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In explainable Al, many explanation methods generate similar yet diverging explanations for machine learning (ML) models.
How fair is it then to explain ML model behaviour by such explanations? Arguably, one needs to judge whether those
explanations are good at explaining ML model input/output behaviour. We here attempt to formalise ways to judge goodness
of such explanations in terms of their correctness. For assessing correctness, one needs to have desirable properties of
explanation correctness in mind, as well as was to measure satisfaction of those properties. We submit two high-level
properties of soundness and completeness for assessing explanation correctness: explaining is sound if the model behaves
the way the explanations say; explaining is complete if explanations can be given for model’s outputs on any inputs. We
formulate soundness and completeness properties for three forms of explanations: feature importance, counterfactuals and
rules. We further formalise multiple general metrics, at least one for each property and form of explanation, for quantitatively
measuring satisfaction of soundness and completeness. We argue that explanations are correct in as much as various aspects
of the different forms of explanations are met as quantified by those metrics. We hope that being able to assess correctness of
ML model input/output behaviour explanations against formal properties and metrics is a substantial step towards fairly
explaining ML-based inference.
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1 Introduction

With the emergence of ever more capable Al-based automated and autonomous systems, concerns regarding
safety of and trust in Al systems are growing too. The concerns have escalated to the extent of open letters issued
arguing for slowing down if not pausing development of powerful Al systems (Future of Life Institute 2023).
Addressing some of those concerns, trustworthy AI (Chatila et al. 2021) concerns creating safe and trustable Al
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systems. It is a huge umbrella term (see (European Commission and Directorate-General for Communications
Networks, Content and Technology 2019)) encompassing many Al research areas, notably Al fairness (Schwartz
et al. 2022) and explainable AI (XAI) (Phillips et al. 2021).

Al fairness (also called algorithmic fairness by (Mitchell et al. 2021)) concerns how algorithmic decisions
pertain to formalised notions of fair decision making, such as individual fairness of giving similar individuals
similar decisions and non-discrimination of giving similar groups on the whole similar decisions (Friedler et al.
2021). Currently, fair Al decision making often pertains to prediction or classification by machine learning (ML)
models. At the same time, XAI concerns making Al systems intelligible (Adadi and Berrada 2018). Currently,
explainability research often focuses on explaining internal workings and input/output behaviour of ML models.
XAI and Al fairness are not only two complementary areas of trustworthy AL but could sometimes even be
seen as two sides of the same coin. For instance, Ignatiev, Cooper, et al. (2020) consider how explanations of ML
model input/output behaviour can serve to assess fairness thereof. We take a complimentary viewpoint and try
to address the question, loosely stated, as to whether it is fair to explain the behaviour of an Al system/ML model
using the (by now) common kinds of explanations.

To exemplify, there often are various explanation methods, henceforth called explainers, that produce expla-
nations of the same kind for a given ML model and its input instances. For instance, an attributive explanation
method such as SHAP (SHapley Additive exPlanations) (Lundberg and Lee 2017) assigns feature importance
scores to the input features for a particular prediction made by a given model. Another explanation method,
such as Integrated Gradients (IG) (Sundararajan et al. 2017), also attributes feature importance scores to features
for the same prediction by the same model. If the feature importance attributions differ, as they often do, how
is it fair to use one explainer or another to explain the model’s behaviour? This challenge to decide which of
the diverging explanations are better or appropriate is generally known as the disagreement problem among
explanations (Agarwal et al. 2022; Krishna et al. 2022).

In some cases, such as with attributive explainers, they may work in fundamentally distinct ways — combi-
natorial attribution in SHAP and integration in IG - even if they generate explanations of the same form. In
other cases, such as with counterfactual explanations, the explainers generate explanations of the same form but
typically by optimising different targets or constraints. With explanations in the form of rules, explainers may
work heuristically or provide guarantees of some aspects of explanations, such as their fidelity to the underlying
model. In any case, explanations of the same kind and form are typically intended to carry the same meaning,
whether feature importance, what-if scenarios (counterfactuals) or if-then implications (rules). Whether or not
the disagreement problem arises, the explanations should be judged according to how good or appropriate they
are, e.g. how correct, robust, efficient, intelligible, or whatever the intended measure(s) (Kaur et al. 2022). In the
absence of such measures of goodness, the intended receiver of explanations might face challenges to perform a
fair selection among explanations or explainers, and may thus partake in an unfair explaining process.

