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Majority illusion occurs in a social network when the majority of the network vertices belong to a certain type but the
majority of each vertex’s neighbours belong to a different type, therefore creating the wrong perception, that is, the illusion,
that the majority type is different from the actual one. From a system engineering point of view, this motivates the search for
algorithms to detect and, where possible, correct this often undesirable phenomenon. In this we provide a computational
study of majority illusion in social networks, paying particular attention to the problem of its verification, that is, whether
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network rewiring. While we show that the problems we consider are generally NP-complete, we also provide a parameterised
complexity analysis, showing FPT-algorithms for the detection problem and W{[1]-hardness for the elimination problem,
using natural graph-theoretic parameters.
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1 Introduction

The impact of peer pressure in people’s beliefs is well documented. In a famous experiment, Solomon [3] showed
how a person’s perception of the length of a stick converges towards the aggregate opinion of the person’s
“neighbours”. The effects of such distortions can critically be felt in the context of collective decision-making,
where debates, resolutions and even elections can be decided by individuals’ misperception of what others think.
In social networks in particular, the tendency of individuals to conform to their immediate connections can be
exploited by strategic positioning, and a well-placed minority view can quickly become what most people come
to believe [40]. In other words, when individuals use their social network as a source of information, it may be the
case that minority groups are more “visible” as a result of being better placed. This makes them over-represented,
and even appear to be majorities in many friendships’ groups — a phenomenon known as majority illusion.
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Fig. 1. An instance in which all agents are under majority illusion. The well-placed red (shaded) minority is perceived as
majority by everyone.

Majority illusion was originally introduced by Lerman et al. [36], who studied the existence of social networks
in which most agents belong to a certain binary type, but most of their peers belong to a different one. Thus, they
acquire the wrong perception, that is, the illusion, that the majority type is different from the actual one. Figure 1
shows an example of this.

Majority illusion has important consequences when paired with opinion formation. If, for example, individuals
change their mind based on what their friends say, for instance following a threshold model [26], then majority
illusion means that strategically placed minorities may well become stable majorities. As such it is important to
predict its occurrence in a network and, crucially, to eliminate it when undesirable.

The graph structure of majority illusion was analysed by Lerman et al. [36], who studied network features that
correlate with having many individuals under illusion. They demonstrated how disassortative networks, that is,
those in which highly connected agents tend to link with lowly connected ones, increase the chances of majority
illusion. However, no algorithms have yet been provided to check whether majority illusion can occur in a social
network. This is especially important for checking if the structure of a network is protected from the possibility
of majority illusion due to its topology.

Likewise, the approach of eliminating undesirable properties by network transformation is not new, and
extensively pursued in the context of election manipulation [12], influence maximisation [44], anonymisation
[31] and of k-core maximisation [14, 45]). Looking at it from an online social network perspective, adding or
removing edges can be a way of determining which posts to show to a user, presenting them with the views held
by others. However, such natural operations have yet to be studied in the context of eliminating majority illusion.

All in all, the computational questions of checking whether a network admits majority illusion and how this
can be eliminated are still unexplored.

Our Contribution. In this paper we initiate the algorithmic analysis of majority illusion in social networks,
focusing on two computational questions. We first consider the problem of verifying illusion, that is, deciding
whether there is a labelling of the vertices such that a majoritarian fraction of agents are under illusion, and we
prove it to be NP-complete’. In fact, we show that checking the existence of a labelling in which a fraction q of
agents is under illusion is computationally hard for every rational g € (%, 1]. Our NP-hardness proof techniques
also imply NP-hardness on bipartite networks, planar networks, networks of constant maximum degree and
networks of constant c-closure.

In light of these negative results, we aim to identify tractable restrictions of the problem by carrying out a
parameterised complexity analysis involving well-established graph width measures and their variants. First, we
turn our attention to tree width, which measures how “close” a graph is to a tree (we refer to [16] for an overview
of the applicability of tree width). We obtain a fixed-parameter algorithm (FPT algorithm) for verifying majority
illusions,parameterised by the maximum degree of the network plus its tree width, as well as by the size of the

1We note that the labels we consider can be seen, for example, as agents’ opinions or preferences.
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minimum vertex cover. Along the way, we show that for every constant value of the network’s tree width, the
problem can be solved in polynomial time (i.e., an XP algorithm parameterised by the tree width). These two
results are of specific interest to sparse networks , in particular due to the bounded number of edges in trees. We
then also consider dense networks by parameterising by the neighbourhood diversity of the input network. This
parameter, for which we provide an FPT algorithm, measures what is the minimum number of groups of vertices
being either cliques or independent sets, into which one can decompose a graph. We note that this parameter is
especially relevant for dense networks , as networks with a small neighbourhood diversity can still have a high
density of edges.

Finally we move to the problem of eliminating majority illusions, which we model as edge transformation by
bounded Hamming distance. We show this problem to be NP-complete in general and W([1]-hard when parame-
terised by the number of modified edges. Table 1 shows an overview of our parameterised complexity results.

Related Work. Our results are grounded in a number of research lines in artificial intelligence, notably those
dealing with the computational analysis of agent interaction and collective decision-making.

Opinion Manipulation. Our work is directly related to computational models of social influence. The closest work
is that of Auletta et al. [5], who identify networks and initial distributions of opinions such that an opinion can
become a consensus opinion following local majority updates. Observe in this respect that when all vertices are
under majority illusion, a synchronous majoritarian update causes an initial minority to evolve into a consensus
in just one step. Other notable models include the work of Doucette et al. [19] who studied the propagation of
possibly incorrect opinions with an objective truth value in a social network, and the stream of papers studying
the computational aspects of exploiting (majoritarian) social influence via opinion transformation (see [32, 10, 5,
11]). It is also worth mentioning that our research is related to preventing the negative effects of information
spread [2, 7].

Election Manipulation on Networks. In recent literature growing attention has been devoted to the problem of
manipulating the results of voting using voters’ connections in social networks. As noted in [17], the growing
role of technology poses new abilities for political campaigns. In the multi-agent systems literature, for instance,
in [15] it has been studied how to select a subset of targeted voters whose change of opinion might make a certain
candidate win after communication. Similarly, for example Wilder and Vorobeychik [43] studied how an external
manipulator having a limited budget can select a set of agents to directly influence, to obtain a desired outcome
of elections. In a similar setting, Faliszewski et al. [20] studied “bribes” of voters’ clusters. In Section 4 we take a
similar approach, with the specific objective of eliminating a majority illusion.

There are also various other accounts of paradoxical effects in social networks which are related to our work,
such as the friendship paradox, according to which, on average, individuals are less well-connected than their
friends (see [28, 1]).

Another interesting line of research involves the connections between distortion in social networks and social
good games. In [24] it is investigated how agents’ connections in a network might lead to otherwise impossible
non-trivial equilibria in such games. We note that majority illusion is especially relevant in this context, as agents
that are under illusion have a reversed view on which action is the most profitable for them in such games.
Furthermore, exploiting social networks paradox’s, Santos et al. [39] recently showed how false consensus leads
to the lack of participation in team efforts.

Paper Structure. Section 2 provides the basic setup and definitions. Section 3 focuses on checking whether
illusion can occur in a network while Section 4 studies illusion elimination. Then, Section 5 provides a discussion
of the impact of results shown in this paper. Section 6 concludes the paper presenting various potential future
directions.
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Table 1. Summary of the main parameterised complexity results. Here, ND denotes neighbourhood diversity, A is the
maximum degree, tw is the tree width, cw is the clique width and VC denotes vertex cover number.

Parameters
Majority Illusion
FPT A+tw Thms, A+cw corz, ND Thms4, VC cor3
XP tw  Cor1
Para-NP-Hard A obs.2, c-closure obs.1, max-clique-size obs.3
Ilusion Removal
WI[1] — Hard Changed Edges Thm.5 Thm.s

2  Preliminaries

Let us define the key notions that we use in the paper. First, in Section 2.1, we will describe the framework. Then,
in Section 2.2 we provide crucial notions in parameterised complexity.

2.1 The Model

Our model features a set N of agents, connected in a graph (N, E), with E C NZ. For convenience, we also
denote |N| as n. Throughout the paper we will consider undirected graphs, that is, we require E to be symmetric.
Furthermore, we assume that E is irreflexive, that is, that E does not include self-loops. We call such a graph a
social network. For i € N we denote as N(i) = {j € N : (i, j) € E} the set of agents that i is following. We also
say that a network (N, E’) is a subnetwork of (N, E), if N’ C N and E’ C E. We assume that each of the agents
on the network has an opinion, which we model as a labelling. Throughout the paper we assume a binary set of
labels {b, r} (blue and red, respectively).

DEFINITION 1 (LABELLED SocIAL NETWORK). A labelled social network is a tuple (N, E, f), where (N, E) is a
social network and f : N — {b, r} is a labelling which assigns one of the two values to each agent.

In a network where every vertex is labeled blue or red, the blue surplus of a vertex is the number of its blue
neighbours minus the number of its red neighbours , and the blue surplus of a network is the difference between
the total number of agents labelled blue and the total number of agents labelled red . The red surplus is defined
analogously. For a vertex set X and a labelling f : X — {b, r}, we define the red neighbourhood of a vertex i under
f as the set of neighbours of i in X that are assigned the label r by f, and this set is denoted by N;fr(i). We drop
the explicit reference to X or f in this notation if clear from the context. The analogue of this definition for blue
neighbourhood is symmetric. Furthermore, given a labelling f of a social network (N, E), we denote the set of red
vertices {i € N : f(i) = r} as Ry and the set of blue vertices {i € N : f(i) = b} as Bf. Moreover, for a set S C N,
RS is the set of red vertices in S, while B3 is the set of blue vertices in S. We omit f if clear from the context.

f f

Majority Illusion. A label l € {b,r} is a (strict) majority winner in a labelled social network (N, E, f) if there
are strictly more vertices labelled with [ than with {b,r} \ {I} We use W(n g f) to denote such a winner whenever
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it exists. Similarly, a label [ is a (strict) majority winner in i’s neighbourhood if i’s I surplus is strictly positive. We
use W("N’ Ef) to denote such a winner, whenever it exists.

We say that an agent i € N is under illusion if they have a wrong perception of the majority winner. In other
words, for agent i to be under illusion in a social network (N, E) with labelling f, we must have that: Win g, f)
and Wy, o f) exist, and that Wine £ *WNES:-

In this paper we are concerned with the proportion of agents in a network that are under illusion. For that we

define the concept of g-majority illusion.

DEFINITION 2 (g-MAJORITY ILLUSION). For a given social network (N, E), fraction g € Q N [0, 1], and labelling
f: N — {b,r}, we say that { induces q-majority illusion, if at least q-n agents are under illusion in (N, E, f).

If there is a labelling of a network (N, E) that induces g-majority illusion, then we say that (N, E) admits
g-majority illusion. Henceforth, we assume that the majority label is blue, whenever one exists. Also, for a
network (N, E) and agents i, i’ € N such that N(i) = {i’}, we say that i is a dependent of i’. Let us further observe
that if a labelling f induces 1-majority illusion for a network (N, E) and i is a dependent of i’, then (i) =r.

ExaMPLE 1. Take the labelled social network shown in Figure 1. Observe that there every vertex has the strict
majority of red vertices in their neighbourhood. Hence, the depicted labelling induces 1-majority illusion. In particular,
the bottom-left blue vertex is a dependent of a vertex that is labelled red.

2.2 Parameterised Complexity

We say that a problem with an input I is fixed-parameter tractable (FPT), or that it is in the class FPT for a
parameter k, if it is solvable in time O(f (k) - |I|°) for some computable function f and constant ¢ independent of
k. Moreover, a problem is in XP (slice-wise polynomial) for a parameter k if there exists an algorithm solving
this problem that runs in time |I|f%) (called an XP-algorithm), where f is some computable function. Note
that FPTCXP. Further, the W-hierachy defines a series of complexity classes extending XP and showing that a
problem is hard for any class in this hierarchy is evidence that the problem is unlikely to be in FPT. In the context
of our paper, we say that a problem P is W[1]-hard parameterised by r if there is a many-one reduction to it from
the classic k-CLIQUE problem [16] in time f(k) - [I|°") (where I is the instance of k-clique), with r < g(k) for
some computable function g. In the k-cLIQUE problem, given a graph G and an integer k, the objective is to check
whether G contains a clique of size k as a subgraph.

Tree Decomposition. Tree width is a fundamental graph parameter, useful for the design of parameterised
algorithms, which will play an important role in our analysis. Intuitively, this measurement indicates how “close”
a graph is to a tree. Then, an FPT (or even XP) algorithm for a problem parameterised by the tree width implies a
polynomial-time algorithm on “tree-like” graphs. Given a graph G, let V(G) and E(G) denote the vertex and edge
set of G, respectively. For a rooted tree T and a non-root vertex t € V(T), by parent(t) we denote the parent of ¢
in the tree T. For vertices u, t € T, we say that u is a descendant of t, denoted u = t, if t lies on the unique path
from u to the root. Note that every vertex is its own descendant. If u < t and u # t, then we write u < ¢.

DEFINITION 3. A tree decomposition of a graph G is a pair (T, f) of a tree T (whose vertices are called nodes)
and a function B : V(T) — 2V (9, such that:

(1) Utev(r) B(t) = V(G).
(2) For every edge e € E(G), there exists a node t € V(T) such that both endpoints of e belong to f(t).
(3) For every vertexv € V(G), the subgraph of T induced by the set T, = {t € V(T) : v € (t)} is a connected tree.

The width of (T, B) is maxyev () {|f(v)|} — 1. The tree width of G, which we also refer to as tw(G), is the minimum
width of a tree decomposition of G.
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Let (T, f) be a tree decomposition of a graph G. We always assume that T is a rooted tree and so we have a
natural parent-child and ancestor-descendant relationship among vertices in T. The set () is the bag at node
t. For anode t € V(T), we denote by V; the set |, <, f(t'), that is, the set of all the vertices in the bags in the
subtree of T rooted at t.

When designing algorithms using tree decompositions, it is generally helpful to work with a special kind of
tree decomposition, that is, a nice tree decomposition.

