sufficient reasons). Given a value § € (0, 1], a §-sufficient reason (-SR for short) for
an instance x under a decision tree T is a partial instance y such thaty C x and
eC T(z)=T
Pr.[T(z) = T(x) | z € Comp(y)] = = OMP(‘ZJ' @ =TGN

3Given rational numbers a, b with a < b, we use notation [a, b] for the set of rational numbers x such that a < x < b (and [a, b) for the set
{xeQ|a<x<b}).
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Fig. 2. The decision tree T and the values p(X) from Example 2.5.

Minimal and minimum §-sufficient reasons are defined analogously as in the case of minimal and minimum
sufficient reasons.

Example 2.5. Consider the decision tree T over features {1, 2,3} shown in Figure 2 and the input instance
x = (1,1,1). Notice that T(x) = 1. For each X C {1, 2,3}, we show the probability p(X) :=Pr,[T(z) =1 |z €
Comp(yx)], where yx is the partial instance that is obtained from x by fixing yx[i] = L for each i ¢ X. We
observe, for instance, that x itself is neither a minimum nor a minimal 1-SR for x under T, as y{; 3} = (1, L,1)1s
also a 1-SR. In turn, yyy 3} is both a minimal and a minimum 1-SR for x under T. The partial instance y; 3} is not,
however, a minimal or a minimum 3/4-SR for x under T, as yy;; = (1, L, 1) is also a 3/s-SR. O

Example 2.6. Consider the decision tree T over features {1, 2,3} shown in Figure 3 and the input instance
x = (1,1,1). Notice that T(x) = 1. Exactly as in Example 2.5, we display as well the probabilities p(X) for
each X C {1, 2, 3}. Interestingly, this example illustrates that Proposition 2.2 does not hold when § < 1. Indeed,
consider that y(; 23} is a 5/s-SR which is not minimal, as yy is also a 5/s-SR, but if we remove any single feature
from y(; 53}, we obtain a partial instance which is not a 5/s-SR. |

As illustrated on Example 2.6, it is not true in general that if y’ C y then
Pr.[T(z) =T(x) | z € Comp(y’)] < Pr.[T(z) =T(x) | z € Compr(y)],

which means that standard algorithms for finding minimal sets holding monotone predicates (such as Algorithm 2)
cannot be used to compute minimal §-SRs. In fact, we will show later that no polynomial time algorithm exists
for computing minimal §-SRs (at least under complexity assumptions).

2.6 Computing Probabilistic Sufficient Reasons

The problems of computing minimum and minimal §-SR on decision trees were defined and left open by [12, 17].
These problems are formally defined as follows.

PROBLEM: : Compute-Minimum-SR

INPUT : A decision tree T of dimension n, an instance x of dimen-
sion n and § € (0, 1]

OUTPUT: A minimum §-SR for x under T

PROBLEM: : Compute-Minimal-SR

INPUT : A decision tree T of dimension n, an instance x of dimen-
sionnand § € (0, 1]

OUTPUT: A minimal §-SR for x under T
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Fig. 3. The decision tree T and the values p(X) from Example 2.6.

3 Main Results

In this section, we summarize the main results presented in this paper regarding the computation of probabilistic
sufficient reasons over decision trees.

3.1 Hardness Results

We first establish that, if P # NP, neither Compute-Minimum-SR nor Compute-Minimal-SR can be solved in
polynomial time. We first consider the problem Compute-Minimum-SR, and in fact, prove a stronger result by
considering the family of problems §-Compute-Minimum-SR which are obtained from Compute-Minimum-
SR when § € (0,1] is assumed to be fixed. More precisely, we obtain as a corollary of Theorem 2.3 that
1-Compute-Minimum-SR cannot be solved efficiently. Moreover, a non-trivial modification of the proof of this
theorem shows that this negative result continues to hold for every fixed é € (0, 1].

THEOREM 3.1. Fix any value for § € (0,1]. Then, assuming that P # NP, there is no polynomial-time algorithm
for the 6-Compute-Minimum-SR problem.

Let us now look at the problem Compute-Minimal-SR. When § = 1, this problem can be solved in polynomial
time as stated in Theorem 2.3. However, it was conjectured by [12] that assuming P # NP, this positive behavior
does not extend to the general problem Compute-Minimal-SR, in which § is an input confidence parameter. Our
main result confirms that this conjecture is correct.

THEOREM 3.2. Assuming that P # NP, the Compute-Minimal-SR problem cannot be solved in polynomial time.

The proof of this theorem heavily relies on the following result, which we believe to be of independent interest.
The result establishes that the following problem over formulas in CNF, which we call Minimal-Expected-Clauses,
is NP-hard. The problem Minimal-Expected-Clauses is defined as follows. Let ¢ be a CNF formula over variables
X = {x1,...,x,}. Partial assignments of the variables in X, as well as the notions of subsumption and completions
over them, are defined in the same way as for partial instances over features. For a partial assignment y over
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X, we denote by E(¢, u) the expected number of clauses of ¢ satisfied by a random completion of y. We then
consider the following problem for fixed k > 2 (recall that a k-CNF formula is a CNF formula where each clause
has at most k literals):

PROBLEM : k-Minimal-Expected-Clauses
INPUT : (¢, 0), for ¢ a k-CNF formula and ¢ a partial assignment
OUTPUT :  Yes, if there is a u C o such that E(¢, u) > E(¢p,0)

and No otherwise

THEOREM 3.3. k-Minimal-Expected-Clauses is NP-hard for every k > 2.

3.2 Non-Approximability Results

By assuming a stronger complexity assumption, namely, NP ¢ QP, where QP consists of all problems that
have quasi-polynomial time algorithms, we can actually show stronger negative results that imply the non-
approximability of the problems studied in this paper. Intuitively, we show that it is hard to distinguish cases
when a very good sufficient reason with almost all variables left unfixed exists from cases when in all mildly
good sufficient reasons just a few variables are left unfixed.

More precisely, for Compute-Minimum-SR we show the following:

THEOREM 3.4. Assuming that NP ¢ QP, for every ¢ > 0 there is no polynomial-time algorithm that, given a
decision tree T of dimension n and an input x € {0,1}", distinguishes between the following two cases:
o there exists an (1 — ¢)-sufficient reason y for x under T with |y|, > n —n®.
o there exists no e-sufficient reason y for x under T with |y|, > n®.
We now address the Compute-Minimal-SR problem. We obtain the following inapproximability result.
THEOREM 3.5. Assuming that NP & QP, for every ¢ € (0, 1), there exists no polynomial-time algorithm that, given
a decision tree T of dimension n and an input x € {0, 1}", distinguishes between the following two cases:

o the only (1/2 + ¢)-sufficient reason for x under T is x itself.
o there exists a (1 — €)-sufficient reason for x under T other than x.

3.3 Tractability Results

We finally study restrictions on decision trees that lead to polynomial time algorithms for Compute-Minimum-SR
or Compute-Minimal-SR, hence avoiding the general intractability results shown in the previous section. We
identify two such restrictions: bounded split number and monotonicity.

3.3.1 Bounded Split Number. Let T be a decision tree of dimension n. For a set U of nodes of T, we denote by
F (U) the set of features from {1, ..., n} labeling the nodes in U. For each node u of T, we denote by Ni the set
of nodes appearing in T,,, that is, the subtree of T rooted at u. On the other hand, we denote by N/ the set of
nodes of T minus the set of nodes Ni. We define the split number of the decision tree T to be

max ‘77 (Ni) nF (N,I)

nodeu in T

Intuitively, the split number of a decision tree T is a measure of the interaction (number of common features)
between the subtrees of the form T,, and their exterior. A small split number allows us to essentially treat each
subtree T,, independently (in particular, the left and right subtrees below any node), which in turn leads to efficient
algorithms for the problems Compute-Minimum-SR and Compute-Minimal-SR.

THEOREM 3.6. Both problems Compute-Minimum-SR and Compute-Minimal-SR can be solved in polynomial time
for decision trees with split number at most c, where ¢ > 1 is any fixed integer.
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3.3.2  Monotonicity. Classifiers that are monotone have been studied in the context of XAI as they often present
tractable cases for different explanations, as shown in [10]. The computation of minimal sufficient reasons for
monotone models was known to be in polynomial time [24]. We show that this is also the case for computing
minimal §-SRs under a mild assumption on the class of models.
Let us define the ordering =< for instances in {0, 1}" as follows:
x 2z iff x[i] <z[i], forallie{1,...,n}.
We can now define monotonicity as follows. A model M of dimension n is said to be monotone if for every pair
of instances x, z € {0, 1}", it holds that
x 3z = M(x) < M(=2).

We now prove that the problem of computing minimal probabilistic sufficient reasons can be solved in
polynomial time for any class € of monotone Boolean models for which the problem of counting positive
completions can be solved efficiently. Formally, the latter problem is defined as follows: given a model M € € of
dimension n and a partial instance y € {0, 1, L}", compute

[{x € Comp(y) | M(x) =1}|.
We call this problem €-#Positive-Completions.

THEOREM 3.7. Let € be a class of monotone Boolean models such that €-#Positive-Completions can be solved in
polynomial time. Then the problem Compute-Minimal-SR can be solved in polynomial time over €.

As a corollary, the computation of minimal probabilistic sufficient reasons can be carried out in polynomial
time not only over monotone decision trees, but also over monotone and free BDDs.

Corollary 3.8. The problem of computing minimal 6-SRs can be solved in polynomial time over the class of monotone
and free BDDs.

4 Proofs of the Hardness Results
We start by stating an auxiliary lemma that we will need for Theorem 3.1.
Lemma 4.1. Fix § € (0,1). Given as input an integer n one can build in n°V) time a decision tree Ty of dimension
n, such that
1
d— o < Pr[Ts(z) =1z € Comp(L™)] < 6,
z
and moreover, there exists an instance x* for Ts such that every partial instancey C x' holds

Pzr [T5(z) = 1| z € Comp(y)] < Iir [Ts(z) =1]| z € Comp(L™)] < 6.

Let us now restate and prove Theorem 3.1 assuming Lemma 4.1, and after that we present the proof of
Lemma 4.1.

THEOREM 3.1 (RESTATED). Fix any value for § € (0, 1]. Then, assuming that P # NP, there is no polynomial-time
algorithm for the §-Compute-Minimum-SR problem.

Proor oF THEOREM 3.1. We prove that deciding whether a §-SR of size k exists is NP-hard. We reduce from
the case § = 1, proved NP-hard by [9]. We assume of course that § < 1, as otherwise the result is already known.
Let (T, x, k) be an input of the Minimum Sufficient Reason problem (i.e., = 1), and let n be the dimension of
T and x. Assume without loss of generality that T(x) = 1. If the given input of Minimum Sufficient Reason is
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false false

Fig. 4. lllustration of the construction of Fs for § = % and n = 2. Thus 2n + 3 + [log(1/6)] =8 and ¢ = \_% . 28J =170 =
27 +25+ 23 + 21,

positive, then there is a partial instance y C x with |y|, > n— k such that Pr,[T(z) =1 | z € Comp(y)] = 1, and
otherwise for every partial instance y C x with |y|, > n — k it holds that

Pr(T(z) =0]|z € Comp(y)] > ZL"

Let us build a tree Fs with 3n+3+[log(1/8)]* variables as follows. First build Ts of dimension 2n+3+[log(1/8)]
by using Lemma 4.1, and then replace every true leaf of Ts by a copy of T. Assume the 2n+3+[log(1/8)] variables
of Ty are disjoint from the n variables that appear in T, and thus Fs has the proposed number of variables. An
example of the construction of Fy is illustrated in Figure 4.

