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Conditional relative frequency distributions are tools extensively employed in statistics and machine learning for analyzing
connections of two or more categorical variables, examining patterns, and comparing data. As a first goal, we introduce the
so-called conditional relative frequency distributions with undefined observations for representing frequencies characterized
by uncertainty. After that, we show that conditional relative frequency distributions with undefined observations can be
identified with particular generalized fuzzy orthopartitions, which are mathematical models describing vague partitions
where the membership of elements to classes is only partially known.
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1 Introduction

Conditional relative frequency distributions are tools widely spread in statistics and machine learning for exploring
the relationship between two or more categorical variables, analyzing trends, and making comparisons among
data [1, 2, 3, 4, 5]. This article addresses the concept of conditional frequency distributions in the presence of
incomplete information, which frequently occurs in many real-world situations, such as missing data (some
observations or variables are missing, like survey responses and sensor data), censored data (observations are
only partially recorded, for example, the time until failure of a machine is only known if it failed during the
observation period), sampling bias (the sample may not be representative of the full population, leading to
incomplete knowledge about the underlying distribution). Several statistical techniques can be employed to
estimate frequencies when data are incomplete or partially missing, including imputation [6, 7], maximum
likelihood estimation [8], Bayesian methods [9], and bootstrapping [10]. Moreover, conditional relative frequency
distributions practically derive from contingency tables, (also called cross-tabulations or crosstabs), which have
been generalized to handle uncertainty in several ways; in this regard, a few examples of strategies are represented
by Probabilistic Contingency Tables [11], Fuzzy Contingency Tables [12], and Interval-based Contingency Tables
[13, 14, 15, 16].

Generalized fuzzy orthopartitions are mathematical structures classifying objects when incomplete, ambiguous,
or evolving information arise [17, 18]. These extend Ruspini partitions [19] with partial knowledge and orthopar-
titions based on classical sets [20] with vagueness. A generalized fuzzy orthopartition is formally defined as a
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particular family of intuitionistic fuzzy sets. An intuitionistic fuzzy set A is mathematically defined as a pair of
functions (g, v) from an initial universe to [0,1] representing the degree of membership and non-membership of
the objects to A. Thus, in a generalized fuzzy orthopartition, (g, v) represents an equivalence class C characterized
by both vagueness and uncertainty, by considering that an object u of the universe belongs to C with a truth
degree between p(u) and 1 — v(u). Certainly, (g, v) is equivalent to a fuzzy set [21] when the degree of each
element u is unambiguously determined, namely p(u) = 1 — v(u). The intuitionistic fuzzy sets of a generalized
fuzzy orthopartition satisfy a pair of properties capturing that the equivalent classes must be mutually disjoint and
cover the initial universe. Current research has explored orthopartitions and generalized fuzzy orthopartitions in
knowledge representation: in [22], entropy measures and operations are introduced for fuzzy orthopartitions;
in [23], a connection between orthopartitions and possibility theory is established; [24] identifies a class of
orthopartitions as special partially-defined equivalence relations that are equivalence relations incorporating
uncertainty; [17] unifies generalized fuzzy orthopartitions and credal partitions that are models for partitions
with partial knowledge widely used in evidential clustering [25]; in [26], operations and ordering relations are
defined on generalized fuzzy orthopartitions. Moreover, generalized fuzzy orthopartitions can be understood as
special interval-valued fuzzy soft sets, which are combinations of interval-valued fuzzy sets and soft sets [27].

As a first contribution, this article introduces novel models to describe conditional relative frequency dis-
tributions in case undefined observations are added to the initial data. More precisely, we consider a relative
frequency distribution of a categorical variable Y given another one X and we suppose that a certain number of
observations appear for each modality of X such that their distribution among the modalities of Y is unknown.
An illustrative example is provided at the end of Section 3, where a conditional relative frequency distribution is
derived from real data, which concerns the number of tourist visits to three types of attractions in each Italian
region in 2015: “museum, non-profit gallery and/or collection", “archaeological area or park", and " monument or
monumental complex". In this case, the uncertainty is introduced by assuming that 50000 new tickets are sold in
every region and each of them allows a visit to only one attraction, which cannot be predicted. The structures
representing conditional relative frequency distributions characterized by such type of incomplete information
are called conditional relative frequency distributions with undefined observations and are represented as tables
where cell values contain parameters subject to particular constraints. Each of these models represents a family
of conditional relative frequency distributions that it coincides with, once the uncertainty is solved (namely, the
distribution of the undefined observations becomes known).

Subsequently, we show that conditional relative frequency distributions with undefined observations are special
cases of generalized fuzzy orthopartitions. Certainly, it is required to attach a novel semantics to generalized fuzzy
orthopartitions: this time their intuitionistic fuzzy sets represent special sets of relative frequency distributions.
Then, our results demonstrate that generalized fuzzy orthopartitions, originally introduced within the framework
of fuzzy logic, are well-suited for describing scenarios involving frequencies rather than truth degrees. Moreover,
when understanding a conditional relative frequency distribution with undefined observations as a generalized
fuzzy orthopartition, an entropy measure can be introduced for quantifying its uncertainty.

Finally, we provide a sufficient and necessary condition to identify a generalized fuzzy orthopartition with
a conditional frequency distribution with undefined observations. Their relationship is schematized in the
Euler-Venn diagram of Figure 1. Therefore, a strength of this work is bridging fuzzy set theory with descriptive
statistics through generalized fuzzy orthopartitions. Another advantage is more practical: when dealing with large
sample sizes, conditional relative frequency distributions with undefined observations being represented by tables
can become unwieldy and hard to interpret, and so, generalized fuzzy orthopartitions could reveal alternative,
equivalent, and more convenient models. However, a first connection between orthopartitions (based on classical
sets) and descriptive statistics can already be glimpsed in the literature: orthopartitions can be understood as
special collections of rough sets (orthopartitions are made of orthopairs that are equivalent to rough sets), which
in [28] are represented as contingency tables, although uncertainty is not factored in.
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Generalized Fuzzy Orthopartitions

Relative Frequency Distributions
with Undefined Observations

Fig. 1. Hierarchy of Generalized Fuzzy Orthopartitions and Conditional Relative Frequency Distributions with Undefined
Observations.

According to the interpretation adopted in this article, generalized fuzzy orthopartitions can be viewed as tables
of intervals (see Table 11), and thus understood as an extension of existing models for contingency tables with
uncertainty. In particular, they generalize Probabilistic Contingency Tables [11] and Fuzzy Contingency Tables
[12], by allowing the cells to contain subintervals of [0,1] rather than single-valued entries. Furthermore, although
Interval-based Contingency Tables also represent cell values as intervals, the interpretation is fundamentally
different: in generalized fuzzy orthopartitions, intervals reflect the uncertainty inherent in the data, whereas in
interval-based scaling models, such as those found in symbolic data analysis, intervals are used to represent the
internal variability of category scale values, not uncertainty [13, 29].

The article is organized as follows. The next section reviews some basic notions regarding contingency tables,
relative frequency distributions (Subsection 2.1), and generalized fuzzy orthopartitions (Subsection 2.2). Section 3
has the following focal goals and its main results are schematized in Figure 4. Firstly, the notion of conditional
relative frequency distributions with undefined observations is defined. Then, a particular generalized fuzzy
orthopartition is constructed starting from an initial conditional relative frequency distribution with undefined
observations. In addition, it is demonstrated that generalized fuzzy orthopartitions and conditional relative fre-
quency distributions with undefined observations are equivalent models, both representing the concept of relative
frequencies characterized by uncertainty. Then, important properties of generalized fuzzy orthopartitions, which
are equivalent to conditional relative frequency distributions with undefined observations, are presented. Lastly,
a generalized fuzzy orthopartition, equivalent to a conditional relative frequency distribution with undefined
observations, is built from a real dataset. In Section 4, the inverse problem is addressed: given a fuzzy orthopar-
tition satisfying a specific condition, the family of its equivalent conditional relative frequency distributions
with undefined observations is determined. This leads to identifying a special sub-class of generalized fuzzy
orthopartitions with relative frequency distributions with undefined observations. The constructions and results
of Section 4 are summarized in Figures 1 and 7. Moreover, the links between the principal findings of Sections 3
and 4 are highlighted in Figure 8. Section 4 ends with a short subsection presenting four realistic application
scenarios from different domains, where data uncertainty is common and generalized fuzzy orthopartitions
become useful models. Finally, the last section provides some conclusions and a discuss on the possible evolutions
of our results.

According to the commonly used notation, we use the symbols Q, Z*, and Za’ to indicate the sets of rational
numbers, positive and non-negative integers. Furthermore, all definitions and results in this article assume a
finite initial universe.
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We lastly provide Table 1 listing the most important symbols used in this paper (first column), the references
to their definition (second column), and their brief explanation (third column).

Table 1. List of Notations.

Notation Definition Explanation
T Table 2 Contingency table of X and Y
Ty 1y Table 3 Relative frequency distribution of Y given X
by, Eq. (1) Total number of observations for the modality x;
ty, Eq. (1) Total number of observations for the modality y;
(pasva) Definition 2.2 Intuitionistic fuzzy set
ha(u) Eq. (2) Degree of uncertainty
) Definition 2.3 Generalized fuzzy orthopartition
a; Eq. (4) Number of undefined observations for the modality x;
f' Eq. (6) Relative frequency of y; given x;
ij 4 with a; undefined observations
Conditional relative frequency distribution
’
7:/)( Table 7 with a, ..., @, undefined observations
I E The set of all conditional relative frequency distributions
Yx q- (7) associated with ‘7;;)(
Oy Theorem 3.10 Generalized fuzzy orthopartition associated with 7;;}(
. The set of all conditional relative frequency distributions
Ho Definition 3.12 associated with a generalized fuzzy orthopartition O
Contingency table of X and Y
7o Table 18 associated with a generalized fuzzy orthopartition O
Family of contingency tables of X and Y
Fo Eq. (16) . . . .
associated with a generalized fuzzy orthopartition O
Contingency table of X and Y obtained
Tolas,.., an) Table 19 by multiplying the elements of the i-th row of 75 by a;
The relative frequency distribution of Y given X
7;;X(a1, ..,ay) | Definition 4.4 with ay, . .., a, undefined observations
deriving from 75 (ay, . . ., an)

2 Preliminaries
Subsection 2.1 recalls some basic notions of bivariate descriptive statistics [30] and Subsection 2.2 shows the
main concepts of generalized fuzzy orthopartitions that are found in [22].
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2.1 Contingency Tables

We deal with bivariate data concerning two categorical variables X and Y, which respectively have the modalities
X1,-- s Xp and yy, . .., Y. Then, we write X = {x1,...,x,} and Y = {y1,...,ym}.