We here seek to address the challenge of assessing the goodness of explanations for the sake of explaining
fairly. Fundamentally, we posit that it is imperative for explanations to be correct in order for the explaining to
be fair. We do not claim that it is sufficient for explanations to be correct, but rather argue that it is necessary
for explanations to meet some measurable standards of correctness if they are to explain ML models. To define
what explanation correctness means, we get inspired (like (Kulesza et al. 2013) do) by the notions of sound and
complete reasoning in formal logics. Colloquially, soundness demands that if one can prove something, then that
thing is true. Vice versa, completeness demands that if something is true, then one can prove it. We attempt an
intuitive analogy for sound and complete explaining (in the spirit of (Cyras, Letsios, et al. 2019)). Soundness would
require that if there is an explanation, then the model actually behaves in accordance with it. Completeness would
require that if the model behaves in some way, then there is an explanation for that. As much as explanations
of ML models are sound and complete, we deem them correct. And we believe it is only fair to give correct
explanations so as the explaining instills trust in the Al system.

Journal of Artificial Intelligence Research, Vol. 84, Article 6. Publication date: September 2025.



Correct Explanations and How to Define Them « 6:3

In this paper we consider the problem of evaluating the correctness of explanations generated by different XAI
methods. Specifically, we posit that explanation correctness amounts to satisfaction of two desirable properties
of explanations, namely soundness and completeness. We further submit that satisfaction of (such or similar)
properties of explanations should be quantified using metrics. We attempt to formally specify properties and
metrics for assessing correctness of explanations in certain settings on Al decision making. Concretely, we
focus on ML model input/output behaviour explanations and consider three forms of such explanations with
respect to ML models trained for classification tasks on tabular data. The three forms of explanations are feature
importance-based, rule-based and counterfactual explanations. We formally define explanations as mathematical
artefacts that are meant to capture a range of such explanations generated by different explainers. We further
postulate desirable correctness properties and a multitude of metrics thereof for each of the three forms of
explanations. The forms of explanations and their soundness and completeness can be intuitively stated as
follows.

A rule-based explanation is an if-then rule with premises consisting of feature-value pairs and conclusion
consisting of the predicted class. We will deem a rule sound in as much as its conclusion agrees with the
model output for inputs covered by the premises of the rule; and complete in as much as it covers the model’s
inputs/outputs and is representative of rules that so explain the model. A counterfactual explanation is an
input instance consisting of feature-value pairs. We will deem counterfactual explanations to a given instance
sound in as much as the counterfactuals are possible and have the model’s outputs differ from the one for the
explained input; and complete in as much as they are diverse and cover model inputs. A feature importance-based
explanation is a set of feature importance scores. We will deem feature importance scores sound in as much as
they adequately reflect the impact that features have on the model’s outputs; and complete in as much as they are
representative of such impact scores. We will see how different metrics can be used to quantify the conceptual
aspects of these formulations.

With this paper, we thus aim to address the following research question.

Can we formulate desirable properties of, and formalise metrics for, assessing explanation correctness
of different forms of explanations of the input/output behaviour of ML models trained for classification
tasks on tabular data?

We answer in the affirmative by formulating the properties of soundness and completeness of explanations
and formalising metrics for measuring those properties independently of the explanation method used for
generating the explanations. We do this for three forms of explanations: rule-based, feature importance-based
and counterfactuals.