Define

& = I;r Ts(z) = 1| z € Comp (J_Z"+2+“°g<1/5)])] ,

and recall that |6’ — ] < m. Now, let us build a final decision tree T* with 4n + k + 4 + [log(1/6")] +
[log(1/8)] variables as follows. Create £ = n+ k + 1 + [log(1/8")] vertices, labeled r; for i € {1,...,¢}, and
assume these labels are disjoint from the ones used in Fs. Let r1 be the root of T*, and for each i € {1,...,¢ — 1},
connect vertex labeled with r; to vertex labeled with r;;; using a 0-edge. The 0-edge from vertex labeled r, goes
towards a leaf labeled with true. The 1-edge from every vertex r; goes towards the root of a different copy of Fs.
Note that this construction, illustrated in Figure 5, takes polynomial time. Now, consider the instance x* that is
defined (i) exactly as x for the variables of T, (ii) exactly as in the instance x' coming from Lemma 4.1 for the
variables of Ty in Fj, and (iii) with all variables r; set to 0. Note that T*(x*) = 1. Now we prove both directions of
the reduction separately. Assume first that the instance (T, x, k) is a positive instance for Minimum Sufficient

4We use notation log(x) to refer to the logarithm in base 2 of x
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true

Fig. 5. Illustration of the construction of T*. Recall that £ = n+k + 1+ [log(1/8")].

Reason. Then we claim that there is a 6-SR for T* of size at most k. Indeed, let y C x be a sufficient reason for x
under T with at most k defined components. Then consider the partial instance y* C x™*, that is only defined
in the components where y is defined. Now let us study Pr,[T*(z’) = 1 | z € Comp(y*)]. The probability that
z ends up in the true leaf on the 0-edge from vertex r; is % In any other case, z takes a path that goes into a
copy of Fs, where its probability of acceptance is §" > & — m because of Lemma 4.1 and using that y* is
undefined for all the variables of T,. These two facts imply that

1 1
* _ * T o3 Tloa(1/507
Pr[T*(z) =1z € Comp(y™)] > 37 + 0 = o omo e
Now consider that
) 1 ,, 1 1

0< O+ gy ~ O g Gog/o)]

g, 1 1 9

SO+ 22n+3 ) olog(1/8) o+ 22n+3’
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from where § (1 - ﬁ) < &, and thus

1
log(1/5) > log(1/&) +log (1 - —2)

22n+3
=log(1/8") —log (m)
=1log(1/8") — 2n — 3 +log(2*"** — 1)
> log(1/8') —2n—3+2n+2 (using 2%m+3 — 1 » 2%m2)
=log(1/8") - 1.

From this we obtain that

t=n+k+1+[log(1/8)]
< 2n+ 1+ [log(1/8)]
<2n+1+log(1/8") +1
< 2n+3+1log(1/d)
< 2n+3+ [log(1/6)],

which allows us to conclude that

1 1
Pr[T*(z) =1 |z € Comp(y*)] > — +6 > 6.
z

20 77 g2ne3+Tlog(1/6)]

On the other hand, if (T, x, k) is a negative instance for Minimum Sufficient Reason, consider any partial instance
y* C x* with at most k defined components, and note that by hypothesis we have that Pr,[T(z) = 1| z €
Comp(y*)] < 1 - 3. This implies, together with the second part of Lemma 4.1, that

Pzr[Fa(z) =1|z€Comp(y*)] <6 (1 — zin)’

and thus subsequently

1 1
I;r[T*(z) =1]|z¢€ COMP(y*)] <5 (1 — 2_'1) + 2[__k
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A
})\\ false
'/@>\‘ true
’/G>\‘ true
/6))\( false

false false

Fig. 6. Example of T, the tree constructed in the proof of Lemma 4.1, forn =5and § = % In this case ¢ = 12 = 22 + 23. Note

that Pr;[To(z) = 1| z € Comp(L")] = 5 = 2, and | - 2| =L < L.

by using that with at most k defined components in T*, the probability of reaching the true leaf across the 0-edge
from r, is at most Z%k To conclude, note that

I;r[T*(z) =1|z€ Comp(y*)] <6 (1 - i) L

an) = 2tk
5.9 1
-o7 2_" + on+1+[log(1/8")]
< S — ﬁ + ;
on on+1+log(1/6")
(5 —8) -6
on+l
1 _s
S2Zn+3+Tlog(1/6)]
d__5
22n+3
= 6 + 2n+l
-1+ n+
=5+6 ( 2 )
2n+1
< 4.

We have thus concluded that y* is a §-SR for x* over T* if and only if (T, x, k) is a positive instance of
Minimum Sufficient Reason, which completes our reduction. O

Now we settle our debt by proving Lemma 4.1, the only part missing from the previous proof.

ProOF OF LEMMA 4.1. Let ¢ = | §2" ], and note that § — 2" < g7 < 6, from where [§ — 55| < zi,, This implies
that we can prove the first part of the lemma by building in polynomlal time a tree T, over n variables, that has
exactly ¢ different positive instances, as then its probability of accepting a random completion of L" will be
exactly 5. Note as well that c < 2" as 6 < 1.
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As a first step, let us write ¢ in binary, obtaining
c=0p2 + a2V + -+ 2™

with ; € {0, 1} for each i. Then to build T start by creating n vertices, labeled 0 through n — 1. These n labels
are the variables of T,. For each i € {1,...,n — 1}, connect vertex labeled i to vertex labeled i — 1 with a 0-edge,
making vertex labeled n — 1 the root of T,.. Then, for each vertex with label i € {0,...,n — 1}, set its 1-edge
towards a leaf with label true if ¢; = 1, and towards a leaf with label false if a; = 0. The 0-edge of vertex labeled
0 goes towards a leaf with label false. Now let us count how many different positive instances does T, have.
We can do this by summing over all true leaves of T... Each true leaf comes from a 1-edge from a vertex labeled
i€{0,...,n—1}.Foreveryi € {0,...,n — 1}, if the vertex labeled i has a true leaf when following its 1-edge,
then the number of instances reaching that true leaf is exactly 2! as the variables whose value is not determined
by the path to that leaf are those with labels less than i, which are exactly i variables. Therefore, the number of
different positive instances of T, along a 1-edge is the sum of 2 for every i such that a; = 1, which is exactly c.
An example is given in Figure 6. This concludes the proof of the first part of the lemma as the construction is
clearly polynomial in n. For the second part, let us build x" by setting x'[i] = 1 — a; for every i € {0,...,n —1}.
In the example presented in Figure 6, we would build

We now prove that for any y C x7, it holds that

Pzr [T.(z) =1]| z € Comp(y)] < Pr[T.(z) =1]|z € Comp(L")].

z

We do this via a finite induction argument by strengthening our induction hypothesis; for i € {0,...,n— 1}, let T}
be the sub-tree of T, rooted at the vertex labeled i, and let us claim that for every i € {0,...,n — 1} we have that

Pr [TX(z) =1 z € Come(y)] < Pr [T!(z) =1z € Comp(L™)],

which implies what we want to show when taking i = n — 1. The base case of the induction is when i = 0, in
which case the claim trivially holds as if y[0] = L we have equality, and if y[0] # L then by construction
Pr|T!(z) = 1| z € Comp(y)| = 0.
z

For the inductive case, let i > 0, and proceed by cases; if y[i] = L, then by letting t; € {0, 1} be an indicator
variable for whether the leaf across the 1-edge from vertex i is labeled true we have that

i 1 1 i
Pzr [TC (z)=1|z¢€ COMP(y)] Eti + > Pzr [TC lz)=1]z€ COMP(y)]

N

1 1 ;
Eti + 2 Pr [Tcl_l(z) =1|ze COMP(J_")]
z

I;r [T!(z) =1z € Comp(L™)],

where the inequality has used the inductive hypothesis. On the other hand, if y[i] = 1, that implies x'[i] = 1 and
thus «; = 0, which means the leaf across the 1-edge from vertex i is labeled with false, and thus

Pr.[T!(z) = 1| z € Comp(y)| =0,

which trivially satisfies the claim. For the last case, if y[i] = 0, then x'[i] = 0 and thus a; = 1, which means the
leaf across the 1-edge from vertex i is labeled with true. Therefore, we have
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( )

k-Minimal-Expected-Clauses

Clique 2-Minimal-Expected-Clauses
<p, Theorem 3.3

- J

<p, Proposition 4.7

( )

Check-Sub-SR

[ SB-Check-Sub-SR ]4‘

- J

<£, Theorem 3.2

Y
[ Compute-Minimal-SR ]

Fig. 7. Roadmap for the proof of Theorem 3.2. Arrows denote polynomial-time many-to-one reductions (<p) or Turing
reductions (Sg).

Pr [TX(z) =1| z € Comp(y)| = Pr [T:7"(2) = 1| z € Comp(y)]

< Pr [Tci_l(z') =1|ze€ COMP(L")]

<= +=-Pr[T}"'(z) =1z € Comp(L")] (asPr[-] <1)
=Pr [TC’(z) =1|ze€ COMP(J_n)] .
This completes the induction argument, and thus we conclude the proof of the lemma. ]

Our goal now is to prove Theorem 3.2. Figure 7 presents a roadmap of the proof with its corresponding chain
of reductions. Following the roadmap, we need first Theorem 3.3, which we restate and prove next.

THEOREM 3.3 (RESTATED). k-Minimal-Expected-Clauses is NP-hard for every k > 2.

PROOF OF THEOREM 3.3. We start with some simple observations regarding E (¢, p), for a CNF formula ¢ and a
partial assignment p. By linearity of expectation, we can write E(¢, i) as the sum

E(py)= Y. Probcy, (4.2)
C clause of ¢

where Probc , is the probability that a random completion of 4 satisfies the clause C. In turn, the probabilities
Probc,, can be easily computed as:

e Probc,, = 1, if there is a positive literal x in C with p(x) = 1 or there a negative literal —x in C with
p(x) = 0.
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e Probc, =1~ Zi,,, where 1 is the number of literals in C of the form x or —x with p(x) = L.

Note that for an assignment o, E(¢, o) is simply the number of clauses of ¢ satisfied by o.

We reduce from the Clique problem. Recall this problem asks, given a graph G and an integer k > 3, whether
there is a clique of size k, that is, a set K of k vertices such that there is an edge between any pair of distinct
vertices from K. Let G be a graph and k > 3. We can assume without loss of generality that k is odd and the
degree of every vertex x of G, denoted by deg(x), is at least k — 1; if k is even we can consider the equivalent
instance given by the graph G’ that extends G with a fresh node connected via an edge with all the other nodes
and k’ = k + 1. On the other hand, we can iteratively remove vertices of degree less than k — 1 as those cannot
be part of any clique of size k. Starting from the Clique instance (G, k) we will construct an instance (¢, o) for
2-Minimal-Expected-Clauses as follows. The variables of ¢ are the nodes of G. For each variable x we have the
following clauses in ¢:

e A clause A, = (—x). This clause A is repeated deg(x) — % times in ¢. Note this quantity is always a
positive integer since k is odd.

o A set of clauses By = {(x V —w1),..., (X V "Ygeg(x)) }> Where yi, ..., Ydeg(x) are the neighbors of x in G.
Each clause in 8B, appears only once in ¢.