A contingency table T is a rectangular table having n rows for the modalities of X and m columns for the
modalities of Y, and its cells display the n X m possible combinations of outcomes (see Table 2). Thus, the central
body of 7 is a matrix of order n X m so that its generic element a;; represents the frequency of the combination
of x; and y;, i.e. the number of times that x; and y; jointly occur.

Table 2. Contingency Table of X and Y.

7| v Yj Ym
X1 ain aij A1m
Xi ai1 aijj Aim
Xn | An1 ... anj ... Anm

In this article, we use the symbols t,, and ty, to denote the total number of observations for x; and yj,
respectively. In symbols, we put

te, =it + ..., and ty =ay;+...a,;. (1)

Starting from a contingency table 77, we can easily obtain the table 7/, (see Table 3) called relative frequency
distribution of Y given X. Its i-th row displays the relative frequency distribution of Y, once each modality x; of X
is fixed. Therefore, let j € {1,...,m}, the cell of 7v/, corresponding to x; and y; contains the relative frequency of

Qs
y; given x;, which is calculated as -y,

Xi
Certainly, the relative frequency distribution of X given Y can be dually obtained by exchanging the role of X
and Y.
In the sequel, we write fv/, for a relative frequency distribution of ¥ given X, where f;; denotes its element
w.r.t. the modalities x; and y;.

Example 2.1. Given the categorical variables X = {x1, x,} representing gender (x; = Male and x, = Female)
and Y = {y1, y»} indicating whether a person responded positively to a survey question (y; = Yes and y, = No),
we are supposed to observe the frequencies shown by Table 4.

According to Eq. (1), the total number of observations is t,, = 30 + 20 = 50 for “Males”, t, = 50 + 40 = 90 for
“Females”, t,,, =30 + 50 = 80 for “Yes”, and t,, = 20 + 40 = 60 for “No”.

Then, we can easily compute the relative frequency distribution of Y given X. For instance, the relative frequency

30 40
of “Yes” given “Male” is — = 0.6 and the relative frequency of “No” given “Female” is 50~ 0.444. This yields

Table 5 exhibiting the conditional distribution of Y given each modality of X.
The reverse distribution fx|y can be similarly computed by exchanging the roles of rows and columns.
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Table 3. Relative Frequency Distribution of Y given X.

T | 11 oo Yi oo Ym
X ai aij aim
1 — — cee —
Ly, Ly, Ly,

- a1 aijj Aim
i -_— e -_— e —
Ly, Ly; Ly,
an1 Anj anm

X, | — — ...

Ix, Ix, Ix,

Table 4. Contingency Table of X = {Male, Female} and Y = {Yes, No}.

T Yes No

Male 30 20

Female | 50 40

Table 5. Relative Frequency Distribution of Y = {Yes, No} given X = {Male, Female} (Example 2.1).

T x Yes No

Male 0.6 0.4

Female | 0.556 0.444

2.2 Generalized Fuzzy Orthopartitions
This subsection reports the concepts of intuitionistic fuzzy sets and generalized fuzzy orthopartitions.
Definition 2.2. [31] An intuitionistic fuzzy set (IFS) A of a universe U is a pair of functions p4 : U — [0, 1] and
va : U — [0, 1] such that
pa(u) +va(u) <1,
for eachu € U.

Given u € U, pa(u) and v4(u) respectively represent the membership and non-membership degrees of u to A.
Moreover, the value
ha(u) =1 = (pa(u) +va(u)) )
is the degree of indeterminacy (or uncertainty) of u to A. Consequently, the object u belongs to A with a certain
truth degree of the interval [pa(u), pa(u) + ha(u)].
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Table 6. Intutionistic Fuzzy Sets (1, v1) and (u2, v2) of U = {us, us, us} (Example 2.4).

u | (), vi(w)  (p2(u),v(u))
up | (0.6,0.3) (0.3,0.6)
uy | (0.4,0.4) (0.5,0.3)
us | (0.3,0.5) (0.6,0.2)

Let (ua, v4) be an IFS of U, the following equation is satisfied for each u € U:
Ha(u) + ha(u) =1 -va(u). ®)

Definition 2.3. [17] Let O = {(p1,v1)s- .., (ftn, vn) } be a family of IFSs of U. Then, O is a generalized fuzzy
orthopartition of U if and only if the following properties hold for each u € U:

(@ Zn:,ui(”) <1,
i=1
(ii) Zn:(ui(u) +hi(w) 2 1.
i=1
Observe that according to (3), Axiom (ii) can be rewritten as
- = 1,
i=1

A generalized fuzzy orthopartition O = {(u1, v1), . .., (4n, vn)} given by Definition 2.3, represents a partition
including both vagueness and uncertainty. Indeed, as regards the meaning of Axioms (i) and (ii) of Definition
2.3, they respectively capture that the equivalence classes Cy, . .., C,, described by (y1, v1), . .., (4, v,) must be
disjoint and cover the initial universe'. Thus, for each i € {1,...,n}, its IFS (y;, v;) models an equivalence class
C; to which the objects of the initial universe belong with an unknown truth degree of a determined interval.
More precisely, an element u € U belongs to C; with a truth degree of the interval [p;(u), p; (u) + h;(u)].

Example 2.4. Consider the intuitionistic fuzzy sets (p, v1) and (g, v2) of U = {uy, us, us} defined by Table 6.
Thus, we can immediately verify that the axioms of Definition 2.3 hold for O = {(uy, v1), (2, v2) }-
(Axiom (i)) For each u; € U, py(u;) + p2(u;) < 1 because pg(ug) + p2(u1) = 0.6 + 0.3 = 0.9, p1 (uz) + p2(uz) =
0.4+ 0.5=0.9, and py(us) + pa(us3) =0.3+ 0.6 = 0.9
(Axiom (ii)) For eachu; € U, (1 —vi(u;)) + (1 —v2(u;)) = 1 because (1 —vq(u1)) + (1 —va(ug)) =0.7+0.4 = 1.1,
(1=vi(uz)) + (1 —=v3(up)) =0.6 4+ 0.7 =1.3,and (1 — v{(u3)) + (1 — vo(u3)) = 0.5+ 0.8 = 1.3.

Hence, O is a generalized fuzzy orthopartition of U.

On the other hand, in this article, we attach a different semantics to the IFSs of a generalized fuzzy orthopartition:
they indicate sets of relative frequencies.

In [22], we originally defined fuzzy orthopartitions as collections of intuitionistic fuzzy sets verifying Axioms (i) and (ii) of Definition 2.3

together with another pair of axioms. This is because the initial goal was to extend (to the fuzzy case) the notion of standard orthopartitions,
which are characterized by four properties.
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3 From Conditional Relative Frequency Distributions with Undefined Observations to Generalized
Fuzzy Orthopartitions

This section principally reveals that generalized fuzzy orthopartitions can model evolutions of conditional
relative frequency distributions, in case unknown observations are added to an initial dataset. More precisely, the
following goals are achieved:

o the novel concept of conditional relative frequency distributions with undefined observations is introduced
(Table 7);

o a special generalized fuzzy orthopartition is assigned to a given conditional relative frequency distribution
with undefined observations (Definition 3.3 and Theorem 3.10);

e it is shown that generalized fuzzy orthopartitions and conditional relative frequencies distributions with
undefined observations are equivalent models, which both capture the idea of relative frequencies charac-
terized by uncertainty (Theorem 3.13);

e some properties of generalized fuzzy orthopartitions equivalent to conditional relative frequency dis-
tributions with undefined observations are discussed (Remarks 5 and 6 - Propositions 3.15, 3.17, and
3.19);

o finally, a generalized fuzzy orthopartition (that is equivalent to a conditional relative frequency distribution
with undefined observations) is generated from a real dataset.

Let 7v/« be a relative frequency distribution of Y given X (see Table 3 of Subsection 2.1). Then, for each
i € {1,...,n}, we consider a number of «; new and unidentified observations for x; € X (of course, a; is a
non-negative integer). This means we cannot recognize how such observations are distributed among yy, . . ., Ym-
Hence, ty, + a; coincides with the sum of all frequencies related to x;.

For each i € {1,...,n} and for each j € {1,...,m}, we denote with k;; the unknown frequency of the
combination of x; and y; w.r.t. the new a; observations. In symbols, we get

aizki1+-~-+kim- (4)
We can immediately observe that each k;; must be an integer of the interval [0, &;], namely
kij € [0,a;] N Z¢. ©)

Considering all (old and new) observations for the modalities of X and Y, the relative frequency fl; of y; given
x; is defined by the following equation:

ajj + kij
5= (6)
Then, we use the symbol 7;;)( to indicate the relative frequency distribution of Y given X with the ay, ..., a,
additional and unknown observations. 7 is represented by Table 7 and we say that it is a relative frequency
distribution of Y given X with as, ..., an undefined observations deriving from T .

Shortly, we can call 7} conditional relative frequency distribution with undefined observations. Thus, 7, _is
defined by a family of parameters {k;; | (i, j) € {1,...,n} x {1,...,m}} subject to the constraints (4) and (5).

Example 3.1. Consider Table 8, which is a simple instance of a contingency table of the variables X = {x1, x}
and Y = {y1, y2}. Then, the relative frequency distribution of Y given X is represented by Table 9. Now, suppose
that 5 additional observations are taken into account for x; and 8 for x;, namely a; = 5 and @, = 8. Hence, the
7;;}( coincides with Table 10.

