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1 Introduction

In the past few years, model-free deep reinforcement learning [59] has been a powerful and applicable para-
digm [21, 34, 53]. Such well-founded optimism stems from the substantial performance gains that deep neural
networks can potentially unlock in reinforcement learning — whether by parameterizing value functions or
policies — by leveraging their powerful representational capacity. However, simply throwing in “deep function
approximator” is far from sufficient. Building effective RL algorithms often requires well-integrating accurate
and efficient function approximation.
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One important such aspect is exploration: since current actions influence the future state and hence the future
rewards of the underlying Markov Decision Process [7, 42], effective exploration is a key aspect of RL algorithms.
In model-free RL literature, randomness in action space is widely employed as a primitive to balance exploration
and exploitation. On-policy algorithms, such as A3C [33], TRPO [50] and PPO [51], use stochastic action space and
optimize the parameters by policy gradient. However, on-policy algorithms are not data-efficient as they require
new experience for policy evaluation. On the other hand, off-policy methods can reuse past experience and hence
improve data efficiency. However, most off-policy methods, such as DQN [35], DDPG [64] and TD3 [19], inherit
the simple e-greedy strategy from Q-learning by adding a small noise to a deterministic policy for exploration,
where the scale of action perturbation is hard to choose in practice. To improve robustness of off-policy methods,
SVG [24] introduces re-parameterized stochastic policy, while its objective is still standard maximum expected
discounted returns.

The maximum entropy (MaxEnt) RL [22, 37] has shown promise for encouraging the randomness (and hence
diversity) of actions by formally formulating the entropy of a policy into the objective. This maximum entropy
approach is based on theoretical principles and has been applied to inverse reinforcement learning [71, 72] and
optimal control [44, 61]. Haarnoja et al. [22] propose soft Actor-Critic (SAC), a continuous action space algorithm
that has achieved superior performance in many continuous action control tasks. SAC computes an optimal
policy by minimizing the KL-divergence between the action distribution and the exponential form of the soft
action-value function. Many works have been done for understanding the effectiveness of the maximum entropy
objective [1, 11, 27, 49], which reveal that objective with entropy regularization enjoys the smoother optimization
landscape and the faster convergence rate, and builds connections between RL with probabilistic graphical models
and convex optimization.

Concurrently, distributional RL [4, 36, 56] considers the whole distribution of value functions, rather than just the
expectation, to make more informed decisions that lead to superior rewards. Incidentally, experiments show that
similar encouraging mechanisms also exist in human brains [14]. To address the challenge of approximating the
distribution of value functions, two categories of approaches dominate: learning discrete categorical distributions
(CDRL) [3-5, 43, 46] and learning quantiles of distributions (QDRL) [9, 15, 16, 48, 68]. Comparing with CDRL,
QDRL learns quantiles of distribution directly without any assumption about the range of return. Moreover,
quantiles are naturally related to risk measures. Thus, QDRL shows more potential than CDRL in recent works.

SAC and distributional RL each have limitations: SAC only considers the first moment of values, while
distributional RL lacks action diversity for exploration. This leads to the question: Can we exploit randomness to
enhance action diversity and leverage distributional information? As demonstrated in this paper, the answer is
yes. Previous work on integrating of SAC and distributional RL assumes a Gaussian distribution on the return
distribution Z for its parametrization [17], which may not capture skewed or heavy-tailed returns. Our method
uses quantile regression, providing a non-parametric model that better captures asymmetries and tail risks,
leading to more robust decision-making under uncertainty.

1.1 Our Contributions

Our contributions are threefold. First, we present Distributional Soft Actor-Critic (DSAC), that combines MaxEnt
RL with distributional RL, by leveraging the distributional information of value functions in SAC and encouraging
action randomness through entropy in distributional RL. We define a distributional soft Bellman operator and
use quantile regression to estimate the soft discounted returns for continuous action tasks.

Second, we adapt DSAC for risk-sensitive learning, providing a unified framework that handles multiple risk
measures, such as variance [40, 56, 66], CVaR [13] and CPT [63]. Aforementioned risk measures all involve higher
moments of the underlying value distribution while they do not satisfy the Bellman equation. Prior work [15, 55]
has demonstrated the ability to handle multiple risk measures. Inspired by these foundations, our approach
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supports multiple metrics and allows for optimizing risk while balancing the entropy of policy, ensuring the
exploratory capability and robustness of the policy in risky scenarios.

Third, we perform extensive experiments comparing DSAC with existing model-free RL algorithms in con-
tinuous state and actions spaces. DSAC achieves superior performance on standard benchmarks (MuJoCo and
Box2d in OpenAl Gym), surpassing SAC, TD3, SDPG, and D4PG. We also demonstrated the effectiveness of our
risk-sensitive RL framework through simulation experiments.

2 Background

We operate within the context of a standard MDP [42], characterized by the tuple (S, A, R, P, y). Here, S and

A represent the continuous state and action spaces, respectively. The transition probability density from one

state to another, given an action, is denoted by P : S X S X A — [0, o0) and is considered unknown. The reward

function is represented by R : S X A — R, and y € (0,1) is the discount factor. A policy 7 : S — P(A) is a

mapping from each state to a probability distribution over actions in A. The set of all policies is denoted by II.
The goal of standard RL is to maximize the expected sum of discounted rewards, given by:

T(m) =B | > V'R s a»], M
t=0

with the initial state sy distributed according to dy(s).
For a given policy x € II, the action-value function Q" : S X A — R is defined as:

(o)

Z y'R(s, at)l sar ~ (- | s), st ~ P( | st ar), 50 = 5,00 = a.
t=0

Q"(s,a) = Ex

The Bellman operator 77" and the Bellman optimality operator 7" are defined as:

T7Q(s,a) =E[R(s,a)] +yEp.[Q (s",a")],
T7Q(s,a) = E[R(s,a)] + ymaxEp[Q (s,a")]. @)

Applying either operator iteratively from some initial Qp will converge to its fixed point Q" or Q* at a geometric
rate, as both operators are contractive [8].

2.1  Maximum Entropy Reinforcement Learning

MaxEnt RL diverges from standard RL by maximizing the sum of rewards while simultaneously maximizing the
entropy of the policy. The objective function of MaxEnt RL is given by:

j(ﬂ') =E,

SV R(spar) +aH (x (- | st»)l . (3)
t=0

where « is a temperature parameter. The soft action-value function Q" : S X A — R for a policy 7 € Il is defined
as:

Q"(s,a) :=E,

R(s,a) + Z Y [R(ss,ar) — atlog 7 (ay | st)]l ,

t=1
ar ~ 7(- | 8¢)sSee1 ~ P(- | 8¢,a1), 50 = 5,40 = a.
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By augmenting the standard Bellman operator 77 with an entropy regularization term, we define the soft Bellman
operator 75" and the soft optimality Bellman operator 7" [37] as:

77 Q(s,a) :=E[R] + yEp, [Q(s',a") —alogn(a’ | s)],

75°Q(s,a) := E[R] + yEp [alog(|l exp(Q(s",-) /) l1)] - 4)
The soft Bellman operators retain the y-contraction property of the original Bellman operators. The key distinction
between 7" and 7" is that the unique fixed point of 7" corresponds to a unique stochastic policy in the softmax
form of Q*: *(- | s) oc exp(Q*(s,-) /).