DEFINITION 4. Let (T, ) be a tree decomposition of a graph G, where r is the root of T. The tree decomposition
(T, B) is called a nice tree decomposition if the following conditions are satisfied.

(1) B(r) = 0 and p(¢) = O for every leaf node £ of T.

(2) Every non-leaf node (including the root node) t of T is of one of the following types:
e Introduce node: The node t has exactly one childt' in T and f(t) = p(t') U {v}, wherev & B(t").
o Forget node: The node t has exactly one childt’ inT and f(t) = B(t") \ {v}, wherev € B(t").
e Join node: The node t has exactly two children t; and t, in T and f(t) = B(t;) = B(t2).

We note that, using a well-known, polynomial-time algorithm, we can convert any given tree decomposition
to a nice tree decomposition of the same width [16].

2.3 Further Graph Parameters

Another graph parameter we consider is the neighbourhood diversity [35], which captures the number of “twin
classes” in the graph. We say vertices u and v are twins if they have the same neighbours, that is N(u) \ {v} =

N(o) \ {u}.

DEFINITION 5. The neighbourhood diversity (ND) of a graph G (nd(G)), is the minimum w such that V(G) can
be partitioned into w sets of twin vertices.

Observe that each set of twins, which we call a module, is either a clique or an independent set. Hence, we call
these clique modules and independent modules, respectively.

Note that graphs of bounded tree width are sparse. That is, the number of edges in a graph of tree width k
is O(kn). On the other hand, graphs of bounded ND can be dense. For instance, a complete graph has a ND of
1, but has Q(n?) edges. Moreover, note that ND is “incomparable” with tree width. That is, there are graphs of
constant ND with unbounded tree width (e.g., a clique) and graphs of constant tree width with unbounded ND
(e.g., a path).

We will further consider a property of a social networks that has gained importance in recent years, that is,
the c-closure [22, 33]. For a natural number ¢, we say that a network is c-closed if every pair of vertices in this
network that have at least ¢ neighbours in common is adjacent. This concept was introduced in an attempt to
capture the spirit of “social-network-like” graphs without relying on probabilistic models. Note that c-closure
generalises one of the most agreed-upon properties of social networks — triadic closure, the property that when
two members of a social network have a friend in common, they are likely to be friends themselves. [22][Table
A.1], and later [33][Table 1], showed that several social networks and biological networks are indeed c-closed for
rather small values of c.

ExAMPLE 2. The labelled network shown in Figure 2 consists of three clique modules, as well as two independent
modules. We note that the depicted partition has the minimum number of twin classes for this network. Hence, it
has the neighbourhood diversity 5. We further note that each pair of vertices i, j that has at least two neighbours in
common is adjacent. Hence, the network is 2-closed.
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Fig. 2. A 2-closed labelled social network with ND=5.

3 Verifying Illusion
We are interested in the computational problem of checking, for a rational g, if a given network admits g-majority
illusion. Formally, we will study the following problem.

G-MAJORITY ILLUSION:
Input: Social network (N, E).
Question: Is there a labelling f : N — {b, r}, such that f induces a g-majority illusion?

First, in Section 3.1 we show that g-MAJORITY ILLUSION is NP-complete even for bipartite (Theorem 1) networks.
Then, in Section 3.2, we show that g-MAJORITY ILLUSION is also hard for planar (Theorem 2) networks. Subsequently,
we explore the parameterised complexity of this problem. In particular, in Section 3.3 (Theorem 3) we demonstrate
that g-MAJORITY ILLUSION is in FPT for tree width combined with maximum degree. Furthermore, in Section
3.4 (Theorem 4) we show that g-MAJORITY ILLUSION is also in FPT for neighbourhood diversity. Following these
results we also get that this problem is FPT for vertex cover and clique width combined with maximum degree,
and that an XP-algorithm exists for tree width alone. Nevertheless, our constructions used in proofs of Theorems
1 and 2 entail that g-MAJORITY ILLUSION is para-NP-hard for maximum degree alone, as well as for minimum
c-closure and for maximum clique size.

We note that similar parameterised complexity landscapes have been observed for other problems in the
literature. For instance, in the work by Ordyinak and Szeider [38] on Bayesian Network Learning parameterised
by graph parameters of the super-structure, they obtain para-NP-hardness parameterised by the maximum degree
A, an XP-algorithm parameterised by tree width (tw) and an FPT-algorithm parameterised by A + tw.

3.1 NP-Completeness of MAJoRITY ILLUSION for Bipartite Networks

Observe that g-MAJoRITY 1LLUSIONis in NP for every g, since verifying if a labelling induces a g-majority illusion
can be done by checking, for every vertex i, if i is under illusion. We now prove that g-MAJORITY ILLUSION is
NP-hard for every rational g € (3, 1] by providing a reduction from the NP-hard problem 2P2N-3-SAT for every
such q. In 2P2N-3-SAT we check the satisfiability of a given CNF formula in which all clauses have exactly three
literals, and in which every variable appears exactly twice in the positive form, and twice in the negative form
(see [8]). We say that such a formula is in 2P2N-3-CNF.

Let ¢ be a formula in 2P2N-3-CNF. We will construct an instance of g-MAJORITY ILLUSION, for which the answer
is positive if and only if ¢ is satisfiable. We commence with constructing a social network, which we call the
encoding of ¢, or E, = (N, E). This is provided in Section 3.1.1. We will further show that it admits 1-majority
illusion if and only if ¢ is satisfiable, entailing the NP-hardness of 1-MAJORITY ILLUSION, which we show in
Lemma 3. Finally, for each q € (% 1], we construct a network Eg, which we obtain by appending a non-trivial
network construction to E,,. We then conclude the proof by showing in Theorem 1 that EZ, admits a g-majority
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Fig. 3. Variable gadget for a variable x;. The structures in dashed boxes show filling structures, with a unique labelling such
that all members are under illusion. The labelling of the gadget is of type A on the right. The labelling of type B differs only
by the labels of the literal vertices.

illusion if and only if ¢ is satisfiable, using the fact that increasing the blue surplus in E,, results in an increased
number of vertices under illusion (see Lemma 4), and a technical Lemma 5.

3.1.1 Variable, Clause and Balance Gadgets.

For a formula ¢ in 2P2N-3-CNF, we denote the set of variables in ¢ as X = {x, ..., x,}, and the set of clauses
in ¢ as C = {Cy,...,Cy}. Let us first encode propositional variables. For a variable x;, we define a subnetwork,
which we call a variable gadget, as depicted in Figure 3. There, the subfigures in dashed rectangles present what
we call filling structures. Each filling structure consists of a complete bipartite network K3 3 and seven additional
vertices. Of these seven additional vertices, at least six are a dependent of some vertex in the corresponding Kj s.
If this is true for all seven, then we assume that a designated d vertex has two dependents. We further assume
that in a filling structure each of the K3 5 vertices has at least one dependent.

Then, the variable gadget contains three copies of the filling structure. In two of them, seven vertices are a
dependent of a vertex in the same filling structure. Furthermore, a variable gadget contains three additional
vertices, connected as shown on the right side of Figure 3. We refer to two vertices in the right side of Figure 3
marked as x; and —x;, as literal vertices. They are adjacent to what we call a linking vertex, marked as ¢ in Figure 3.
Furthermore, we say that upper literal vertex corresponds to x;, and the lower literal vertex corresponds to —x;.
Finally, in the third filling structure, one of the vertices is a dependent of the linking vertex.

The following lemma shows that it is necessary for exactly one of the literal vertices in a variable gadget to be
labelled r in a labelling of this structure, which induces 1-majority illusion. This observation will be crucial in
demonstrating that a labelling of the encoding of ¢, in which all vertices in variable gadgets are under illusion,
corresponds to a valuation over X.

LEmMA 1. A labelling of a variable gadget (considered as a separate network) induces a 1-majority illusion only if
at most one of the literal vertices is labelled r.

Proor. Take a variable gadget V;, as defined above. Also, suppose that there is a labelling f of V; that induces
1-majority illusion. Let us begin by observing that all vertices in the Kj 3s in filling structures are labelled r in f.
This observation holds as each of them has a dependent. Notice now that as the vertex adjacent to literal vertices
has five neighbours, at least three of them are labelled r in f. We will now show that it cannot be the case that
both literal vertices are labelled r in f.

Let us first observe that the linking vertex needs to be labelled r in f, as it has a dependent. Then, notice that
there are forty-two vertices in a variable gadget. Thus, at most twenty vertices can be labelled r in f, as we
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Filling structure x4

Fig. 4. Clause gadget with a unique labelling such that all members are under illusion, including five filling structures. Note
that each of the vertices in the gadget outside of filling structures have a dependent, while the verifier vertex is also adjacent
to one of the vertices in a K3 3. Furthermore, each of the vertices in the four-clique have a dependent in one of the filling
structures (which is omitted for clarity).

assume that the strict majority label in f is b. As we observed, at least eighteen of the vertices in filling structures
need to be labelled r in such a labelling of this gadget, as they have dependents. Hence, at most one of the literal
vertices can be labelled r in this labelling. It follows that f induces a 1-majority illusion only if at most one of the
literal vertices is labelled r.

O

We distinguish two labellings of a variable gadget (as a separate network) that admit 1-majority illusion.
In one of them, the vertex corresponding to x; is labelled r (we say that such a labelling is of type A). In the
second, the vertex corresponding to —x; is labelled r (we say that such a labelling is of type B). Consider now a
labelled network (Nj, Ey, f), where a variable gadget V; is a subnetwork. We note that if the blue surplus is 1
in (N; \ V(V;)),E\ E(V;), f’), where f” is such that, for every i € N \ V(V;), we have that f(i) = f'(i), then f
induces 1-majority illusion if V; is labelled in type A or type B, but not if both literal vertices are labelled r.

We further introduce, for each clause C; € C, what we call a clause gadget corresponding to C;, as depicted
in Figure 4. The three vertices in the right side of this figure do not belong to the clause gadget. Instead, they
correspond to the literals in C;. Then, the gadget includes five filling structures. Furthermore, there are four
vertices outside of filling structures in this gadget, such that each of them has a dependent in some filling structure
in the same gadget. Then, we call one of them, the top vertex in the middle of the Figure 4, the verifier vertex for
C;. Also, the verifier vertex is adjacent to one vertex in a K33 of some filling structure. So, a clause gadget has
sixty-nine vertices in total: thirteen vertices in each of five filling structures, as well as four additional vertices.
Observe that as all of the vertices in K3 3s in filling structures have a dependent, it holds that in a labelling of a
clause gadget that induces 1-majority illusion, they are all labelled r.

We will now show that a labelling of a clause gadget can only induce 1-majority illusion if at least one of the
adjacent literal vertices is labelled r. This fact will later allow us to show that the fact that all vertices in a clause
gadget for C; are under illusion for some labelling of an encoding means that C; is satisfied in a valuation.

LEMMA 2. There exists a labelling f of an encoding of ¢ that (1) induces 1-majority illusion in a clause gadget G
for Ci, and (2) blue is the majority winner in G, if and only if at least one vertex in G is adjacent to a literal vertex
labelled r in f.
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Proor. Take some clause gadget, and call it G. Let us first observe that there are sixty-nine vertices in G. Let
us further observe that, for every filling structure F, it holds that in every labelling f of F that induces 1-majority
illusion at least six members which have dependents, are labelled r. Further, by previous observations, it holds
that all vertices outside of filling structures are labelled r in f.

Let us now show f exists, if at least one literal vertex, adjacent to the verifier vertex in G, is labelled r. Suppose
that this is the case. Then, let us construct such a labelling f. First, let us label » all members of the K3 3s in filling
structures, as well as all of the vertices in G, which are not in filling structures. Further, let all other vertices in the
gadget be labelled b. Observe that in this labelling, thirty-four vertices are labelled r, and thirty-five are labelled
b. Observe further that this implies that all nodes that are a dependent are labelled b in f. Notice that then all of
the vertices in G, other than the verifier vertex, are under majority illusion. Notice now that, by assumption, one
of the literal vertices adjacent to the verifier vertex is labelled r. Hence, the verifier vertex is under illusion, given
the proposed labelling, and so the claim holds.

Suppose, towards a contradiction, that all literal vertices adjacent to the verifier vertex are labelled b, but there
is a labelling f of G that induces 1-majority illusion. It follows by previous reasoning that the vertex which is
a dependent of the verifier vertex is labelled b in f. Notice, however, that then the verifier vertex is not under
illusion, as four out of seven of its neighbours are labelled b, which contradicts the assumptions.

m]

Finally, for an integer s > 2, we define what we call a balance gadget, in order to ensure that, in the encoding
E,, g-majority illusion can be induced only by a labelling corresponding to a valuation in which all of the clauses
are satisfied. If s is even, then the balance gadget is the collection of 3 pairs of vertices, which are disconnected
from the rest of the vertices in the encoding. Otherwise, we construct five vertices, such that four of them form a
bipartite complete graph K3 ,, while the fifth is a dependent of one of the other vertices, as well as the balance
gadget for s — 3, if s > 5. Observe that the balance gadget is bipartite, and that, for every labelling of this gadget,
which induces 1-majority illusion (not as a separate network), at most one vertex in this structure is labelled b
(this is the case when s is odd). Note that otherwise some vertex in one of the pairs would only not be adjacent to
the strict majority of red vertices and hence it would not be under illusion.

3.1.2  Encoding of a 2P2N-3-CNF Formula.

We are now ready to construct a social network E,, which encodes ¢. First, for every variable x € X, let us
construct a variable gadget, as depicted in Figure 3. Further, for every clause C; € C, that is, {L}, Liz, Lf}, let us
create a clause gadget, as shown in Figure 4, with literal vertices corresponding to L}, L, and L? being adjacent
to the verifier vertex in the clause gadget corresponding to C;. As a final step, let us construct a balance gadget
for s = 2m + n — 1, which by construction is always greater than or equal to two (this is because there is at least
one variable and one clause in ¢).