The next proposition shows that the rows of 7;;){ become relative frequency distributions for any choice of the
parameters in {k;; | (i, j) € {1,...,n} x {1,..., m}} satisfying (4) and (5).
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Table 7. Relative Frequency Distribution of Y given X with a, ..., a; Undefined Observations deriving from 7"

!
7;/X Y1 .. y; . Ym
. an + ki aj + kij aim + Kim
1 - cee - cen -
txl + txl + o txl + o
X a1 + ki a;j + kij Aim + kim
! by v by ta by +
X an1 + kn1 anj + knj Anm + knm
"ot T b tan by, tap

Table 8. Contingency Table of X = {x,x;} and Y = {y1, y2} (Example 3.1).

Ty y2
X1 1 2
X2 3 4

Table 9. Relative Frequency Distribution of Y = {y1, y»} given X = {x1, x2} (Example 3.1).

7;/}( Uy Y2
1 2

x p— p—
13 3

3 4

o |2 2
217 7

ProPOSITION 3.2. Let 7;;}( be a conditional relative frequency distribution with undefined observations, then
4

L+ o+ fl =1, foreachi € {1,...,n}.

an + ki i + ki
PRrOOF. By (6), f, + ...+ fi = ——— + ...+ ———" where
Iy, + Iy, +
(Zi1+ki1 + + aim+k,~m _ (ail +k,~1)+...+(a,~m+kim) _ (a,-1+...+a,~m)+(k,~1 +---+kim)
by, + @ o Iy, + Iy, + @ by, + @ '
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Table 10. Relative Frequency Distribution of Y given X with a; =5 and a; = 8 Undefined Observations (Example 3.1).

7;;)( Y1 Y2

1+ k11 2+ klg

x | — —
8 8

3+ kgl 4+ k22

X | —// —
15 15

4

By (1), ai1 + ... + @im = ly;; furthermore, by (4), a;; + ... + a;m = @;. Hence, we can conclude that f} +... + f; =
tx,- + a;
— =1. m]
Iy, + @;

From now on, we indicate with Ilv/, the set of all conditional relative frequency distributions arising when
each k;; in 7;;X is exactly defined. The following is its formal definition®.

II :{f |f:MW1thk+ + k; :a~andk..€Z+
Y/x Y/x | Jij i i1+ ... im i ij s

tx,- 1

foreach (i, j) € {1,...,n} x{1,...,m}}. (7)

Moreover, we say that Iy, is the set of the distributions that are consistent with 7:;)(.

REMARK 1. Ilvj is made of one element if and only ifa; = ... = a, = 0. In this case, 7;;}( trivially coincides with
T -
In what follows, for each modality y; of Y, we define a pair of functions (y;, v;) from {x1,...,x,} to [0,1].

Definition 3.3. We consider the mappings
s eoosfim 2 {X1, oo xn} = [0,1] and vy, ... v {x1,. .., x5} — [0,1]
such that for each i € {1,...,n} and for each j € {1,...,m},

ajj +a;

®)

Qi
<l and v;(x;) =1-

(x:) =
'uJ( l) Iy, + @ by, + @

Example 3.4. Let us consider 7;;X defined by Example 3.1 (see Table 10). Then, according to Definition 3.3,
11, 12, v1, and v, are functions from {xy, x,} to [0,1] such that

1 1 1 4 1 1
Hi (x1) = g,lll(xz) = Z,llz(h) = g,/lz(xz) = E V1(x1) = Z V1 (xz) = g

4 1
va(x1) = T and v, (x2) = 5

Leti e {1,...,n}andlet j € {1,...,m}, by (8), we can immediately comprehend that the following chain of
inequalities is true: 0 < pj(x;) <1 —v;(x;) < 1.

1 1 3
Example 3.5. By Example 3.4, we get y;(x1) = 3 and 1 —-vy(x;) =1— yiairt As a consequence, 0 < pi1(xy) <
1—vi(x;) < 1.

2Recall that we write f Jx for a relative frequency distribution of Y given X, where f;; denotes the relative frequency y; given x;.
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REMARK 2. Let us explain the meaning of the functions introduced by Definition 3.3. Leti € {1,...,n} and let
jeA{1,...,m}, both pj(x;) and 1 — v;(x;) can be interpreted as particular relative frequencies: according to (8), they
coincide with the relative frequency of y; given x; when k;j = 0 and k;; = a;, respectively.

Example 3.6. Let us deal with 7;;)( being defined by Example 3.1 (see Table 10). In Example 3.4, we have shown
1 3
that py (1) = 3 and 1 —v(uy) = 7 which correspond to the relative frequency of y; given x; when ky; = 0 and
ky1 =5, respectively.

REMARK 3. Leti € {1,...,n} and let j € {1,...,m}, the formula of v;j(x;) can be derived from Definition 3.3 and

by, — aij aijx
rewritten as v;(x;) = ———. Moreover, by (1), it is easy to verify that vi(x;) = > sp; ——.
(%) b + a; y (1) Yy ify 1 (xi) 2] #j b +a;
Example 3.7. Let us focus on 7;;)( being defined by Example 3.1 (see Table 10). When supposing that ky; =5
aig 1
and k2 =0, v1(x;) = =-.
12 1(x1) bt 4

Although the relative frequency of y; given x; in Table 7 is unknown, we subsequently provide its membership
range that coincides with the interval [p;(x;), 1 — v;(x;)]. Furthermore, as already explained in Remark 2, the
relative frequency of y; given x; equals to the endpoints y;(x;) and 1 — v;(x;), when k;; = 0 and k;; = «;,
respectively.

THEOREM 3.8. Let fr), € Iy, then

< a,-j+k,-j <
Hi(x;) T g S 1-v(x;), )

foreach (i,j) € {1,...,n} x{1,...,m}.
Proor. By (7), it is easy to understand that 0 < k;; < ;. Thus, the proof immediately follows from Definition
3.3. m|

Example 3.9. Let us focus on ‘7;;}(

1
obtained by putting ki1 = 2, kjz = 3, k2; = 4, and ky; = 4. In Example 3.4, we have shown that p;(x;) = 3

3 1 1+k 3
and 1 — v{(x;) = -, hence - < —— < " Quickly, we can check that the inequalities (9) are also true when

(i.)) €{(1,2),(2.1),(2,2)}.

The following theorem shows that the pairs of functions (1, v1), - . ., (m, Vm) given by Definition 3.3 form a
generalized fuzzy orthopartition of the universe {xy,...,x,}.

defined by Example 3.1 (see Table 10) and let us consider fr, € Ilvj

THEOREM 3.10. Letp, ..., lm andvy,. .., vy, bethe mappings given by Definition 3.3, then Ovj = { (1, v1), .. ., (fim, Vm) }
is a generalized fuzzy orthopartition of {x1, ..., x,}.

Proor. First of all, it is easy to verify that let j € {1,...,m}, the pair of functions (y;, v;) is an intuitionistic
fuzzy set of {x, ..., x,}, according to Definition 2.2. Indeed, by Definition 3.3,let i € {1,...,n}, p;j(x;) + v;(x;) =

aijj ajj +a; by; L. .

+|1- = , which is obviously less than or equal to 1.

tx,- + a; tx,- + a; tx,- + a;

Let us prove that Axiom (i) of Definition 2.3 is satisfied by Ov/. By Definition 3.3, let i € {1,...,n}, we

a; a; ap +...+a;
get py(x;) + .. pim(x;) = 4 4y —m "2 Then, by (4), aj; + ... + aim = a;. Hence,
by, + @ Iy, + @i by, + @i
G
(%) + oo p (%) = ~—, which is obviously less than or equal to 1.
Xi ai
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Finally, let us show that Axiom (ii) of Definition 2.3 is satisfied by Ov/,. By Definition 3.3, let i € {1,...,n}, we

aj +a; Aim + @ aii1 +...+aim) + ma;
get (1=vy(x) +. ..+ (1=vp(x;)) = ——— 4. 421 (@n im) ’

. The last member is equal to

by, + @ ’ by, + @ Iy, + Qi ’
ty, + ma; tx, + ma;
which coincides with );l " " because a;1 + ... + aim = ty, from (1). Since X' > 1, we can conclude that
Xi ai Xi ai
(1 =vi(x)+...+ (1 —vp(x)) > 1. ]

Table 11 represents the generalized fuzzy orthopartition O = {(p1, v1), ..., (ftm, pim) } of {x1,..., x,} associ-
ated with 7;;X by means of Definition 3.3.

Table 11. Generalized Fuzzy Orthopartition Oy = {(pi1, V1), .., (m> Vm) } of {x1,...,xp} associated with ‘7;;)(.

Ovx Y1 . y; e Ym
X1 (1 (x1), v1(x1)) .. (pj (1), Vj(xl)) cr o (pm(x1), v (x1))
xi | (i) vi(e)) o () vi(xa)) o (pm (), vm ()
Xn (1 (xn)s vi(xn)) ... (/lj(xn)’ Vj(xn)) oo (m(xn), vin(xn))
Notice that by (8), the values assumed by py, ..., i, and vy, . . ., i, are rational numbers, while generalized

fuzzy orthopartitions are originally defined as pair of functions from the universe to the real interval [0, 1].

Example 3.11. Let us focus on 7;;}( defined by Example 3.1 (see Table 10). Then, the generalized fuzzy orthopar-
tition Ovj = {(p1, v1), (p2, v2) } of {x1, x2} assigned with 7;;)( is given by Table 12.

Table 12. Generalized Fuzzy Orthopartition Oy = {(p11, v1), (2, v2) } of {x1, x2} associated with '7;;)( (Example 3.11).

Oy Y Y2
11 11

X1 == - =
8 4 4’8
(1 4) (4 1)

Xo - = —, =
5" 15 15’5

REMARK 4. From an algorithmic standpoint, the main computational cost in constructing a generalized fuzzy
orthopartition from a conditional relative frequency distribution with undefined observations stems from Definition 3.
Specifically, for each clusteri = 1,. .., m, the membership functions p; and v; must be evaluated for every element in
{x1,...,xn}. Assuming constant-time evaluation based on relative frequencies, the overall complexity is O(n - m).