In brief, our main contributions are the following. We state six formal properties of explanation correctness,
three of soundness and and three of completeness, one for each form of explanations. Colloquially, soundness
mandates that explanations should be truthful with respect to the ML model explained, and completeness
mandates that explanations should generalise to cover the model behaviour. We follow up with 12 metrics to
quantify satisfaction of the properties (discussed in detail in Section 4, with a schematic in Figure 1 introduced
therein), with the following origins:

o five metrics are adoptions from existing literature with minor modifications — namely, 4.1.1. Fidelity
(rule soundness), 4.1.2. Coverage (rule completeness), 4.2.1. Validity and 4.2.1. Plausibility (counterfactual
soundness), and 4.2.2. Diversity (counterfactual completeness);

o four are generalisations — namely, 4.2.1. Feasibility (counterfactual soundness), 4.3.1. Fidelity and 4.3.1. Va-
lidity (feature importance soundness), and 4.3.1. Agreement (feature importance soundness);

o three are new completeness metrics — namely, 4.1.2. Representativeness (rules), 4.2.2. Coverage (counterfac-
tuals) and 4.3.2. Representativeness (feature importance).
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We exemplify our framework for assessing explanation correctness with hand-crafted examples as well as with
illustrative experimental results using six off-the-shelf ML model explainers with boosted tree ensemble and
neural network models trained on three datasets.

In this work we take the functionally-grounded assessment view of explainers and explanations (Doshi-Velez
and Kim 2017; Nauta et al. 2023) in that we focus on functional (but potentially user-informed) metrics rather than
user evaluation studies. We further concur with (Nauta et al. 2023) to address only those aspects of explanations
that “directly influence explanation quality” (Nauta et al. 2023, p. 10, emphasis original), particularly ignoring
computation resources required to generate explanations or presentation of explanations. In particular, we will
focus on correctness of explanations and how it can be characterised via the proposed properties of soundness
and completeness, to be assessed using functional metrics that directly pertain to quality of explanations as
computational artefacts.

In what follows we first discuss related work, mostly on assessment of (goodness of) explanations. We then give
preliminaries for our work: we define the forms of explanations, discuss the notions of metrics and properties,
and give the setup for basic empirical illustrations that will accompany the formal exposition of explanation
correctness. We then detail our take on explanation correctness via properties of soundness and completeness
as measured by the various metrics proposed for assessing explanations. We finally discuss in brief the main
theoretical contribution of this paper, namely the formulation of correctness properties (that we believe are
necessary for the explaining process to be fair) and the formalisation of the metrics for quantitatively assessing
those properties with respect to three different forms of common explanations of ML model input/output
behaviour.

2 Related Work

XAT has grown enormously over the past few decades and there are now a plethora of explainability techniques,
explainers, and kinds of explanations concerning numerous kinds of Al systems, including symbolic, neuro-
symbolic, and statistical models — see (A. and R. 2023; Anjomshoae et al. 2019; Arrieta et al. 2020; Burkart and
Huber 2021; Carvalho et al. 2019; Chakraborti et al. 2020; Ciatto, Sabbatini, et al. 2024; Cyras, Badrinath, et al.
2021; Cyras, Rago, et al. 2021; Ding et al. 2022; Fandinno and Schulz 2019; Graziani et al. 2023; Ibrahim and
Shafiq 2023; Linardatos et al. 2021; Nunes and Jannach 2017; Ras et al. 2022; Schwalbe and Finzel 2023; Swartout
et al. 1991) for overviews. There are numerous works concerning qualitative and quantitative assessment of
explainers and explanations using properties and metrics, typically with respect to ML models - see (Agarwal
et al. 2022; Arya, Bellamy, P. Chen, et al. 2019; Bhatt et al. 2021; Carvalho et al. 2019; Doshi-Velez and Kim 2017,
Guidotti 2022; A.-H. Karimi et al. 2020; Kulesza et al. 2013; Laugel et al. 2019; Nauta et al. 2023; Robnik-Sikonja
and Bohanec 2018; Rosenfeld 2021; Samek et al. 2016; Sokol and Flach 2020; Zhou et al. 2021). We will discuss the
most specific ones, particularly (Guidotti 2022; Kulesza et al. 2013; Nauta et al. 2023), that we borrow from or
build upon in Section 4. Here, we briefly discuss those works as well as more generally the works that collect
lists of properties and metrics for assessing quality of explanations, namely (Carvalho et al. 2019; Hedstrom et al.
2023; Robnik-Sikonja and Bohanec 2018; Sokol and Flach 2020; Zhou et al. 2021).