Observe that, since there are 2m + n — 1 vertices in the balance gadget if s is even, and 2m + n + 1 vertices
otherwise. Recall that we have 42m vertices in variable gadgets, and 69n vertices in clause gadgets. Hence, there
are 44m+70n — 1, or 44m +70n + 1, vertices in E,. Let us further notice that, following previous observations, for
every labelling of E,, which induces 1-majority illusion, and for every variable gadget (consisting of forty-two
vertices), at least twenty of its members are labelled r. Similarly, in such a labelling, for every clause gadget,
we have that at least thirty-four out of sixty-nine members of the gadget are labelled r. Finally, by previous
observations, all vertices in the balance gadget are labelled r, if s is even, and 2m + n + 1 vertices otherwise. We
note that these observations imply that in every labelling f of E,, that induces 1-majority illusion it holds that
|Bf| — |Rp| = 1.

LEMMA 3. Let ¢ be a formula in 2P2N-3-CNF. Then, ¢ is satisfiable if and only if E, admits 1-majority illusion.
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Proor. Let us consider a formula ¢ in 2P2N-3-CNF, with the set of variables X = {xy, ..., m}, and the set of
clauses C, = {Cy,...,Cp}. Then, we will construct the encoding E,, of ¢, and show that it admits 1-majority
illusion if and only if ¢ is satisfiable.

Let us first suppose that it is. Then, take a model M of ¢ and label E,, as follows. First, label variable gadgets, so
that, for every such gadget corresponding to a variable x;, it is of type A if x; is true in M, and of type B otherwise.
Then, observe that, by previous observations on the construction of E,, we have that every verifier vertex in
E, is adjacent to some literal vertex which is labelled r, as all clauses are satisfied under M. Hence, following
previous observations, E, admits 1-majority illusion.

Suppose now that ¢ is not satisfiable. Then, observe that every labelling of E,, that admits a 1-majority illusion
requires variable gadgets not to have both literal vertices labelled r. This follows from Lemma 1, as in such a
labelling it holds that |Bs| — |R¢| = 1. Further, as ¢ is not satisfiable, it holds that at least one verifier vertex would
need to be adjacent to three literal vertices labelled b. But then, it would not be under majority illusion, which
contradicts the assumptions. Hence, E,, admits 1-majority illusion if and only if ¢ is satisfiable.

]

We now show some further properties of E,,. We will henceforth assume, for simplicity, that s = 2m +n -1
is even. The subsequent claims can be shown for odd s similarly, as the construction of the balance gadget for
odd integers allows for analogous reasoning. Given a 2P2N-3-CNF formula ¢, let I, = 22m + 35n — 1, where m is
the number of variables and n the number of clauses in ¢. Observe that this is the maximum number of vertices
which can be labelled red in E,,, if blue is the strict majority label in this network.

LEMMA 4. For every 2P2N-3-CNF formula ¢, natural s < I, and any labelling f of E, = (N, E), such that
[R¢| = I, — s, the number of vertices under illusion in E,, under f is at most |[N| - s.

Proor. Consider a formula ¢ in 2P2N-3-CNF and a natural s < I,,, as well as a labelling f of E, = (N, E), such
that |Rf| =1, — s. We will show that the number of vertices in E,, which are not under illusion given f, is at
most [Ny| - s.

Let us denote as A the set of all vertices in K3 3s in filling structures, and all of the other vertices in variable
gadgets that are not literal vertices. Then, let B’ be the set of all vertices in clause gadgets that are not in filling
structures. Further, let C be the set of literal vertices, and D be the set of vertices in the balance gadget. Finally, let
E’ be the set of all remaining vertices in N. Observe now that AUB" UCUDUE’ = N. Moreover, by construction,

we have that [A] +|B'| + Sl +|D| = 1,,.

We further show some crucial properties of A, B’, C, and D. Observe now that each vertex in A has a dependent.
Hence, there exists a set N4 C E’, such that for every i € N4, we have that i is not under illusion, while |[N4| = |B4|.
Similarly, for every i € B’, we have that i has a dependent. Hence, there is a set Ng: C E’, such that, for each
j € Np/, we have that j is not under illusion, while [Ng/| = |B®'|. Let further M¢ = % — |B€| if @ —|B€| >0,
and 0 otherwise. Notice that, by construction, there is a set Nc C A, such that, for every i € Ng, i is not under
illusion, while |N¢| = Mc. Finally, notice that, by construction of a balance gadget, there is a set Np C D, such
that, for every i € D, we have that i is not under illusion, while |[Np| > |BD |. Let us also observe that N4, Ng,
Nc, and Np are pairwise disjoint. This implies that the number of vertices not under illusion is at least the sum
of cardinalities of these sets.

We can now show that at least k vertices are not under illusion under f. We note that |A| + @ + % +|D| =1,
, and that at most I, vertices are labelled r in f, as otherwise b would not be the strict majority label. But then, at
least s vertices are labelled b in A U B’ U C U D. This implies, however, that [N4| + |[Np/| + [Nc| + [Np| = s, and
hence at least s vertices are not under illusion under f.

O
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Observe also that, by the reasoning similar to the proof of Lemma 4, we also get that, for a labelling f of E,, that
maximises the number of vertices under illusion (which we call M), s < I, and any labelling f’ of E, = (N, E),
such that Rp =1, —s, the number of vertices under illusion in E, under f” is at most M — s.

We further need the following technical lemma.

LEMMA 5. Let q be a rational number in (%, 1], ands > 0 be a polynomial-time computable natural number. Then,
s+h* s+h*—1

s+2h* 2 q but s+2h* < q.

Proor. Take a's > 0, and a fraction % € (%, 1]. Observe that if % = 1, then the claim holds immediately. So, we

will only consider fractions such that % < 1. Then, we define a function f : N — Q such that, for a natural h, we
have that f(h) = % Observe first that f(0) = 1. Also, observe that f is strictly downwards monotone, and is
bounded by, and tends to % But then, as q € (%, 1], there needs to exist a maximal h such that f(h) > g, and as

f is strictly downwards monotone, f(h+ 1) < q. We denote such a number as h*. Note that we can efficiently

there exists a natural number h* such that

compute such a number by first computing a real number A such that ¢ = 35:2};1 and then taking its ceiling. Then,
* _ sth*+1 . s+h*-1 s+h*+1 - sth*+1 _ sth*—1 _ 2(h"+1)
f(h + 1)  s+2h*+2° Let us notice that s+2h* < s+2h*+2" This is because s+2h*+2 s+2h* T (s+2h*)(s+2h*+2) 2 0.

But then, since f(h+ 1) < g and f(h) > g, the claim follows.
mi

We refer to such a number as h{ ;. Note that the h{ , being tractably computable is crucial to ensure that the
intended reduction is constructable in polynomial time.

3.1.3 NP-Completeness.

We are now ready to prove the NP-hardness of g-MAJORITY ILLUSION, for each g € (%, 1]. Towards this end, we
construct a network EZ, for every formula ¢ in 2P2N-3-CNF and a such a fraction q. We start with constructing
E,, and a set of hTV( Fol)q pairs of vertices. Then, it follows from Lemma 3, as well as Lemmata 4 and 5, that EZ,
admits g-majority illusion if and only if ¢ is satisfiable. Below we include the full proof of this claim. Observe
further that g-MAJoRITY 1LLUSION is in NP, as one can easily check the number of vertices under illusion in a
labelled network.

THEOREM 1. q-MAJORITY ILLUSION is NP-complete for every rational q in (%, 1], even for bipartite networks.

Proor. Take any rational g in (%, 1]. We will now show that g-mAjoRITY 1LLUSION is NP-hard by reduction
from 2P2N-3-SAT.

Consider a 2P2N-3-CNF formula ¢ with the set X = {xy, ..., x,,} of variables, and the set C = {Cy,...,Cy} of
clauses. Let us construct what we call a g-encoding of ¢. First, let E, be a subnetwork of the g-encoding of ¢.
Moreover, construct hTV( Eo)la pairs of vertices, such that vertices in each such pair are connected to each other,
but not to any other vertex in the network. We call this set of pairs H. Observe further that, following previous
observations, the g-encoding of ¢ can be constructed in polynomial time. Also, by Lemma 3 and Lemma 5, the
g-encoding of ¢ admits g-majority illusion, if at least |V (E,)| + hTV( Ep)la vertices are under illusion in f.

Let us now show that the g-encoding of ¢ admits g-majority illusion if and only if ¢ is satisfiable. First, suppose
that ¢ is satisfiable. Observe further that, as ¢ is satisfiable, by Lemma 3, we have that E, admits 1-majority
illusion as a separate network. Hence, there is a labelling of the g-encoding of ¢, such that exactly I, vertices in

E,, as well as one of vertices in each pairs in H, are labelled red, while |V (E,)| + hTV (Eo)lg vertices are under
o)l

illusion. Hence, the g-encoding of ¢ admits g-majority illusion.
Suppose now that ¢ is not satisfiable. Then, suppose towards a contradiction that there is a labelling f of the

g-encoding of ¢ that induces g-majority illusion. Let us first observe that if less than hTV (Ey)lq 2T€ labelled red in
@)l

vertices in H
[V(Ey)l.q

H, then f does not induce g-majority illusion. Indeed, if it was the case, then less than h
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would be under illusion, and hence the number of vertices under illusion in the g-encoding of ¢ would be strictly
smaller than |V (E,)| + hTV( E))la But then, as f induces g-majority illusion, at least hTV (E,)l.q 2T labelled red in
H. So, the number of vertices labelled red in E,, is smaller or equal to I,,. If it is equal to I, then the number of
vertices under illusion in H is hTV (Ep)la’ But, as ¢ is not satisfiable, not all members of E,, are under illusion, and
hence f does not induce g-majority illusion. Now, suppose that less than I, vertices are labelled red in E,. Let
k=1I,- |RV(E¢)|. Further, let us denote as M the maximum number of vertices under illusion in E,, if I, vertices
are labelled red in this subnetwork.

Now, by Lemma 4, we have that the number of vertices under illusion in E,, is at most I, — k. But then, the

number of vertices labelled red in H is at most hTV (Eu)lq + k, and hence the number of vertices under illusion in
),

the g-encoding of ¢ is at most M — k + hTV(Eq,)I,q’ which is smaller than |V (E,)| + hTV(Eq,)I,q’ since M < |V(Eq,)é.

Moreover, by inspecting all pairs of vertices in the construction in the proof of Theorem 1, we get that
g-MAJORITY ILLUSION is NP-complete also for networks in which minimum c-closure is bounded by a constant.

OBSERVATION 1. q-MAJORITY ILLUSION is NP-complete for every rational q in ( %, 1], even for networks with
minimum c-closure bounded by 3.

Proor. Let us show that the claim holds by demonstrating that minimum c-closure of E,, is at most 3. We will
show that, for every pair of vertices i, j in E,, we have that if [N(i) N N(j)| > 3, then i and j are adjacent. We
consider the following, exhaustive cases. (1) i and j are both in the same variable gadget, (2) i and j are both in
the same clause gadget, (3) i is in some variable gadget while j is in some clause gadget, (4) i and j belong to
distinct variable gadgets, (5) i and j belong to distinct clause gadgets, and (6) i and j are in the balance gadget.
Observe that in all other cases i and j do not have neighbours in common.

If (1) is the case, observe that if i and j are in the filling structure, then either they are adjacent or [N (i) N
N(j)| < 2. Hence, the claim holds. Similarly, if they both belong to additional three vertices in the gadget, then
IN(i) N N(j)| < 2, since we assume that a literal does not appear more than twice in a formula. If (2) is the case,
then the claim holds by similar reasoning. Further, if (3) is the case, then notice that i and j have at most two
neighbours in common. Also, if (4) is the case, then the only neighbours that i and j can have in common are
verifier vertices. Notice further that [N (i) N N(j)| < 2 as ¢ is in 2P2N-3-CNF. Moreover, if (5) holds, then the
only vertices that i and j have in common are literal vertices. But then, we have that [N (i) N N(j)| < 3, as the
size of the clauses in ¢ is limited by three. Finally, if (6) is the case, then i and j have at most two neighbours in
common, so the claim follows as well.

]

Furthermore, again by examining the reduction used in the proof of Theorem 1, we get that g-MmAjJoRITY
ILLUSION is NP-complete even if the maximum degree of a vertex in a network is bounded by 6.

OBSERVATION 2. q-MAJORITY ILLUSION is NP-complete for every rational q in (% 1], even for networks with
maximum degree bounded by 6.

Proor. Let us show that the claim holds by demonstrating that, for a formula ¢ in 2P2N-3-CNF, no vertex in
E, has the degree greater than 6. To see that, take any vertex i in E,,. Let us examine the following exhaustive
cases. (1) i is in a filling structure, (2) i is in a variable gadget, but is not a literal vertex and is not in a filling
structure, (3) i is a literal vertex, (4) i is in the balance gadget, (5) i is in a clause gadget, but is not a verifier vertex
and is not in a filling structure, (6) i is a verifier vertex.

Let us then notice that if (1) is the case, then by construction i has the degree of at most 5. Similarly, if (2) holds,
then the degree of i is bounded by 5. Further, if (3) is the case, then as each literal appears exactly twice in ¢, we
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have that i is adjacent to at most two verifier vertices. Hence, the degree of i is at most 3. Also, if (4) holds, then
by construction we have that i has the degree of at most 2. Moreover, if the (5) is the case, then we get that the
degree of i is bounded by 3. Finally, if (6) holds, then i is adjacent to at most three literal vertices, as the clause
that its gadget corresponds to is limited to three literals. Hence, i is adjacent to at most 6 vertices. Then, the claim
follows.

O

It is important to note that in order to obtain Observations 1 and 2, we crucially use the fact that the formulas
we encode are 2P2N-3-CNF.

3.2 NP-Completeness of MAJoRITY ILLUSION for Planar Networks

We now show that g-MAJORITY 1LLUSION is NP-complete also for planar networks. Observe that this result rules
out using generalisations of planarity as possible structural restrictions to get polynomial-time algorithms. We
prove it by reduction from PLANAR 3-SAT, where one is given a formula ¢ in 3-CNF such that the incidence
graph of ¢ is planar, and the goal is to decide whether ¢ is satisfiable. The reduction that we use to show this
result follows a similar structure to the one we construct in the proof of Theorem 1. Nevertheless, to show that
the hardness of g-MAJORITY ILLUSION also holds for planar networks, we reformulate the reduction using planar
graphs.