When full enumeration is infeasible, this step can be efficiently approximated using integer programming, constraint
satisfaction solvers, or sampling-based methods.
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Let O be any one generalized fuzzy orthopartition of {x;, ..., x,} so that i, ..., g, and vy, ..., vy, take values
in Q, then O can represent a conditional relative frequency distribution with uncertainty: the frequency of y;
given x; is an unknown value in [p;(x;), 1 — v;(x;)]. In this regard, we use the symbol Il to denote the set
of all conditional relative frequency distributions with which O could potentially coincide, once the relative
frequency of y; given x; is known with precision, for each (i, j) € {1,...,n} x {1, ..., m}. The following is its
formal definition®.

Definition 3.12. Let fv/, be a relative frequency distribution of Y given X, then

fi;x €llp ifand only if v;(x;) < fij <1-v;(x;)
for each (i, j) € {1,...,n} x{1,...,m}.

When fr/, € Ilp, we say that fr/, is consistent with O.
The next theorem shows that 7;;)( and Oy, have the same consistent distributions (recall that the collection

Iy, of all distributions consistent with ‘7;;)( is defined by (7)). As a consequence, Oy, and 7;;)( can considered
interchangeable models: both represent the same concept of conditional relative frequency distribution with
uncertainty.

THEOREM 3.13. Let ‘7;;)( be a conditional relative frequency distribution with undefined observations, thenIlo,, =
Ty,

Proor. It is evident that the proof immediately follows from Definitions 3.3 and 3.12. Indeed, fv/, belongs to
IIo if and only if p;(x;) < fij <1 —v;(x;) for each (i, j) € {1,...,n} x {1,..., m}. By Definition 3.3, the latter

. . .. . aij ajj +a; ajjt+a .
chain of inequalities can be rewritten as < fij £ ———.Thus, f;; = with 0 < a < «@;, which
x T & Iy, + Q; by, + @
means that fr, € Ilv. O

From now on, due to Theorem 3.13, we will say that Oy, is equivalent to ‘7;;){.

Example 3.14. Let us focus on ‘7;;)( and Oy, = {(p1, v1), (2, v2) } defined by Tables 10 and 12, respectively. They
have the same consistent relative frequency distributions.
For example, let us focus on the relative frequency distribution fr/, defined by Table 13, which is determined by

1
ki1 =3, kiz = 2, ko1 = 2, and ky; = 6 and Table 10. Then, fr/, € IIr/. Moreover, we have pi; (x;) < 2 <1-vi(x),

Table 13. Relative Frequency Distribution of Y given X obtained by putting k1 = 3, k12 = 2, k21 = 2, and ky; = 6 in Table 10
(Example 3.14).

fix |y vz
11

O
2 2

1 2

. | L2
213 3

3This concept is syntactically equivalent to that of consistent Ruspini partitions when we attach the standard meaning to generalized fuzzy
orthopartitions (see [22]).

Journal of Artificial Intelligence Research, Vol. 83, Article 13. Publication date: July 2025.



13:14 « Boffa & Ciucci

< 1-v1(xz), and pp(x2) < = < 1 —v3(xz). Consequently, by Definition 3.12,

W=
w N

1
p2(x1) < 3 < 1=va(xy), p1(x2) <

ﬁ/x € HOY/X'
Vice-versa, we can take into account the relative frequency distribution fY*/X given by Table 14, which belongs

to Ilo, . It is easy to check that fY*/X is consistent with 7;;)(, in fact it can be obtained by ki; =4, k12 =1, kz; =5,

Table 14. Relative Frequency Distribution of Y given X satisfying Condition 12 (Example 3.14).

Fol v b2
5 3
x| = =
8 8

8
» | & L
2115 15

and ky» = 3 in Table 10.

In the sequel, we discuss some properties of generalized fuzzy orthopartitions assigned to conditional relative
frequency distributions with undefined observations. Thus, we are considering Oy = {(p1,v1), ..., (fn, Vn)}
associated with ‘7;;)(.

ProrosITION 3.15. Foreach (i,j) € {1,...,n} x{1,...,m},
(1= v;(x)) + > pye (i) = 1. (10)
J#j
Proor. Leti € {1,...,n} andlet j € {1,..., m}, by Definition 3.3,
ajj +a; ajjx

1=vi(x)) + (%) = . 11
(L= vy + 3y G) = 2t D — ()
J#j i J#j
n
Z ajj +a; "
—
Of course, the second member of Equation (11) is equal to jtf Moreover, by (1), we get Z ajj = ty,.
xi [¢4] -
i ]:1
Hence, we can conclude that
by, +
1—vi(x;)) — a () = = =1.
(1-v;(x)) j;u] () =
m]

Example 3.16. Let us consider the contingency table of X = {x1,x;} and Y = {y1,y», y3} given by Table 15.
Then, t,, =8 and t,, = 9. Supposing that a; =6 and o =7, 7;;)( is defined by Table 16 and the generalized fuzzy

orthopartition Oy, equivalent to 7;;)( is represented by Table 17.
According to Proposition 3.15, (10) is satisfied for each pair of indices (i, j) € {1,2} X {1,2,3}: (1 — v;(x1)) +

1 5 1 11
p2(x1) +p3(x1) = 2tats = L (1=va(x1)) +pa (1) + p3(x1) = atatss L (1=v3(x1)) +pa (1) + p2(x1) =
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Table 15. Contingency Table of X = {x1,x;} and Y = {y1, 2, y3} (Example 3.16).

Ty vz ys

x| 1 5 2

x| 4 1 4

Table 16. Relative Frequency Distribution of Y given X with a; = 6 and a; = 7 (Example 3.16).

7;;X Y1 Y2 Y3
1+k11 5+k12 2+k13
X
! 14 14 14
4+k21 1+k22 4+k23
X2

16 16 16

Table 17. Generalized Fuzzy Orthopartition Oy = { (1, v1), (12, v2), (i3, v3) } of {x1, x2} equivalent to 7;;)( (Example 3.16).

Ovy Y1 Y2 U3
( 1 1) ( 5 3 ) (1 3)

x1 —, = —, = ==
14 2 14 14 77
1 5 1 1 1 5

xz _’_ _)_ _’_
4" 16 16" 2 4" 16

4 1 5 11 1 1
S —+—=1(1- + + =—+—+-=1;(1- + + =
sttt s (1=v1(x2)) ﬂzﬁfz) 1113(7?) TRETAN s (1=v2(x2)) + p1 (52) + pi3 (2)

(1=v3(x2)) + p1(x2) + p2(x2) = 16 + 1 + - 1

+

RN

D | =
=

Proposition 3.15 is necessary so that [1o,, contains any distribution that can be obtained from ‘7;;)( as follows

tleti€ {1,...,n}, we fix j* € {1,...,m} and we put

ki =a; and k;; =0, foreach j# j*. (12)
Indeed, if fv/, is a distribution of this type, then for each i € {1,...,n}, there exists j* € {1,...,m} such that
ajjx +a; aij
iw=——"—— and f;; =
fij - fij I

4Recall that T1p, » equals IIv, from Theorem 3.13.
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from (7) and (12); hence, by Definition 3.3, such relative frequencies can be rewritten as fj;» = 1 — v;:(x;)
and fi; = pj(x;). Then, yy,..., pm and vy, ..., vy, must be defined so that {1 — vj«(x;)} U {p;(x;) | j # j*}
can be viewed as a relative frequency distribution, and for this reason, Ov, needs to satisfy (10) for each
(i,j) e {1,...,n} x{1,...,m}.

ProrosITION 3.17. Foreach (i,j) € {1,...,n} x{1,...,m},

(¢4]
hj(x;) =

. 13
Iy, + & ( )

Proor. Giveni € {1,...,n}and j € {1,...,m}, hj(x;) =1 = (p;(x;) + vj(x;)) from (2). Moreover, y;(x;) =

aij ajj + a;
; Y and vi(x) =1- <l L from Definition 3.3. Then, we get
Xi i Xi i
aij ajj + a; a;
hi(x) =1—-|—2 -2 )=
Iy, + & by, + a; Iy, + a;

O

REMARK 5. According to Proposition 3.17, the degrees of uncertainty’ related to the modality x; € X are equal
to each other (in symbols, hi(x;) = ... = hp(x;)). This is because hi(x;), ..., hm(x;) respectively depend on the
parameters ki1, . . ., kim, (recall that Oy is constructed by starting from 7;;X), which all have the set [0, ;] N Z; as
range of possible values.

Example 3.18. Let us go back to Oy, defined by Table 17. Let (i, j) = (1,1), we get by (x1) = 1—(p1 (x1)+v1(x1)) =

1 1 3 a 6 3 3
1-|—+ -] =-and = —— = —and hy(x1) = hs(x1) = = (k11, k12, and ki3 are unknown integers
(14 2) 7 e +a1 846 7 2(x1) = hs(x1) = o (eans Kz 1 &

7
between 0 and 6). Furthermore, it is easy to verify that h;(xz) = ha(x2) = hs(xz) = m (ka1, ko2, and ko3 are

unknown integer between 0 and 7).

PropoSITION 3.19. Let O = {(u1,v1) -+, (Ums Vi) } be a generalized fuzzy orthopartition of {xy, ..., x,} such
that Eq. (10) holds for each (i, j) € {1,...,n} X {1,...,m}. Then,

hj(xi)) =1 = (p1(xi) + ... + pm(x;)), foreach (i,j) € {1,...,n} x{1,...,m}.
Proor. Leti € {1,...,n} and let j € {1,...,m}, then h;(x;) =1 — (y;(x;) + vj(x;)) from (2). By hypothesis,
Eq. (10) is true; hence, v;(x;) = Z pjr (x;). Then, h;(x;) = 1= (u;(x;) + vj(xi)) = 1= ((x;) + Z pj (1)) =

J'#i J'#J
1= (pr(x) + .o+ pm(x5)). O

In order to streamline the notation, we set h; = h;(x;) for each (i, j) € {1,...,n} X {1,...,m}, since h;(x;) =
... = hy(x;) due to Remark 5.