Haarnoja et al. [22] introduced the Soft Actor-Critic (SAC) algorithm for learning policies in continuous
action spaces with a MaxEnt objective function. SAC alternates between soft policy evaluation, implemented by
repeatedly applying 7.7, and soft policy improvement until convergence is achieved.

The soft policy improvement is realized by minimizing the Kullback-Leibler divergence between the policy
distribution and the exponential form of the soft action-value function:

. , exp (Q™ (s,-) /a)
Tpew = arg min D a (-|s ,
ne 7%6]'[ KL ( | ) “ ATold (s)

where A’ is the partition function that normalizes the distribution.

©)

2.2 Distributional Reinforcement Learning

Distributional RL extends MaxEnt RL by accounting for the randomness in accumulated discounted returns. The
objective function of distributional RL aligns with traditional RL, aiming to maximize the discounted return as in
Equation 1.

Let Z denote the action-value distribution space with finite moments. The distributional Bellman operator
T+ < — Z [4] is defined as:

T Z(s,a) 2 R(s,a) +yZ (s',d’),s" ~P(-|s,a),a’ ~n(-|s), (6)

D . . . . . .
where U := V indicates that random variables U and V have the same distribution.
In the control setting, the distributional Bellman optimality operator 7 is defined as:

T5Z(s, a) 2 R(s,a) +yZ (s',a"),s" ~ P(- | s,a),a" € argmaxE[Z(s",a")]. (7)
To measure the distance between value distributions, the p-Wasserstein distance is employed, defined as:
1 1/p
dp(U,V) = (/ |F5! (0) - F (o) do| (®)
0

where Fy and Fy are the cumulative distribution functions (CDFs) of two random variables U and V. For
Z1,Z; € Z, the supremum-p-Wasserstein metric dj, over value distributions is given by:

JP(ZI,ZZ) =supd, (Zi(s,a), Zx(s,a)) . 9)

The operator 7 is a y-contraction in Jp. Although 7 does not maintain the contractive property of any
distributional metric, convergence to the optimal action-state function Q* can still be attained by taking the
expectation E[Z] [4].

A primary challenge in distributional RL is the approximation of value distributions. Quantile Distributional
Reinforcement Learning (QDRL) has emerged as a popular method for distribution approximation [15, 16, 67].
In QDRL, the return distribution is projected onto a parameterized quantile distribution, expressed as Z (s, a) =
% ZIk(:_Ol 0z, (s, a), where &, is a Dirac measure, zi is a quantile atom located at the 7x-quantile with a total number
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of K atoms. The d; distance between the quantile distribution and the target is minimized using the quantile
regression loss:
zr = argminEy [(Tk]lz>q +(1- Tk)]lZSq) |Z - q|] ,
q
where 1(-) is the indicator function and g is the candidate location for the 7x-quantile..

3 Distributional Soft Actor-Critic

In this section, we introduce our novel algorithm, the Distributional Soft Actor-Critic (DSAC). Initially, we propose
a new Bellman operator and develop a policy iteration scheme known as Distributional Soft Policy Iteration
(DSPI), which is proven to converge to the optimal value distribution. Subsequently, we detail our DSAC algorithm,
which effectively implements DSPI within an Actor-Critic framework. The specifics for training the distributional
critic using quantile regression and double learning are provided at the end of this section.

3.1 Distributional Soft Policy lteration

DSAC is designed to optimize the policy to maximize the objective function outlined in Equation 3, in line with
the principles of maximum entropy reinforcement learning (MaxEnt RL). Accounting for the inherent randomness
in both rewards and actions, we define the soft action-value distribution Z” for a policy = € II as follows:

Z"(s,a) :== R(s,a) + i v' (R(ss, a;) — alogm(ay | st)),

t=1
ar ~ 7(- | 8¢),See1 ~ P(- | 8¢,a1), 50 = s, a0 = a. (10)

We introduce the distributional soft Bellman operator T3 as:
5sZ(s,a) :==R(s,a) +y(Z (s',a") —alogn(d’ | s")),
s ~P(-|sa),a ~x(-|s). (11)
This operator harmoniously combines the soft Bellman operator 7" from Equation 4 and the distributional
Bellman operator 77 from Equation 6, inheriting the convergence property from its constituent operators.

LemMA 1. The operator T : Z — Z is a y-contraction with respect to the distance metric Jp.

Armed with this new operator, we can formulate an algorithm akin to soft policy iteration, termed distributional
soft policy iteration. This algorithm is divided into two phases: distributional soft policy evaluation and distributional
soft policy improvement. For any given policy r, the soft action-value distribution Z” is obtained by iteratively
applying 7.

LEMMA 2 (DISTRIBUTIONAL SOFT PoLICY EVALUATION). Let Zyy = T35 Zy with Zy € Z. The sequence {Z} will
asymptotically converge to Z™ ask — oo.

Once the value distribution is accurately evaluated, policy improvement is achieved by solving the optimization
problem defined in Equation 5.

LEMMA 3 (DISTRIBUTIONAL SOFT PoLricYy IMPROVEMENT). Let Q7 (s, a) := E[Z”(s,a)] for all (s,a) € S X A.
Given an old policy myq € I1 and a new policy myey obtained by solving the problem in Equation 5, it holds that
Q”old (s’ a) < Q”new (s’ a)'

The optimal policy 7" is derived from Q*, the expectation of the optimal action-value distribution Z*. This
derivation involves a many-to-one mapping, as multiple distributions Z* could yield identical expected values.
However, since the entropy regularization term aH (7 (- | s;)) in DSAC objective function 7 (), extended from
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SAC, is a convex function in zz*(+|s) at its optimality, this constraint in J (0) allows the optimal policy achieves its
uniqueness at minimization for the current policy 7, [20]. Iteratively applying distributional soft policy evaluation
and improvement will result in the unique optimal policy 7*.

The uniqueness of 7* implies the uniqueness of the Z*. This distribution can be obtained by repeatedly
applying he distributional soft Bellman operator 7,J; to ;. Moreover, to understand the convergence of the soft
action-value distribution in the control setting, we define the distributional soft Bellman optimality operator T ¢
as:

55 =T K 1) « exp(EIZ(s. )] /a). (12)

THEOREM 1 (CONVERGENCE IN THE CONTROL SETTING). Let Ziy := TyoZy with Zy € Z. The sequence {Z;}
will converge to Z* ask — oo.

Unlike 75, which leads to a uniform convergence of distributions to a set of optimal state-action distributions [4],
the repeated application of 75 results in a unique Z*. This characteristic demonstrates that entropy in the objective
function not only enhances exploration but also refines the estimation of the value distribution.

We refer to this phenomenon as the smoothing effect of entropy in distribution estimation, which will be further
illustrated through a simple experiment in Section 5.1. Although we have established the convergence of the
value distribution, 7 is not a contraction. However, entropy still plays a constructive role in preserving the
contractive property, that is, it aids in bringing the updated distribution closer to the optimal distribution. A
detailed discussion on this aspect is reserved for the appendix.

The proofs for the aforementioned theoretical results are provided in Appendix A.

3.2 The DSAC Algorithm

The Distributional Soft Actor-Critic (DSAC) algorithm is structured around an Actor-Critic framework, comprising
a distributional soft value network, denoted as Z;(s, a; 8), which serves as the critic, and a stochastic policy
network 7z (a | s; ¢), which is the actor. We begin by detailing the training process for the critic.

The quantile function F,' for a random variable Z is defined as the inverse of its cumulative distribution
function (CDF) Fz(z) = Pr(Z < z). Mathematically, this is expressed as F,'(7) := inf{z € R : 7 < Fz(2)}, where
7 represents the quantile fraction. In the subsequent discussion, we use Z; := F,'(1).