The early work of Kulesza et al. (2013) on assessing goodness of ML model explanations introduced the
viewpoint of explanation soundness and completeness, borrowing the notions from formal logics. In a nutshell,
the idea behind these two properties is that an explanation is sound in as much as the model behaves the way
the explanation says, and complete in as much as it explains all of the model. That work used user studies
to empirically evaluate how well explanations of different degrees of objectively measured soundness and
completeness correspond to user perceived reasons behind algorithmic recommendations of music songs. They
concluded that while aiming for sound and complete explanations is a good design choice when developing
explainers, it may bring unwanted costs in cases where the audience is unwilling to attend to the explanations.
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We instead focus on formalising the two properties of explanation soundness and completeness for three forms
of explanations, arguing for desirability of their satisfaction and assigning computational metrics to measure
it. Nonetheless, we are greatly inspired by Kulesza et al. (2013) in our conceptual understanding of explanation
correctness in terms of soundness and completeness.

Robnik-Sikonja and Bohanec (2018) is an early work to state various properties of ML model explainers and
explanations thereof, though not entirely formally or unambiguously (as noted in e.g. (Carvalho et al. 2019)). The
several properties of ‘explanation quality’ summed in (Robnik-Sikonja and Bohanec 2018) are fidelity, accuracy,
representativeness, certainty, novelty, stability, consistency, comprehensibility, importance. Fidelity, with both
local and global versions, pertains to how well an explanation reflects the behaviour of the underlying ML model,
locally or globally. Relatedly, accuracy pertains to how well an explanation generalises to multiple data instances
and their predictions and representativeness to how well explanations cover the model’s behaviour. We will be
inspired by all these three in our formulations of explanation correctness. Linked to the three above are certainty
and novelty, which respectively pertain to whether an explanation reports the model’s confidence and whether
the data instance is from a well-represented data region. These we deem irrelevant to correctness of explanations,
because they concern the model and data characteristics, respectively, rather than the explanation directly.

In terms of comparing explanations themselves, stability pertains to the similarity of explanations generated
for similar instances while consistency pertains to the similarity of explanations generated for different models
(for the same task). We are not interested in similarity of explanations given different ML models, as we deem
it to be very use case-specific to decide whether explanations should be similar across (dis)similar models. We
submit these aspects reflect the more general property of robustness of explanations. It is widely considered
and measured via different metrics (and properties) in many works. For instance, sensitivity (Bhatt et al. 2021;
Sundararajan et al. 2017) measures an explanation’s ability to discover sensitive aspects of the model when
subjected to perturbations. Similarly, consistency measures if explanations correspond to the same inputs and
outputs. Relatedly, (in)stability measures relative changes to an explanation with respect to changes in model
inputs or performance (Agarwal et al. 2022). Particularly in case of counterfactual explanations, stability could be
measured by estimating whether the counterfactuals are close enough in case of slight perturbations to the input
instances (Albini et al. 2022; Guidotti 2022; Laugel et al. 2019; Upadhyay et al. 2021). These and similar notions
are grouped under the ‘continuity’ property in (Nauta et al. 2023). We do not engage with any of these aspects of
explanations, since we generally consider robustness to be tangential to correctness.

Regarding comprehension aspects of explanations as in (Carvalho et al. 2019; Robnik-Sikonja and Bohanec
2018), comprehensibility pertains to understandibility of explanations, often judged in terms of explanation
size and artefacts therein (such as features or rules). Importance further details if an explanation reports any
degrees of importance for its artefacts, such as feature scores or rule weights. Comprehension is also not part of
correctness in our opinion, and is also clearly audience-dependent.