REMARK 6. Giveni € {1,...,n}, the number of possible values that the parameters ki1, . . ., kim in 7;;X can assume
depends on the integer «;. Indeed, the larger a; is, the more numerous the possible choices are for ki1, . .., kim. As a
consequence, the greater a, . .., a, are, the bigger the setIlv), is. Also, due to Proposition 3.17, h; depends on a;%: as
the increase of a;, the greater hj(x;) is. Then, we can deduce that the greater the values h1, . . ., hy, are, the bigger the

+...+h

h
set v/, is. For this reason, ! = € [0,1) can be considered as a measure of entropy capturing the quantity

SWhen (y;, v;) is an IFS of {x1,...,x,}, h;(x;) is usually called degree of indeterminacy or uncertainty, as reported in Subsection 2.2.

. 4 . .. .
The function f(x) = Pt where c is a constant and x > 0, is increasing.
x+c
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(ﬂ);/x Y1 Y2 (%);/X Y1 Y2
. 1+ky; 24k . 1+kyy 2+kp

! 3 3 ! 4 4
X 3+k21 4+k22 X 3+k21 4+k22

2 8 8 2 8 8

13:17

Fig. 2. Conditional Relative Frequency Distributions with Undefined Observations (7})§/X and (75){,/)( (Example 3.20).

(O1)v)x (7 Y2 (O2) v Y Y2
(53) (53] (i3) (23]

X1 == == X1 - = ==
3°3 3’3 4’2 2’4
(3 1) (1 3) (3 1) (1 3)

b == == Xy == ==
8 2 2’8 8 2 2’8

Fig. 3. Generalized Fuzzy Orthopartitions (O;)v/ and (O2)r/ (Example 3.20).

hi+...+h
of uncertainty contained in 7;;X. Thus, as the increase of : ~, the bigger IIv/ becomes, hence the number
n

of distributions with which ’7;;}( could coincide (once the uncertainty is solved from 7,/ 7) increases. Furthermore, by

hi+...+h
Remarkl,;

distribution.

is equal to 0 if and only if‘i:;x is identified with a specific conditional relative frequency

Example 3.20. Consider the conditional relative frequency distributions with undefined observations (77); »
and (72); o which are represented by the tables in Figure 2. Both are obtained by Table 8: (77); » when a; =0
and a; =1 and (73); » when a; = a, = 1. Then, their generalized fuzzy orthopartitions (O1)v/ and (Oz)y/x are

hi+hy, 0+ 1 hi+hy, s+l 3

represented in Figure 3. It is easy to check that IR for (O1)v)x and — = = — for

2
(02)v/x. So, in line with Remark 6, (77)y " has less consistent distributions than (73) = notice that the distributions
consistent with (‘7{)§/X are given by (ky1, k12, k21, k22) € {(0,0,1,0), (0, 0,0, 1) }; while, those consistent with (7§)§/X
are given by (ky1, k12, ka1, k22) € {(1,0,1,0),(1,0,0,1), (0,1,1,0), (0,1,0,1)}.

Up to this point, we have assigned a generalized fuzzy orthopartition Ov to a relative frequency distribution
7v/x, in the presence of a given number of undefined observations. In turn, v/, is derived from a contingency
table 7~ as explained in Subsection 2.1. Of course, there exist infinitely many contingency tables generating 7v/;
consequently, we can immediately deduce that Oy, corresponds to exactly one conditional relative frequency

"The uncertainty is solved from 7; " when we can assign a precise value to each k;; in 7;’/X.
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distribution and an infinite class of contingency tables. The main results of this section are schematized in Figure
48,

Moreover, we can generate dual results by changing the role of the variables X and Y, and so, we can obtain
generalized fuzzy orthopartitions of {y1, ..., Y, } from relative frequency distributions of X given Y.

{ Contingency Table 7~ }

Y

{Conditional Relative Frequency Distribution %/X}

4
Conditional relative frequency distribution 7;;)(
with a3, ..., a, undefined observations
4

LGeneralized Fuzzy Orthopartition Oy, }

N
Proposition 2:
The IFSs (pi1, V1), - - ., (m, Vim) of Ovx
satisfy Eq. (10) for each x; € {x1,...,x,}

Theorem 3:

it /X and Oy, are equivalent

Fig. 4. Logical structure of Section 3 results: from Contingency Tables to Generalized Fuzzy Orthopartitions.

Hlustrative example. We present an example of generalized fuzzy orthopartition deriving from a conditional
relative frequency distribution, which is generated by a real dataset. We deal with the contingency table in
Figure 5 that expresses the relationship between the categorical variables X = “Ttalian Region" and Y = “Tourist
Attraction”. Then, Y has the modalities y;, y2, and ys, where

Y1 = “museum, non-profit gallery and/or collection”,
Y, = “archaeological area or park”,
ys = “monument or monumental complex".

8Recall that a conditional relative frequency distribution with undefined observations and a generalized fuzzy orthopartition are equivalent
when they represent the same class of conditional relative frequency distributions.
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The modalities of X are indicated with the symbols x3, .. ., x21, where x; = “Piemonte", x, = “Valle d’ Aosta", x4
“Lombardia”, x5 = “Provincia Autonoma di Bolzano", x, = “Provincia Autonoma di Trento", x; = “Veneto", xg
“Friuli-Venezia Giulia", xo = “Emilia Romagna", x19 = “Toscana", x11 = “‘Umbria", x12 = “Marche", x13 = “Lazio", x14 =
“Abruzzo", x15 = “Molise", x16 = “Campania", x17 = “Puglia", x15 = “Basilicata", x19 = “Calabria", x9 = “Sicilia", and
X1 = ‘Sardegna”.

Given an Italian region x; and a tourist attraction y;, the cell related to the i-th row and the j-th column in
the table 7~ of Figure 5 contains the total number of visitors of the tourist attraction y; in the region x;, in the
year 2015. For example, taking into account the modalities x; (Piemonte) and y; (archaeological area or park), T
shows that 26306 people visited an archaeological area or park in Piemonte, in the year 2015. 7~ carries real data,
which have been detected by the Italian National Institute of Statistics (ISTAT) °. A second table 7+, in Figure 5
represents the relative frequency distribution of Y given X. For instance, the cell value assigned to the modalities

4998069
x1 (Piemonte) and y; (museums, non-profit galleries and/or collections) is 5692905 0.75, where
® 4998069 is the number of visitors at museums, non-profit galleries and/or collections in Piemonte, in the year

2015;
® 6692925 is the total number of tourist attractions in Piemonte, during the same year.

We suppose 50000 additional and unknown observations are made for each Italian region. Then, according to
this article notation, a; = ... = az; = 50000. This assumption could be required, for example, in case 50000 new
tickets are sold in every region and each of them allows a visit to only one attraction that cannot be predicted.

Thus, generalized relative frequencies are determined by (6). As an example, the relative frequency of y; given
X1 18
, 4998069 + ki1 _ 4998069 + ki1

J0 = Goo2025 + 50000 ~ 6742925
where k11 is an unknown integer of the interval [0, 50000]. Figure 6 defines the generalized fuzzy orthopartition
Orpe = {(p1, v1), (p2, v2), (3, v3) } of {x1, ..., x21}, which is equivalent to ‘7:;){ and models the relationship between
X = Italian Region and Y = Tourist Attraction, in presence of the 50000 uncertain observations for each Italian
region.

In line with Theorem 3.8, Oy, provides the membership intervals of relative frequencies consistent with 7,/ .

For istance, focusing on the modalities x; and y;, we have (p1(x1), v1(x1)) = (0.73,0.25), where p; (x;) and v;(x1)
are calculated by means of Definition 3.3:

(1) an 4998069 4998069

[ X = = = = ;

pix te + @ 6692925 + 50000 6742925
an +a; 4998069 + 50000 5058069

e vi(x)=1- = =1- =1-0.75=0.25.
fe + a1 6692925 + 50000 6742925

Therefore, the relative frequency of y; given x; (i.e. the relative frequency of the visitors of a museum, non-profit
gallery and/or collection in Piemonte) is a value between 0.73 and 1 — 0.25 = 0.75.

4 From Generalized Fuzzy Orthopartition to Conditional Relative Frequency Distributions with
Undefined Observations

This section addresses the issue of determining the class of conditional relative frequency distributions with
undefined observations that are equivalent to a given generalized fuzzy orthopartition O = {(y1, v1), - - -, (tms Vi) }
of {x,...,x,} satisfying the condition exhibited by Proposition 3.15. In this case, as previously mentioned, the
IFSs of generalized fuzzy orthopartitions assume their values in Q. Moreover, it is important to underline that O is

equivalent to a conditional relative frequency distribution with undefined observations 7;;)(, when its elements can

%Such data are available on the ISTAT website (https://www.istat.it/).
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T | un Y2 ys T | Y1 Y2 U3
x1 | 4998069 26306 1668550 x;1 [ 075 0 0.25
xp | 125307 201740 533644 x; [ 015 023 0.62
x3 | 1453374 15507 166695 x5 | 089 001 0.1
x4 | 6784121 405364 1676724 x4 | 076 005 0.19
x5 | 1343473 1650 177099 x5 [09 0 0.1
x¢ | 1688139 31531 189914 X [09 0 0.1
x7 | 6789439 20965 2007455 x; [ 077 0 0.23
xg | 1135959 85864 1289949 xg | 046 0.03 0.51
xXo | 4244013 58591 1313160 xo | 0.75 0.01 0.24
x10 | 13921448 229553 8641349 x10 | 0.61 0.01 0.38
x11 | 1042130 65928 558033 x11 | 0.62 0.04 034
x12 | 1678911 27491 150194 x12 |09 002 008
x13 | 5079100 2404077 17120821 x3 |02 01 07
x14 | 371555 58417 88270 x4 | 072 0.11 0.17
x15 | 144349 35201 17870 x5 | 073 0.17 0.1
X16 | 3886028 4205730 2101808 X6 | 0.39 041 0.2
x17 | 682142 41028 507687 x17 | 056 0.03 0.41
x1g | 304278 89945 2250 xig | 0.77 023 0
x19 | 1499712 87968 176341 X9 | 0.85 0.05 0.1
xg0 | 1526186 2942248 769923 X0 | 03 056 0.14
Xp1 | 900270 517444 258978 X1 | 054 031 0.15