So, we first construct a network E,, a planar encoding of ¢, which is an input of PLANAR 3-SAT. We show,
in Lemma 8, that it admits 1-majority illusion if and only if ¢ is satisfiable. Then, in Theorem 2, we show the
NP-hardness of g-MAJORITY ILLUSIONon planar networks similarly to the proof of Theorem 1.

3.2.1 Variable, Clause, and Balance Gadgets.

For a formula ¢ in CNF with a planar incidence graph, we denote the set of variables in ¢ as X = {x1,...,xn}
and the set of clauses in ¢ as C = {Cy, ..., C,}. We assume, without loss of generality, that there are at least two
clauses in ¢. Let us first encode the propositional variables.

For each variable x; € X, we construct a subnetwork, which we call a variable gadget, as depicted in Figure 5.
Further, one of the vertices in this structure corresponds to x;, and one to —x;, as shown in Figure 5. We call them
literal vertices. Let us first observe that there are seventeen vertices in this gadget. Notice that seven of them have
dependents, which implies that in every labelling of a variable gadget, which induces 1-majority illusion, they
are labelled r. We also observe that this gadget is planar.

Similarly to the encoding used in the previous part of this section, we show that in a labelling of a variable
gadget, which induces 1-majority illusion, exactly one of the literal vertices is labelled r. We will later use this
fact to demonstrate that every labelling of the encoding of ¢, which induces 1-majority illusion, corresponds to
some valuation over X.

LEMMA 6. A labelling of a variable gadget (considered as a separate network) induces a 1-majority illusion only if
exactly one of the literal vertices is labelled r.

Proor. Observe first that in every labelling f of a variable gadget V; for x; that induces 1-majority illusion,
seven of the members of V; need to be labelled r, as they have dependents. Then observe that as there are
seventeen vertices V;, at most eight of them are labelled r in f. Let us now suppose that exactly one of literal
vertices is labelled r and, without loss of generality, let this vertex correspond to x;. Then it is enough to consider
a labelling as presented in Figure 5, and to observe that then, there exactly eight vertices are labelled r, while all
of the members of the gadget are under illusion.

Assume now towards a contradiction that both of the literal vertices are labelled b in f. Then, by previous
observations, it holds that seven vertices with dependents are labelled r, and hence at most one node which is a
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Fig. 5. Variable gadget for the variable x;, with a labelling such that all members are under illusion. Two of the vertices in the
gadget correspond to literals, x; and —x;. Observe that this structure is planar.

dependent is labelled r. Note that this implies that at least a half of neighbours of one of the vertices adjacent to
the vertex corresponding to x; is labelled b, and thus it is not under illusion, which contradicts the assumptions.
|

We note that there are exactly two labellings of a variable gadget for x; that induce 1-majority illusion. We
say that such a labelling is of type A, if the literal vertex corresponding to x; is labelled r, and of type B, if the
literal vertex corresponding to —x; is labelled r. Intuitively, if this gadget is labelled in type A, then x; is set to
true, while if it is labelled in type B, it is set to false.

Furthermore, let us define what we call a clause gadget, which corresponds to a clause C; € C. We begin with
introducing what we call a planar filling structure (PFS), as depicted in Figure 6. It consists of nine vertices, four
of which have dependents. We distinguish one of those with one dependent only as the connector vertex PFS,.
Observe that in every labelling of this structure, which induces 1-majority illusion, at least four vertices are
labelled r. Notice that this gadget is planar.

PFS, )

o &) % [

Fig. 6. Planar filling structure (PFS) with a labelling, such that all members are under illusion. The top-centre vertex is the
connector vertex.

Then, the clause gadget, as shown in Figure 7, for a clause C;, consists of three copies of PES, as well as four
additional vertices. The central vertex, which we call a verifier vertex, is adjacent to literal vertices corresponding
to the members of C;. Further, it is adjacent to the PFS. of each PFS in the gadget. Finally, it has one dependent,
and the remaining two vertices form an isolated pair. Observe that this structure is planar.
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PFS PFS O—0

Fig. 7. Clause gadget, with a labelling, such that all members are under illusion. There, the vertices in the dashed box are
literal vertices corresponding to the literals in the clause.

We further show that as in the case of the encoding used earlier in this section a clause gadget admits 1-majority
illusion only when the verifier vertex is adjacent to some literal vertex that is labelled r. We will later associate
the fact that it is the case for a clause gadget corresponding to a clause C; with C; being satisfied in a valuation
over X.

LEMMA 7. There exists a labelling of a clause gadget for C; (not as a separate network), which induces 1-majority
illusion, if and only if at least one of literal vertices corresponding to a member of C; is labelled r.

PRrooF. Let us first observe that there are thirty-one vertices in the clause gadget corresponding to the clause
C;. Thus, in a labelling f inducing 1-majority illusion, at most fifteen of them are labelled r. Further, as observed
before, we have that twelve members of PFS subnetworks in the gadget are labeled r in f, as they have dependents.
Moreover, in such a labelling, the isolated pair of vertices also needs to be labelled r, as otherwise one of them
would not be under illusion. Furthermore, the verifier vertex needs to be labelled r as well, since it has a dependent.
Then, it follows that all other vertices in the gadget, including one of verifier vertex’s neighbours, are labelled b
in f, as otherwise r would not be the strict minority label.

Let us then assume that at least one of the literal vertices adjacent to the verifier vertex is labelled r. Without
loss of generality, let it be L?. Then, it is enough to construct a labelling, as shown in Figure 7 and Figure 6,
and notice that then all vertices in the gadget are under illusion. Now, suppose towards a contradiction that f
induces 1-majority illusion, but all literal vertices corresponding to literals in C; are labelled b. Then notice that,
by previous observations, one of the neighbours of the verifier vertex within the gadget is labelled b. But then,
four out of seven vertices adjacent to the verifier vertex are labelled b, and thus it is not under majority illusion,
which contradicts the assumptions.

m]

Finally, for s > 2, we define what we call a balance gadget, similar to the construction for bipartite graphs.
If s is even, then the balance gadget is the collection of § pairs vertices, which are disconnected from all other
vertices in the encoding. Otherwise, we construct a triple of vertices, which forms a clique disconnected from the
rest of the network, as well as the balance gadget for s — 3, if s > 5. Observe that the balance gadget is planar, and
that for every labelling of this gadget, which induces 1-majority illusion (not as a separate network), all of its
members are labelled r.

3.2.2  Encoding of a 3-CNF Formula.

We can now construct a social network E,, = (N, E) that encodes a 3-CNF ¢, in which the incidence graph between
variables and clauses is planar. First, for every variable x; € X, let us construct a variable gadget, as depicted in
Figure 5. Further, for every clause C; € C, which we denote as {Lil, Ll.z, Lf}, let us create a clause gadget, as shown
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in Figure 7, with literal vertices corresponding to L}, L?, and L? being adjacent to the verifier vertex in the clause
gadget that corresponds to C;. As a final step, let us construct a balance gadget with s = m + n — 1, which by
construction is always at least two, since we assumed that there are at least two clauses in ¢. Observe how since
the incidence graph of ¢ is planar, we can obtain that so is E,,.

Notice further that since there are m + n — 1 vertices in the balance gadget, there are 18m + 32n — 1 vertices in
E,. Let us further notice that following previous observations, for every labelling of E,,, which induces 1-majority
illusion, all vertices in the balance gadget are labelled r. Also, then, for every variable gadget, which consists
of seventeen vertices, at least eight of its members are labelled r. Similarly, in such a labelling, for every clause
gadget, we have that exactly fifteen out of thirty one-members of the gadget are labelled . This implies that in
such a labelling each variable gadget is either labelled in type A, or in type B, as otherwise b would not be a strict
majority label.

We can now show that the encoding of ¢ admits 1-majority illusion exactly when ¢ is satisfiable.

LEMMA 8. Let ¢ be a formula in 3-CNF. Then, ¢ is satisfiable if and only if E, admits 1-majority illusion.

Proor. Take a formula ¢ in 3-CNF, with the set of variables X = {xi,...,x;,} and the set of clauses C =
{C1,...,Cy}. Then, we show that the encoding E,, of ¢ admits 1-majority illusion if and only if ¢ is satisfiable.

Let us first suppose that it is and show that E,, admits 1-majority illusion. Take a model M of ¢ and label E,, as
follows. First, label variable gadgets, so that every such gadget corresponding to some variable x; € X is of type
A, if x; is true in M, and of type B, if x; is false in M. Then observe that by the construction of E,, every verifier
vertex in the construction is adjacent to some literal vertex, which is labelled r, as all clauses are satisfied under
M. Hence, following previous observations, E, admits 1-majority illusion.

Otherwise, suppose that ¢ is not satisfiable. Then, observe that since every labelling of E, that admits a
1-majority illusion requires variable gadgets to be labelled in type A or type B, and ¢ is not satisfiable, it holds
that at least one verifier vertex would need to be adjacent to three literal vertices labelled b. But then, it would
not be under the majority illusion, which contradicts the assumptions. Hence, E,, admits 1-majority illusion if
and only if ¢ is satisfiable.

m]

We now show some further properties of E,, which will be crucial towards showing that g-MAJORITY ILLUSION
is NP-hard for every q € (% 1], even for planar network. Given a 3-CNF formula ¢, let I, = 9m+16n — 1, where m
is the number of variables and n the number of clauses in ¢. Observe that this is the maximum number of vertices,
which can be labelled red in E,, if blue is the strict majority label in this network. Also notice that following
previous observations it is the minimum number of vertices, which need to be labelled red in a labelling that
induces 1-majority illusion in E,,.

We can now show that if less than I, vertices are labelled r in E,, then the number of vertices under illusion is
limited.

LEMMA 9. For every 3-CNF formula ¢, s < I, and labelling f of E, = (N, E), such that |R¢| = I, — s, the number
of vertices under illusion in E, under f is at most [N| - s.

Proor. We now show several properties of A, B’, and C. First, observe that all vertices in A have dependents.
This implies that there exists a set N4 C D, such that for every i € Ny, i is not under illusion, while |N4| = |B4].
Let now Mp = @ - |BBl|, if % - |BB/| > 0, and 0 otherwise. Observe that, by construction, there is a set
Np' C D, such that for every i € Np, i is not under illusion, while |Np:| = Mc. Finally, we note that there is a set
Nc C C, such that for every i € C, i is not under illusion, while |N¢| > |BC|. Let us also observe that N4, Np/,
and N, are pairwise disjoint. This implies that the number of vertices not under illusion is at least the sum of
cardinalities of these sets.
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We are now ready to show, that at least k of them are not under illusion under f. Notice, that |A|+|B’|+ % =I,,
and that at most I, vertices are labelled r in f, as otherwise b would not be the strict majority label. But then, at
least s vertices are labelled b in A U B’ U C U D. This implies, however, that |N4| + [Np/| + |[N¢c| + |D| > s, and
hence at least s vertices are not under illusion under f.

O

Observe also that, by the reasoning similar to the proof of Lemma 9, we also get that, for a labelling f of E,, that
maximises the number of vertices under illusion (which we call M), s < I, and any labelling f’ of E, = (N, E),
such that Ry = I, — s, the number of vertices under illusion in E, under f” is at most M —s.

3.2.3 NP-Completeness.

We are now ready to show NP-completness of g-majorITY 1LLUSsIONfOr planar graphs. The proof is similar to the
proof of Theorem 1.

THEOREM 2. ¢-MAJORITY ILLUSION is NP-complete for every rational q in (%, 1], even for planar networks.

Proor. Take any rational ¢ in (%, 1]. First, notice that as observed before, g-MAJORITY ILLUSION is in NP. We
will now show that it is NP-hard by reduction from Planar 3-SAT.

Consider a 3-CNF formula ¢ with the set X = {x1, ..., x;,} of variables, and the set C = {Cy, ..., C,} of clauses,
with a planar incidence graph. Let us construct what we call a g-encoding E(qp of ¢. First, let E,, be a subnetwork of

the g-encoding of ¢. Moreover, we construct hTV( Eo)lg pairs of vertices,? such that vertices in each such pair are
I

connected to each other, but not to any other vertex in the network. We call this set of pairs H. Observe further
that the g-encoding of ¢ can be constructed in polynomial time. Also, by Lemma 8 and Lemma 5, the g-encoding

of ¢ admits g-majority illusion if at least [V (E,)| + hTV (Eo)lg vertices are under illusion in f.
@)l

Let us now show that the g-encoding of ¢ admits g-majority illusion if and only if ¢ is satisfiable. First, suppose
that ¢ is satisfiable. Then observe that as ¢ is satisfiable, by Lemma 8, it holds that E, admits 1-majority illusion
as a separate network. Hence, there is a labelling of the g-encoding of ¢, such that exactly I, vertices in E,, as

well as one of vertices in each additional pairs, are labelled red, and |V (E,)| + hTV (Eo)lg vertices are under illusion.
@) s

Hence, the g-encoding of ¢ admits g-majority illusion.
Suppose now that ¢ is not satisfiable. Then, suppose that there is a labelling f of the g-encoding of ¢ that

induces g-majority illusion. Let us first observe that if less than hTV (E,)lq 2T€ labelled red in H, then f does
@)l

not induce g-majority illusion. Indeed, if it was the case, then less than hTV( Eo)la
o)l

illusion, and hence the number of vertices under illusion in the g-encoding of ¢ would be strictly smaller than

[V(E,)|+ hlV(Eq,) L But then, as f induces g-majority illusion, we have that, following Lemma 5, at least hIV(Etp) L

vertices are labelled red in H. So, the number of vertices labelled red in E,, is smaller or equal to I,. If it is equal
to I, then the number of vertices under illusion in H is hTV (o)’ but as ¢ is not satisfiable, not all members of
E,, are under illusion, and hence f does not induce g-majority illusion.