For a given state s and action g, the action-value distribution is approximated by a set of quantile fractions
consecutive quantile fractions is 7; = (7; + 7;41) /2. Quantile approximation methods include QR-DQN [16], where
the value distribution is approximated by a group of trainable quantile values at fixed quantile fractions. IQN [15]
randomly samples the quantile fractions from a uniform distribution. FQF [67] introduces a trainable proposal
network to generate 7. Later on, NC-QR-DQN [69] was proposed to solve the quantile crossing issue. NDQFN [70]
learns a baseline quantile value and then adds non-negative increments to generate monotonic quantile values. A
newer method SPL-DQN [29] learns continuous quantile functions represented by monotonic rational quadratic
spline. DSAC accommodates these methods flexibly as a modular choice. See appendix B for ablation results on
OR-DON, IQN and FQF.

According to Equation 11, the pairwise temporal difference (TD) error between two quantile fractions 7; and 7;
is given by:

8 = re+v | Ze (see1, 00413 0) — alog m(ars | se1s )| — Zz, (s, ar30) (13)

where 6 and ¢ represent the parameters of the target action-value distribution network and target policy,
respectively. The target networks are softly updated to maintain stability during training.

We adopt quantile regression to train the Z,(s, a; §) network by minimizing the weighted pairwise Huber
regression loss across quantile fractions. This choice is consistent with prior works (QR-DQN, NC-QR-DON, FQF,
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Algorithm 1 DSAC update

Parameter: N,
Input: s,a,r,s’,y € (0,1)
Generate quantile fractions 7;,i =0,...,N,7;,j=0,...,N
# Update Quantile Value Network Z (s, a; 0x)
Get next actions for calculating target a’ ~ 7(- | s"; )
fori=0to N —-1do

for j=0to N —-1do

y; = ming_12 Zz, (s, a’; 0k)
5@ =r+y [yi —alogn(a | s’;(j;)] = Zz (s,a;0k) , k= 1,2

end for
end for
T2(80) = & N5 25 (mer - wlef, (8%) k= 1.2
Update 6 with V.97 (0x), k = 1,2
Update 0 «— 10 + (1 = )0, k= 1,2
# Update Policy Network 7 (a | s;¢)
Get new actions with re-parameterized samples a@ ~ 7 (- | s;¢)
Q(s,a) = Zﬁal (7i+1 — ) ming=y 2 Z3, (s, G; k)
Jn(9) = alog(n(a| s;$)) = Q(s,a)
Update ¢ with V.7 (¢)
Update ¢ « 1 + (1 —1)¢

NDQFN) to ensure fair comparison across baselines. The Huber quantile regression loss [25], with a threshold x,
is defined as:

Ly (6
o (8i) = |r = 1, <o # with
267 if |5i'\ <k
271 j
L (0) { x |J51]i - 1k), otherwise.

The objective function for the quantile value network Z, (s, a; 0) is then:

2

-1N-1

To(0)= Y 3 (zier = )%, () (14)

i j=0

I
o
~.

where each 03 is weighted by the target distribution fractions 7,41 — 7;.

DSAC addresses the overestimation issue common in off-policy continuous action RL algorithms when
calculating the target value. By extending the double learning concept from TD3 to DSAC, we employ two
networks with the same structure, parameterized by 0y, k = 1, 2, and trained to fit a conservative target. For two
quantile fractions 7; and 7;, the TD-error is redefined as:

, _
yi = ,‘33122 (Se+1s @z Ok) s

86F =ri+y (yf — alog m(ar | ses159)) = Ze, (see1, @ri13 k) -
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The policy network 7z (a | s;¢) is trained by adapting the SAC algorithm using the parameterized quantile
function. The action-value function is derived by taking the expectation over the quantile values:
N-1
Qs,8:0) = Y (i1 = 1) Zs, (5,4:0) . (15)
i=0
In the double variant DSAC, Q(s, a; 0) = ming=;, Q(s, a; 0x). To solve the minimization problem in Equation 5,
SAC samples actions using a re-parameterized policy neural network f (s, €; ¢), with € being a noise vector
drawn from a fixed distribution, such as a standard spherical Gaussian. The original problem is then solved using
gradient descent with the objective:

I (@) = Es,~pe,~nlalogm (f (st €50) | 50) = Q (s, f (51, €50) 50)],

where D represents the transitions replay buffer. The complete algorithm is outlined in Algorithm 1.

4 A Risk-sensitive RL Framework

The distribution of returns encompasses a wealth of information beyond mere expectations, enabling the consid-
eration of diverse risk metrics. In this section, we expand the foundational DSAC to encompass risk-sensitive
reinforcement learning (RL) settings, presenting a unified framework capable of optimizing the majority of
conventional risk metrics. We designate this risk-sensitive variant of DSAC as RDSAC.

4.1 Risk-sensitive Policy Learning

While risk-sensitive RL has been extensively investigated in the literature [13, 40, 52], the direct estimation
of most risk measures poses a challenge due to the loss of linearity in Bellman’s equation [42]. Our approach
provides a unified framework that optimizes policies under different risk metrics in complex, continuous control
environments. Leveraging the distribution of returns, it approximates the value function under a risk measure.

A risk measure p : Z — R is a function that maps an uncertain outcome Z to a real number. The expectation
is considered a risk-neutral measure function, denoted as p[-] = E[-]. Beyond expectation, a multitude of risk
preferences can be articulated through risk measures, as discussed in Section 4.2.

In our approach, we focus on the risk associated with the reward function, rather than the risk of the entropy.
To address external rewards and the entropy bonus separately, we partition Z” into two components: the reward
distribution Z7 and the entropy distribution Z7:

Zg(s,a) 2 Z Y'R(ss, ar),

t=0
Z5 (s, a) 2 i Y log m(a; | st),
t=1
ar ~ (- | s¢)ySe1 ~ P(- | st,a1),80 =8, a0 = a. (16)
We establish 27 2 Zy +aZj, with Zg and Z7; satisfying their respective distributional Bellman equations:
T Z(s, a) 2 R(s,a) +yZ (s',a"),

D ’ ’ ’ ’
TiiZ(s,a) =y(Z(s',a') —alogn(d' |s')),
s' ~P(-|s,a),a ~x(-|s). (17)
Consequently, we can train Z7 and Z};, using quantile regression. In RDSAC, we employ two quantile networks

to parameterize Z and Z7;, sharing parameters except for the final layer of the network.

Journal of Artificial Intelligence Research, Vol. 83, Article 4. Publication date: June 2025.



DSAC: Distributional Soft Actor-Critic « 4:9

The risk-sensitive policy is derived by optimizing the following objective:
I (§) = Es,~p.a-my[alog (a | s:;¢) — aB[Zy (51, a; 01)] = p[Zr (1, a5 6r)]]

where 0g and 0y represent the network parameters for Zg and Z7, respectively. By jointly optimizing the entropy
and risk value functions, RDSAC integrates risk measures into training while maintaining a diverse policy
landscape.

4.2 Common Risk Measures

We detail several prevalent risk measures below, elucidating how RDSAC can optimize them. Initially, we introduce
a category of risk measures known as distorted expectation, owing to their uniform approximation form. To
showecase the adaptability of RDSAC, we also discuss mean-semideviation, a measure that does not fall under the
distorted expectation category. MSD penalizes only downside deviations from the mean, making it suitable for
risk-averse decision-making scenarios with asymmetrical outcome distributions.