Fig. 5. Contingency Table of X and Y and Relative Frequency Distribution of Y given X, where Y =“Tourist Attraction" and
X ="Italian Region".

be determined from ‘7;;}( by means of Definition 3.3. The main results achieved are summarized in the following
points.

e A procedure is described to construct a class o of contingency tables having the same conditional relative
frequency distribution (up to and including Proposition 4.2).
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Ovic | 11 Y2 Y3
x1 | (0.73,0.25) (0.004, 0.985) (0.24, 0.75)
x| (0.13,079)  (0.21,0.7) (0.56,0.45)
x; | (0.84,0.11) (0.01,0.85)  (0.097,0.857)
xs | (0.75,0.24) (0.04,0.95)  (0.18, 0.81)
xs | (0.83,0.11) (0.001,0.95)  (0.11, 0.84)
xs | (0.84,0.12) (0.015,0.944) (0.095, 0.865)
x; | (0.76,0.23) (0.002,0.989) (0.22, 0.77)
xs | (0.43,0,54) (0.03,0.94) (0.5, 0.5)
xo | (0.74,0.25) (0.01,0.98)  (0.23,0.76)
x10 | (0.6,0.39)  (0.01,0.987)  (0.37, 0.62)
x| (0.59,0.36) (0.03,0.92)  (0.31,0.64)
x12 | (0.86,0.1)  (0.014,0.95)  (0.07, 0.89)
x13 | (0.2,0.8)  (0.09,0.9) (0.69, 0.31)
x4 | (0.62,0.25) (0.09,0.77)  (0.14, 0,72)
x5 | (0.52,0.2)  (0.12,0.59)  (0.06, 0.65)
x16 | (0.37,0.62) (0.4, 0.59) (0.20, 0.79)
x17 | (0.52,0.42) (0.03,0.91)  (0.38,0.56)
x5 | (0.63,0.2) (0.18,0,65)  (0.004, 0.83)
x19 | (0.81,0.15) (0.04,0.91)  (0.09, 0.87)
x20 | (0.28,0.7)  (0.55,0.44)  (0.14, 0.85)
x21 | (0.51,0.45) (0.29,0.66)  (0.14, 0.81)
Fig. 6. Generalized Fuzzy Orthopartition Oy, = {(j1, v1), (i2, v2), (i3, v3) } associated with 7;;)(.
e For each contingency table in 7o, the integers ay, . .., &, are determined so that the corresponding condi-

tional relative frequency distribution with ay, . .., &, observations is equivalent to O (Theorem 4.5).
o It is shown that all the distributions equivalent to O can be derived from the elements of ¥ (Theorem 4.7).
o A characterization for generalized fuzzy orthopartitions coinciding with conditional relative frequency
distributions with undefined observations is provided (Theorem 4.9).
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o The results of Sections 3 and 4 are connected: a conditional relative frequency distribution with undefined
observations ’7;;}( is obtained from a specific contingency table of ¥o,, (Theorem 4.10).

In the sequel, given a generalized fuzzy orthopartition O = {(p1, v1), ..., (tm> Vm)} of {x1,...,x,} such that
Eq. (10) holds for each (i, j) € {1,...,n} X {1,..., m}, we construct a family ¥ of contingency tables of X and Y
by following four steps.

(1) Foreachi € {1,...,n}, we write p;(x;), . . ., um(x;) and h; as irreducible fractions (this is possible because
we have supposed that p;(x;), . . ., tm(x;) and h; belong to Q):
qi1 qim Si
xXj)=—,..., x;) = — and h; = —. 14
() P Hm (x;) Pim i ri (14)
Certainly, g;1, . . ., ¢im, S; are non negative integers and p;1, . . ., pim, 17 are positive integers such that g;; < p;;
foreach j € {1,...,m}ands; <r;.

(2) We find out the equivalent fractions to Zi, e, Zl—m and ﬁ, which have the lowest common multiple of
i1 im ri

Dits - - -» Pim» and r; as denominator. Thus, we get
q'.l q'. s’
m(x) ===, .. um(x;) =2 and h; = -2, (15)
t; 15 ti
where ¢; is the lowest common multiple of p;1, ..., pim, and r;.

(3) We consider Table 18 indicated with 75, where the cell value related to the i-row and the j-column is
Hj(x;) - t;. Notice that by (15), p;(x;) - t; equals g;;, which is obviously a non-negative integer.

Table 18. Contingency Table of X and Y assigned to O.

To Y1 y; Ym

x| px) -t o pi(x) ot o pm(xn) o h
xi | ()t i) ot o pm(x) ot
Xn | p(xn) tn oo pi(xn) tn oo pm(xn) -t

(4) We define o as the collection of all tables arising from multiplying each element of the i-th row of 75

by a positive integer a;. Therefore, let ay, . . ., a, be positive integers, Table 19 denoted with 75(ay, .. ., an)
belongs to ¥o. In symbols, Fo is defined as follows:
Fo ={To(ay,....an) | ay,...,an € Z"}, (16)

where Z* is the set of positive integers.

Example 4.1. Let O = {(p1, v1), (12, v2), (i3, v3) } be the generalized fuzzy orthopartition of {xi, x;} defined by
Table 17. Let us retrace the steps of the procedure explained above to construct o.
(1) Firstly, we can notice that py (x7), pr2 (1), g3 (oc1) and py (x2), p2(x2), p3(x2) are already written as irreducible

fractions. Also, as exhibited by Example 3.18, h; = 7 and hy = 6

Journal of Artificial Intelligence Research, Vol. 83, Article 13. Publication date: July 2025.



Conditional Relative Frequency Distributions with Undefined Observations and Generalized Fuzzy Orthopartitions « 13:23

Table 19. Contingency Table of X and Y assigned to O, where ay, .. ., a, are positive integers.
To(a,...,an) U yj Um
X1 pi(x) ~trear o pi(x) cticar . pm(x) t @
X; ) s ticap o pi(x) tica o pm(xg) -t a
Xn (xp) tn-an .. pi(xn) th-an ... pm(xn) -t - an

(2) In line with the notation adopted before (see Step 2), p11 = 14, p12 = 14, p13 = 7, and r; = 7. Moreover,
P21 = 4, P22 = 16, P23 = 4, and ry = 16.
Then, t; = 14 and t; = 16, which are respectively the lowest common multiple of {p11, p12, p13, 11} and
{p21, P22, P23, 2 }- Consequently, we get

1 5 2 6
mx) = E,ﬂz(xﬁ = ﬁ»,u3(x1) = hi(x1)) = ho(x1)) = h3(x) = I
and
4 1 4 7
J251 (xz) = R’FZ(XZ) = E,Hs(xz) = E,hl(xz) = hz(xz) = h3(x2) R

(3) Therefore, 7o coincides with Table 15. For example, we can view that the element in its first row and its
1
second column is py(x1) - 1 = 7 14 = 1.

(4) By (16), Fo = {To(a1,a2) | a1,a2 € Z*}. Concretely, each other object of Fo can be determined by
multiplying the elements of the first and the second rows of Table 15 by the positive integers a; and aj,
respectively. For example, let a; = a; = 2, 75(ay, az) coincides with Table 20.

Table 20. 7o (a1, az) of Fo with a; = a; = 2 (Example 4.1).

To(2,2) |y1 y2 y3

x1 2 10 4

X 8 2 8

We list some simple observations characterizing the class 7o.

REMARK 7. Let To(ay,. .., a,) € Fo,
Jo(ai,...,an) =T0 ifandonlyif a1 =...=a, =1.
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REMARK 8. Fp is composed of contingency tables of X and Y. Indeed, for each To(ay, . . ., an) € Fo and for each
(i,j) € {1,...,n} x {1,...,m}, the value yi;(x;) - t; - a; is a non-negative integer. This is clear because '°
qi; ,
pi(xi) - ti - ai = t_']'ti'ai =q;; - @
A
where q;; € Zg and a; € Z*.
REMARK 9. Fo is infinite. Observe that all the objects of Fo can be obtained by varying the choice of ay, ..., a, in
Z*.
REMARK 10. 7o defined by Table 18, is the contingency table of Fo with the smallest cell values. More precisely,
let 7o(ay, ..., an) € Fo,
pi(x) -t < (o) - £ - ag,
foreach (i,j) € {1,...,n} x{1,...,m}.

The next proposition exhibits that the contingency tables in ¥ are associated with the same conditional

relative frequency distribution !!.

PROPOSITION 4.2. Let 7,7 € Fo, then Trix = ‘i?/x.
ProoF. Letay,...,a, € Z" and let dy,...,d, € Z* so that
T =T0(as,....an) and T =To(ds, ..., an).
Hence, given (i, j) € {1,...,n} x{1,...,m},
pi(xi) - ti-a;i and pj(x;) -t - G

are the cell values in 7~ and 7, respectively.
We denote with b;; and l;i ; the elements displayed in the i-th row and j-ih column of 7v,, and 7~§/X. Thus, using
the standard definition of the relative frequency distribution of Y given X provided in Subsection 2.1, it is easy to
verify that
pj(xi)
() + oot ()

by = by = (17)

O

Example 4.3. Let O = {(p1, v1), (12, v2), (113, v3) } be the generalized fuzzy orthopartition of {xi, x;} defined by
Table 17. Then, let us consider the contingency tables 75(1, 1) and 75(2, 2) of Fo, which respectively coincide
with Tables 15 and 20. In line with Proposition 4.2, 75(1, 1) and 75(2, 2) generate the same relative frequency
distribution of Y given X, which is represented by Table 21. In fact, we can immediately check that Eq. (17) holds
for each (i, j) € {1,2} x {1, 2,3}: for example, the entry in the first row and the second column is

5
H2(x1) _ 14 _2
pr(x) + pp (o) +ppz() 15 18
14 14 7

’

q P
10Recall that p;(x;) = % from (15).
i ~
1 According to the notation introduced in Subsection 2.1, we use the symbols 7+ /x and 7y, to denote the relative frequency distributions of

Y given X, which respectively derive from the contingency tables 7~ and T.
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Table 21. Relative Frequency Distribution of Y = {y1, y2, ys} given X = {x3, x2} assigned to 75(1, 1) and 75(2, 2) (Example
4.3).