Now, suppose that less than I, vertices are labelled red in E,,. Let s = I, — |RV(E‘F) |. Further, let us denote as M
the maximum number of vertices under illusion in E,, if I, vertices are labelled red in this subnetwork. Now, by
Lemma 9, we have that the number of vertices under illusion is at most M — s. But then, the number of vertices
labelled red in H is at most hTV( Eolg S and hence the number of vertices under illusion in the g-encoding of ¢
is at most M — s + hTV(E(,,)I,q’ which is smaller than |V (E,)| + hTV(E(,,)I,q’ since M < |V(E,)|. It follows, by Lemma
9, that less than ¢ - |V(E3,)| vertices are under illusion, which contradicts the assumptions.

vertices in H would be under

O

2See Lemma 5 for the definition of this number.
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Then, from the fact that networks with clique size greater than 4 are not planar, we obtain by Theorem 2 that
the problem we consider is hard even when the network has a constant maximum clique-size. We formulate this
observation as follows.

OBSERVATION 3. q-MAJORITY ILLUSION is NP-complete, even for networks with maximum clique-size bounded by
some constant greater than 4, for every rational q € (3,1].

3.3 FPT Algorithm for Tree Width and Maximum Degree

Our NP-completeness results for g-MAJORITY 1LLUSIONmOtivate the study of this problem from the perspective of
parameterised complexity, with the aim of identifying various restrictions on its input, which allow for tractability.
Note that our result that g-MAjorITY 1LLUSIONis NP-complete on networks of constant max-degree implies that,
unless P=NP, g-MAJORITY TLLUsIONdoes not have an algorithm deciding it, with a running time |N|/(*), for any
computable function f, where A is the max-degree. In other words, g-MAJORITY ILLUSIONis para-NP-hard when
parameterised by A. Hence, we extend this parameterisation, using other structural properties of the graph.
Our first fixed-parameter tractability result, that is, Theorem 3, states that if we parameterise g-MAJORITY
ILLUSION by the max-degree and tree width of the input network, then we can obtain a FPT-algorithm. The idea
behind our proof is that we can use dynamic programming over a nice tree decomposition of a network to check
if it admits g-MAJORITY ILLUSION, assuming that the maximum degree of vertices in this network is bounded.
We next prove our first parameterised tractability result.

THEOREM 3. q-MAJORITY ILLUSION can be solved in time AP N19M) on networks of tree width k and max-
degree A.

PRrOOF. Let the input social network be SN, with tree width k. We first run the 20 ®) |N|9()_time 2-approximation
algorithm of [34], in order to compute a tree decomposition of width at most 2k + 1, and then use the well-known
polynomial-time algorithm to convert any given tree decomposition to a nice tree decomposition of the same
width (see [16]). We now design a dynamic programming algorithm over this nice tree decomposition (T, ), of
width at most 2k + 1.

We define a boolean function H (i.e., to the set {0,1}), whose domain is the set of all tuples, where each
tuple comprises a vertex t € V(T), a labelling col : B(t) — {r, b} of vertices in the bag S(t), a function
esurp : V; — {-A,..., A}, where esurp(v) = 0 for all vertices i ¢ f(t), a function isurp : f(t) — {-A,..., A},
some « € [0,|N]|], and some ¢ € [0, |N]]. If f(¢) = 0, then we have that col = esurp = isurp = 0. We further
define H(t, col, esurp, isurp, a, £,) = 1 if and only if there exists a labelling p : V; — {r, b}, such that the following
hold:

(1) For every i € (1), we have that p(i) = col(i).
(2) The size of the set RX’ ={ieV,:p(i)=r}ist,.
(3) « is the size of the set:

{i € Vit INJR(D] >IN, ()] + esurp(i)}

(4) For every i € f(t), we have that isurp(i) = |NX’b(i)| - |NX’,(1')| captures the internal blue surplus of every
vertex in () under p , that is, how many more blue than red vertices are in i’s neighbourhood within V;.

The intuition behind the description of the function H is the following. Consider a hypothetical labelling f for
the social network SN = (N, E) that witnesses q-majority illusion. Then, fix a bag (1), and let § be the restriction
of f to the set V;. Subsequently, we have that:

(1) col is the restriction of § to the vertices of the bag f(t).
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(2) The function esurp (read external surplus) describes the blue surplus for the vertices in V;, that is, provided
by the vertices outside of the set V;. Note that then only vertices of the bag f(t) get non-zero blue surplus
from outside of V;, since only these vertices (among those in V;) have any neighbours outside of V;, by the
definition of a tree decomposition. Hence, we may assume a value of 0 “external” blue surplus, for all vertices
in V;, which are not in (). On the other hand, since the max-degree of the graph is A, the “external” blue
surplus of any vertex in S(¢) is at least —A and at most A.

(3) The value of ¢, is the number of vertices of V; that are assigned r by f, and hence also by .

(4) The number « is the number of vertices of V; which are under illusion with respect to f. This includes all
vertices in V; \ f(t) that have more red neighbours than blue neighbours under J, and all vertices in S(t), for
which, if we add the blue surplus given by vertices in V; (which can be deduced from §) and the blue surplus
from outside V; (which is given by the function esurp), we get at most -1.

(5) Finally, the function isurp (read internal surplus) describes the blue surplus for the vertices in f(t), which is
provided by the vertices within V;. As for esurp, since the max-degree is A, we have that the range of the
function lies in {—A, ..., A}.

The crux of the correctness of the procedure which we will define is that if we could find a labelling, say p, for
V;, which is not necessarily in accordance with &, but has the same “signature” of § in terms of col, £, &, isurp,
then, given the same esurp, then we can “cut” § from f and replace it with p. This allows us to obtain another
labelling of SN, which has exactly the same number of vertices under illusion as y. This gives us the so-called
optimal substructure property, which is crucial for our dynamic programming algorithm.

Notice that there are only 2%*2 . (2A + 1)2(2k+2)|N|9(1) = AOK) | N|O() possible tuples. This is because each
bag contains at most 2k + 2 vertices, implying at most 22*2 possibilities for col at any bag and since, for every
bag, we have that esurp can only have non-zero values for vertices in the bag (and at most 2A + 1 possible values
at that), we infer that there are at most (2A + 1)?*2 possibilities for esurp at any bag. The same bound extends to
isurp as well. The remaining elements of the tuple, that is, « and ¢, are both bounded by |N|, and hence there are
at most |N|? possibilities for them at any bag.

Now, suppose that we have computed H(t, col, esurp, isurp, a, ) for all possible valid values of the arguments.
Notice that if this is achieved, then we can answer whether SN admits g-majority illusion by examining the table
entries corresponding to the root bag f(t*). Observe that, by the definition of a nice tree decomposition, this
bag is empty. Then, we have that SN admits g-majority illusion if and only if there exist values I, € [0, |N|] and
a € [0,|N][], such that @ > [q - |N|], I, < l—I;” and H(0,0,0,a, ¢) = 1.

We next describe, how to compute the table entries at each bag by going over the following, exhaustive, cases
and assuming that all the table entries at all descendant bags have been computed correctly.

Leaf Node. Let t be a leaf node. This is our base case. By the definition of a nice tree decomposition, we have
that f(t) = 0. Then, we set H[t,0,0,0,0,0] = 1. For all other values of a and ¢,, we set H[t,0, 0,0, , £,] = 0.

Introduce Node. Let t be an introduce node and ¢’ be its child in T, such that f(t) \ f(¢') = {u}. Then, consider
the tuple (¢, col, esurp, isurp, &, £,), for which we want to fill the table entry.

We next define the tuple (¢’, col’, esurp’, isurp’, &’, £/). Let col’ denote the restriction of col to §(¢’). If col(u) = r,
then we set £/ := ¢, — 1, and otherwise we set £/ = .. Let esurp’ : Vi — {=A,..., A}, and isurp’ : f(t) —
{-A, ..., A}, be defined as follows. For every vertex v in V;» \ 5(t'), set esurp’(v) = 0. Also, for every vertex v in
B(t), which is a neighbour of u, if col(u) = r, then we set esurp’(v) = esurp(v) — 1, and set isurp’ (v) = isurp(v) +1.
Further, for every vertex v in f(t), which is a neighbour of u, if col(u) = b, then we set esurp’(v) = esurp(v) + 1,
and we set isurp’(v) := isurp(v) — 1. Finally, we define &’ as follows. If esurp(u) plus the number of neighbours
of u in B(¢’), which are labelled blue under col, minus the number of neighbours of u in ("), which are labelled
red under col is at most -1, then we set ¢’ = a — 1. Otherwise, we set &’ = a. Now, we set:
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H|[t, col,esurp, isurp, a, £,] == H[t', col’, esurp’,isurp’, &', £/].

Forget Node. Let t be a forget node and t’ be its child in T, such that f(¢’) \ f(t) = {u}. Consider the tuple
(, col, esurp, isurp, @, £), for which we want to fill the table entry. We set H|[t, col, esurp, isurp, o, £,] = 1 if and
only if there exists col’, esurp’, isurp’, such that (1) H[t’, col’, esurp’, isurp’, &, £,] = 1, (2) col is the restriction of
col’ to f(t), and (3) esurp (isurp) is the restriction of esurp’ (respectively, isurp’) to S(¢).

Join Node. Let t be a join node and ¢4, t; be its children in T. Then, by the definition of a nice tree decomposition,
we have that 5(t) = f(t;) = B(t;). Consider the tuple (2, col, esurp, isurp, @, £), for which we want to fill the table
entry. We set H[t, col, esurp, isurp, &, £.] = 1 if and only if for some pair of tuples (¢, col, esurp,, isurp,, a1, 4:1)
and (i, col, esurp,, isurp,, as, £.2), it holds that:

(1) Entries H[ty, col, esurpy, isurpy,ay, £-1] and H ¢y, col, esurp,, isurp,, as, £ 2] are both 1.

(2) @ = a1 + a2 — x, where x is the number of vertices of () forced to be under illusion by the combination of
esurp and isurp. That is, x is the size of the set {v € S(¢) : esurp(v) + isurp(v) < —1}. We are subtracting x
from a1 + oy, because these vertices are counted in both a; and a,.

(3) & = .1+ t2 — y, where y is the number of vertices of f(t) labelled red by col. That is, y is the size of the set
{v € B(t) : col(v) = r}. We are subtracting y from ¢, 1 + £, 2, because the vertices of (¢) labelled red by col is
counted once in 4.1, and once in ¢, .

(4) For every v € f(t;), we have that esurp,(v) = esurp(v) + isurp, (v) — |N|ﬁ(t1)(v) + |N|ﬁ(t1)(v). Here, we are
y P1 p P2 col,b col,r

saying that the blue surplus of a vertex v, external to the set V;,, should be obtained by taking the blue surplus
of v, external to both V;, and V;, (which is given by esurp(v)), and then adding to it the blue surplus of v internal

to V;, (while accounting for edges between vertices in (t1)). Precisely, we subtract |N |f o(lt}]) (v) — |IN |f O(It‘r) (v),
because these quantity deals with blue surplus, which is given by the edges between vertices of S(¢;), and
these should not be counted in the external surplus of v with respect to the bag f(t).

(5) For every v € f(t;), we have that esurp,(v) = esurp(v) + isurp, (v) — |N|’fo([3>) (v) + |N|f(f]tzr) (v). The reasoning
behind this constraint is symmetrical to the previous one.

(6) For every v € f(t), we have that isurp(v) = isurp,(v) + isurp,(v) — |N|fcfltl)7(o) + |N|fo(lt3 (v). Here, we are

saying that the surplus of v internal to V; should be obtained by taking the surplus of v internal to V;, and to
Vi,, and adding them, while accounting for the fact, that we are double-counting the contribution of edges

within S(¢). This motivates the subtraction of |N|fo(lt;(v) - |N|Cﬁ0(|tr) (v).

Notice that filling all the table entries corresponding to any specific bag is dominated the time taken for the
join nodes, which in turn is dominated by |N |0(1) times the number of possible tuples to consider, from each of
the two children bags. Hence, the time taken to fill the entries for any one bag is bounded by A?®)|N |9 and
as we have argued earlier, there are at most A2K)|N|9() possible tuples corresponding to each bag. The stated
running time then follows. This completes the proof of the theorem.

O

We next discuss some immediate implications of the above result. First of all, notice that A, that is, the
max-degree, is at most |[N| — 1. Hence, our FPT-algorithm, parameterised by A and the tree width, is in fact an
XP-algorithm, parameterised by the tree width alone.

COROLLARY 1. ¢-MAJORITY ILLUSION can be solved in time [N|°%) on networks of tree width k.

Secondly, consider the following relation between tree width and another well-studied graph width param-
eter, that is, clique width [27], which we denote by cw(G), on bounded-degree graphs. We make use of the
following result.
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PropoSITION 1. [27] Let G be a graph that does not contain the complete bipartite graph K; 4 as a subgraph. If
cw(G) < k, then it holds that tw(G) < 3k(d —1) — 1.

As graphs with maximum degree A exclude Ka41a+1 as a subgraph, Proposition 1, along with Theorem 3,
implies that g-MAJORITY ILLUSION is in FPT when parameterised by the maximum degree and clique width of the
input graph.

COROLLARY 2. MAJORITY ILLUSION can be solved in time A9**)|N|9() on networks of max-degree A and clique
width k.

3.4 FPT Algorithm for Neighbourhood Diversity

Here, we provide an FPT algorithm for g-MAJORITY ILLUSION parameterised by neighbourhood diversity. The
following properties of labellings of social networks form the crux of our algorithm.

LemMmaA 10. Let (N, E) be a social network, and let C = {Ti, ..., Ty } denote a partition of N into k modules. Further,
let f : N — {r,b} be a labelling, where b is the majority label. Then, the following hold.

(1) If one vertex of an independent module is under illusion under f, then every vertex of this module is under illusion.

(2) If a blue vertex of a clique module is under illusion under f, then all blue vertices in this module are also under
illusion.

(3) If a red vertex of a clique module is under illusion under f, then every vertex in this module is also under illusion.

ProoF. Let us first of all recall that, by the definition of neighbourhood diversity, we have that every pair of
vertices in each module have exactly the same neighbourhood outside the module. Hence, the first statement
immediately follows since, in an independent module, there are no edges within the module.