We depart from both Robnik-Sikonja and Bohanec (2018) and Carvalho et al. (2019) in that we consider some of
the above aspects as metrics to measure explanations, but think of properties at a higher level. For instance, fidelity
(which is essentially ‘correctness’ in (Carvalho et al. 2019)) measures soundness of feature importance-based
explanations, whereas accuracy and representativeness measure completeness of the same. What Carvalho et al.
(2019) call ‘completeness’ will for us essentially amount to coverage of explanations. We will consider soundness
and completeness as two higher level properties, with different formulations and metrics for different forms of
explanations. As noted in (Carvalho et al. 2019), it is not clear how to formalise or measure the above discussed
aspects of explanations, which is something that we tackle in this paper for the aspects that we deem relevant to
explanation correctness.

The authors of (Robnik-Sikonja and Bohanec 2018) further state four properties of explainers — namely, expres-
sive power, translucency, portability and algorithmic complexity — which can be summarised thus. Expressive
power refers to the language or structure of the explanations, e.g. feature importance scores or if-then form-of
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rules. Translucency and portability refer to, respectively, whether the explainer needs access to the ML model
internals and with what kinds of ML models it can work. We are agnostic with respect to both; we will only care
about how to evaluate explainers as long as explanations are generated, given some underlying ML model. The
same indifference applies to algorithmic complexity in our case. So none of the above we consider in this work as
properties against which to evaluate explainers but rather as characteristics of explainers or their applicability.

The authors of (Carvalho et al. 2019), building on (Miller et al. 2017), also list several human-centric charac-
teristics of explanations, namely that they should be contrastive, selective, social, focusing on the abnormal,
truthful, general and probable as well as consistent with beliefs. The first four seem for us to be characteristics of
explainers or their applicability, not about correctness of explanations. Being truthful, general and probable, in
the sense of applying to various ML model predictions and speaking truth about them, is something that we will
consider as parts of soundness and completeness. They are in any case not formalised in any way in the above
works, whereas we will attempt that. Lastly, consistence with prior beliefs is very much audience/user-centric, a
type of aspect outside the scope of this paper.

In the “explainability fact sheets" paper (Sokol and Flach 2020), the authors gathered a collection of requirements
for assessing explainers and explanations. They presented five families of requirements, namely functional,
operational, usability, safety and validation. Functional ones consider algorithmic requirements on the explainer,
such as type of ML model or task. These do not pertain to directly assessing the quality of explanations and
for us amount to explainer applicability aspects. The operational requirements mostly overlap with our forms
of explanations and the model setup. Safety requirements pertain to robustness of explanations and explainers
— again, out of our scope here. Validation pertains to empirical evaluation of effectiveness of the explanation
process using either user studies or synthetic scenarios, likewise out of scope of this work. Finally, even though
usability is mostly user-centric according to the authors, it includes aspects that we deem relevant to evaluating
explanation correctness. In particular, the authors consider soundness and completeness as two requirements
that would measure truthfulness and generalisation, respectively, of explanations. We do get inspired by their
conceptual use of the notions of completeness and soundness, but depart from them by focusing deeply on the
two properties, formulating them properly for different forms of explanations and formalising metrics to measure
their satisfaction. We however ignore the other usability requirements, namely contextfullness, interactiveness,
actionability, chronology, coherence, novelty, complexity, personalisation and parsimony, as those do not pertain
to correctness the way we see it.

Zhou et al. (2021) presents an overview of axiomatic properties and quantitative metrics for assessing ML
model explanations. They broadly consider two aspects of explainability, namely ‘interpretability’ and ‘fidelity’.
The first one pertains to explanations being understandable to a human user and is characterised using three
properties: clarity, broadness and parsimony. Of these, broadness pertains to how general an explanation is, and
perhaps conceptually falls under what we consider completeness of explanations. Their fidelity, on the other
hand, essentially amounts to our correctness, and is in fact characterised using two properties, namely soundness
and completeness. They are conceptually the same as those of (Kulesza et al. 2013), and hence similar to what
will be our properties of soundness and completeness. The authors of (Zhou et al. 2021) also consider what they
call three types of explanation methods, namely model-based explanations, attribution-based explanations and
example-based explanations. These are similar to the three forms of explanations — rules, feature importance,
counterfactuals — that we will consider, but could be seen to be more general: model-based explanations aim to
explain a given ML model using a simpler, interpretable model, so a rule-based model could potentially count as
one; counterfactuals are a form of example-based explanations; and attribution-based explanations essentially
amount to feature importance. The authors present a taxonomy of quantitative metrics for measuring their
properties of explanations for each type of explanation.