9(7) 9'(7)

1.0 5
—— Neutral

0.8 A 4 CPW(0.71)
—— Wang(0.75)

0.6 3 —— CVaR(0.25)

0.4 - 2 -

0.0 T T T T o T 1 1 T

0.0 0.2 04 06 08 1.0 0.0 0.2 04 06 08 1.0
T T

Fig. 1. Different distortion functions and their derivations.

Distorted Expectation. Distorted expectation is a risk weighted expectation of value distribution under a specific
distortion function [2]. By saying a distortion function, we mean a non-decreasing function g : [0,1] — [0,1]
satisfying g(0) = 0 and g(1) = 1. The distorted expectation of Z under g is defined as ppg[Z] = /01 F;'(t)dg(7).

Different distortion functions encapsulate distinct risk propensities. We enumerate some prevalent distortion
functions as follows:

o CVaR The Conditional Value at Risk (CVaR) quantifies risk as the conditional expectation of losses exceeding
(rewards below) a specified quantile f [13, 45]. For a random variable Z with the CDF Fz(z) and a confidence
level § € [0,1], CVaR is expressed as pcvar[Z] = E [Z | Z < Fz_l(ﬁ)] The corresponding distortion
function is defined as g(r) = min{r/p, 1}. Estimating CVaR precisely is complex, as only f fraction of the
data can influence the CVaR value.

e Wang The Wang distortion risk measure [65] is given by g(7) = ®(®~1(7) + ), where ® and ®~! represent
the standard Normal CDF and its inverse, respectively. § > 0 indicates risk aversion, while § < 0 suggests
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risk seeking. Unlike CVaR, Wang distributes weights across the entire 7 interval and modulates the weight
intensity based on f.

o CPW Cumulative Probability Weighting (CPW) parameterization is defined as g(7) = T‘B/(Tﬂ +(1- r)ﬁ) %.
It originates from cumulative prospect theory [63]. CPW is sensitive to the extremities when 7 — 0 or
7 — 1, mirroring human decision-makers. Tversky and Kahneman [63] determined that f = 0.71 closely
aligns with human subjects. CPW is not strictly risk-seeking or risk-averse but represents a hybrid.

We propose two methods for approximating distorted expectation with sampling. First, drawing inspiration

from inverse transform sampling, we have ppg[Z] = fol Fgl(g_l(t))dt, where 1 = g(7). Thus, we can estimate
the distorted action-value as:

N-1
poelZ(s,@)] = > (ti1 = 1) Zg1(2, (5, a;0).
i=0

This method is viable when ¢~ has a closed-form solution, such as with CVaR and Wang. Second, recognizing that

ppElZ] = [) ! g (t)F; 1(1)dr, it is evident that the expectation is distorted by ¢’(7). Consequently, the distorted
action-value can be approximated as:

N-1

poelZ(s,a)] = ) (ti1 — 11)g (1) Zz, (s, a:0).
i=0
This approach is primarily utilized for CPW.

Mean-Semideviation. Variance-related metrics form another significant class of risk measures [41, 56, 60].
While variance is an intuitive measure of uncertainty, fluctuation, and robustness by incorporating higher
moment information, semideviation [38] distinguishes itself by capturing the variation on only one side of
the return distribution. Specifically, the square root of semivariance [30, 32] is known as the semideviation
(SD). For risk-averse policies, we penalize the downside semideviation as SD[Z] := E[(Z — E[Z])?]"/?, where
(+)- = min(-,0). Rather than optimizing SD directly, we often consider a mean-semidiviation (MSD) objective
pmsp [Z] = E[Z] — BSD|[Z], which balances the mean with semidiviation.

As pointed out by Bellemare et al. [4], the distributional Bellman operator 72)” is a contraction in variance,
which means that convergence in the value distribution space also leads to a good estimation of variance. Under
the distributional Bellman operator 7', the variance can be approximated as:

N-1

psplZ(s,0)] = | D (711 = 1) [Z4,(5,0:0) - Q(s,9)]”

i=0

the MSD can be approximated as:

N-1

pusplZ(s,@)] = Q(s,0) = By D, (i1 = 1) [Ze,(5,2:0) - Q(s, @)

i=0
where Q(s,a) = E[Z(s, a)] is the expected value of the return distribution.
5 Experiments

In this section, we conduct experiments to answer the following questions:

o Are MaxEnt RL and distributional RL better together than they are alone?
e Why would incorporating the policy entropy into distribution learning be helpful?
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e Can the agent learn in high-stack, complex environments?
o How the policy performs with different risk measure?

Three groups of experiments are designed to address these questions above.

5.1 Toy Example

We give a toy example to illustrate the benefits of entropy in distributional RL. Here is a chain environment (see
Figure 2), which contains N states. For each state, the agent can choose either a, (going right) or a; (going up).
Both actions result in a noise reward N (0, o), but the episode ends immediately after taking a;. When the agent
arrives at N-th state and goes right, it will achieve a final noisy reward 1 — &(4). In this paper, we set o = 0.1 and
A = 0.5. Obviously, the optimal policy is keeping going right.

N(0,0) 1—-&(N)
Fig. 2. A chain environment.

We consider distributional learning with or without entropy regularization respectively. For distributional RL
without entropy regularization, the target distribution is taken from the greedy actions directly (see Equation 7).
Its counterpart, distributional RL with entropy regularization (see Equation 12), targets the distribution as a
mixed one under a softmax policy (the optimal policy with entropy regularization). We evaluate the two methods
in the chain task above to show the benefit of entropy regularization in distribution learning, and visualize the
target distributions of each iteration in Figure 3.

Smoothing involves modifying an objective function or constraints to make them more tractable, particularly
with noisy functions. The smoothing effect has been observed in the expected RL with entropy on the loss
optimization landscape in high dimensional environments [1]. We observes the smoothing effect on target
action-value distributions in distributional RL. Since the standard policy learning process only considers the
expectation of the whole distribution, the target is sensitive to the noise when Q-values of next actions are
similar [4]. That phenomenon will do harm to the distributional learning, such as quantile regression. By contrast,
the entropy regularized policy is stochastic and stable to the noise in Q estimates, leading to distribution updates
with small shifts in training.

We illustrate such smoothing effect in Figure 3 that our target distributions are smoother with the entropy
regularization. As demonstrated in toy example, before adding entropy, the distribution Z; may incur abrupt
shifts (Figure 3a). Examples of the abrupt shifts include from Z; to Z,, from Z3 to Z; and from Zs to Z;. After
adding entropy in distributional RL, the learning distribution Z; exhibited small shifts from the previous steps
(Figure 3b). We see that adding entropy leads to faster convergence.