Additionally, for each set {x,y} where x # y and {x,y} is not an edge in G, we have a clause Zy , = (x V y)
repeated 4e times in ¢, where e is the number of edges in G.

We define the assignment o such that o(x) = 1, for all variables x of ¢.

For an arbitrary partial assignment p to the variables of ¢, with p C o, we define

utility,, . () == E(¢, ) — E(p, 0).

In particular, the instance (¢, o) is a Yes-instance for 2-Minimal-Expected-Clauses if and only if there is y C o
with utility,, ;(p) > 0. By equation (4.2), we can write

utility,, ;(p) = Z utility,, (1, C),
C clause of ¢

where utility,, ; (4, C) is defined as:
utility,, , (p, C) := Probc,, — Probc,s.
Now observe that we have:

0 if C = A, for some variable x
Probcs =

1 if C € B, for some variable x or C = Z, , for some set {x,y}

On the other hand, for the probability Probc , we have the following:

(1) Assume C = A, = (—x) for some variable x. Then Probc,, is
(@) 3, if p(x) = L (and hence utility,, , (s, C) = }), and
(b) 0 otherwise (then utilitqu(/l, C)=0).

(2) Suppose C = (x V —y) € B, for some variable x. Then Probc, is
(a) §if p(x) = L and u(y) = L (and hence utility,, , (1, C) = =)
(b) Lif p(x) = 1 and p(y) = 1 (and then utility,, , (1,C) = —1), and

g 1LH Hy Yo,o\H 2
(c) 1 otherwise (then utility(p)g(y, C) =0).

(3) Suppose C = Z, , = (x V y) for some set {x, y}. Then Probc,, is
a) 3 if y(x) = L an = 1 (and hence utilit . =—2),an
() §if u(x) d p(y) = L (and h lity,, (1 C) = —7), and
(b) 1 otherwise (then utility(p,g(,u, C)=0).
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We now show the correctness of our construction, that is, G has a clique of size k > 3 if and only if (¢, 0) is a
Yes-instance for the problem 2-Minimal-Expected-Clauses.
(=) Suppose G has a clique K of size k > 3. Let u be the partial assignment that sets p(x) = L if x € K and
1(x) = 1if x ¢ K. Note that y C 0. We claim that utility(p’a(,u) = 0 and hence (¢, o) is a Yes-instance. Let C be a
clause in ¢. If C is of the form Z, ,, then utility(p’a(y, C) = 0. Indeed, by construction, {x, y} is not an edge, and
since K is a clique, then p(x) = 1 or u(y) = 1. This means we are always in case 3(b) above. If x ¢ K and C is of
the form A, or belongs to B,, then utility(p,a(p, C) = 0, since p(x) = 1 and hence we fall either in case 1(b) or 2(c)
above. It follows that utility,, , (1) is the sum of the utilities of all the clauses involved with variables x € K. That
is:

. k-1 - s
utlllty%a(,u) = Z (deg(x) - ) utlllty(pla(,u,Ax) + Z Z utllltywsa(,u, 0). (4.3)
xeK x€K Ce By
Take x € K. Then utility(p’a(,u, Ay) = % as p(x) = L, and then case 1(a) applies. On the other hand, for a clause

C € B, we have two cases:

o C = (xV —y) for y € K. In this case, utilityqa’a(,u, C) = —% as we are in case 2(a) above.

e C=(xV -y) for y ¢ K. In this case, utilitytp’g(p, C) = —% as we are in case 2(b) above.

Moreover, note that the first case occurs exactly for k — 1 clauses in By, as x has precisely k — 1 neighbors in the
clique K. The second case occurs exactly for deg(x) — (k — 1) > 0 clauses in By. Replacing in equation (4.3), we
obtain:

(k;1+deg(x)_k—1)+(_k—1_deg(x)+k—1

utiIity(p’U(p) = Z 5 5 2 5 5

xeK
=0.

We conclude that (¢, o) is a Yes-instance.

(&) Suppose now that there is a partial assignment y, with y € o and utility, ;(4) > 0. Let K be the set of
variables x such that yi(x) = L. For x ¢ K and C = Ay or C € By, we have utility,, , (4, C) = 0, as we are in cases
1(b) or 2(c) above. Then we can write:

utility,, , (1) = > [(deg(x) _k ; 1) utility,, , (1 Ax) + | utility,,,(1,C)

xeK Ce By

+ Z e (utility,, o, (11 Zx,y)). (4.4)
{x, y} non-edge

We claim that |K| > k. Towards a contradiction, suppose |K| = ¢ < k. Since utility,, ; (4, Zx,y) < 0 for every pair
{x,y}, the last term in equation (4.4) is < 0, and then:

utility,, , (1) < Z (% +deg(x) — (k - 1)) utility,, , (11 Ax) + Z Z utility,, , (1, C). (4.5)

x€eK x€K Ce By
Take x € K. Following the same argument as before, we have that
utility(p,a(p,Ax) = %,
and for a clause C € B, we have the two cases:
e C=(xVy)fory € K, and utility,, , (4, C) = -
e C=(xV-y)fory ¢ K, and utility,, , (. C) = -

[N
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Let say the first case occurs precisely for r clauses from B,. Then:

§ utility, (4, C) = —= — —=—2— = - - 577 (4.6)
@,0
CeBy 4 2 4 2

Note that r < £ — 1 and from equation (4.6) we obtain (recall £ < k):

-1 d k-1 d
Z utility,, (1, C) < _ deg®) < - eg(x)'
’ 4 2 4 2
CeBy

Replacing in equation (4.5), we obtain:

utility,, , (1) < Z

xeK

k—1+deg(x)_k—1 +Ic—l_deg(x)
4 2 2 4 2

_Z[deg(x) _k—1+k—1_deg(x)
- 2 4 4 2

xeK

=0.

We conclude that utility qw(,u) < 0 which is a contradiction. Hence |K| > k.
Finally, we show that K is a clique. By contradiction, assume there is a pair {x, §} such that x # ¢, X, € K
and {%, §} is not an edge in G. Then there is a clause Z; ; which is repeated e times in ¢. Since p(¥) = L and

1(g) = L, we have utilityq),(,(,u, Zzg) = —i, as we are in case 3(a) above. As utility(p)a(p, Zy,y) < 0 for all pairs
{x,y}, we obtain:

Z 4e (utility,, (1 Zyx,y)) < 4de (utility,, (1, Zz3)) < —e
{x, y} non-edge

For x € K, since utility,, , (1, C) < 0, for all C € By, we have ¢ g, utility,, (1, C) < 0 and thus

Z Z utility,, (1, C) < 0.

x€K Ce B,

On the other hand, for x € K, we have utility(p,a(p, Ay) = % Combining all this with equation (4.4) we obtain:

utilityq)’a('u) < Z (M _ E) —e

xeK

<Zw—e (since k > 3)

2
xeK

< Z deg(x) e

2

2 4

xinG

=0.
We conclude that utility 41,0(”) < 0, and thus obtain a contradiction. Therefore, G contains a clique of size k. O

We now continue towards the proof of Theorem 3.2. The next step is to show that the following decision
problem is NP-hard.
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PROBLEM : Check-Sub-SR

INPUT : (T,y), for a decision tree T of dimension n, and
partial instance y € {0, 1, L}"

OUTPUT : Yes, if there is a partial instance y’ C y such that
Pr.[T(z) =1]|z € Comp(y’)] > Pr,[T(z) =1]| z € Comp(y)],
and No otherwise

Proposition 4.7. Check-Sub-SR is NP-hard.

Proor. We reduce from 2-Minimal-Expected-Clauses. Let (¢, o) be an instance of 2-Minimal-Expected-Clauses.
Let m be the number of clauses of ¢ and assume that ¢ has n variables x4, . . ., x,. Without loss of generality we
assume that m is a power of 2. Define a decision tree T of dimension n + m — 1 as follows. Start with a perfect
binary tree S of depth log, m, that is, each internal node has two children, and each leaf is at depth log, m. In
particular, S has m leaves and m — 1 internal nodes. All the internal nodes of S are labeled with a different fresh
feature from {n + 1,...,n + m — 1}. For each clause C in ¢, pick a different leaf £- of S. It is easy to see that
for each clause C we can define a decision tree Sc over the features {1,...,n} such that for every assignment
1 A{xy, ..., x,} — {0, 1} to the variables of ¢, the corresponding instance x € {0, 1}" where x[i] = p(x;) satisfies
that Sc(x) = 1 if and only if y satisfies C. The decision tree T is obtained from S by identifying for each clause C,
the leaf £~ with the root of the decision tree Sc.

For any partial assignment i : {x;,...,x,} — {0,1, L} for ¢, we denote by y,, the partial instance of dimension
n+m — 1 such that y,[i] = p(x;) forevery i € {1,...,n} and y,[i] = L foreveryi € {n+1,...,n+m— 1}. The
output of the reduction is (T, y5). Observe that the transformation from p to y, is a bijection between the sets
{p |y co}and{y, |y, C yo}. By construction, for any partial assignment  C o, we have that

Pr.[T(z) =1 z € Comp(y,)] = E(‘fr;“).

Hence (¢, 0) is a Yes-instance of 2-Minimal-Expected-Clauses if and only if (T,y,) is a Yes-instance for the
Check-Sub-SR problem. O

Remark. We can assume that the instance (T,y,) constructed in the proof of Proposition 4.7 satisfies
1
Pr.[T(z) =1| z € Comp(y,)] > ’t
Indeed, the above probability is simply @, where m is the number of clauses of ¢. On the other hand, from
the proof of Theorem 3.3, we can choose o such that o(x;) = 1 for every variable x; € {xy,...,x,} of ¢. It follows
that E(¢, 0) is simply the number of clauses satisfied by o, which are all the clauses in B, for some variable x,
and all the clauses of the form Z, ;. Note that the total number of clauses from the sets B, is greater that the
total number clauses of the form A,, and hence Eeo) % Indeed, there are deg(x) clauses in By, and summing
over all the variables x, we obtain 2e, where e are the number of edges in the graph G. On the other hand, each
clause A, is repeated k%l +deg(x) — (k — 1) = deg(x) — % times. Taking the sum over all the variables x, we

obtain 2e — n (’%1) < 2e. This property will be useful for the proof of Theorem 3.2, which we recall next.

THEOREM 3.2 (RESTATED). Assuming that P # NP, the Compute-Minimal-SR problem cannot be solved in
polynomial time.

We show that if Compute-Minimal-SR admits a polynomial time algorithm, then Check-Sub-SR is in P,
which contradicts the assumption that P # NP. In particular, we show a Turing-reduction from a variant of
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Check-Sub-SR to Compute-Minimal-SR, thus establishing that the latter cannot be solved in polynomial time
unless P = NP.

For the sake of readability, given a partial instance y, in this proof we use notation z ~ U(y) to indicate that z
is generated uniformly at random from the set Comp(y). For instance, we obtain the following simplification by
using this terminology:

Pr[T(z) =1|z € Comp(y)] = Pr [T(z)=1]
z z~U(y)

We require a particular kind of hard instances for the Check-Sub-SR to make our reduction work. In particular,
we now define the notion of strongly-balanced inputs, which intuitively captures the idea that defined features in
a partial instance y appear at the same depth in different branches of the decision tree T. To make this definition
precise, consider that every path 7 from the root to a leaf in a decision tree can be identified with a sequence of
labels s, corresponding to the labels of the nodes of 7, where the last label of 7 is either true or false. We use
notation s, [i] for the i-th label in the sequence s,. With this notation, we can introduce the following definition.