We note that the above work, similarly to most others, is largely a classification and collection of prior works,
with vague and informal formulations of properties and references to instances of metrics. We instead offer a
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more critical reflection of the properties of interest, namely soundness and completeness for assessing explanation
correctness, formulate them for three well-defined forms of explanations, as well as argue why they are desirable
and how to measure their satisfaction using formalised general metrics that include as instances some of those
found in prior art. Nonetheless, Zhou et al. (2021) includes several metrics, notably for measuring soundness
of feature importance-based explanations, that are covered in our work. We also note that their classification
suggests only a single instance of a completeness metric, specifically for counterfactuals, and barely one metric
for soundness of model/rule-based explanations (namely ‘(dis)agreement’ (Lakkaraju et al. 2019), which we will
call fidelity in Section 4.1.1). In connection to this, we note that the recent work (Agarwal et al. 2022) to consider
the disagreement problem (Krishna et al. 2022) among explanations — diverging explanations generated by
different explainers for the same thing — includes several metrics for evaluating faithfulness of attribution-based
explanations, notably those for counting (dis)agreement between explanations. Relatedly, Hedstrom et al. (2023)
presents a taxonomy (and an implementation toolkit) of metrics applicable to attribution-based explanations,
notably with a collection of metrics in prior works for measuring faithfulness. We will use some of the ideas from
the above works for measuring soundness of feature importance-based explanations in this work. However, we
will offer more; importantly, a different, formalisation-driven perspective on properties and metrics for the three
forms of explanations.

Yet another broad survey of XAI evaluation techniques covering quantitative and qualitative measures is
presented in (Nauta et al. 2023). It is a comprehensive classification of 13 properties and various metrics for
functionally measuring those properties of ML model explanations, 7 of which concern the content of explana-
tions while others concern either presentation or user-related aspects. They authors there provide a valuable
classification of explanation metrics, but do not make an attempt to describe in detail or formalise them, instead
giving references to examples of such measures in the literature. We build upon and discuss this work in more
depth throughout Section 4.

3 Preliminaries: Notions of Explanation, Metrics and Properties

To assess explainability of an Al system, one analyses explanations obtained from any one explanation method
(henceforth, explainer) and potentially compares explanations obtained from different explainers (Agarwal et al.
2022; Ciatto, Schumacher, et al. 2020; Krishna et al. 2022; Nauta et al. 2023; Singh 2021). To this end, it is instructive
to quantify various aspects of an explanation and to infer characteristics of explanations or explainers, similarly
to how one measures the quality of the outputs of an ML model (or any automated system, for that matter).
To quantitatively evaluate explanations produced by various ML model explainers, one typically has in mind
some desirable properties or characteristics of explanations. For instance, it is often desirable that an explainer
generates ‘correct’ explanations in terms of how faithfully they track model’s inputs/outputs. In this section,
we introduce the notion of metrics for assessing explanations, as well as the notion of (more or less desirable)
properties of explanations that metrics allow to asses. Before that though, we give the setting of explanations.

3.1 Explanations

In this work we study explanations of input/output behaviour, typically of differentiable or tree-based ML
models trained for classification tasks on tabular data. We focus on ways to assess post hoc explanations
generated by an explainer after the trained ML model has provided an output (i.e. classification or prediction -
we use these terms interchangeably). We consider explanations of both local and global scope - the former
explain the ML model output for a particular input, while the latter explain the model’s overall behaviour, for any
input. For example, a global attributive explanation may indicate how much impact each input feature has on
model predictions, in aggregate; a local counterfactual explanation, on the other hand, may pinpoint the closest
instance that is similar to the input but results in a different prediction.