Now, consider the second statement, and fix a clique module C. Let further u,v € C be a pair of blue vertices.
Then, the number of red (blue) neighbours of u within C is exactly the same, as the number of red (respectively,
blue) neighbours of v within C. This implies that if u is under illusion, then so is v.

Now, consider the third statement. By an argument identical to that for the second statement, we can conclude
that if a red vertex is under illusion, then all red vertices are under illusion. It is now sufficient to argue that if
a red vertex is under illusion, then at least one blue vertex (assuming it exists) is under illusion. Let u be a red
vertex in the module that is under illusion, and let v be a blue vertex in the module. Recall that u and v have the
same neighbourhood outside C. Moreover, the number of blue neighbours of u within C is strictly greater than
the number of blue neighbours of v in C. Consequently, u has strictly fewer red neighbours within C than v. This
implies that if u is under illusion, then so is v. This completes the proof of the lemma.

m|

We will use as a subroutine the well-known FPT algorithm for ILP-FEAsIBILITY. The ILP-FEASIBILITY problem
is defined as follows. The input is a matrix A € Z™*? and a vector b € Z™*! and the objective is to find a vector
% € ZP*! satisfying the m inequalities given by A, that is, A - ¥ < b, or decide that such a vector does not exist.

PROPOSITION 2. [29, 30, 23] ILP-FEASIBILITY can be solved using O(p>P*°(P) . L) arithmetic operations and
space polynomial in L, where L is the number of bits in the input and p is the number of variables.

Intuitively, we will make use of Lemma 10 to construct a number of ILP-FEASIBILITY instances, sufficient to
solve g-MAJORITY ILLUSION. Towards this end, following Claim 1, we show that if the proposed constraints are
satisfied, then we can conclude that the network admits g-majority illusion. This will allow us to subsequently
solve g-MAJORITY ILLUsIONefficiently, for small value of neighbourhood diversity.

THEOREM 4. ¢-MAJORITY ILLUSIONcan be solved in time 20 (K1°6K) | N|O() on networks of neighbourhood diversity k.
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Proor. Let SN = (N, E) be a given input social network, and let 7~ = {Ty, . . ., Tx } denote the partition of N into
k modules, each of which is a clique or an independent set. Observe that the set 7~ can be computed in polynomial
time (see [35]). Then, for every i € [1,k], let adj(i) denote the set {j € [1,k] : j#iand Ju e T,v € T; : (u,v) €
E}. That is, adj(i) comprises the indices of all those modules T}, in which at least one vertex (and hence all
vertices) is adjacent to a vertex of T; (and hence to all vertices of T;). Let further y = [q - |[N|] denote the required
number of vertices to be under illusion, in order for g-majority illusion to hold. The main intuition behind our
algorithm is to construct 20() instances of ILP-FEASIBILITY, each with O (k) variables, such that if there is a
labelling of SN, which induces g-majority illusion, then the solution to one of these ILP-FEASIBILITY instances
can be used to obtain a solution to the given instance of g-MAJORITY ILLUSION.

Let now C denote the set of all clique modules in 77, and let 7 denote the set of all independent modules in 7.
We are now ready to start describing the design of the ILP-FEASIBILITY instances. For every function:

e Clique-col: C — {r, b,both}
o Clique-maj: C — {b, all, none}
e Ind-maj: I — {all, none}

we construct one ILP-feasibility instance, for which the set of variables and constraints will be discussed later
in this proof. We first sketch the intuition behind these functions. Let f : N — {r, b} be a labelling, which places
at least y vertices under illusion (if one exists). Then, the function Clique-col expresses, for every clique module,
whether it contains both red and blue vertices according to f. Note that if this is case, then this module is mapped
to both. Further, if it contains only red vertices, then this module is mapped to r. Finally, if it contains only blue
vertices, then this module is mapped to b.

Furthermore, the function Clique-maj expresses, for every clique module, whether no vertices are under
illusion (mapped to none), or only blue vertices are under illusion (mapped to b), or all vertices are under illusion
(mapped to all) under f. Recall that from the second and third statements of Lemma 10, we have that these are
the only three possibilities.

The function Ind-maj expresses, for every independent module, whether all vertices in the module are under
illusion (mapped to all) in the optimal labelling, or none of them are under illusion (mapped to none). Recall, that
from the first statement of Lemma 10, we have that these are the only two possibilities. If f exists, then a “correct”
triple of these functions exist. Notice that there are at most 3* possibilities for Clique-col and Clique-maj, and at
most 2% possibilities for Ind-maj. Hence, we may iterate over all possible at most 18* triples of functions, and we
know that at least one of these triples is the “correct” one if p exists.

Now, let us fix the functions Clique-col, Clique-maj, Ind-maj and describe the ILP-FEASIBILITY instance
corresponding to it. To better understand the constraints we will design, we consider the three selected functions
to be the “correct” ones that correspond to f. We will also assume that these functions are consistent with
each other. That is, if Clique-col(T;) is r (respectively, b), then it cannot be the case that Clique-maj(T;) is b
(respectively, r). In other words, if we guess that every vertex of T; is labelled red, then we will not guess that all
of the blue vertices of T; will be under illusion. Moreover, we have a convention that in Clique-maj, the value all
takes “priority” over r or b. That is, if Clique-col(T;) is b, then Clique-maj(T;) is either none or all, and never b.
This is because setting it to all achieves the same effect as setting it to b, since all vertices in T; are blue. Any
triple of functions where these conditions are not satisfied are not considered further.

We now proceed to describe the ILP-FEASIBILITY instance. For every i € [1, k], let s; denote the size of V(T;).
We know the value of each s;, since we have we know 7. The set of variables in this instance is ;e[1 117> bi> pi}-
The intuitive meaning of these variables is the following. Recall that f : V(SN) — {r, b} is a hypothetical optimal
labelling that places at least y vertices under illusion. Then, for every module T;, we have that r; represents the
number of vertices of T; labelled red in f. Similarly, b; is the number of vertices in T; labelled blue in f, while p;
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will be used to represent the number of vertices of T;, which are under illusion following f. Notice that we have
3k variables in total. We are now ready to present our constraints.

(1) For every i € [1,k], we have the constraint r; + b; = s;°. This constraint says that the numbers of red and blue
vertices of each module should add up to the total number of vertices in that module.

(2) = 2ierik) bi + Zicfox) ri < —1. This constraints says that the total number of vertices labelled blue must
exceed the total number of vertices labelled red. So, as a consequence, we get that blue would be the majority
label.

(3) — Zie[1k] Pi < —x- This says that as long as we ensure that the number of vertices under illusion from each
T; is at least p;, then the total number of vertices under illusion is at least y.

(4) For every i € [1,k], such that T; is an independent module, if Ind-maj(T;) = all, then we add the constraint
2jeadj(i) Vi = Zjeadji) Tj < —1. That is, for every vertex in T;, the number of red neighbours must exceed
the number of blue neighbours, that is, they are all under illusion.

(5) For every i € [1, k], such that T; is an independent module, if Ind-maj(T;) = all, then we add the constraint
pi = s;, and otherwise (i.e., when Ind-maj(T;) = none), we add the constraint p; = 0.

(6) For every i € [1, k], such that T; is a clique module, we add a constraint as follows:

o If Clique-maj(T;) = none, then p; = 0.

o If Clique-maj(T;) = b, then p; = b;.

o If Clique-maj(T;) = all, then p; =s;.

These constraints ensure that the number of vertices of T; that are supposed to be under illusion match with
the information provided by the function Clique-maj, that is, whether the set of vertices under illusion is
empty, or is equal to the set of all blue vertices, or to all of the vertices in the module.

(7) For every i € [1, k], such that T; is a clique module, we do the following:

o If Clique-col(T;) = r, then we add the constraint s; = r;. Further, if it also holds that Clique-maj(T;) = all,
then we add the constraint:

—(ri=D+ Y (bj-r) -1
Jj€adj(i)
o If Clique-col(T;) = b, then add the constraint s; = b;. Further, if it also holds, that Clique-maj(T;) = all, then
we add the constraint:

bi—1+ Y (bj-ry) <-1
jeadj(i)
These constraints say that if every vertex in T; is labelled red (blue), then the number of red vertices (respec-
tively, blue vertices) is the total number of vertices in T;. Moreover, if every vertex is required to be under
illusion according to the function Clique-maj, then the blue surplus of any vertex in T; is at most -1.
(8) For every i € [1,k], such that T; is a clique module with Clique-col(T;) = both, we do the following:
e If Clique-maj(T;) = all, then we add the constraint:

b,-—ri+1+ Z (bj—rj)ﬁ—l
jeadj(i)

This constraint says that if we take a red vertex in T;, and compute its blue surplus, then it is at most -1. That
is, it is under illusion. This in turn implies that every vertex is under illusion, as required by Clique-maj(T;).

3Notice that equality constraints can always be expressed as two inequalities, as required in the definition of ILP-FEasIBILITY. For instance, in
this case, we have r; + b; < s; and —r; — b; < —s;.
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o If Clique-maj(T;) = b, then we add the constraint

bi—ri—1+ Z (bj—r) < -1
jeadj(i)
This constraint says that if we take a blue vertex in T;, and compute its blue surplus, then it is at most -1.
(9) For every variable x € U;c[1x1{7i; bi, pi}, we have a constraint —x < 0, which imposes a non-negativity
constraint on every variable. This will allow us to treat r;, b;, p; as sizes of vertex sets.
(10) Finally, for every i € [1, k], we add the constraint p; < s;, in order to indicate that the number of vertices of
T;, which are under illusion, can never be more than the total number of vertices in T;.

This completes the description of the ILP-FEASIBILITY instance. We refer to the previously defined constraints
as C1-C10. Observe that the ILP-FEASIBILITY instance can be computed in polynomial time, given the three
functions which we consider in such an instance.

One can further observe that for the optimal labelling (in terms of the number of vertices under illusion) p, as
well as the corresponding three functions, these constraints are satisfied. This implies that if p exists, then at
least for one of the triples, the corresponding ILP-FEASIBILITY instance can be solved — for each i € [1,k], set r;
(b;) to be the number of vertices of T;, which are labelled red (blue) by f, and set p; to be the number of vertices
of T; under illusion.

We next show that if we solve the ILP-FEASIBILITY instance for some triple, then we can recover a labelling
inducing the required g-majority illusion (which may not be the same as f). Let U;c[14{r}, b}, p; } be a solution
for the ILP-FEASIBILITY instance. Observe that due to C9, we have that all variables get non-negative values.

We now define a labelling f™ as follows. For every i € [1,k], we select an arbitrary set of r; vertices from
T;, and label them red. Furthermore, we label the remaining vertices of each T; (of which must there must be
exactly b}, due to C1), with blue. Since C2 is satisfied, it follows that blue is the majority label. We next prove the
following claim, which, along with C3, would then imply that at least y vertices in total are under illusion, as
required.

Cram 1. Foreveryi € [1,k], the number of vertices of T; under illusion, with respect to f*, is at least p.

Proor. Consider an independent module T;. Suppose that Ind-maj(T;) = all. Since C4 is satisfied, it follows
that all s; vertices of T; are under illusion. Moreover, C5 implies that p; = s;, hence validating our claim that the
number of vertices of T; under illusion with respect to f* is at least p;. On the other hand, if Ind-maj(T;) = none,
then p} = 0, and the claim is trivially true, because the number of vertices of T; under illusion is always at least 0.
The same argument applies if we consider a clique module T;, such that Clique-maj(T;) = none. That is, p; =0,
and the claim is trivially true, because the number of vertices of T; under illusion is always at least 0. Hence,
we assume that we are only left with clique modules T;, such that Clique-maj(T;) # none. Now, we have the
following, exhaustive, subcases.

Case 1: Clique-col(T;) = r. Since we have assumed that Clique-maj(T;) # none, it must be the case that Clique-
maj(T;) = all. Then, C7 guarantees that —(r; — 1) + 2 jcqa;(i) (b;f - r;f) < —1. But notice then that we have labelled
exactly r; vertices of each Tj red, and the remaining vertices blue. Hence, it must be the case that the blue surplus
of every vertex in T; (as expressed in C7) is at most -1, and so all of the s; vertices of T; are under illusion. This
satisfies the claim, since p; is always at most s; (due to C10).

Case 2: Clique-col(T;) = b. Again, it must be the case that Clique-maj(T;) = all. Then, C7 guarantees that, since
it holds that b; — 1+ X jcqaj(i) (b;f - r;) < -1, and we have labelled exactly r; vertices of each T; red and the
remaining blue, it follows that the blue surplus of every vertex in T; is at most -1. So, every vertex of T; is under
illusion. As before, this satisfies the claim, since p; < s; (C10).
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Case 3: Clique-col(T;) = both. In this case, Clique-maj(T;) could be all or b. In the former case, C8 guarantees that
bi —ri+1+ 2 jcaaj(i) (b; —r;) < —1, implying that at least one red vertex is under illusion. So, by Lemma 10(3), we
have that every vertex in T; is under illusion. In the latter case, C8 guarantees that b —r; =142 jeqa;() (b5 —17) < -1,
implying that at least one blue vertex is under illusion, and so, by Lemma 10(2), we have that every blue vertex in
T; is under illusion. Hence, the number of vertices of T; under illusion is at least the number of blue vertices, that
is, b;. However, in this case C6 guarantees that p} = b} and hence, the number of vertices under illusion in T; is
again at least p;, as required. This completes the proof of the claim.

O

We have argued the correctness of the algorithm. Notice further that the running time is bounded by the
time required to compute 77, which is polynomial, plus 18, multiplied by the time required to construct an
ILP-FEASIBILITY instance and to execute the algorithm from Proposition 2, which is bounded by 20 (klegk) | 7|0 (1)
This gives an overall bound of 20k1°8%) N |9() on our algorithm. This completes the proof of the theorem.

O

Since graphs with vertex cover number at most k have neighbourhood diversity at most k + 2* (see [35]),
Theorem 4 has the following corollary.

o 0 (k) ;
COROLLARY 3. q-MAJORITY ILLUSIONcan be solved in time 2*"" |N |9 on networks with vertex cover number k.