Definition 4.8. Given a decision tree T of dimensiond andy € {0,1, L}" a partial instance, we say that the pair
(T,y) is strongly-balanced if
1
Pr [T(2)=1] > -,
R [T(z) =1] >
and there exists k € N such that for every root-to-leaf path & in T, the sequence s, satisfies

ylslill=L < i<k

If (T,y) is strongly-balanced, then there exists a unique value k € N that satisfies the second condition of
the definition. We denote this value by u(T, y). In particular, if y € {0, 1}", then (T, y) is strongly-balanced and
u(T,y) = 0.

Now let us define the following problem.

PROBLEM : SB-Check-SUB-SR

INPUT : (T,y), for T a decision tree of dimension n and y € {0, 1, L}" a partial
instance, where (T, y) is strongly-balanced.

OUTPUT:  Yes, if there is a partial instance y’ & y such that Pr_.yy(y) [T(2) = 1] >
Pr..u(y) [T(z) = 1], and No otherwise.

One can now check that the proof of Proposition 4.7 directly proves NP-hardness for this problem, and thus
we can reduce from it to prove hardness for the computation variant. Indeed, the first part of the definition of
strongly-balanced follows from the remark given after the proof of Proposition 4.7. The second part follows from
the fact that the construction in the proof of Proposition 4.7 starts with a perfect binary tree.

We can now start proving Theorem 3.2, which requires a few auxiliary claims that for the sake of readability
will be assumed within this proof, and then we will conclude this section by proving each claim individually.

ProoF oF THEOREM 3.2. Assume an instance (T,y) for the SB-Check-Sub-SR problem. Let us enumerate the
featuresin T as 1,...,n. Also, let S be the set of features defined in y, that is, y[i] # L <= i € S. We first build
a decision tree T’ of dimension 2n — |S|, with the following features:

(1) Create a feature i for i € S.

(2) Foreveryi € {1,...,n} \ S create features i and i’

Note that this amounts to the promised number of features. We build T’ through a recursive process R defined
next. First, note that any decision tree can be described inductively as either a true/false leaf, or a tuple (r, L, R),
where r is the root node, L is a decision tree whose root is the left child of r, and R is a decision tree whose root
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true false false true true false false true

(a) Original decision tree T.

0 1
0 1 0 1
false true
0 1 0 1

false true

true false false true false true false true

(b) Resulting decision tree T = R(T).

Fig. 8. lllustration of the recursive process R over an example where y = (0, L, L, 0). Note that the pair (T,y) is strongly-

balanced.

is the right child of r. We can now define R as a recursive procedure that when called with argument r proceed
as follows:

(1) If 7 is a leaf, then simply return 7.
(2) If T = (r, L, R), and node r is labeled with feature i € S, then simply return

(r, R(L), R(R)).
(3) If r = (r, L, R), and node r is labeled with feature i € {1,...,n} \ S, then return the following decision tree:
(r, (u,R(L), false), (v, true, R(R))),

where nodes u and v are new nodes, both labeled with feature i’.
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As anticipated, T’ = R(T). An example illustrating the process is depicted in Figure 8. Now we create a tree
T" of dimension 2n — |S| + m that on top of the previous features incorporates features b; for each j € {1,...,m},
where m is an integer we specify later on. In order to construct T”, we start by defining y, as the partial instance
of dimension 2n — |S| + m such that y,[i] = y[i] for every i € S and

yo [bj] =0, Vje{1....m},
with the remaining components of gy being left undefined. Let T, be a tree of dimension 2n — |S| + m that accepts
exactly the completions of y; this can be trivially done by creating a tree that accepts exactly the features that
are defined in y, and then observing that when running an instance whose feature space is a superset of this,

then the instance is accepted if and only if it is a completion of yo. Now let T; be a tree of dimension 2n + |S| + m
that implements the following Boolean formula:
$=>b>2

Jj=1
Claim 4.9. Decision tree Ty, implementing the function ¢, can be constructed in polynomial time.

Now, let us build an instance x of dimension 2n — |S| + m as follows. For each i € S let x[i] = y[i], thus
ensuring x is a completion of y. Then for each j € {1,...,m} let x[b;] = 0, and finally for each i € {1,...,n}\ S,
let x[i] = 0 and x[i’] = 1. For example, ify = (0, L, L1, 1),and m =3 then

x=(0 0 1, 0 1, 1, 0, 0, 0),

where the features b; have been placed at the end of the vector.

Let y* be the partial instance of dimension 2n — |S| + m such that y*[i] = y[i] for every i € S, and undefined
otherwise. Let us abuse notation and assume now that T” has dimension 2n — |S| +m, even though it only explicitly
uses the first 2n — |S| features, as this would make it compatible with other decision trees and instance we have
constructed. Finally, let T* be the decision tree defined as

T* =T, U(T'NT),

and note that the union and intersection of decision trees can be computed in polynomial time through a standard
algorithm (see e.g., [25]).
Let us now define

= z~£(ry*) (T'NnT)(z) =1].

We now claim that the result of Compute-Minimal-SR(T*, x, §) is different from y* if and only if (T,y) is
a positive instance of SB-Check-SUB-SR. But before we can prove this, we need some intermediary tools and
claims that we develop next.

Let us start by distinguishing two kinds of leaves of T”. Let us say that the leaves of T’ introduced in step 1 of
the recursive procedure R are natural, while those introduced in step 3 are artificial. We denote by N the set of
natural leaves of T” and by A the set of artificial leaves of T’. Moreover, let N;, Ny represent the true and false
natural leaves, and define A;, Ar analogously. We also use Tl,z to denote the leaf where instance z ends when
evaluated over tree T’. With this notation, T’ (z) = 1 is equivalent to Tl/z € A; U N;. We now make the following
claims.

Claim 4.10. For every partial instance y'* C y*, it holds that

1
P [T’ EA T, e .?(] = P [T' EAr|T €A| = =
z~U(Il:/’*) lz 4 | lz Z~U(I;/’*) lz f | lz 2
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Claim 4.11. Given a partial instancey’ C y, we definey’™ as the partial instance of dimension 2n — |S| + m that
matches y’ on its defined features, and holds y'*[i] = y’*[i’] = L for every feature i such thaty’'[i] = L. Then it
holds that

Pr [T(z)=1] =

eEN;| T, € N] .
=~U(y") =~U(y /*>[ eI

Claim 4.12. By choosing m > max{2u(T,y) + 2n,9}, we have that

[(T' NT)(z) =1] >

N~

z~U(

Claim 4.13. For every partial instance y'* C y*, it holds that

pr |17, eq

T € ﬂ],
z~U(y'*) [ lz

Pr
z~U(y*)

Pr [ € N]
z~U(y*)

p [T’ EN]
Z~U(Il:/’*) lz

With these claims we can finally prove the reduction is correct. That is, we show that the result of the
procedure Compute-Minimal-SR(T*, x, §) is different from y* if and only if (T,y) is a positive instance of
SB-Check-SUB-SR.

(=) Assume the result of Compute-Minimal-SR(T*, x, §) is some partial instance y'* different from y*. Note
immediately that it is not possible that y* C y’* as by definition of §, we have that

Pr |T*(2)=1| > 6,
z~U(y*) [ ) ]
which would contradict the minimality of y’*. Let us first prove that y’* C y*. As a first step, we show that
y*[i] = y*[i’] = L for every i ¢ S. We do this by way of contradiction, assuming first that y*[i] = 0 or
y*[i’] =1 for some i ¢ S, and exposing how either case generates a contradiction.’

(1) If there is some feature i ¢ S such that y’™* [ i] = 0, let us define y to be equal to y’* except that y'[i] = L
This means that y' ¢ y’*. Moreover, let y be equal to y’™* except that yI [i] = 1. We now show that y' is
also a valid output of the computation problem, which contradicts the minimality of y’*. Indeed, given that
(Ty, N T1)(2z) = 0 for every instance z, it holds that

Pr [T*(z)=1]= Pr [Tyo(z) =1| + Pr [(T’ NT)(z) =1]
Z~U(y") =~U(y'
= Pr [T(2) =1] + Pr [(T’ NT)(z)=1],
z~U(y™)
and we can then observe that the events T’ (z) = 1 and Ty (z) = 1 are independent, thus implying that

Pr [(T'NnT)(z)=1] = Pr [T'(z)=1]- Pr |[Ti(z)=1].
) =~U(y") =~U(y")

z~U(
By construction of y', we also have that

Pr [Ti(z)=1]= Pr [Ti(z)=1].
z~U(y") z~U(y"™)

SRecall that x[i] = 0 and x[i'] = 1, s0 if y’*[i] # L or y’*[i’] # L, then y’*[i] =0 or y’*[iI’] =1as y’™* C x.
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Thus, it now suffices to show that

Pr [T'(z)=1]> Pr [T'(2)=1],
z~U(le) z~U(y™)

as this implies by definition of y’*, y and yI that

Pr [T'(z)=1]> Pr [T (2)=1],
z~U(y") z2~U(y™)

which in turn implies by the previous discussion that

* _ * —
zwg(ryw [T*(2) =1] > L [T*(2) =1] > &,

and leads to a contradiction.
In order to prove that PrZNU(ya—) [T"(z) = 1] > Prooyy=)[T'(2) = 1], we consider two cases, either
1

y*[i'l =1ory™*[i'] = L.
(a) fy’*[i’] = 1, then we have that

Pr [T'(z)=1]> Pr [T'(2)=1],
z~U(yI) z~U(y™)

as for every node u in T’ labeled with i, any completion z of y'* that goes through u is rejected by
construction (landing in an artificial false leaf), and for paths of T’ that do not go through a node labeled
u there is no difference between completions of y'* and those for yI.

(b) If y’*[i’] = L, then we have that for every node u in T” which corresponds to (u, L, R) according to the
recursive definition of a decision tree, and is labeled with i, the probability of acceptance of a random
completion z conditioned on its path going through u, which is denoted by z ~» u, is as follows:

1
Pr T'(z)=1|z~u]l==- Pr [L(z)=1]|zu],
Z~U(y,*)[ (2) | ] 5 Z~U(y,*)[ (2) | ]

while on the other hand we have

1 1
Pr [T'(z)=1|z~wu] = -+-- Pr [R(z2)=1]|z~u].
=~U(y) 22 )
By considering that
1 1
“> - Pt [L@=1]zwal,
2 2 z~U(y™)
we obtain
1
Pr [T'(z)=1|z~u] > = Pr [L(z)=1]|z~u],
z~U(le) 2 z~U(y™*)
from where

Pr [T'(z)=1|z~u]l > Pr [T'(z)=1|z~u].
z~U(y)) z~U(y™)
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Therefore, by noting that z ~» u; and z ~» u, are disjoint events if u;, u, are different nodes of 77 with
label i, and defining N(T’, i) as the set of nodes of T’ with label i, we have that

Pr [T'(@=11= Y Pr [T@=1lzwul- Pr_[zwu

=~U(y)) weN (1.0 U] =~U(y)
> Z Pr [T'(z)=1|z~u]- Pr [z u]
weN (i 20 z~U(y))

T'(z)=1|z~u]- Pr [z~wu
T'@ =1zl ozl

Il
7 M
N
b
=
e~
X

’
b 7@ =1
This concludes the proof of this case.
(2) It remains to analyze the case when y’*[i] = L and y’*[i’] = 1, which can be proved in the same way as
the previous case y'*[i] = 0 and y'*[i’] = L.