5.2 Comparison with baselines

To evaluate our algorithm performance, we design a series of experiments to compare DSAC with some baselines
for continuous control RL algorithms and test DSAC in different risk scenarios. We implement our algorithm
based on rlpyt [57], a well-developed PyTorch [39] RL toolkit. All experiments are performed on a servers with 2
AMD EPYC 7702 64-Core Processor CPUs, 2x24-core Intel(R) Xeon(R) Platinum 8268 CPUs, and 8 Nvidia GeForce
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Zo(s0, a0) Z1(s0, ap) Z>(50, ao) Z3(s0, ao) Z(s0, a0)
>
;:d 0.2 0.2 0.2 0.2 0.2
E
D-‘ ,A - e -
R S S Y T N D R R S
Zs(s0, ao) Zs(50, ag) Z1(s0, ap) Z3(50, ao) Zy(s0, a0)
>
;% 0.2 0.21 0.21 0.21 0.21
[a
0.0 t t u 0.0 t t t 0.0 T T T 0.0 T T T 0.0 T + +
-1 0 1 -1 0 1 -1 0 1 —1 0 1 -1 0 1
(a) Zx (s0, ap) without entropy regularization
Z(s0, ap) Z1(50, ao) Z(50, ap) Z3(50, ao) Z4(50, ao)
% 0.2 0.2 0.2 0.2 0.2
g
E
D-‘ > .
R T S S S Y S R S S R S
Zs(s0, ao) Z(50, ag) Z(s0, ap) Zg(s0, ag) Zy(0, ao)
% 0.2 0.2 0.2 0.2 0.2
S
=
[aWY
0.0 T T § 0.0 i t t 0.0 f t t 0.0 7 T T 0.0 T v b
—1 0 1 -1 0 1 —1 0 1 —1 0 1 —1 0 1

(b) Zi (s0, ap) with entropy regularization

Fig. 3. Visualization of the target state-action distributions Zy (so, a9) distributions during first 10 iterative updates. s is the
initial state, the leftmost state in the toy example illustration. ag is the action of going right (optimal action).

RTX 2080 Ti GPUs. Hyper-parameters and implementation details are listed in Appendix B.1. The source code of
our DSAC implementation' is available online.

We evaluate our algorithm with MuJoCo [62] and Box2d in OpenAI Gym [10]. We compare with two baselines
for continuous control tasks: Twin Delayed Deep Deterministic policy gradient algorithm (TD3) [19] and Soft
Actor-Critic (SAC) [22]. To test whether the policy entropy is effective in distributional RL, we compare DSAC
with two distributional RL methods, Sample-based Distributional policy gradient (SDPG) [54] and Distributed
Distributional Deep Deterministic Policy Gradient algorithm (D4PG) [3], both distributional extension of DDPG.
We also implement a distributional variant TD3 named Twin Delayed Deep Distributional Deterministic policy
gradient (TD4), which includes techniques such as double learning to reduce the function approximation error.
D4PG, SDPG, and TD4 adopt the same distributional critic as DSAC while excluding entropy information in
training.

The results in Figure 4 and Table 1 show that DSAC outperforms other baselines. Moreover, in complex
tasks such as Humanoid-v2 (which has a 17-dimensional action space) and BipealWalkerHardcore-v3 (hard for
exploration), DSAC has significant advantages against other methods. Although TD4 also achieves sound results
in many tasks like Walker2d-v3, DSAC has better performances in challenging environments with larger action
spaces, which demonstrates the entropy regularized objective leads to better exploration. It needs to be pointed

Uhttps://github.com/xtma/dsac
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Fig. 4. Learning curves for the continuous control benchmarks in MuJoCo and Box2d. Each learning curve is averaged over 6
different random seeds and shaded by the half of their variance. All curves are smoothed for better visibility.

Table 1. Comparison of average maximal returns + one standard deviation of 3 million training steps over 6 random seeds. The
evaluations are performed every 5000 training steps in each trial over 10 episodes. “BWH” denotes BipedalWalkerHardcore.

Environment DSAC TD4 SDPG SAC TD3 D4PG
Hopper-v3 4138 £ 113 4034 + 131 3712 + 234 3634 + 60 3814 £ 83 1543 +451
Walker2d-v3 5624 + 182 5797 £ 536 4459 + 956 5361 + 442 5364 + 565 2016 + 346
HalfCheetah-v3 15725 #+ 1453 13396 + 2510 13865 + 3731 15148 + 632 12149 +419 9715 + 763
Ant-v3 7729 £142 5791 £ 2155 5597 +£ 1820 6387 +£513 5224 +811 1732 + 502
Humanoid-v3 8673 £ 460 7256 + 961 475+ 73 6547 + 507 6119 + 520 641 + 174
BWH-v3 318+ 3 318+ 7 118 £ 124 —36 + 11 —-13+16 5+70

out that, unlike former solutions combining evolution strategy, implementing recurrent policy or using specific
tricks, DSAC finishes BipealWalkerHardcore-v3 with an ideal score without any targeted changes. The results
illustrate the effectiveness of modeling distributional information of both reward and action.
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To help understand the effectiveness of distributional RL, we compare the difference of Q-values estimated by
DSAC and SAC. As both algorithms utilize double learning for value evaluation, it is a natural way to compare
the differences in the output values of the two networks. To be specific, we calculate normalized difference
AQ = 2|Q1 — Q2|/|0Q1+ Q2| over the last million steps. The results in Figure 5 show that DSAC has lower difference
between the two network outputs. Reasonably, DSAC trains two Z networks, then takes the smaller of the two
and then takes the expected value to get Q values:

Opsac(s,a) = E[min(Z; (s, a; 01), Z: (s, a; 02))].
SAC, on the other hand, picks the min of the Q values:

Qsac(s,a) = min(Q(s, a; 01), O(s, a; 02))

where Q(+;0) = E[Z(+;0)]. As we see Qpsac(s, a) < Qsac(s, a), DSAC algorithm produces smaller estimates,
thereby more accurate value networks.

0.004

0.003

AQ

0.002 A

0.001

0.000 -

Hopper-v3  Walker2d-v3HalfCheetah-v3  Ant-v3 Humanoid-v3
Env

Fig. 5. Compare AQ of DSAC and SAC over the last million training steps in MuJoCo tasks.

5.3 Risk-sensitive Policies

The standard MuJoCo environments are deterministic, which limits their applicability in scenarios involving risk.
To assess the impact of risk-sensitive measures on agent performance, we utilize a set of tasks termed risky robot
navigation [31].

Risky Mass Point. This task involves a mass point that must navigate to a target goal while avoiding a danger
zone. Penalties are incurred upon entry, with the likelihood and severity increasing as the mass point approaches
the center of the zone. In our experiments, the danger zone is a circular area with a radius of dy = 0.3, centered at
(0.5,0.5). The risk of penalty is modeled by the function p = pge~4(#/ 4)’ where po = 0.1 represents the baseline
risk and d is the distance to the zone’s center. The penalty for entering the danger zone is set at 10. The mass
point is considered to have reached the goal if it is within a circle centered at (0, 0) with a radius of 0.05. The
reward function is designed to encourage proximity to the goal and swift task completion, inversely related to
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the distance to the goal and reduced by a constant factor. Initial states are randomly selected from U(0.3, 1) for
both x and y coordinates, excluding the danger zone.

Table 2. Comparison of the final performance of 200 thousand training steps over 5 random seeds in Risk Mass Point. The
evaluation of each trial is over 100 episodes.