4 Eliminating Illusion

We now turn to the problem of reducing the number of vertices under illusion in a given labelled network by
modifying the connections between them. Namely, we consider the problem of checking if it is possible to ensure
that g-majority illusion does not hold in a labelled network, by altering only a bounded number of edges.*

g-ILLUSION ELIMINATION:
Input: SN = (N, E, f), such that f induces g-majority illusion in (N, E, f), k € N, such that k < |E|.
Question: Is there a SN’ = (N, E’, f), such that |{e € N? : e € E iffe ¢ E'}| < k, while f does not induce
g-majority illusion in SN’ ?
We also consider two refinements of this problem. First, let us introduce ADDITION g-ILLUSION ELIMINATION,
in which we restrict the possible actions to adding edges.

ADDITION g-ILLUSION ELIMINATION:
Input: SN = (N, E, f), such that f induces g-majority illusion in SN, k € N, such that k < |E]|.
Question: Is there a SN' = (N, E’, f), such that E C E’, |E’| — |E| £ k, and f does not induce g-majority
illusion in SN*?
We also define REMoOVAL g-ILLUSION ELIMINATION, for removing edges.

REMOVAL g-ILLUSION ELIMINATION:
Input: SN = (N, E, f) such that f induces g-majority illusion in SN, k € N such that k < |E|.
Question: Is there a SN’ = (N, E’, f) such that E’ C E, |E| — |E’| < k and f does not induce g-majority
illusion in SN’?
First, in Section 4.1 we demonstrate computational hardness of g-ILLusiON ELIMINATION. Then, in Section 4.2
we provide analogous results for ADDITION g-ILLUSION ELIMINATION and REMOVAL ¢-ILLUSION ELIMINATION.

4Note that the condition specified in the question corresponds exactly to the number of edges present in the original network but not in the
altered one, and the number of those only present in the original network. This captures the number of operations of rewiring of the edges.
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4.1 NP-Completeness of ILLUSION ELIMINATION

In this section, we show that g-ILLusiON ELIMINATION is NP-complete. In fact, our construction implies that this
problem is also W[1]-hard when parameterised by the number of changed edges in a social network. We obtain
this by providing the required reduction from k-cL1QUE. In the following, we give a sketch of our reduction to
convey the necessary intuition behind our proof, which is followed by a formal proof.

Let us first introduce some useful notation. For a pair of labelled social networks (N, E, f), (N, E’, f), and
i € N, we say that i is pushed into illusion in (N, E’, f), if i is under illusion in (N, E’, f), but not in (N, E, f).
Symmetrically, we say that illusion is eliminated from i in (N, E’, f) if i is under illusion in (N, E, f) but not in
(N.E', f).

Consider an instance (G, k) of k-CLIQUE, where G = (V, Eg). We now construct a social network (N, E, f)
as follows. First, we add the vertex set Vi to N, and the edge set Eg to E. We further assign each vertex i in Vg
the label red, that is f(i) = r. Next, for each vertex i € Vi, we add a set r; of red labelled vertices, and a set b; of
blue labelled vertices, while ensuring that number of red neighbours of i is exactly k — 1 more than the number
of blue neighbours of i. So, for a vertex i in Vg for which N9 (i) > k, we set |b;| = [INY9(i)| — k + 1 and |r;| = 0.
Also, if [NV (i)| < k, we set |r;| = k — |[NY%(i)| — 1 and |b;]| = 0.

The idea behind adding these vertices is to make sure that each vertex in Vi has a red surplus of exactly k — 1.
Then, the vertices in Vi are under illusion. Now, we impose the condition that only the vertices in V; remain
under illusion by adding, for each vertex j in the sets r; and b;, two blue labelled vertices jj, j, and adding edges
(j15 7)» (J2s J)» (J1, J2)- Then, j is not under illusion, as it has two blue labelled neighbours, as well as one red
labelled neighbour. Moreover, ji, j,» are not under illusion, as they have one red labelled and one blue labelled
neighbour. We show, in Lemma 13, that it is possible to eliminate illusion from k vertices in this structure by
altering at most (];) edges exactly when there exists a k-clique in G. Next, we add some extra red and blue labelled
vertices, which are not under illusion, to guarantee that blue is the majority label, and the ratio of vertices under
illusion minus k, to the total number of vertices, is at most q. We set our budget (of edge modifications in the
network) to be (l;), that is, kZT_k This completes our reduction.

To argue the correctness of our reduction, we show that in order to remove g-majority illusion from the
constructed network, we must make sure that at least kK more vertices are not under illusion, and that these
must come from Vg, as only vertices in Vg are under illusion. To achieve this, at least kK — 1 edges on each such
vertex must be removed. Achieving this goal by deleting at most (’;) edges is only possible if there is a clique on

k vertices in G. Conversely, if we can delete any (12() edges to make k vertices under illusion in (N, E, f), then
there must be a k-clique in G. We show that this is the case in the proof of Lemma 14, which implies the W[1]
hardness of the problem we consider.

We start with two additional structures, which we call m-pump-up and m-pump-down gadgets. These gadgets
will help us to ensure the correctness of the construction which we will provide for a chosen g. We note that
adding them to a network in which r is the minority label does not affect the fact that b is the majority label.

m-Pump-Up Gadget. Let us construct what we call an m-pump-up gadget. For a natural number m > 1, we
create m + 4 blue vertices, which are not connected to each other. In addition, we construct 4 red vertices, which
are also not connected to each other. Furthermore, let each red vertex in the gadget be connected to all blue
vertices in this structure. Note that this forms K, 44 4. Observe that if a m-pump-up gadget is embedded in a
network in which blue is the majority label, then m + 4 vertices are under illusion in this structure, while 4 are
not. Also, for every blue vertex i in the gadget, the blue surplus of i is —4. Figure 8 depicts a 2-pump-up gadget.
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&)
Fig. 9. m-pump-down gadget for m = 4.

_________________________________________

Fig. 8. m-pump-up gadget for m = 2.

m-Pump-Down Gadget. Let us further construct what we call an m-pump-down gadget. For an odd, natural
number m > 1, the m-pump-down gadget is a m-clique, in which blue has the majority of 1. Also, for an even,
natural number m > 2, we construct the pump-down gadget for m — 1, and a disjoint red vertex. Observe that if
an m-pump-down gadget is embedded in a network in which blue is the majority winner, then all m members of
the structure are not under illusion. Moreover, if a blue vertex in the gadget would be adjacent to an additional
red vertex, then it would be pushed into illusion. Figure 9 depicts a 4-pump-down gadget.

The following technical lemmas will help us decide what is the number m for which we are required to add
either an m-pump-up or an m-pump-down gadget. The first of them is related to the pump-up gadget.

LeEmMMA 11. For every pair of natural numbers m,k > 0 and every rational number q in (0, 1), such that 7 < q

m+h m+h+1
k+h+4 <q but k+h+4 2 q.

there exists a polynomially-computable h, such that

Proor. Take any such k,m and g = £, such that 7* < q. We define a function f,,x : N — Q such that for a

natural number h, fi ,(h) = k’f—m. First, observe that as 7 < g it holds that f;,,x(0) < g. Moreover, observe

that f;, x is strictly increasing, and that it is bounded by 1. Therefore, there exists an h, such that f,,x(h) < g,
while f,,,x(h+1) > q. We call such a number h*. Note that we can efficiently compute such a number by first

computing a real number h such that § = k’f}‘il and then taking its floor.

Suppose now, towards a contradiction, that ',Z’:,i’::i < %. Then, we have that b(m+h* +1) < a(k+h* +4), which

is equivalent to a(k + h*) + 4a > b(m + h*) + b. We denote this inequality as a. Additionally, as f,,x(h* +1) > q,
we know that ']:’:}}:::51 > £.S0, a(k + h* +5) < b(m+h* + 1), and thus —a(k + h* +5) > —b(m + h* + 1). This is
equivalent to —a(k + h*) — 5a > —b(m + h* + 1). We denote this inequality as 8. By adding « and j we get that

—a > 0, so a < 0. But this is impossible, since % > 0.

O

We will further denote such a number as hfn kg OF k¥, if m, k and q are clear from the context. The following
lemma will be relevant for the placement of a pump-down gadget.

LEMMA 12. For every rational number q € (0,1) and m,k € N, such that % > q there is a natural, polynomially-
computable h, such that % < q, but T > q.

Proor. Take any such m,k and q = %. We first define a function g, x : N — Q, such that, for each natural
number h, we have that gi ,»(h) = {55 Observe that g, x(0) = 7 and that gp, x is strictly decreasing, while it is
bounded by 0. So, there exists a natural A, such that g, (h) < g, but gmx(h — 1) > g, as ¢ > 0. We will further
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AN

Fig. 10. Example of an encoding ENg, for a graph G with four vertices, such that three of them form a clique, and one of
them is a dependent of a member of this clique, and k = 3.

call such a number h*. Note that we can efficiently compute such a number by first computing a real number h
such that £ = - and then taking its floor.

Then, suppose towards a contradiction that {225 < £ Then, we have that bm + b < ak + ah*, and so ~bm — b >
—ak — ah*. We denote this inequality as a. Also, notice that by definition of h* we get that 7+ > 7. So,
bm > ak + ah™ — a. We denote this inequality as f. By adding « and f, we get that —b > —a, and so a > b which
is impossible, since % < 1.

m]

We denote such a number as h:;l,k’q, or h*, if m, k and q are clear from the context.

We now construct, for a graph G = (Vg, Eg), a labelled social network ENg = (N, E, f), which we call an
encoding of G. Let us first describe the subnetwork of ENg, which we call a G-gadget. For every vertex in Vg,
we create a vertex in the G-gadget, which is labelled r, with the relation between them being identical to Eg.
Further, for every vertex i in the G-gadget, we create a set of vertices labelled r, which we denote as r;, and a set
of vertices labelled b, which we call b;. We require all members of r; and of b; to be adjacent to i. Furthermore,
we set the cardinalities of r; and b; to be smallest, such that [N (i)| + |r;| — |b;| = k — 1. Further, for every vertex j
in r; U b;, we create two vertices labelled b, adjacent to j, and to each other. Finally, we construct the minimum
number of isolated vertices labelled b, satisfactory for b to be the strict majority label in ENg. Observe now that
the only vertices under illusion in this encoding are those in the G-gadget. Moreover, all of the members of this
gadget are under illusion. Figure 10 depicts an example of ENg.

We further call |Vg| — k the requirement, or rg. Also, we call (’;) the budget, or bg. We say that network
EN[, = (N, E', f) satisfies the requirement r¢ and the budget if |[{e € N* : e € Eiff e ¢ E'}| < bg, while at most
rg vertices are under illusion in ENj;.

LEMMA 13. For every graph G, there is a network ENj; = (N, E’, f), which satisfies the requirement and the budget
if and only if there exists a k-clique in G.

Proor. Take a graph G = (Vg, Eg). First, suppose that there exists a k-clique in G. Then, take such a clique,
and call the corresponding set of vertices in the G-gadget C. Observe that since, following previous observations,
all of the vertices that are under illusion in the encoding ENg = (N, E, f) are in the G-gadget, it holds that the
network (N, E’, f), with E' = E\ {(i,j) | i, j € C}, satisfies the budget, since |[{(i, j) : i, j € C}| = (5) Observe
that it also satisfies the requirement, as |C| = k, and we have that for every i € C, it holds that the blue surplus in
i’s neighbourhood amounts to INYG ()| + |r:| = |bi| — k — 1, which by construction is equal to 0, and hence i is not
under illusion.
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Suppose now that there is no k-clique in G. Further, suppose towards a contradiction that there is a network
EN; = (N, E', f), which satisfies the requirement and the budget. Then, there is a set of vertices S C V(C), with
|S| = k, such that, for every i € S, we have that illusion is eliminated from i in EN'G. Further, by assumption, we
have that S is not a clique. Notice, however, that then, as bg = ('zc) at least one member of S is under illusion in

EN'G, which contradicts the assumptions.
|

This observation allows us to demonstrate NP-completeness of g-ILLusioN ELIMINATION.
LEMMA 14. q-ILLUsION ELIMINATION is NP-complete for every q € (0, 1).

Proor. Consider any rational g € (0, 1). First, observe that g-ILLusioN ELIMINATION is in NP, as verifying if a
labelling induces a g-majority illusion is possible in polynomial time. Let us further construct a network EZ. and
a number m for graph G, such that the answer to g-ILLusioN ELimMINATION for Eg and m is positive if and only if
G contains a k-clique.

In the instance we consider, we will check whether we can find a subnetwork of EZ;, in which connections
between at most b pairs of vertices can be changed, and in which g-majority illusion does not hold. The first

[V(G)|-k

component of EZ, is Eg. If Fig <@ then we construct a I-pump up gadget for [ = h?V(Ec)\—k,k,q' Otherwise,
+

WV (E) |~k kg Let us now show that the answer to g-ILLUSION
ELIMINATION for Ef, and (lzc) is positive if and only if G contains a k-clique.
First, suppose that G contains a k-clique. We will show that the answer to g-ILLusionN ELiminaTION for E‘é

and k is positive. Let us first consider the case, in which ‘lfé((;};(_;c | < q. Then observe that, as G is contains a

we construct a I’-pump down gadget, for I’ = h

k-clique, by Lemma 13 we have that it is possible to find a subnetwork E;; of Eg, in which (I;) edges are altered,

and where illusion was eliminated from k vertices. Then, by Lemma 11, we get that &gﬁ% < g. So we can
construct a network of EZ, in which only (lzc) edges are altered, but g-majority illusion does not hold. Similarly, if
V(G) |-k |V(Eg)|-k

VE,)] > g, we observe that, by Lemma 12, we get that WEORT < ¢ So, we get that we can eliminate illusion

from k vertices in Eg by modifying (’;) edges. But then, we can construct a network E(., in which only (];) edges
are removed, while g-majority illusion does not hold.