After this case analysis, we can safely assume that y’*[i] = y’*[i’] = L for every i ¢ S. We now show that
y'*[b;] = L for every j € {1,...,m}. To see this, consider that in general it could be that y’* forces a certain
number k of features b; to get value 0, meaning that there is a set K C {1,...,m} with |[K| = k such that
y*[b;] =0 for j € K. We argue that k = 0. Let us start by arguing that k < m — 2. Indeed, assume expecting a
contradiction that k > m — 2, then by definition

P Ti(z) =1] =0,
z~U(2,*)[ 1(z) = 1]
and thus
Pr |[T*(z)=1|= ©Pr |T,(z)=1],
A @ =1l=_ ., [T =1]
but

1
ZNEEZ,*) [TyO (Z) = 1] < 5’

as y’* cannot be a superset of y*, and thus at least one feature i of y* is undefined in y’*, and the event
z[i] = y*[i], which happens with probability %, is required for T, (z) = 1. But by definition of 8, if y'* is the
output of the computational problem, then its probability of acceptance is at least

B [T AT@E =1,

and this probability is greater than % (Claim 4.12), and thus we have a contradiction. We now safely assume
k < m — 2 and thus m — k > 2. Observe that as at least one component of y* is undefined in y'*, we have

m—k
Pr [Tyo(z)=1]<%'(l) ;

z~U(y'™*) 2
and thus
1 1 m—k
P T'NT =1]=26-=-|- ,
P [(T0T)@ =110 (2)
which, considering that
1 m—k 1 m—k
Pr [T(x)=1=1-|=| -m-k|=]
b m@=n=1-(5) - om-n 3]
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implies that

_1.(1ymk
Pr [T'(z)=1]> 6-3-(3)

y~U(z’*) 1- (%)mfk _ (m _ k) (%)mfk’

as T’(z) = 1 and T;(z) = 1 are independent events. We now show that the right side of the previous equation is
greater than §. Indeed, for ease of notation set r := (m — k + 1) and note that the right side can be rewritten as

S
)r—l

Now consider that as m — k > 2 we have that r > 3 and thus 2"~! > r, which implies r (%)r_1 < 1, and thus the

denominator of the previous equation is positive, implying that what we want to show is equivalent to

o)
ol )

but as by Claim 4.12 we have & > % and r > 3, the previous equation is trivially true. We have therefore showed
that

5 (
1—r(

N2l FCYTSN

which is in turn equivalent to

Pr [T'(2)=1] > 6.
z~U(y™)

Now let ¢® be the partial instance such that y®[i] = y’*[i] for every i € S, and is undefined in all other features.
Note that y® C y’™* and also y® C y*. If y® = y’*, then y’* C y* which is what we are hoping to prove. So we
now assume y° C y’* expecting a contradiction. Note that T’ does not use the b; features at all, and therefore
we have that

Pr [T'(z)=1]= Pr T (z) =1] > 6.
z~U(y9)[ (2) =1] z~U(y,*)[ (2) =1]

We use this to prove that y® would have been a valid outcome of the computing problem, thus contradicting the
minimality of y'*. Indeed,

P T*(z)=1|> P T'(z)=1]- P Ti(z) =1],
ZNU(rye)[ (z) =1] ZNU(rye)[ (2) ]ZNU(rye)M(Z) ]

and note that as

Pr [T'(2) =1] > 6,
ZNU(rye)[ (z)=1]>

it must be the case that

2n—|S|
P T'(z)=1] 26+ |- ,
Pk IT@=1] +(2)

as only 2n — |S| features appear as labels in 77 and, thus, the completion probability of any partial instance over

T’ must be an integer multiple of (%)anlsl. Now let us abbreviate 2n — |S| as £ and choose m > 2¢. We thus have
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that

Ve [T@=1]> P (T@ =1 Pr (Ti()= 1]

> (5+ (%)f) (1 —(m+1) (
e )
=5 5(20+1) (%) + (%)Z (20 +1) (%)35
el -l
|

ool fooeafi])

where the last parenthesis is positive for £ > 5, which can be assumed without loss of generality as 2n — |S| < 5
requires n < 5 (since |S| < n), and thus the original instance of the decision problem would have constant size.
We have thus concluded that

e [TT@ =12 B TN T)E) =112 5, (4.14)

thus showing that y® is a valid outcome for the computing problem, which contradicts the minimality of y'*
This in turn implies that y™* = y°, and thus subsequently that y’* C y*. Let us now show how by combining
Claims 4.10, 4.11 and 4.13, we can conclude the forward direction entirely. Indeed, note that the trivial equality

P T =1 = P T :1
P M@ == Pr [T()=1]

implies that

Pr [T'(z)=1] < Pr [T'(z)=1], (4.15)
z~U(y*) z~U(y"™)

as we already have proved that Pr,_y(y~) [(T’ N T)(z) = 1] > 6 by Equation 4.14 and the fact that y© = y'*,
and we have that § = Pr,.y(y«) [(T" N T1)(z) = 1]. We can now use Claims 4.10, 4.11 and 4.13 together
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with Equation 4.15 to conclude that

rgfy)[T(z) =1= z~£(1;/*)[Tl/z €N | Ti/z €N] (Claim 4.11)
z~§<ry*>[Tllz €Nl
LA e N
— zd{?(ry*)[Tllz € Nil Claim .19
) z~UIzl_;//*)[T,z e N] aim &.
. ZN&Q *)[T’(Z) =1- &ry*)[sz € A,
z~U}Z§'*>[T,Z <N
. zNg(fy*)[T'(Z) =1] - ZNEI;(ry*)[Tl’z €A | T, € Al .Z~IE])(I;/*)[T£Z € Al
) Z~UP(2 ,*)[sz eN]
~ ZNE?(ry*)[T,(z) =1- zwuﬁg,*)[sz € AT}, € Al g ,*)[sz € Al
= zwuﬁry/*)[Tl,z e N]

(Claims 4.10 and 4.13)
Pr [T'(z)=1]- Pr *)[Tl'z EANT,eAl- Pr [Tl,z € A]

z~U(y'™*) z~U(y’ z~U(y™) .
< E t 4.15
Pr_[T], €N (Equation 4.15)
z~U(y™)
P T'(z)=1]- P T €A
_ I P
- Pr [T/ eN
Z~U(Ig;’*)[ lz ]
/
z~UP(1;l'*) [le <Nl
= ’
z~U1)(2'*)[le <N
= P T _eN: |T_eN
z~U(1;/*)[ lz ¢ | lz ]
= Pr [T(z2)=1], (Claim 4.11)
z~U(y’)

where v’ is the partial instance of dimension n such that ¢’ [i] = y’*[i] for every i such that y'*[i] # L, and ¢’ is
undefined in all other features. By this definition, y’ C y as we had y’* C y* (because by assumption y'* # y*),
and thus we have effectively proved that the instance (T, z) is a positive instance of SB-Check-SUB-SR. This
concludes the proof of the forward direction.

(&) Assume the instance (T, y) is a positive instance of SB-Check-SUB-SR and, thus, there exists some y’ C y
such that

Z~£(ryl) [T(z)=1] > Z~Efy> [T(2) =1].

Define y’* of the dimension of T* based on y’ by setting y'*[i] = y’[i] for every i such that ¢'[i] # L, and leave
the rest of y’* undefined. Note that this definition immediately implies y’* € y*. By Claim 4.11 the previous
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equation implies that

Pr TIZENt |Tl’zeN]

[T €N | T e N|{,
z~U(y'™)

z~U(y*)

which implies in turn that
Pr [T/z A Pr [Tl’z € M

z~U(y™) z~U(y*)
T, e N Pr [T/, e N]’
Oy : z~U(ry*)[ =N
By Claim 4.13 the denominators of the previous inequality are equal and, thus,
pro |1 em|> P |1 e
=y LS T sy 12 5
from where
pro[ren|+ o [riea|s b [ em|+ |71, e A
ety L1 S T o L 57 z~U<ry*> ) I '
= T (z) =1].
e ( Y [T'(2) =1]
But combining Claims 4.10 and 4.13 we have that
pr |17 e = |7 e A,
z~U(y*) z Z~U(y’*)
which when combined with the previous equation gives us
Pr [T'(z)=1]> Pr [T'(2)=1],
ke [M@=1> k(7@ =1
and using again that
Ti(z) =1 P Ti(z) =1],
B [M@=1= P [L(2)=1]
we obtain that
(T'NT)(2) =1] > (T"NT)(2) =1] =
z~ U( ) y*)

Finally, by observing that

Pr [T*(z)=1] > Pr T'NT)(z)=1] = §
z~U(y’*)[ (z) =1] z~U(y’*)[( 1)(z) =1]

we have that y’* is a valid output for the computational problem, and given that it is a strict subset of y*, the
result of Compute-Minimal-SR(T*, x, §) cannot be equal to y*. This concludes the backward direction, and with
it the entire proof is complete. O

We now restate and prove each of the claims used in the preceding theorem.
Claim 4.9 (Restated). Decision tree Ty, implementing the function ¢, can be constructed in polynomial time.

Proor oF CLAIM 4.9. This proof can be easily done by a direct construction. Indeed, consider the following

Boolean formulas:
n

[l xn) = in > 2,

i=1

n n
glxy, ..., xp) = in >1= \/xl-.
i=1 i=1
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f(xl, e ,.X'4)

false

0 1

false true false true false true

Fig. 9. lllustation of Tj following the construction for Claim 4.9.

We then note that
flen . oxn) = [0 A fQxn o Xnm )]V [x0 A g, Xnm1)]

and thus we can build a decision tree for f recursively as illustrated in Figure 9. Note that g(x;, ..., x,) can be
trivially implemented by a decision tree of size O(n). Thus, the recursive equation characterizing the size a(n) of
a decision tree for f(xi,...,x,) according to our construction is simply a(n) = 1+ a(n — 1) + O(n), from where

we get a(n) € O(n?), thus concluding the proof of the claim.
m]

Claim 4.10 (Restated). For every partial instance y'* C y*, it holds that

’ ’ ’ ’ 1
[Meant.ea) = o [meaim,eq| =

Pr
z~U(y'™*) z~U(y'™)

Proor oF CLamM 4.10. Observe that every leaf £ € A has a parent node v in T’ labeled with some feature i’
whose parent node u in T’ is labeled with feature i. Let G(£) = u be said the grandparent of £, and assume that
G~ Y(u) = {¢ | G(¢) = u}. With this notation, we can split the set A as follows:

A = U m.i6(n.) =4},
node u with label i¢S

where the union is actually disjoint. Thus, we have for every partial instance y'* C y*:
p [T’ €A T, € ﬂ]
Sy 11z €A Tz

- p [T’ cANT. e ANG ] p [T’ cANG () |T. cAl. (416
n;u ety [Tz €A T @] Fr. [T @17 (4.16)
with label i¢S

Observe that
1
p [T’e T eANG! ]:-,
b e T eAncTw] =
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since the event is equivalent to z[i] = 1,z[i’] = 0, and this is equally likely to the complement event z[i] =
0,z[i’] = 1, given that y'*[i] = y’*[i’] = L. Therefore,

1
[T c A |T’eﬂ]: > . opr [T’ eﬂmG—I(uHT'e:ﬂ]
~ % lz t % lz lz
z U(y ) node u with label i¢S 2 z€0(y™)
1
- Pr [T’ cANG () | T! eﬂ]
rx lz z
2 node u with label i¢SZEU(y )
= E O