T |y Y2 U3

X1

O |

X2

O | = ol
O =

Summing up the results shown until now by this section, a generalized fuzzy orthopartition satisfying Eq.
(10) for all pairs of indices, determines infinitely many contingency tables having the same conditional relative
frequency distribution.

From now on, for convenience, we indicate with v, the relative frequency distribution of Y given X, which is
related to the contingency tables in Fp.

REMARK 11. From an algorithmic standpoint, the computational cost of constructing To from a given generalized
fuzzy orthopartition O depends on Steps 1, 2, and 3, which are repeated for each i € {1,...,n}, as presented at the
beginning of Section 4.

Step 1: We need to convert the values py (x;), . . ., fim (x;), and h; into fractions and reduce them to their lowest terms.
This requires O (m) time.

Step 2: We compute the least common multiple (L.c.m.) of pi1, . . ., Pim, ri, Which also takes O(m) time.

Step 3: We multiply each yj(x;) by t; for every j € {1,...,m}, which again is done in O(m) time.

Since these three steps are repeated for each rowi = 1,. .., n, the total time complexity for constructing 7o is O(n-m).

The set Fo is composed of infinitely many contingency tables. Indeed, one table is determined for each choice
of (a1, ...,an) € Z*. However, we may restrict to a finite subset of Fo by introducing additional constraints. For
example, if we require a; < M for eachi € {1,...,n}, then the complexity for finding such particular tables in Fo
becomes O(n-m - M").

Definition 4.4. Given 7o(ay, ..., an) € Fo, we denote with 7;;X(a1, ..., ay) the relative frequency distribution
of Y given X with ay, ..., &, undefined observations deriving from 75 (ay, .. ., an).

In the next theorem, we determine the values of a4, .. ., a, so that O can be obtained from ‘7;;X(a1, ...,ap) by
means of Definition 3.3 2. Recall that in this case, we say that O and ‘7;;X(a1, ...,ay,) are equivalent, since they
have the same consistent distributions.

THEOREM 4.5. O is equivalent to 7;;X(a1, ...,Gn), whereay = s - ay,...,an =5, - ap.

Proor. Let 75(ay, ..., an) € Fo and let Z;X(al, ..., ay) be its conditional relative frequency distribution with
a1, . .., ap undefined observations, where ay =] - ay,..., &, = s, - a,. Recall that the element of 7o (ay, ..., a,)
are defined by Table 19. Hence, according to Definition 3.3, we need to prove that the equalities

(x1) d vy =1- 2%
i(x;) = and vi(x;)=1- ——
Kyt by, + @ SR Iy, + @i
12In Theorem 4.5, we deal with S{, .- -,Sp, which are non-negative integers associated with O by (15).
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are true for each (i, j) € {1,...,n} x{1,...,m}, where
a;j = pj(x;) - t; - a; (namely, g;; is the value displayed by the i-row and j-column of 75 (ay, ..., an)),
m
ty, = Z uj(x;) - t; - a; (namely, ¢, is the total number of observations for x; in 7o (ay, .. ., an)),
=1
a; =S - a;.

Firstly, let us show that t,, = (¢; —s]) - a;. Indeed,
tx,- = ,ul(xi) chosoa + ...+ ,uj(xi) s o-oa; = (,ul(xi) + ... + ,um(xl)) - Lo-oag,

s/
where pi1(x;) + ... + pim(x;) = 1 = h;(x;) by Proposition 3.19. Thus, considering that h;(x;) = t—’ by (15) (recall
that we put h; = h;(x;)), it is true that l

31{ ti—Sl{ ’
txi = (1 - hj(x,-)) < lo-oa; = 1-— - L - oa; = i < loeoa; = (ti - Si) - aj.
i

Hence,
ai;  pila) - tica
te, v (ti—s))-ai+s)-a;

which obviously coincides with y;(x;). Moreover,

aijta ) teaiksian () hioar siear)
e, + (ti—s]) ai+s;-a ti-a ti-a
s’
1- (yj(x,-) + t—l) =1- (,Uj(xi) + hj(xi)),
1

ajj +a;

Additionally, 1 — (p;(x;) + hj(x;)) = v;(x;) by (2). Finally, we can conclude that 1 — = vj(x;). O

Xi i
Therefore, according to Theorem 4.5, O is equivalent to infinitely many conditional relative frequency distribu-
tions with undefined observations, one for each contingency table 75 (ay, . .., a,) of the class Fo.

Example 4.6. Let O = {(u1, v1), (i2, v2), (13, v3) } be the generalized fuzzy orthopartition of {x;, x,} represented
by Table 17 and let 75(2,2) € Fo that is defined by Table 20 (hence, a; = a; = 2). As shown by Example 4.1,
s; = 6 and s;, = 7 (this is because h; = ¢/14 and hy = 7/1s). Therefore, let us consider 7;;)( that derives from 75 (2, 2)
by adding @; and @, undefined observations, where

ay=s7-a;=6-2=12 and ay=sy-a;=7-2=14.
‘7:;)( is defined by Table 22. It is easy to verify that starting from ‘7:;)( and applying Definition 3.3, we obtain the

elements of O. For example, taking into account i = 1 and j = 2, we have

10 5 10 + 12 22 6 3
llz(x1)=%=ﬁ and v(x1) =1- % T w1
Furthermore, referring again to Theorem 4.5, O is also equivalent to the conditional relative frequency distri-
bution with undefined observations deriving from 75(1, 1) (that is a; = a; = 1), where

ap=s;-a3=6-1=6 and az=s;-a,=7-1="7.

This is represented by Table 16. Other distributions that are equivalent to O can be obtained by varying a; and a;

in Z*, in order to obtain 75 (a, a2) and a; = s;-ayand a; = s; - as.

Journal of Artificial Intelligence Research, Vol. 83, Article 13. Publication date: July 2025.



Conditional Relative Frequency Distributions with Undefined Observations and Generalized Fuzzy Orthopartitions « 13:27

Table 22. ‘7;;)( deriving from 75 (2, 2) with ¢; = 12 and a, = 14 (Example 4.6).

Tow | W Yo Y3
2+kyy 10+ ks 4+ki3
x
! 28 28 28
8+k21 2+k22 8+k23
x
2 32 32 32
The previous theorem states that O is equivalent to each distribution that derives from a table 75 (ay, .. ., a,)
of o, when ay, . . ., a, assume specific values depending from O and ay, . . ., a,. Vice-versa, we can prove that if

a distribution 7;;){ is equivalent to O, then it must derive from a contingency table of ¥p. Thus, the following

theorem shows that starting from ¥, we can generate all the relative frequency distributions with undefined
observations equivalent to O.

THEOREM 4.7. Let 7;;X be a conditional relative frequency distribution with undefined observations that is
equivalent to O. Then, 7, derives from T € Fo.

Y/x

Proor. We denote with a;; the entry of the i-th row and j-th column of 7", where (i, j) € {1,...,n}x{1,...,m}.
We have to prove that 7 = 75(ay, . .., a,), where ay, ..., a, € Z*.
Leti € {1,...,n}, by Definition 3.3 and by Proposition 3.17, since 7;;X is equivalent to O,

i) = 2 and hy(x) = — o, (18)
Iy, + @ Iy, + @i
for each j € {1,...,m}.
Furthermore, by (14),
® 11(x;), ..., fim(x;) respectively equal the irreducible fractions @, el qﬂ;
N Pi1 Pim
e h; equals the irreducible fraction —.
Ti
Hence, ty, + a; must be a multiple of p;s, . . ., pim and r;. As a consequence, ty, + @; needs to be a multiple of ¢; too
(recall that ¢; is the lowest common multiple of p;1, .. ., pim and r;). Thus, we can be sure that there exists a; € Z*

such that t, + a; = t; - a;. Moreover, since a;; = y;(x;) - (tx, + ;) by (18), we get a;; = p;(x;) - t; - a;. Hence,
T =90(ay,...,a,) (recall that 7o (ay, . . ., a,) is defined by Table 19). Ultimately, according to the definition of
Fo given by (16), we can conclude that 7~ € Fo. m|

Example 4.8. Let us consider 7;;X defined by Table 22. As explained in Example 4.6, 7;;}( is equivalent to Ov,
represented by Table 17. In addition, 7;;}( derives from Table 20, which coincides with 75 (2, 2). Lastly, as shown
by Example 4.1, 75(2, 2) € Fo.

The main Section 4 results presented up to this point are summarized in Figure 7 '°.
The next theorem provides a necessary and sufficient condition for a generalized fuzzy orthopartition to be
equivalent to a conditional relative frequency distribution with undefined observations.

3Recall that a conditional relative frequency distribution with undefined observations and a generalized fuzzy orthopartition are equivalent
when they represent the same class of conditional relative frequency distributions.
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Generalized Fuzzy Orthopartition O
satisfying Eq. (10)

A4
Contingency Table 75 assigned with O
(Table 18)

4
Family 7o of contingency tables assigned with O

by multiplying each element of the i-th row of 75 by a positive integer a;
(Eq. (16) and Table 19)

-
Theorems 4.5 and 4.7:

Fo is the collection of all contingency tables
so that their conditional relative frequency distribution
with a specific number of unknown observations
is equivalent to O

Fig. 7. Logical structure of Section 4 results (up to Theorem 5): from Generalized Fuzzy Orthopartitions to Conditional
Relative Frequency Distributions with Undefined Observations.

THEOREM 4.9. Let O = {(u1,v1), - - -, (ms vm)} be a generalized fuzzy orthopartition of {x1, ..., xn}. Then, O is
equivalent to a conditional relative frequency distribution with undefined observations if and only if Eq. (10) holds
foreach (i,j) € {1,...,n} x{1,...,m}.