Metric Average  CVaR(0.25) CVaR(0.1) Min
Neutral -7.20+0.14 -10.53+044 -13.61+0.91 —19.25+0.59
CVaR(0.25) -7.13+0.08 =9.59+0.21 -11.04+0.41 —16.34 £ 0.49
CVaR(0.1) —7.35+0.09 -9.76 £0.15 -—10.80+0.20 -—14.17 £0.80

Wang(0.75) =7.12+0.09 —-9.67+0.27 -11.28+0.51 —16.95+1.24
CPW(0.71) -7.16 +£0.11 -10.21+0.30 -12.89+0.61 —19.11+1.30
MSD(1) -7.20+£0.10 -9.66+0.20 -11.01+0.34 —15.33+0.98

<7 3 7/ =
0.8 7 - 1/ 0.8 =0 /X
. . >
0.61 Al 0.6 W/,
e
0.41 0.4 /
0.21 0.2
0.0 T T T T 0.0 T T - -
00 02 04 06 08 1.0 00 02 04 06 08 1.0
xT xT T
(a) CVaR(0.1) (b) CVaR(0.25) (c) Neutral

Fig. 6. Visualization of sampled trajectories in Risk Mass Point. For each risk measure, we choose its best seed in terms of
average return. The results of other risk measures can be found in Figure 10 in Appendix.

Risky Ant. To evaluate the algorithm’s capability in complex navigation tasks requiring control, we introduce
an Ant agent in a larger environment. The Ant replaces the mass point, and the task retains the core elements
of the Risky Mass Point. The target area is a circular region with a radius of 0.5 on the outer edge of a 10 x 10
playground. The danger zone, centered at (5,5), has a radius of dy = 3. The risk of penalty and its calculation
remain consistent with the previous task, but the penalty is increased to 200. The reward function now includes a
velocity bonus to incentivize rapid task completion, shifting from a constant factor. Initial states are sampled
from U(0, 7).

For each task, we execute the RDSAC algorithm with various risk measures, selecting one or two representative
parameters for each. We assess the learned policies over 100 episodes, calculating the average return, CVaR(0.25),
CVaR(0.1), and minimum values to compare their final performances. The results are detailed in Table 2 and
Table 3.

In the Risky Mass Point experiments, all risk measure policies successfully navigate the task with comparable
average returns. Notably, the Wang(0.75) measure demonstrates superior average performance. Both CVaR(0.1)
and CVaR(0.25) excel under their respective metrics, with CVaR(0.1) also achieving the highest minimum value.
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This is expected, as these measures align with the task’s objectives. To further elucidate their behavior, we present
selected trajectories in Figure 6.

Table 3. Comparison of the final performance of 3 million training steps over 5 random seeds in Risky Ant. The evaluation of
each trial is over 100 episodes.

Metric Average CVaR(0.25) CVaR(0.1) Min
Neutral —441.52 + 33.79 —671.20 = 75.88 —812.97 + 111.65 —1409.28 + 363.10
CVaR(0.25) —427.09 + 8.62 —646.40 + 16.44 —775.53 + 24.83 —1122.70 £+ 89.03

CVaR(0.1) —920.45 +£375.10 —1370.94 +589.30 —1622.94 + 673.30 —2087.99 + 644.82
Wang(0.75) —383.50 + 10.52 —554.48 + 23.01 —650.78 £ 35.91 —946.51 + 157.67
CPW(0.71) —423.44 +£19.23 —644.12 + 27.95 —778.95+27.19  —1244.84 + 99.60
MSD(1) —396.79 + 10.38 —590.98 + 19.72 —717.52 £+ 30.66 —1276.15 + 33.27

(a) CVaR(0.1) (b) CVaR(0.25) (c) Neutral

Fig. 7. Visualization of sampled trajectories in Risk Ant. For each risk measure, we choose its best seed in terms of average
return. The results of other risk measures can be found in Figure 11 in Appendix.

Risky Mass Point is a task with simple dynamics, while Risky Ant is more complicated as the agent needs to
learn control policy and navigation together. As a result, the overly conservative measure like CVaR(0.1) fails in
finishing the navigation task within the training time. A major reason is that a risk-averse objective hinders the
exploration since CVaR(0.1) puts too little weight on the part of distribution with larger rewards. In comparison,
CVaR(0.25) is less conservative than CVaR(0.1) and accomplished the task while maintaining good risk aversion
in training. The sampled trajectories of Risky Ant are shown in Figure 7.

Wang(0.75) balances the return and risk more softly and achieves the best performance in all the metrics. It
implies that a softer risk measure might be preferable for complex control tasks to ensure sufficient exploration
in training. Meanwhile, MSD(1) also performs well in terms of both return and risk metrics and may be worth
trying in other tasks. CPW(0.71) is better than Neutral, but worse than all other measures. Therefore, based on
this task, Wang and MSD are recommended as risk measures.
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6 Conclusions, Discussion and Future Works

Our proposed algorithm, DSAC (Distributional Soft Actor-Critic), merges MaxEnt RL and distributional RL,
considering the randomness present in actions and discounted returns. Under this integration, we introduce
a Bellman operator that retains the contractive properties characteristic of MaxEnt RL and at the same time
incorporates the flexibility of distributional RL. DSAC surpasses existing baselines across a few continuous
control benchmarks. Furthermore, we extended DSAC into a framework for handling diverse risk measures. Our
framework Risk-Sensitive Distributional Soft Actor-Critic (RDSAC) balances risk and reward through multiple
risk measures in two risk-averse tasks.

One future work to further show the effectiveness of our unified framework is to include a comparison study
with prior works that can also handle multiple risk measures [15, 55]. A natural extension to our work is to replace
the quantile regression loss in DSAC with a classification-based objective using cross-entropy over discrete bins,
which has been shown to yield more expressive representations of value function and provide robustness against
noisy target values. [18]. Another promising direction is to extend DSAC and RDSAC to model uncertainty
over reward functions, allowing sample-based inference in tasks with implicit or human-derived objectives [28].
Advancing DRL will require richer analysis of the learned distribution, including their representational capacity,
distributional metrics, its interaction with value estimation, and the role of parameterization choices, such as
categorical, quantile-based, or mixture models [6, 12, 47, 58].

In conclusion, distribution contains the full information of a random variable. Considering the distribution
of discounted returns in RL can help treat various optimization objectives, such as expected objective or risk
objectives. How to develop efficient optimization algorithms for distributional RL is a promising research
direction. The DSAC and RDSAC algorithms in this paper offer a robust foundation for future research and
practical applications, particularly in domains where the trade-off between risk and reward is critical.
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A Proofs
Before our proofs, we first review several useful properties of the metric d,:
dy(aU,aV) < lald,(U,V) (P1)
dpy(A+U,A+V) <d,(U,V) (P2)
dy (AU, AV) < ||A]lpd, (U, V), (P3)

where a is a scale and A is a random variable independent of U, V. An additional lemma is required, which is
called Partition lemma by Bellemare et al. [4]:

dp(U,V) < ) dp (AU, AY), (P4)

where A;(w) € {0, 1} and for any o there is exactly one A; with A;(w) = 1.
We introduce the following inequality to deal with the relationship between policies and their action-value
functions. Consider 7y € RIAl parameterized by the softmax transform of & € RI!l such that

T (l) _ €Xp g(l)

= 1 <i <A
S epi() S S

For any two vectors 7, and g, we have,

[l log ¢, —log 7g, |0 < 2|&1 = &lleo- (S1)

See Equation 68 in [11] for the proof.
In addition, we define a new transition operator P, to simplify the notation in the later proofs:

P.Z(s,a) 2 Z(s',a'),s’ ~P(-|s,a),a ~n(-|s).
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Further, we denote P* = P,«.