Claim 4.11 (Restated). Given a partial instancey’ C y, we definey’™ as the partial instance of dimension 2n—|S|+m
that matches y’ on its defined features, and holds y'*[i] = y'*[i’] = L for every feature i such thaty’[i] = L. Then
it holds that

Pr [T(z)=1] =

eEN:|T . € N] .
~U(y) Uy /*)[ 1T

Proor oF CLAIM 4.11. Given that the resulting leaf is natural, for every node u of T” such that u is labeled with
feature i ¢ S, the tuple (u, L, R) was considered when constructing T” and the path of w in T’ goes through u,
it must be the case that z[i] = z[i’] = 0 or z[i] = z[i’] = 1, as otherwise Tl’z € A. But these two alternatives

are equally likely by definition of T’. Thus, by using a simple induction argument, for every leaf ¢ of T with a
corresponding natural leaf ¢’ of T’, it holds that

[T.=¢] = ¢|T, eN|,

|1t =
z~U<y'> z~ U(y'*) z

from where the claim immediately follows. ]

Claim 4.12 (Restated). By choosing m > max{2u(T,y) + 2n,9}, we have that

Rk [Tam@ =1 > >

Proor or CLAaIM 4.12. First, consider that for T; we have
1\" 1\" 1\"
Pr [Ti(z) =1] =1—(—) —m(—) :1—(m+1)(—) ,

z~U(y*) 2

while on the other hand

Pr [T'(z) =1]

7. e?{t] Pr [T}, € Ni]

z~U(y*) Z~U(y ) z~U(y*)
= P T €A |T_eA]- P T €A
ZNU(I;’*)[ lz t | z ] (r *)[ lz ]
+ P T e N, T eN P T eN
Z~U(ry*)[ a2 I z~U(ry*)[ iz |

1
S.p cA Pr [T.eN,|T.eN]- Pr [T.eN],
2 z~U<ry*>[lZ I+ z~U<ry*>[l" At ]z~U<ry*>[lZ ]
1n
()
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By Claim 4.11, this is the same as showing that
1 (1)"
P T =1] =2 = +1(-=] ,
b T@ =1 > (2)

which is guaranteed by the definition of the SB-Check-SUB-SR problem, as we know that
1
P T =1] > -,
L T =11 > 2

and also that Pr,.y(y) [T(2) = 1] must be of the form (2%) with k € N, given that n is the dimension of T.

Now, consider that

u(T.y)
Pr [T{ € =1-|= .
g 1= €A (2)

Notice that this holds because T is strongly-balanced, so falling into a natural leaf in T’ requires going through
u(T,y) layers without choosing an artificial leaf, which happens with probability % at each layer. Thus, we have

that
u(T.y) n u(T.y)
1 1 1 1 1
ST =1 _(1_(_) )+(_+(_) ) (_)
z~U(y*) 2 2 2 2 2

1 1 n+u(T,y)
= —+|- .

Moreover, given that T’ and T; impose restrictions over disjoint sets of features, we have that

M@ =11TE=1] = P [T'(z)=1].

Vv

Putting together all the previous results, we obtain that
(T'"NT)(z)=1]=_ Pr [T'(z)=1]|Ti(2z) =1]
~U(y*)

Pr [T'(z)=1]- Pr [Ti(z)=1
R [M@=1_ P (1@ =1)

e b

1 1 m+1 1 n+u(T,y) 1 m+n+u(T,y)
:5—(m+1)(5) +(5) —(m+1)(§)

1 1 m 1 n+u(T,y)
(1) ()
2 2

1 ( 1 )m—[log(m+l)] ( 1 )n+u(T,y)
>-—|= += .

z

Pr . [Ti(z) = 1]

Pr .
z~U(y*) z~U(y

A\

N

2 2 2
But we are assuming m > max{2n + 2u(T, y), 9}, which implies that m > 2n + 2u(T, y). Hence, we have that
m— [log(m+1)] > n+u(T,y),

asm — [log(m+1)] > % since m > 9. We conclude that

1 1 m—[log(m+1)] 1 n+u(T,y) 1
R

s

2 2
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from which the claim follows. O

Claim 4.13 (Restated). For every partial instance y’* C y*, it holds that

p [T’ c ﬂ] = P [T’ c ﬂ],
2~U(I!;/*) lz Z~U(ry*) lz

P [T’ c N] = pr [T’ c N].
UGy |12 Uy L2

Proor oF Craim 4.13. We only need to prove that

Pr [T|_eA] = Pr [T/ €Al
cdm Tz €A = By e & A
As shown in the proof of Claim 4.12, this follows from the strongly-balanced property of T. O

5 Proofs of Non-approximability Results

Both Theorem 3.4 and Theorem 3.5 (whose statements we will recall shortly) are consequences of the hardness of
a related problem: we are given a decision tree T, and we are allowed to fix an arbitrary subset of the variables to
1. Our goal is to maximize the probability that T outputs 1 under this fixation. Note that fixing to 0 is not allowed,
otherwise, we could just find an arbitrary input on which T is 1 (unless T is always 0) and fix all the variables
according to this input. If T is equal to 1 on the input of all 1s, the optimal solution is fixing all variables to 1, but
of course this will not happen in hard instances. For this problem, we obtain the following hardness result for its
promise version.

THEOREM 5.1. Unless QP = NP, for every k > 0 there exists no polynomial-time algorithm that, given a decision
tree T over n variables, distinguishes between the following two cases:

o there exists a partial instancey € {1, L}" such thatPr,[T(z) =1 | z € Comp(y)] > 1 —k;
o there exists no partial instancey € {1, L}" such thatPr,[T(z) = 1| z € Comp(y)] > k.

We first derive Theorem 3.4 and Theorem 3.5 from this result, and then we prove it separately.

THEOREM 3.4 (RESTATED). Assuming that NP ¢ QP, for every ¢ > 0 there is no polynomial-time algorithm that,
given a decision tree T of dimension n and an input x € {0, 1}", distinguishes between the following two cases:

o there exists an (1 — ¢)-sufficient reason y for x under T with |y|, > n —n®.
o there exists no e-sufficient reason y for x under T with |y|, > n®.

ProoF oF THEOREM 3.4. For every ¢ > 0, we provide a polynomial-time reduction from the problem from
Theorem 5.1 with k = ¢/2 to the problem from Theorem 3.4 with parameter ¢. Let A be any positive integer
integer larger than 1/¢. Define m = (n + 2A)2. Given a decision tree T over n variables, consider a decision tree
T, over n + m variables, defined as follows:

Ti(x1,. s Xnem) = T(x1,..0,%0) V (Xne1 AXpso A voo A Xpgm).

Note that T; can be constructed in polynomial time from T (to every leaf of T that outputs 0 attach a tree
computing the conjunction x,4+1 A Xp42 A ... A Xp+m). Let ek denote a Boolean vector of dimension k where all
coordinates are 1s. It remains to establish two claims.
o If there exists a partial instance y € {1, L}" such that Pr,[T(z) =1 | z € Comp(y)] > 1 — k, then there
exists a (1 — ¢)-sufficient reason y; for e™*™ under T such that |y;|, > (n+m) — (n+ m)*.
o If there exists no partial instance y € {1, L}" such that Pr,[T(z) =1 | z € Comp(y)] > k, then there exists
no e-sufficient reason y; for e"*™ under Ty such that |y;|, > (n+ m)®.
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Let us start with the first claim. First, note that T (e™™) = 1. Let y, be simply an extension of y to the variables
Xn+1s - - - » Xn+m DY letting them be undefined. Thus,

il zm=(n+m) —n=(n+m) -0/ 2 (n+m) - (n+m)*

where the last inequality is because m = (n+ 2A)® > n'/¢_It remains to show that y; is a (1 — ¢)-sufficient reason
for ™ under T;. This is because by sampling a random completion of y; just in variables x1, . . ., x,, we already
make T to be equal to 1 with probability 1 —x =1—¢/2 > 1 — ¢. But if T is equal to 1, then Tj is also equal to 1.

Now, let us show the second claim. Assume that y; is an e-sufficient reason for "™ under Ty. Our goal is to
show that |y;|, < (n+ m)®. Consider a uniformly random completion z of y;. On one hand, z makes T; equal
to 1 with probability at least ¢. On the other hand, variables that are defined in y; are all equal to 1 (asy; is a
sufficient reason for the input of all 1s), meaning that z makes T equal to 1 with probability less than k = ¢/2.
Hence, a uniformly random completion of y; makes the conjuction x,4+1 A xp42 A ... A Xpim true with probability
larger than ¢/2. On the other hand, the probability of making this conjunction true is 2 to the power of (minus
the number of variables among xy41, . . ., Xp+m that are undefined in y;). The number of such variables is at least
|y1]|.L — n, which gives us:

e/2 < 2"—|y1|;’

from where we get an upper bound on [y],:
ly1l. < n+log,(2/e) < n+log,(2A) < n+2A = m'/? < (n+m)-.
This finishes the proof. o

THEOREM 3.5 (RESTATED). Assuming thatNP & QP, forevery e € (0, 1), there exists no polynomial-time algorithm
that, given a decision tree T of dimension n and an input x € {0,1}", distinguishes between the following two cases:

o the only (1/2 + ¢)-sufficient reason for x under T is x itself.
o there exists a (1 — ¢)-sufficient reason for x under T other than x.

ProoF oF THEOREM 3.5. Given ¢ > 0, we establish a polynomial-time reduction from the problem given in
Theorem 5.1 with k = ¢ to the problem from Theorem 3.5 with parameter ¢. Suppose we are given a decision tree
T of dimension n, and we want to distinguish the case when there exists a fixation of some variables to 1s under
which the probability of having 1 in the output of T is at least 1 — ¢, from the case when all such fixations give
probability less than e. First, we check if T(1,...,1) = 1, and if so, we do not need any reduction. From now on,
assume that T(1,...,1) = 0. We define a tree

Ti(xt,..,%0) =T(x1, .., x0) V(X1 AXa Ao A Xp)

and we consider the input e” = (1,...,1) to it, on which T; is equal to 1 because of the conjunction. If we can fix
some variables to 1s such that T is equal to 1 with probability at least 1 — ¢, then this fixation is a (1 — ¢)-sufficient
reason for x under Tj, just because T; is 1 whenever T is. This sufficient reason cannot be e” itself because T is 0
on the input of all 1s. Now, assume that under any fixation of some variables to 1s, the probability that T is equal
to 1 is lower than ¢. Then for any fixation where at least one variable is not fixed, the probability of T; to be equal
to 1is lower than 1/2 + ¢, because the conjunction (x; A x2 A ... xy) is equal to 1 with probability at most 1/2
then. This conludes the proof as then there is no (1/2 + ¢)-sufficient reason for e” under T; other than e”. O

Proor oF THEOREM 5.1. To simplify the presentation, within this proof we employ the following notation:
T(y) = Pr.[T(z) = 1| z € Com(y)]
for a decision tree T of dimension n and for a partial instance y € {1, L}".

We use a standard probability concentration inequality due to Hoeffding [26].
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Proposition 5.2. Let us assume that X1, X, ..., X, are independent Bernoulli random variables. Denote S,, =
X1+ ...+ X,. Then for every § > 0 we have:
S ES
Pr|{— > —" +8| < exp{-28°n}.
n

We reduce from the I-in-k exact hitting set problem (1-in-EKHS) problem. It is a version of the SAT problem
where each clause contains exactly k variables (without negations) and a clause is satisfied if and only if there is
exactly one variable in it which is set to 1. We use the following result of Guruswami and Trevisan [27, Lemma
13]:

THEOREM 5.3. For everyd > 0 there exists k such that it is NP-hard to distinguish satisfiable instances of 1-in-EkHS
from instances of 1-in-EkHS for which it is impossible to satisfy more than a fraction (1/e + 8) of clauses.