Journal of Artificial Intelligence Research, Vol. 84, Article 6. Publication date: September 2025.



6:8 « Singh, Cyras, Akram & Inam

To set some notation, we consider a fixed but otherwise arbitrary ML model M trained on a dataset X with
feature vector X. The model takes as input an instance x € X and outputs y € Y from data class labels Y. We then
consider a likewise fixed but otherwise arbitrary explainer EX that explains the input/output behaviour of M.
At a high level, we say that a local-scope explanation Ey is generated by an explainer EX for the model M with
input x € X from (some part of) the dataset X and output M(x) = y € Y, namely

EX(M(x) =y) = Ey. (Local explanation)

Similarly, a global-scope explanation Ex is generated by an explainer EX for the model M and input feature
vector X (possibly with some concrete feature values), namely

EX (M, X) = Ex. (Global explanation)

In general, we refer to either a local- or global-scope explanation as simply E.
In this work we consider three forms of explanations. Intuitively, those are as follows:

(1) feature importance - e.g. a feature importance vector indicating how each feature f € X from the input
feature vector X impacts M(x) = y (local scope), or how each feature f € X impacts M in aggregate
(global scope);

(2) rules - e.g. if-then rule comprising of feature-values of x that are minimally sufficient for M to output
y (local scope), or of feature-value sets that are collectively sufficient for M to yield output y on input x
whenever x is covered by the rule (global scope);

(3) counterfactuals — e.g. input instance x’ most similar to x but with M(x") # y (local scope only, since
counterfactuals do not have the aspect of globality).

We formally assert the three forms of explanations as follows.

Definition 3.1 (Forms of explanations). Let the labeless dataset X C [] Z(ll D; have domain the Cartesian product

of feature domains D; and let Y be the set of class labels of X. We say a local- or global-scope explanation E
generated by an explainer EX is

o feature importance-based if it is expressed as a set {f; : s1,..., f : sn} of feature-importance score pairs,
where f; € X is a feature and s; € R is its importance score, for j € {1,...,n} and n < |X| (not all features
need be included);

e rule-based if it is expressed as a pair' ({fi : s1,..., f» : Su},¢) with the antecedent (also called premises)
{fi :s1,. .+, fu : S} comprising feature-value pairs and consequent (also called conclusion) being class label
c € Y, where f; € X is a feature and s; C D is a set of values? from the domain Dj,for je{1,...,n} and
n < |X];

e a counterfactual if it is expressed as an instance’ x’ = (fi : v1,..., fix| : v|x|), Where f; € X is a feature
and v; € D; is its value from the feature domain D, for j € {1,...,[X]}.

We note that a similar yet informal definition of feature importance-based explanations is given in (Yeh 2019,
p- 2) while similar definitions of counterfactual and rule-based explanations can be found in, respectively, (Guidotti
2022) and (Lakkaraju et al. 2019). We do not present this definition as a contribution, but rather as formalisation
of preliminaries.

With Definition 3.1 we are not aiming to be all-encompassing in the sense of capturing all existing variations
of each of the forms of explanations above. For example, feature importance-based explanations may also carry
uncertainty estimates for each feature-value pair (see e.g. (Shaikhina et al. 2021)) and rule-based explanations

1Possibly a non-empty set {Ry, ..., Ry, } of such pairs, each named Rg.

?If a single value v; is of interest, we can without the loss of generality consider the singleton s; = {v;}.
3Possibly a non-empty set {xj, ..., xp, } of such instances.
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may carry precision or coverage values (e.g. (Ribeiro et al. 2018)), neither of which are part of our definition.
Counterfactuals are also often expressed via only feature-value pairs that differ from the original instance, leaving
the unchanged ones implicit. However, it should be straightforward to extend the definition if needed; we simply
aim at capturing the representative forms of explanations.

We are not exclusive with the definition either, in not including other forms of explanations, such as graph- or
model-based (see e.g. (Cyras, Rago, et al. 2021; Nauta et al. 2023)). We are purposefully limiting the scope of the
paper to the three forms of explanations.