A1 Lemmal
LemMmA 1. T3¢+ Z — Z is a y-contraction in Jp.
Proor. Let Z1, Z, € Z denote two action-value distributions. For any (s,a) € S X A, we have
dp (T5sZ1(s, a), T Za(s, a))
=dy(R(s,a) + yPr [Z1(s,a) — alog m(a’ | s")],R(s,a) + yPr [Z2(s,a) — alogn(a’ | s')])

(i) ’ ’ ’ ’
< dy (YPrZi(s',d), yPrZy(s",a"))

(ii)
< ydy (PaZi(s'.0). PaZ5(s' ')
<ysupd, (Z1(s',a"),Zy(s',a"))

where (i) follows by P2, (ii) follows by P1. By definition of JP, we have
dp(Tps 21, TpsZz) = sup dp (T 21 (s, a), TsZa (s, @)

<ysupd, (Z;(s',a"),Z, (s',a"))
s’a

= Yd_p (ZlaZZ) .

A2 Lemma?2
LEMMA 2 (DISTRIBUTIONAL SOFT POLICY EVALUATION). Let Zyyy = TsZk with Zy € Z. The sequence Zy will
converge to Z™ as k — oo.

Proor. As we have proved that 7,7 is a y-contraction, policy evaluation can be obtained by repeatedly applying
T :
A3 Lemma3

LEMMA 3 (DISTRIBUTIONAL SOFT PoLicY IMPROVEMENT). Let Q" (s, a) := E[Z7(s,a)],VY(s,a) € S X A. With
7old € II and mpey, as the solution of problem defined in Equation 5, we have Q4 (s, a) < Q™ (s, a).

Proor. The proof of this lemma has a similar idea to that of the soft policy improvement in [22].
For any policy 7 € II and its soft action-value distribution Z”, we define the soft action-value by taking the
expectation,

Q" (s,a) =E[Z7(s,a)] = E[R(s, )] + YEg~p(|s.a)a~r(-Is) [Z7(s",a") —alogm(a” | s)].

Let denote a policy 7oq € IT and its soft action-value Q7¢. We can obtain a new policy mnew € II by solving the
minimization problem defined in Equation 5,

Tnew (| 5) =argmin Dy, (7' (- | 5) [ exp (Q™" (s,-) /a —log A™ (s))) .
s’ €ll
Since 7pey is the solution to the minimization problem above, it must be

Earmpen (-Is) [108 Tnew (a | s) = Q™ (s,a) /a +1log A™ (s)]
< Bawrya(ls) [log mowa (a | s) = Q™4 (s,a) /a +1log A™4 (s)],
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which can be reduced as follows for partition function log A is only related to s,

anrnew(-\s) [a log Tnew (a ] ) = Q”‘)ld (s,a)] < Ea~ﬂold(-\s) [a log Told (a | s) = Qnﬂld (s,a)].
Thus, we expand the soft Bellman equation and have

Q™M (sy,ar) = E[R(st, ar)] + VE 5,0 i~P(lsnar) [Q(See1, re1) — @ log moia (arer | Sp41)]

Ars1~Told (*]S241)

< E[R(st, ar)| +YE s, ~P(lspar) Q™ (St41, A1) — 108 Tnew (@r41 | Se41)]

Ar41~Tnew (+]S¢+1)

< Q™ (s, ar) -

A.4 Theorem 1

THEOREM 1 (CONVERGENCE IN THE CONTROL SETTING). Let Zyyy := T¢Zy with Zy € Z. The sequence Zy will
converge to Z* ask — oo.

To prove this lemma, we first prove some auxiliary lemmas as follows.

LEMMA 4. Let Z : A — Z denote a distribution function that maps actions to return distributions. For two

stochastic policy my, 7,, we denote Z; 2 Z(a),a ~ m;. We have d,,(Zy, Z3) < Dry(m||m)B, where Dry is the total
variation divergence and B := sup, 7 [|Z||e < o0.

Proor. First, we denote a new random variable W := 1, -4,,a; ~ 7;(+), while similarly, W= 14,#a,- We have
dp (Zl, Zz) = dp((W + W)Zl, (W + W)Zz)
(1) _ _
< dp(WZl, WZZ) + dp(WZl, WZZ)
(i) _ _
< dy(WZ,WZy)
(iii) _ _
< Pr(a1 * az)dp(Wzl,WZz)

(iv)

< Dry(m|lm,)B,

where (i) follows by P4, (ii) follows by the fact d,(Z(a), Z(a)) = 0, (iii) follows by P3, and (iv) follows by the
definitions of Dy (7||72) and B. O

LEMMA 5. Let 7y, Qi denote the policy and the action-value function in k-th iteration. Similarly, let denote *, Q*
in the optimal case. We have

D (i (- [ )7 (- | 5)) < 2]1Qk(s.a) — Q7 (s, a)|lo /.
Proof. By the definition of Dxy,

Dy (i (- | )l (- | 5)) = Zﬂk(GIS) [log mi (als) — log 7" (als)]

< |lm(als) i Illog i (als) — log 7" (als) Il
<211Qk(s,a) = Q" (s, )l [,
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where the last inequality follows by S1.

Proor or THEOREM 1.
dp (Zk+1 (S, a)’ Z* (S, a)) = dp (‘72;5216 (S, a)» 75*52* (S, (1))
=d, (R(s, a) + yPr [ Zk(s',a") — alog mi(a’ | s)],R(s,a) + yP*[Z"(s",a") — alog 7" (a’ | s')])
(l) /7 ’ /7 ’ * % ’ ’ * ’ 7’
< ydp (Pr [Zi(s',a") — alog mi(d' | )], P*[Z7(s",d") — alog ™ (a’ | s')])

(i) ro T YA ry o
< vdp (P | Zi(s',d') —alogme(a' | s)), P [Z7(s', @) — alog me(a” | s")]) +

E;
ydp (Pr [Z7(s",d") — alogm(a’ | $')], Pr [Z7(s",d") — alog ™ (a’ | s')]) +

E;
ydp (Pr [Z7(s,d") —alogn™(a’ | §')],P*[Z7(s",a’) — alog n*(a’ | s")]),

E;

where (i) follows P1 and P2, and (ii) follows the triangle inequality as d,, is a metric.
Similar with the result of Lemma 1, we have

Ei < dp(Zk, Z%).
B, £ ady(log m(d’ | '), log n*(d' | )
< alllog m(@ | ) ~log 7' (@ )
< 2, @) - 0 (5 o
where (i) follows by P1 and P2, and (iii) follows by S1.

Ey € Drv(me(- | )lx°(- | 5))B

(ii)
< BVIQk(s.@) = Q*(5,0) | /2t
where (i) follow our lemma above, and (ii) follows the fact that Drv(p|lq) < +/DxL(pllq)/2.

Combine all the inequalities above, we have

dy (Zgar (5,0), Z* (s,0)) < y [d;,(zk, 7%) +2C; + B\Cr /a] ,

4:23

where Cr = maxy o [|Qk(s’,a") — Q*(s’,a@')||. Since soft Bellman operator 7" is a y-contraction, we have

Cr < cho- Thus, we infer that

i
dp (Zirin, 2) < V' dp(Zi, 29 + Dy (2ck+j + B\/ckﬂ-/a)

Jj=0

; 1
< le+ m (ZCk +B‘\/Ck/a) .

For any € > 0, we can take k and i large enough to make d_p (Zk+ir1, Z¥) < €. We thus have completed this

proof.

O
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ProPoOSITION 1. ‘75*5 is not a contraction.

Proor. Next, we consider the similar example in [4] and analyze the effect of adding entropy into the distribu-
tional optimality operator.