We fix any k such that it is NP-hard to distinguish satisfiable instances of 1-in-EKHS from instances of 1-in-EXHS
for which it is impossible to satisfy more than a fraction 1/2 of clauses. Now, fix ¥ > 0. To establish Theorem 5.1,
we take any instance ¢ of 1-in-EkHS with n variables and m clauses and in quasi-polynomial time construct a
decision tree T over N variables such that

e if ¢ is satisfiable, then there exists y € {1, L}V such that T(y) > 1 - «;
o if it is impossible to satisfy more than a fraction 1/2 of clauses of ¢, then there exists no y € {1, L}N such
that T(y) > k.

Let [ be the smallest integral number such that m < 2%/. Note that [ = ©(log m). The most technical part of the
proof is to construct in polynomial time an O(log m)-depth decision tree L over n + 2I + 2 variables such that for
some absolute constant ¢ > 0 we have:

e if ¢ is satisfiable, then there exists y € {1, L}"*?/*? such that L(y) > 7/8;
e if it is impossible to satisfy more than a fraction 1/2 of clauses of ¢, then there for every y € {1, L}"?/+?

we have L(y) < 7/8 — 8, where § = 1nc_(m)’

We first describe how to “increase the gap” from (7/8 — & vs. 7/8) to (k vs. 1 — k). The construction of L is given
afterwards.

Finishing the proof modulo the construction of L. We define a decision tree T as
_ 2In(2/x)
=—%
“independent copies” of L. More specifically, we let T be over N = K(n + 2 + 2) variables. First, T runs L on the
first n + 21 + 2 variables, then on the second n + 2/ + 2 variables, and so on (in total, K runs). In the end, it outputs
1 if and only if for at least a fraction 7/8 — §/2 of runs the output of L was 1.

Assume first that ¢ is satisfiable. Then, by definition of L, there exists y € {1, L}"*?*! such that L(y) > 7/8.
Repeat it K times to obtain a partial input Y € {1, L}V for T. We claim that T(Y) > 1 — k. Indeed, a random
completion of Y can be generated as K independent samples of a random completion of y. The tree T outputs
1 if and only if L outputs 1 for at least a fraction 7/8 — §/2 of the samples. On the other hand, the probability
that L outputs 1 on one of the samples is L(y) > 7/8. Hence, the average fraction of samples on which L
outputs 1 is at least 7/8. By Hoeffding’s inequality (Proposition 5.2), the probability that T outputs 1 is at least
1-exp{-2(6/2)2 K} =1-xk/2>1-x.

Now, assume that it is impossible to satisfy more than a fraction 1/2 of clauses of ¢. Then L(y) < 7/8 — § for all
y € {1, L}"?1*2 We claim that T(Y) < k for every Y € {1, L}N. Let y; be a restriction of Y to the first n + 2 + 2
variables, y; be a restriction of Y to the second n + 2I + 2 variables, and so on. Generating a random completion
of Y is the same as independently sampling random completions of y1,¥ys, .. .,yx. For each i € {1,...,K}, the

K = O(logm)
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probability that L outputs 1 on a random completion of y; is L(y;) < 7/8 — §. Hence, the average fraction of
i € {1,...,K} such that L outputs 1 on a random completion of y; is at most 7/8 — . In turn, T(Y) is the probability
that the fraction of i € {1,...,K} such that L outputs 1 on a random completion of y; is at least 7/8. Hence, by
Hoeffding’s inequality, T(Y) is bounded by exp{-2(8/2)? - K} = /2 < k.

The depth of T is (depth of L) x K = O(log? m). Hence, the size of T is quasi-polynomial. The time to construct
T from L is also quasi-polynomial because it is polynomial in the size of T.

Construction of L. Let xy, . . ., x,, denote variables of ¢. The variables of L will be denoted by x1, ..., Xn, Y1, . - ., Y2141, 2-

First, L asks the values of yy, . . ., 42741 Now, we will call a binary word “fat” if it has more 1s than 0s, and “‘thin”
otherwise. If y; . .. Y2741 is thin, L outputs 1. To describe what L does when y; . .. k41 is fat, we first notice that
in {0, 1}%5*1 exactly half of the words are fat and exactly half are thin. In particular, the number of fat words is
2%, We fix any surjective mapping from the set of fat words in {0, 1}?*! to the set of clauses of ¢. Such mapping
exists because m < 2%/ by our choice of I.

So, when y; . .. yzy41 is fat, L takes the clause C, assigned to y; . .. y2;4+1, and runs a decision tree L¢, defined as

follows. If C is over variables x;,, ..., x;,, then L¢ is over x;,, .. ., x;, and z. The tree L¢ asks the values of all its
variables. It outputs 1 if and only if either there is exactly one 0 among x;,,...,x;, or (x;; = ... = x; = 1 and
z=0).

The depth of Lis 2l + 1+ k + 1 = O(I) = O(log m), and it can be constructed from ¢ in polynomial time.

Consider any partial input p to L¢ in which no coordinate is equal to 0 (i.e, we can only have variables that
are fixed to 1 and undefined variables). We call p good for C if z is undefined in p and there is also exactly one
undefined variable among x;,, . .., x;, in p. Otherwise, we call p bad for C.

Lemma 5.4. If p is good for C, we have Lc(p) = 3/4, and if p is bad for C, Lc(p) < 5/8.

PrOOF OF LEMMA 5.4. Assume first that p is good for C. Let x;, be a variable among x;,, ..., x; which is
undefined in p. Consider a random completion of p. If x;, is 0 in this completion, then there is exactly one 0
among X;,, . . ., Xj,, and hence L¢ outputs 1. If x; . is 1, Lc outputs 1 with probability 1/2, depending on whether
z = 0. Overall, we get Le(p) = (1/2) - 1+ (1/2) - (1/2) = 3/4.

Now, consider the case when p is bad for C. Assume first that there are t > 2 undefined variables among
Xi,, - . .» X, in p. Consider a random completion of p. By definition, Lc outputs 1 on it only in the following two
cases:

(a) There is exactly 1 undefined variable among x;,, . . ., x;, which is equal to 0 in our random completion;

(b) all undefined variables among x;,, . .., x;, are equal to 1 and z = 0 in our random completion.

The probability of (a) is t27. The probability of (b) is 27/~! if z is undefined and 0 otherwise. Overall, we get
Le(p) < t27' + 27171 This expression decreases in ¢, and for ¢ = 2 it is equal to 5/8.

Now, assume that the number of undefined variables among x;,, ..., x;, is at most 1. If it is 1, then z has to
be fixed to 1 in p (otherwise, p is good for C). Then L¢ can only output 1 if the unique undefined variable
among X;,, . .., X, is 0, and this happens with probability 1/2 in a random completion of p. That is, in this case,
Lo(p) = 1/2. Now, if all variables x;, . . ., x;, are fixed to 1s in p, then Lc outputs 1 only if z = 0. This either has
probability 1/2 (if z is undefined) or 0 (if z is fixed to 1). Hence, in this case, Lc(p) < 1/2. m|

Assume first that ¢ is satisfiable. Fix any satisfying assignment « to ¢. We construct a partial input p €
{1, L}"*2*2 to L such that L(p) = 7/8. We define p on xi, . . ., x, as follows:

xi=0ineg = x;=1inp (5.5)
xi=1lina = x;=Linp (5.6)
Variables y, . . ., Y141, 2 are undefined in p. Since « is a satisfying assignment to ¢, for every clause C there

is exactly one variable in C which is undefined in p. This means that the restriction of p to variables of L is
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good in the sense of Lemma 5.4, for every clause of C. Thus, conditioned on the event that y; ... yo is fat, L
outputs 1 with probability 3/4 on a random completion of p. Now, variables yi, ..., s+ are undefined in p,
which means that they are all sampled independently uniformly at random in our completion. The probability of
the event “y; ... yy4 is fat” is 1/2, which contributes (1/2) - (3/4) = 3/8 to L(p). In turn, conditioned on the
event “y; ...y is thin” (which also happens with probability 1/2), our tree always outputs 1. Overall, we get
L(p)=3/8+1/2=17/8.

We now show that if it is impossible to satisfy more than a half of clauses of ¢, then for every p € {1,
we have L(p) < 7/8 — §, where = ¢/+/In(m) and ¢ > 0 is some absolute constant. Again, we do so by taking a
random completion of p and showing that the probability that L outputs 1 on it is at most 7/8 — §.

Assume first that yy, . . ., Y2741 are all undefined in p. We turn p into an assignment « to ¢ by reversing (5.5-5.6):

J_}n+zl+2

xi=linp = x;=0ina

xi=linp = x;=1in«a

Observe that if & does not satisfy a clause C, then the restriction of p to variables of L is bad for C in the sense
of Lemma 5.4. Now, the number of unsatisfied clauses is at least m/2. Each of these clauses is assigned to some fat
Yy ... Ya141- That is, for at least m/2 fat y; . .. yox41, the probability that L outputs 1 (conditioned on this fixation
of Y1 ... Yax+1) is at most 5/8. For any other fat y; . .. yar41, this conditional probability is at most 3/4. Overall, the
contribution of fat y; ... yor4+1 to L(p) does not exceed

m/2 22 —m/

(5/8) + 2. (3/9),

221+1 221+1
and the contribution of thin y; . .. yor+1 to L(p) is, as before, 1/2. Overall, we get

m
220+5

1
m/2 - (5/8) + ¥ -mfa (3/4) + 1/2 = 7/8 -

L(p) <

221+1 221+1

It remains to recall that [ was chosen as the smallest integral number such that m < 22/, This means that
m > 220=1) This gives us L(p) < 7/8 — 1/128 < 7/8 — §.

It remains to consider the case when in p at least one variable among v, . . ., ypi41 is fixed to 1. As before, the
probability that L outputs 1, conditioned on the event “yy, . . ., yars is fat”, is at most 3/4. And this probability is
1 conditioned on the event “yy, ..., yox41 is thin”. Now, however, since at least one variable among vy, . . ., Yar41
is fixed to 1, the probability to be thin is slightly less than 1/2, which makes L(p) slightly less than 7/8. More
specifically,

L(p) < Prly:i...ys1 is thin] + (3/4) Prly; . .. yz4 is fat]
1—(1/4)Prly; ... you41 is fat],

where yi, ...,y are chosen from a random completion of p. That is, now our goal is to lower bound
Pr[y; ...y is fat], assuming that at least one of yy,. .., yz is fixed to 1, and the rest of them are chosen
independently uniformly at random. The more variables we fix to 1, the larger becomes Pr[y; ... yz41 is fat].
Hence, without loss of generality we may assume that exactly one variable is fixed to 1, say, yz;41- Then y; . .. y2141
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is fat if and only if there are at least [ ones among yy, . . ., Y. In conclusion, we get
. G+ -+ () + ()
Prly; ... ya41 is fat] > 2 22/” :
(e, ), ()
= 221
G)+-+G) () _1
- 2. 921 +2.zzl:E+Q(l/\ﬁ)
1
=3 +Q(1/Vlnm).
From this, we get L(p) < 1—(1/4) - (1/2+ Q(1/VIlnm)) =7/8 — Q(1/VIn m), as required. O

6 Proofs of the Tractability Results

We now restate and proof our main positive results.