Suppose now that G does not contain a k-clique. We will show that the answer to the problem we consider for
V(Eg) -k
. . o VEG)] C
we have that the minimum number of vertices from which illusion needs to be removed for g-majority illusion

not to hold in Eg is k. Furthermore, let us notice that in the pump-up gadget, the minimum number of edges that
is needed to be added to eliminate the illusion from a single vertex is greater than 4, which requires that we can
only alter (IZ() edges adjacent to the G-gadget to eliminate the illusion from k of its members, which is needed
to eliminate g-majority illusion. Thus, we get from Lemma 13 that since G does not contain a k-clique, it is not

Eg and k is negative. Let us first consider the case in which < g. Notice that, by reasoning in Lemma 13,

possible to remove the illusion from at least k in EZ, by altering connections between at most (];) pairs of vertices.
The reasoning for the case in which % > g is symmetric.
O
As a consequence, we get the following hardness result.

THEOREM 5. For all q € (0,1) g-ILLUsioN ELIMINATION is W[1]-hard parameterised by the number of altered
edges.

Proor. Follows immediately from Lemma 14, noticing that the budget is bounded by a quadratic function of k.
mi
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4.2 NP-Completeness of REMOVAL q-ILLUSION ELIMINATION and ADDITION q-ILLUSION ELIMINATION

Using reductions similar to the one provided above, we obtain W[1]-hardness of REMOVAL g-ILLUSION ELIMINATION
and ADDITION g-ILLUSION ELIMINATION. We note that while those problems are similar to g-ILLUSION ELIMINATION,
establishing their computational complexity does not follow immediately. To show hardness of REmovaL g-
ILLusiON ELIMINATION, by reduction from k-CLIQUE, we use the same encoding, as in the proof of Theorem 5. We
observe that, following the reasoning in the proof of Theorem 5, in this construction we get that for a graph G,
q € (0,1), and Eg = (N, E), there exists a network Eg = (N, E’), such that g-majority illusion does not hold in

Eg, while [{e € N?: e € E iffe ¢ E'}| < bg if and only if |[E’| - |E| < (’;) The following result follows.
LEMMA 15. REMOVAL q-ILLUSION ELIMINATION is NP-complete for every q € (0, 1).

To show the hardness of ADDITION g-ILLUSION ELIMINATION, we provide a reduction from k-INDEPENDENT
SET problem, similar to the previously shown construction. Notice that previous two reductions for illusion
elimination problems involved removing edges between agents, whereas we now want to account for illusion
elimination by adding edges, therefore we are going to employ a different reduction method.

We now construct, for a graph G = (Vg, Eg), a labelled social network ENg = (N, E, f), which we call an
encoding of G. Let us first describe the subnetwork of ENg, which we call a G-gadget. For every vertex in Vg,
we create a vertex in the G-gadget, which is labelled b, with the relation between them being identical to Eg.
Further, for every vertex i in the G-gadget, we create a set of vertices labelled r, which we denote as r;, and a set
of vertices labelled b, which we call b;. We also have that all members of r; and of b; are adjacent to i. We also
denote the set of neighbours of i in the G-gadget as G;. Further, we set the cardinalities of r; and b; to be smallest
such that |r;| — |G;| — |b;| = k — 1. Furthermore, for every vertex j in r; U b;, we create three vertices labelled b,
adjacent to each other, and with one of them adjacent to j. Finally, we construct the minimum number of isolated
vertices labelled b, satisfactory for b to be the strict majority label in ENg. Observe now that the only vertices
under illusion in this encoding are in the G-gadget. Moreover, all of the members of this gadget are under illusion.
An example of an encoding ENg is shown in Figure 11.

We further call |[V(G)| — k + 1 the requirement, or rg. Also, we call (];) the budget, or bg. Moreover, we say
that a network EN;; = (N, E’, f) satisfies the requirement rg and the budget if |E’| — |E| < bg, while less than rg
vertices are under illusion in EN,.

LEMMA 16. ADDITION q-ILLUSION ELIMINATION is NP-complete for every q € (0, 1).

Proor. To show that the claim holds, we observe that, by reasoning symmetric to the proof of Lemma 14, for
a given graph G, we can construct a network ENGq = (N, E’, f) in which g-majority illusion does not hold, while

|E’| - |E| < (lzc) if and only if G contains a k-independent set. Then, the result follows by reasoning symmetric to
the proof of Lemma 14.
mi

By combining Lemma 15 and Lemma 16, and noticing that in both cases the budget is bounded by a quadratic
function of k, we obtain the following theorem.

THEOREM 6. For all q € (0,1), ADDITION q-ILLUSION ELIMINATION and REMOVAL q-ILLUSION ELIMINATION are
W/|1]-hard.

5 Discussion

Our work addresses the problem of majority illusion from the computational complexity perspective. While
previous work on this topic (see [36]) was mainly focused on empirical exploration of this phenomenon, our
results concern the computational limitations of both detecting the possibility of majority illusion and removing
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Fig. 11. An encoding ENg, for a graph consisting of the independent set of three vertices.

it. We see our results as providing insights to a designer of a social network system aiming at reducing the impact
of agents’ misperception of the social system they belong to, specifically when it comes to forming beliefs about
what everyone else thinks.

We note that several recent papers have, directly or indirectly, built upon our work. From the computational
point of view, some edge cases and variants are being addressed. For instance, [18] have shown tractability of
g-ILLusioN ELIMINATION for g = 0, while [21] considered eliminating majority illusion by relabelling vertices
and [42] studied the occurrence of majority illusion in restricted classes of graphs. Other papers have noted the
importance of our contribution in the context of related problems. For instance, [37] notice the importance of
majority illusion in distorting people’s local perception in the context of voting. Also, [6] observe the impact of
majority illusion in the context of exposure bias.

Our results have implications for the study of voting. Generally speaking, voters can be persuaded to change
their opinion if a large number of people they communicate with through a social network disagree with them.
Furthermore, the perceived distribution of opinions regarding candidates is a crucial piece of information for a
strategic voter. Hence, taking majority illusion into account is important towards the analysis of voters’ behaviour.

While our analysis is limited to two opinions only, impacting therefore only two-candidate elections, further
extension of our work is needed when elections have larger numbers of participants. In what follows we look
at a natural definition of “plurality” illusion, where a label can be viewed as an agent’s favourite candidate.
Surprisingly, we show that this is not reducible to majority illusion. Afterwards, we look at the connection
between majority illusion and opinion diffusion, reflecting on the consequences of this phenomenon when
decision-making takes place in a social network.

5.1 Plurality lllusion

Having studied majority illusion for networks labelled using two labels, it is natural to ask whether similar
results hold for networks labelled using more labels. Towards this end we define plurality illusion, which happens
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Fig. 12. Example of a social network admitting a 1-plurality illusion with three labels, but not admitting a 1-majority illusion.

when (all) agents see a label which is not the plurality winner in the network as the plurality winner in their
neighbourhood. We now show that there are networks that admit plurality illusion for all agents, but not a
1-majority illusion. This observation motivates the fact that plurality illusion is interesting in its own right and
deserves further investigation.

Formally, define plurality illusion as follows. Let C be a finite set of labels. Given a labelled social network
SN=(N,E, f), where f : N — C is a labelling, we denote the set of most popular labels in SN as Plgy. So,
Plgy = argmax [{i € N : f(i) = c}|. If the most popular label is unique, we will call it the plurality winner.

ceC
Similarly, for an agent i € N, we say that Pl is the set of most popular options in i’s neighbourhood. Formally,

Plng =argmax |{i € N(i) : f(i) = c}|. If PlgN = {c}, for some ¢ € C, we say that c is the plurality winner in
ceC
i’s neighbourhood. Then, we say that an agent i € N is under plurality illusion if the plurality winner in i’s

neighbourhood is different from the plurality winner (provided both exist). Further, we say that f induces plurality
illusion if all agents in N are under plurality illusion in (N, E, f). Also, we say that (N, E) admits plurality illusion
if some labelling f : N — C induces plurality illusion.

OBSERVATION 4. There are networks which admit a plurality illusion, but not 1-majority illusion.
The following example shows that Observation 4 holds.

ExaMPLE 3. Consider the social network shown in Figure 12. This network admits a plurality illusion with three
labels, as per labelling in Figure 12. Notice that in this case five vertices are labelled blue, four are labelled red, and
four are labelled green. Thus, blue is the plurality winner. However, one can verify that there is a plurality winner
other than blue in the neighbourhood of every vertex in the network.

The social network in Figure 12 does not however admit 1-majority illusion. Suppose towards a contradiction that
there is a labelling f of this network that induces a 1-majority illusion. Then, observe that there are thirteen vertices
in the network, and hence at most six vertices are labelled red in f. Moreover, all vertices in the clique in the left
subnetwork, as well as the central vertex in the right subnetwork, have dependents. Hence, they are labelled red in
f. Furthermore, the central vertex in the right subnetwork has four neighbours, and hence, by assumption that it is
under illusion, at least three of the vertices adjacent to it are labelled red in f. But then, at least eight vertices are
labelled red in f, which contradicts the assumptions. So, the network in Figure 12 does not admit a 1-majority illusion.

5.2 Opinion Diffusion

As argued, majority illusion can affect the way in which agents change their mind regarding a specific issue, that
is, a well-placed minority can gain an advantage by communicating their opinion. This is especially visible in
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Fig. 13. An instance in which 1-majority illusion holds and the minority view becomes a consensus after one opinion diffusion
step.

the context of the threshold-based opinion diffusion model (see [26]), where each agent modifies their opinion
looking at a set threshold of their incoming connections. For example, they all come to think what the majority
of their influencers say. In this model 1-majority illusion means that the minority view becomes unanimous
consensus at the next step.

Let us look at the case of majority thresholds with synchronous updates, widely studied in the distributed
Al literature [32, 10, 13]. Formally, for a labelled social network (N, E, ) and an agent i, we denote as A(i) =
{j € N(@i) : f(i) = f(j)} the set of individuals in i’s neighbourhood who agree with them. Similarly, let
D(i) = N(i) \ A(i) be the set of those who disagree with i.

We can now define how agents change their label following their neighbours’ views. Let SN= (N, E, f) be a
labelled social network, and let i € N be an agent. Then, the opinion diffusion step is the function OD : N — {b,r},
such that OD(SN, i) = flip(f(i)), if |D(i)| > |A(i)|, and OD(SN; i) = f(i) otherwise, where flip(k) = {b,r} \ f(k)
denotes the change from an original label to its opposite value. Using the notion of opinion change we can
define the synchronous update protocol. There, SU(SN) = (N, E, f’), where for every i € N we have that
f'(i) = OD(SN, i).

We can observe how, in networks in which 1-majority illusion holds, a minority view becomes a consensus
just in one opinion diffusion step. Figure 13 exemplifies this phenomenon. Similarly, we can observe that in
networks in which g-majority illusion holds, with q > % the minority view is adopted by the majority of agents
immediately under the protocol defined above. Let us emphasise that this observation showcases the importance
of majority illusion with respect to existing work on consensus development through opinion diffusion as in, for
example, [4, 5]. In fact, it constitutes a compelling case of instances in which the consensus (or a strong majority)
is achieved immediately.

We conclude by observing how majority illusion might impact the results of elections when voters are connected
by a social network. To see that, let us take the opinion diffusion protocol defined above, as well as an electoral
competition between two candidates. Following previous observations we see that if g-majority illusion holds in a
network, with g > 7, then the losing candidate becomes a winner even if the voters are allowed to communicate
only once. Further connections between majority or plurality illusion and voting, especially regarding changing
the structure of a network, remain a compelling research avenue.

6 Conclusion and Open Problems
In this paper we provided a computational analysis of majority illusion in a social network, focusing on detecting its

occurrence and transforming the network structure to see to its elimination. Here we summarise our contributions.

Summary of Contributions. We showed the algorithmic hardness of verifying (Theorems 1 and 2) and eliminating
(Theorems 5 and 6) g-majority illusion. Moreover, we provided a number of parameterised algorithms for the
verification problem (see Table 1). Also, we demonstrated W[1]-hardness for the elimination of majority illusion
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(Theorems 5 and 6). Informally, we have shown that even if illusion identification is a hard problem in general,
there are various natural constraints that make it feasible.

Future Research. Our research in this paper leaves a vast number of avenues for further study. We identify a
few potential problems and directions to accompany what we laid out in our discussion section.

Extension of Computational Complexity Results.

e Our results on illusion elimination did not show natural parameters which would make the problem easy
to resolve. It thus remains open whether we can find another good parametrisation.

e Further, in this paper we have only shown the hardness of g-MaAjoRITY 1LLUSION for g > 3. Although
we conjecture that the problem remains NP-complete for smaller values of g, we leave establishing the
complexity of g-mAJorITY 1LLUSIONfor such g as an avenue for further research.

e From a complexity-theoretic point of view, it remains open to check the existence of a single-exponential
time algorithm with respect to neighbourhood diversity.

e We note that, in addition to our parameterised complexity results, designing an efficient algorithm that
approximates the maximal value of ¢ in a given instance of ¢g-MAJORITY 1LLUSION would be a natural
direction for further study.

e While the results shown in this paper establish computational complexity of problems related to majority
illusion, identifying networks for which they are tractable, or where illusion is not possible, is also left
as an avenue for further study. Some of such cases might include grids, possibly interpreted as housing
neighbourhoods. Another interesting restricted case is the one of homophilic agents, that is, of labellings
in which individuals with the same label tend to be grouped together.

Model Extensions.

e An open challenge is to explore the setting in which the assumption of binary labelling is lifted. As we
have shown in Section 5.1, surprisingly, there are social networks that do not admit a majority illusion
but do admit a “plurality” illusion, that is, agents have a wrong perception of the plurality winner when
more than two labels are allowed. This is particularly relevant for voting contexts such as elections with
multiple candidates.

o As pointed out from the discussion around Figure 13, exploring the connections between majority illusion
and opinion diffusion is a natural and important follow up. One can observe that in a labelling, which
induces 1-majority illusion, all agents adopt the minority opinion after just one opinion diffusion step,
given the synchronous, majority-based threshold protocol. This observation motivates further connections
between the majority illusion and the spread of opinions.

It is fair to say that majority illusion may not always be an undesirable phenomenon. There are countless
situations where positive change can be induced by misperception of what the others think [41]. Here we have
taken the perspective of a system designer that does not what to use any form of distortion to achieve socially
desirable objectives [9]. In other words, we have endorsed the point of view that misperception is an undesirable
social property in itself.
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