There are two states sy, s, and a unique transition from s; to s, where s, has two actions leads to different
return distributions. The distributions are shown in Table 4. In the table, we use a tuple (Pr(z), z) to express the
probability of an atom and its value, and denote ¢ = 1 + e in shorthand.

By the definition of d;, we have

di\(Z,7%) = di(Z(s3, a3), Z* (53, a2)) = 2,

d\(T5s2,2°) = di(Z(51), Z* (51)) = e + (1 =€) i; -1

ea

The size relationship between d;(Z, Z*) and d; (7552, Z") depends on both € and @. When e = 0.1 and & = 1,
d\(Z,7) < 51(7582, Z*). However, d\(Z,Z*) > (1_1(7352, Z") if e = 0.1 and @ = 1, which reveals 7 is a
non-expansion. The result shows that although there is a positive impact on convergence of the distributional
optimality operator, introducing entropy in policy objective can not make it a contraction.

Table 4. A Counterexample of Contraction

1 | sza1 | s2,a2

]Im

z* ¢ ,1+ntlog(<>)) (1,0) (e-1).(}.e+1)

‘Q\m 3"

| s

( ’_1+g,10g(<>)),(%,mlog(@)),(%

z (ezo ’_1+a10g(<>)),(%,alog(o)),(ez—%,l+0t10g(<>)) (1,0) (%’—6—1)>(%’—E+1)
(1

7552 7,—6—1+0c10g(<>)),(%,—e+alog(0)),(2%,—e+l+alog(o)) (1,0) (%,s—l),(%,e+1))

B Implementation Details
B.1 Quantile fraction Generation

We consider quantile regression for return distribution approximation in DSAC. Though we do not constraint
which method to employ in quantile fraction generation, a modular experiment is provided. Out of six quantile
function generation methods introduced in section 1 introduction, we adapt three earlier methods, QR-DQN, IQN
and FQF, into DSAC and evaluate them on the MuJoCO and Box2d environments. We show the results in Figure 8.
Based on the experiment results, we choose random for quantile fraction generation, as it has better performance
than fix and fewer parameters than net. The authors acknowledge our limitation that the later improved methods
NC-QR-DON, NDQFN and SPL-DQN were not included in this ablation studies.

Quantile Regression DQN (QR-DQN) Dabney et al. [16] first introduced quantile regression to improve the
distribution approximation. By replacing the fix value atoms in C51 [4], the value distribution is approximated by
a group of trainable quantile values at fixed quantile fractions. With the basic idea of QR-DQN, quantile fractions
are given by a group of fix values as 7; = i/N,i =0,...,N.

Implicit Quantile Network (IQN) Dabney et al. [15] extended the fixed quantile fractions to uniform samples
and proposed implicit quantile value network (IQN). With infinite sampled quantile fractions, IQN is able to
approximate the full quantile function. IQN uniformly samples the quantile fractions and takes the expectation
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in training. As we fix the number of quantile fractions and keep them in ascending order, we adapt the sampling
as7y=0,7; = 6,~/Z£81 €; wheree; ~UJ[0,1],i=1,...,N.

Fully parameterized Quantile Function (FQF) Instead of sampling the quantile fractions uniformly, FQF
parameterizes both the quantile values and quantile fractions. In addition to the quantile value network, FQF
uses an additional fraction proposal network q(s, a; ), which has a softmax output layer and cumulatively
sums the outputs as quantile fractions. The gradient of w is given by the gradient of W; with respect to 7,
%‘Zl =2Z.,(s,a;0) — Z:(s,a;0) — Zz,_, (s, a; 0), where W; denotes 1-Wasserstein error between the approximated
and true quantile functions. The quantile proposal network in FQF is a two-layer 128-unit fully connected network
with learning-rate set as le-5.

B.2 Hyper-Parameter Setting

Hyper-parameters used in experiments and environment specific parameters are listed in Table 6.

Instead of using fixed the temperature parameter « to balance reward and entropy, SAC has a variant [23]
which introduces a mechanism of fine-tuning « to achieve target entropy adaptively. While our algorithm does not
conflict with this parameter adaptive method, we use fixed a suggested in original SAC paper in our experiments
to reduce irrelevant factors. For all experiments, we clip the rewards within [—10, 10] to reduce the variation of
value outputs, which is essential for BipedalWalkerHardcore-v3.

Hopper-v2 Walker2d-v2 HalfCheetah-v2
5000 — - —=
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Fig. 8. Comparison of quantile fraction generation methods in MuJoCo and Box2d. Each learning curve is averaged over 5
different random seeds and shaded by the half of their variance. All curves are smoothed for better visibility.
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Table 5. Hyper-parameters - Environments

Environment Temperature Parameter Max episode length
Hopper-v2 0.2 1000
Walker2d-v2 0.2 1000
HalfCheetah-v2 0.2 1000
Ant-v2 0.2 1000
Humanoid-v2 0.05 1000
BipedalWalkerHardcore-v3 0.01 2000
Risky Mass Point 0.2 100
Risky Ant 0.2 200

Table 6. Hyper-parameters - Algorithms

Hyper-parameter Value
Shared among all algorithms
Policy network learning rate 3e-4
(Quantile) Value network learning rate ~ 3e-4
Optimizer Adam
Discount factor 0.99
Target smoothing 5e-3
Batch size 256
Replay buffer size 1le6
Minimum steps before training le4
Shared among TD3 & TD4
Target policy noise 0.2
Clip target policy noise 0.5
Policy update period 2
Shared among DSAC & TD4 & SDPG
Number of quantile fractions 64
Quantile fraction embedding size 128
Huber regression threshold 1
Sample size 100

B.3 Network Structure

For SAC and TD3, we utilize two-layer fully connected networks with 256 hidden units for both value and policy
network and ReLU as activation function. DSAC has the same structure of policy network 7y (a | s; ¢).

In order to embed quantile fraction 7 into the quantile value network, we borrow the idea of implicit repre-
sentations from IQN [15]. With infinite sampled quantile fractions, IQN is able to approximate the full quantile
function. IQN uniformly samples the quantile fractions and takes the expectation in training. As we fix the
number of quantile fractions and keep them in ascending order, we adapt the sampling as 7o = 0, 7; = €;/Y N ' &
where ¢; ~ U[0,1],i = 1,..., N. With the element-wise (Hadamard) product (denoted as ©) of state feature
¥(s, a) and embedding ¢(7), the quantile values are given by Z,(s,a) = Z(/(s,a) © (1 + ¢(7)); 0). After studying
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Fig. 9. Network structures of DSAC.
different ways for embedding 7, IQN suggests an embedding formula with cos(-),
n-1
¢;(r) := ReLU Z cos(imt)w; + bj) , (18)
i=0

where n is the embedding dimension and w;;, b; are network parameters.

We use one-layer 256-unit fully connected network for / (s, a) and one-layer 64-unit fully connected network for
¢ () in Equation 18, followed with one-layer 256-unit fully connected network for their multiplied values ¥/ (s, a) ©
(1+ ¢(7)). Moreover, since magnitudes of quantile values vary hugely, we implement layer normalization [26] to
the hidden activation of networks.

B.4 Additional Results
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(a) Wang(0.75) (b) CPW(0.71) (c) MSD(1)

Fig. 10. Visualization of sampled trajectories in Risk Mass Point. For each risk measure, we choose its best seed in terms of
average return.
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(a) Wang(0.75) (b) CPW(0.71) (c) MSD(1)

Fig. 11. Visualization of sampled trajectories in Risk Ant. For each risk measure, we choose its best seed in terms of average
return.
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