THEOREM 3.6 (RESTATED). Both problems Compute-Minimum-SR and Compute-Minimal-SR can be solved in
polynomial time for decision trees with split number at most c, where ¢ > 1 is any fixed integer.

Proor oF THEOREM 3.6. It suffices to provide a polynomial time algorithm for Compute-Minimum-SR. (The
same algorithm works for Compute-Minimal-SR as a minimum §-SR is in particular minimal.) In turn, using
standard arguments, it is enough to provide a polynomial time algorithm for the following decision problem
Check-Minimum-SR: Given a tuple (T, y, d, k), where T is a decision tree of dimension n, y € {0,1, L}" is a
partial instance, § € (0,1], and k > 0 is an integer, decide whether there is a partial instance ¢y’ C y such that
n—ly’|. < k (i.e, y has at most k defined components) and

Pr.[T(z) = 1|z € Come(y’)] > 6.

To solve Check-Minimum-SR over an instance (T,y, d, k), where T has split number at most ¢, we apply
dynamic programming over T in a bottom-up manner. Let Z C {1,..., n} be the set of features defined in y, that
is, features i with y[i] # L. Those are the features we could eventually remove when looking for y’. For each
node u in T, we solve a polynomial number of subproblems over the subtree T;,. We define

Int(w) = F (Ni) nF (NJ) nz New (1) := (? (N,f) \ lnt(u)) nz.

In other words, Int(u) are the features appearing both inside and outside T,,, while New(u) are the features only
inside Ty, that is, the new features introduced below u. Both sets are restricted to Z as features not in Z play no
role in the process.

Each particular subproblem is indexed by a possible size s € {0,...,k} and a possible set J C Int(u) with
|J| < s, and the goal is to compute the quantity:

Pusy = max Pr.[T.(z)=1]|z¢€ COMP(y/)]s
Yy’ € Cusy

where C, 5 ; is the space of partial instances y’ C y with n — |[y’|, < s and such that y'[i] = y[i] fori € J and
y'[i] = L fori € Int(u) \ J. In other words, the set J fixes the behavior on Int(u) (keep features in J, remove
features in Int(u) \ J) and hence the maximization occurs over choices on the set New(u) (which features are kept
and which features are removed). The key idea is that p,, 5y can be computed inductively using the information
already computed for the children u; and u; of u. Intuitively, this holds since the common features between T,
and T,,, are at most ¢, which is a fixed constant, and hence we can efficiently synchronize the information stored
for u; and uy. Finally, to solve the instance (T, y, §, k) we simply check whether p, ¢ > 8, for the root r of T.
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Formally, let us define for a set H C Z, the partial instance ygy € {0, 1, L}" such that yg[i] = y[i] for every
i € H,and yy[i] = L for every i ¢ H. In particular, yg C y. Then we can write p, s as
Pusy = max )PrZ[Tu(z) =1|z € Comp(y ux)].

KCNew(u
IKl<s=|J]

Let u; and u, be the children of u. We have that New(u) is the disjoint union of:

New(u) = New(u1) U New(uz) U Sync(u),

where Sync(u) := New(u) N (7: (N,i) nNF (Niz)) In other words, the features in Sync(u) are the features that

are in both T,,, and T,,, but not outside T;,. We conclude by explaining the computation of p,, s ;. We consider the
following cases:

(1) The feature i labeling u is in J. This means we have to keep feature i. If y[i] = 0, then to compute p,, s ; we
can simply look at u; (the left child). Note that Int(u;) is the disjoint union of Int(u;) N Int(u) and Sync(u).
Then

pu,s,] = pul,s,(lnt(ul)ﬁ])U]'~

max
J'CSync(u)

1J/1<s=Int(u)NJ|
This computation can be done in polynomial time as Sync(u) < ¢ and then there are a constant number of
possible J* € Sync(u). The case when y[i] = 1 is analogous, taking u, instead of u;.

(2) The feature i labeling u is either outside Z or belongs to Int(u) \ J. This means feature i is undefined. Again,
we have that Int(u,) is the disjoint union of Int(u;) N Int(u) and Sync(u). Similarly, Int(u;) is the disjoint
union of Int(uy) N Int(u) and Sync(u). Then

1 1
Pusy =  mMax max E * Puysi,(Int(u)njyuy + E " Puy,sy,(Int(u2)NJ)UJ -

J' SSync(u) 0<51,52<$
|71<s=1J| sitse<s—|JI-1J'|
Again, this can be done in polynomial time as Sync(u) < c.

(3) Finally, the remaining case is that the feature i labeling u is in New(u). In that case we have the two
possibilities: either we keep feature i or we remove it. If s — | J| = 0, then the only possible choice is to
remove the feature i, and hence p, 5 ; is computed exactly as in case (2). If s — |J| > 0. Then we take the
maximum between the cases when we keep feature i and the case when we remove feature i. For the latter,
Pu,s,y is computed exactly as in case (2). For the former, we compute p, 5 ; in a similar way as in case (1).
More precisely, if y[i] = 0, then:

Pusj = Puys—1,(Int(u)NJ)UJ’ -

max
J'CSync(u)

[T 1<s=1=]Int(u1)NJ]

The case y[i] = 1 is analogous.

This finishes the proof of the theorem. ]

THEOREM 3.7 (RESTATED). Let € be a class of monotone Boolean models such that €-#Positive-Completions can
be solved in polynomial time. Then the problem Compute-Minimal-SR can be solved in polynomial time over €.

Proor oF THEOREM 3.7. Let us first introduce some notation. For any partial instance y of dimension n and
integer i € {1,...,n}, if y[i] # L then we use y \ {i} to denote the partial instance y’ that is exactly equal to
y except for y’[i] = L. Now, to prove Theorem 3.7, we will use the following lemma, which is a probabilistic
counterpart to Proposition 2.2.
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Lemma 6.1. Let € be a class of monotone models, M € & a model of dimension n, and x € {0,1}" an instance.
Consider any § € (0,1]. Then ify C x is a 5-SR for x under M which is not minimal, then there is a partial instance
y\ {i}, for somei € {1,...,n}, that is also a §-SR for x under M.

After proving Lemma 6.1, we can easily prove Theorem 3.7. Indeed, it suffices to make a slight modification
to Algorithm 2: instead of “CheckSufficientReason(T, ¢, x)”, we need to “CheckProbSufficientReason(T, g, x, §)”,
which is easy since computing the probability associated to a partial instance can be done in polynomial time [12].6
Therefore, one can compute in polynomial time a minimal §-SR for x under M. This finishes the proof of Theorem
3.7. |

We now prove Lemma 6.1, the key for Theorem 3.7.

PRrROOF OF LEMMA 6.1. Note that, if M(x) = 1 then we can safely assume that for every i where y[i] # L it
holds that y[i] = 1, as otherwise if y[i*] = 0 for some i*, then the lemma trivially holds by setting ¢y’ =y \ {i*}
because of monotonicity. Similarly, if M(x) = 0 then we can safely assume that for every i where y[i] # L it
holds that y[i] = 0.

As by hypothesis y is not minimal, there exists a 6-SR y* ¢ y that minimizes |y*|,. We prove that |y*|, =
ly|. + 1, from where the lemma immediately follows.

Assume for the sake of a contradiction that [y*|, > |y|, + 1. Then, there must exist a feature i* that y*[i*] =
1 # y[i*], and such that y* U {i*} # y, where y* U {i*} is defined as
y[i*]  ifi=i*

y*[i*] otherwise.

(y*u{i*Hli] = {

Similarly, we denote y* U (i* — «), with @ € {0, 1}, the partial instance defined as

ifi=i*

otherwise.

*uU (it — i1=4
(y" U ( a))[i] {y*m

We now claim that y* U{i*} is also a §-SR for x under M, which contradicts the minimality of y*, as [y* U{i*}|, <
|y*|. Let us denote by C(M, y) the number of completions z € Comp(y) such that M(z) = 1. Now there are two
cases, if M(x) =1 then

CM,y*) = C(M,y* U (i* = 0)) + C(M,y* U (i* — 1))
< 20(M,y* U (i* — 1)),
where the inequality holds because of monotonicity. This implies that

CMY*U(*—=1)  CMy* UGt =1)  C(My*)
PTRGEDIN - Iy li-1 Z 5 oyl

s

which implies that y* U (i* — 1) is also a 6-SR (note that y* U (i* — 1) = y* U {i*} because of the initial
observation), contradicting the minimality of y*. Similarly, if M(x) = 0, then

C(M.y*) = CM.y* U (" — 0)) + C(M.y* U (i* > 1))
> 2C(M,y* U (i* — 0)),

SThis can be easily seen by observing that with dynamic programming we can easily count the number of “completions” of a partial instance
with a given classification [9].
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from where
2|Z'),*u(i*—>o)|i _ C(M, y* U (i* N 0)) ~ 2|y*|L_1 _ C(M, y* U (i* — 0))

2ly*u(i*—0) |, - 2ly*|i-1
_ My
2. oly*li-1 7

=z )

thus implying that y* U (i* — 0) is also a §-SR for x under M, which again contradicts the minimality of y*. O

7 Final Remarks and Open Problems

We have settled the complexity of two open problems in formal XAlI, proving that both minimal and minimum
size probabilistic explanations can be hard to compute, and even approximate, for decision trees. These results
further support the idea that decision trees may not always be interpretable [9, 14, 28, 19], while being the first
results to do so even in a probabilistic setting. Our study has focused on Boolean models, and moreover it is
based on the assumption that features are independent and identically distributed, with probability 1/2. Naturally,
our hardness results in this restricted setting imply hardness in more general settings, but we leave as future
work the study of tractable cases (e.g., bounded split-number trees, monotone classes that allow counting) under
general, potentially correlated, distributions.

The results proven in this paper suggest that minimal (or minimum) explanations might be hard to obtain
in practice even for decision trees, especially in problems where the feature space has large dimension. A way
to circumvent the limitations proven in our work is to relax the guarantee of minimality, or introduce some
probability of error, as done in the work of [18]. More recently, the concept of (8, £)-sufficient reasons has
been proposed [29], but such a relaxation will generally not be helpful for tractability over decision trees given
the inapproximability results from Theorems 3.4 and 3.5 A promising direction of future research is to better
understand the kind of guarantees and settings in which is still possible to obtain tractability.

Finally, our work leaves open some interesting technical questions:

(1) What is the parameterized complexity of computing minimum §-SRs over decision trees, assuming that the
parameter is the size of the explanation one is looking for? It is not hard to see that W[2] hardness follows
from our proofs (i.e., they are parameterized reductions all the way to Set Cover), but membership in any
class is fully open. Parameterized complexity might be of particular interest for this class of problems as
explanations might reasonably be expected to be very small in practice.

(2) Does Theorem 3.1 continue to hold for monotone decision trees? That is, is it the case that computing
minimum J-SRs over monotone decision trees is hard for every fixed § € (0,1]?

(3) Is it the case that the hardness of computation for minimal sufficient reasons holds for a fixed § € (0,1]? If
so, does it hold for every fixed such a &, or only for some?

(4) Is it possible to show the non-approximability results in Theorems 3.4 and 3.5 under the more standard
assumption that P # NP?

(5) Is it possible to extend the positive behavior of decision trees with bounded split number to more powerful
Boolean ML models such as free BDDs?
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