Proor. (=). This implication follows from Proposition 3.15.

(<). This implication follows from Theorem 4.5. Indeed, when Eq. (10) is true for each (i, j) € {1,...,n} X
{1,...,m}, we can consider the collection of contingency tables o defined by (16). Then, from each
element in Fp, we can obtain a conditional relative frequency distribution with undefined observations
that is equivalent to O.

O

Thus, Theorem 4.9 identifies a subclass of generalized fuzzy orthopartitions that can be viewed as conditional
relative frequency distributions with undefined observations. Such a relationship is schematized in the Euler-Venn
diagram of Figure 1.

In Section 3, given a conditional relative frequency distribution 7v;, and a3, ..., @, undefined observations,
we have constructed ‘7;;)( and proved that it is equivalent to Ovy. Vice versa, according to this section, we can
find out a family of conditional relative frequency distributions with undefined observations that are equivalent
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to Ov/y. Finally, as stated by the following theorem, given Or/, we can obtain 7;;)( from Toy/x when ay, ..., a,
assume specific values.

THEOREM 4.10. Let ‘7;;)( be a conditional relative frequency distribution with oy, . . ., an, undefined observations.
Then, T, derives from 9o,, (a an), where a; = b + 0 foreachi € {1 n} 4
> Y/X Oy/X 1---54n); L= . LI .

1

ai: + ki:
Proor. Let (i, j) € {1,...,n} x {1,...,m}, recall that ——— indicates the entry of the i-th row and j-th
x; T Qi

column 0f7;;x (see Table 7). By Table 19, y1;(x;)-t;-a; is the ent;y of the i-th row and j-th column of 7o, (a1, - . ., an).
Then, we can immediately verify that

by, + @i
aij = pj(x;) - t; - a;, where a; = — - -
1
@i
This is clear because y;(x;) = ; Y__ by considering that the elements of Oy are given by Definition 3.3. DO
Xi ai

Example 4.11. Let us consider ‘7;; defined by Table 22. As discussed in the previous examples, 7}’ is equivalent
/x /x

to Oy, represented by Table 17. Namely, Oy, can be obtained from 7;/_, applying Definition 3.3. Moreover, we

Y/XS
have previously verified that ‘7;;}( derives 7o(ay, az) (Table 20) with a; = a; = 2. Thus, in line with Theorem 4.10,
Iy, + 28 Iy, + 32
a1=x1—1=—=2anda2=x2—2=—=2.
t 14 ty 16

The links between the results provided in Sections 3 and 4 are highlighted in Figure 8.

Theorem 7 (Section 4)

Conditional distribution 7, Generalized fuzzy orthopartition Oy,
with @y, . .., @, undefined observations satisfying Eq. (10)

Theorem 2 (Section 3)

Fig. 8. Connection between Sections 3 and 4.

As for the results exhibited in Section 3, the previous correspondence between generalized fuzzy orthopartitions
and conditional relative frequency distributions with undefined observations can be reformulated by exchanging
the roles of X and Y. In this dual case, given a generalized fuzzy orthopartition O = {(u1, v1), ..., (4n, vu)} of
{Y1,...,Ym}, we can generate a class of relative frequency distributions of X given Y with undefined observations.

[llustrative Case Studies from Multiple Domains

To strengthen the empirical assessment of the proposed approach, in addition to the illustrative example on
tourism already proposed at the end of Section 3, we mention four realistic application scenarios from different
domains, where data uncertainty is common and generalized fuzzy orthopartitions become useful models.

tx; + i

14 et us underline that is a positive integer, since t, + a; is a multiple of #;, as discussed in the proof of Theorem 4.7.
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(a) A first example concerns the frequency of graduates across fields of study and universities in a given
country. For each university (variable X), we compute the distribution of graduates among fields (variable
Y) as shown in Figure 9 (a). Moreover, we simulate uncertainty by adding a fixed number of unassigned
records per university (for example, considering graduates who have obtained a degree in a field that is
only partially or not directly related to the required areas of study). This newly derived distribution is
represented by a generalized fuzzy orthopartition, highlighting its ability to compactly capture families
of uncertain frequency tables and to support comparison and semantic interpretation across different
institutions.

(b) In the healthcare domain, generalized fuzzy orthopartitions can be used to represent uncertainty in patient
outcomes across treatment categories. For each treatment type (variable X), we compute the distribution of
patient outcomes (variable Y), such as full recovery, partial improvement, or no change (see Figure 9 (b)). In
real-world settings, these outcomes may be partially recorded or subject to observational noise. This may
occur, for instance, when patient follow-up data are missing, outcome categories are ambiguously defined,
or information is self-reported rather than clinically assessed. A fuzzy orthopartition allows encoding
such uncertainty by expressing each treatment-outcome distribution through degrees that reflect plausible
frequency intervals, thereby enabling comparative analyses under imperfect data conditions.

(c) In the financial sector, the framework can be applied to model the uncertain distribution of customer
behaviors across market segments. Here, market segments or customer profiles (variable X) are associated
with behavioral categories (variable Y), such as loan default, investment type, or spending pattern (see Figure
9 (c)). Due to missing or anonymized transaction data, the observed frequencies may be incomplete or noisy.
Such uncertainty may arise from limitations in data collection systems, privacy-preserving mechanisms
that mask or aggregate transactions, or inconsistencies in how financial behaviors are categorized across
institutions. Using a fuzzy orthopartition to represent these distributions enables reasoning about client
behavior under uncertainty, thus supporting risk profiling, market segmentation, and data-driven financial
strategies.

(d) In the context of secondary education, generalized fuzzy orthopartitions can be used to represent uncertainty
in the classification of student performance across subject areas. For each school (variable X), one can
compute the distribution of students who attain proficiency skills in diverse areas (variable Y) as shown in
Figure 9 (d). However, due to factors such as incomplete test participation, accommodations for special needs,
or inconsistencies in grading criteria, the actual frequencies may not be fully reliable. Fuzzy orthopartitions
can model this uncertainty by assigning partial membership to performance levels, enabling more nuanced
analysis of educational outcomes and equity across institutions.

These examples demonstrate the versatility of generalized fuzzy orthopartitions in handling structured categori-
cal data with various forms of uncertainty, and their potential for integration into domain-specific decision-making
processes.

5 Conclusions and Future Directions

The present work explores generalized fuzzy orthopartitions within the context of descriptive statistics. Indeed, a
specific class of generalized fuzzy orthopartitions can be understood as models for describing conditional relative
frequency distributions characterized by uncertainty:.

Let us list a few directions for extending our results. Firstly, we will propose integrating generalized fuzzy
orthopartitions with the theory of evaluative linguistic expressions [32], in order to contribute to eXplainable
Artificial Intelligence (XAI) [33] by linking numerical uncertainty representations to qualitative and interpretable
descriptions. Such integration would allow interval-valued information—captured by generalized fuzzy orthoparti-

2 &« 2 &

tions—to be mapped onto linguistic terms (e.g., “likely,” “moderate,” “uncertain”), thereby enabling a transition from
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Patients Outcome 1 ... Outcome m
Graduates | Field1 ... Fieldm
Treatment 1 P11 . Pim
University 1 gi1 ... Jim
Treatment n Pni ... Pnm
University n In1 ... Inm
(b) Contingency Table of X =“Treatment” and Y = “Out-
(a) Contingency Table of X =“University" and Y = “Field". come".
Customers | Behavior 1 ... Behavior m
Students | Areal ... Aream
Segment 1 c11 . Cim
School 1 S ... Sim
Segment n Cni . Chm
School n Sn1 e Snm
(c) Contingency Table of X =“Segment” and Y = “Behav-
ior". (d) Contingency Table of X =“School" and Y = “Area".

Fig. 9. Case Studies.

numerical tables to natural language explanations. This connection opens a pathway to symbolic interpretability
in Al systems and aligns with recent efforts to construct linguistic interpretations of uncertainty in structured
data models [34]. Then, we will investigate the relationships between generalized fuzzy orthopartitions and
fuzzy rough sets [35], to explore possible theoretical connections and their potential applications to approximate
reasoning and granular classification. As a next step, we intend to study the correspondence between generalized
fuzzy orthopartitions and conditional relative frequencies appearing as intervals. Such a type of uncertainty
could arise, for example, in the presence of the so-called approximators that are linguistic hedges such as “about”
or “more than” as explained in [36]. Moreover, we want to investigate generalized fuzzy orthopartitions in further
uncertainty frameworks, taking as a reference the models studied in [37]. In addition, we plan to use generalized
fuzzy orthopartitions to extend machine learning techniques based on conditional frequency distributions like
Log-Linear Models [38], Conditional Random Fields (CRFs) [39], and Markov Chains [40], when not all data can be
observed. Fuzzy orthopartitions can represent classifications in which object membership is inherently partial
and uncertain, providing a valuable framework for refining the performance of Large Language Models (LLMs).
For instance, in the context of the HeReFaNMi project — Health-Related Fake News Mitigation — a language model
is used to generate synthetic fake news by manipulating factual information. These generated examples are
organized into three levels of depth: easy, medium, and hard [41, 42]. This artificial dataset is then employed
to train models aimed at detecting fake news. By extending the discrete depth classification into a fuzzy one,
we can allow each fake news item to partially belong to different levels, reflecting the uncertainty and overlap
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inherent in real-world misinformation. Such a fuzzy representation could lead to more nuanced training data and,
ultimately, to improved detection accuracy. Another important direction for future work concerns the practical
implementation of the proposed framework. While we have provided a theoretical analysis of the computational
complexity for constructing generalized fuzzy orthopartitions, further investigation is needed to assess the
scalability of the method when applied to large datasets with high-dimensional categorical variables. Future
research could explore heuristic strategies, sampling techniques, or constraint-based formulations to efficiently
approximate representative distributions within feasible computational bounds. Moreover, we plan to design and
release a prototype software tool—possibly as an R or Python package—that automates the construction and
analysis of generalized fuzzy orthopartitions from empirical data. This would support broader adoption of the
framework and facilitate its integration into pipelines for interpretable machine learning and decision support
systems.
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