We invite the reader to consult the detailed survey of explainers and forms of explanations in (Bodria et al.
2023), especially Fig. 1 on p. 1724 for a visual illustration of their taxonomy of explanations with examples.
Henceforth, we will typically refrain from referring to any particular explainers that could generate explanations
of a given form, unless they are not mentioned among explainers for tabular data in (Bodria et al. 2023, Table 1,
p- 1728). We give our illustration of how such explanations could look like for a toy model next.

Example 3.2. Consider model M, for example a decision tree, that learnt the logical OR function of two binary
variables, i.e. M(x1,x2) = x; V x, where (x1, x2) € X = {0, 1}? range over values of the feature vector X = (fi, f2).

Rule-based explanations could be the following:* R = {R; = ({1 : 1}, 1),Ry = ({f2 : 1}, 1),Ro = ({fi : 0, fo :
0},0)}. Here, R; says it is sufficient to set the first variable (that assigns value to feature f;) to 1 in order to get
output class 1; likewise R, for the second variable. Meanwhile, Ry says both variables have to be 0 to yield 0.
Without a fixed instance, these are global-scope explanations. But they could well be of local scope too, for
example with the instance x = (1, 0) the rule R says that it suffices to have f; value 1 for M to classify x as 1.

Counterfactual explanations for the input instance x = (0,0) could be the following: C = {x; = (i : 1. f2 :
0),x,=(fi:0,f2:1),x;=(fi : L fz:1)}. Here, X] is to be interpreted as a counterfactual to x where if only
fi value were 1, then the model’s output would be different: M(x]) # 0 = M(x). Similarly for x},. Whereas x;
indicates that if only both f; and f, values were 1, then the output would be different.

Finally, a (local or global) feature importance-based explanation could be E = {f; : 1/2, f, : 1/2}. It expresses
that both features are equally important for M to yield its output (for either any specific instance, or in aggregate).

We finally note that we restrict our attention to classification tasks with tabular data mainly for ease of
exposition and intuitive appreciation of the framework to be presented. We immediately observe that extension
to regression tasks seems achievable, with minimal changes in formal details, such as letting Y to be class label
probabilities, and modifying the metrics accordingly. (Since, as we will see, our metrics typically work with class
labels, with regression (as opposed to classification) the comparison to model outcomes could be taken as the
class probability difference or (dis)agreement on the class with highest probability score.) It also seems that the
setup could be extended to Y being some other co-domain such as the space of data clusters, vocabulary of tokens
or a set of actions, thus with a possibility to adapt to self-supervised generation, unsupervised clustering or even
(forms of) reinforcement learning, as long as there are explainers supporting such models. Other data modalities,
such as images or language, also seem within grasp. However, we refrain from claiming any such generality of
our framework, focusing on the generally familiar and approachable setting of classification with tabular data.
We believe this setting to be well-suited for understandable formalisations of properties and metrics, which is our
main goal, even if at some expense of generality and applicability. We hope that the readers will be able to extend
or adapt our framework to other settings.

Having in mind the forms of interest that explanations of ML models trained on tabular data for classification
tasks take, we next introduce at a high level the notion of metrics for assessing explanations.

4These could be generated by an explainer that returns for M the C-minimal rules that are sufficient to classify all four inputs. An examplary
such explainer is detailed in (Ignatiev, [zza, et al. 2022), which maps a decision tree into propositional logic and returns rule-based explanations
in the form of logical implications.
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3.2 Metrics

A metric is typically a function that takes parameters of an Al system and yields quantitative values that measure
the system’s performance in terms of a characteristic of interest. When explanations are generated by an ML model
explainer, a metric’s value is computed by applying some function to the explanations represented by e.g. input
feature importance scores, rules or data instances. For example, fidelity of either a local- or global-scope feature
importance-based explanation may be measured by the effect on correlation between input instance perturbations
weighted by the feature importance scores and the shift in model outputs for those perturbed inputs; diversity of
counterfactual explanations may be measured by aggregating distances among counterfactuals, with, say, the
Hamming distance giving the number of features with diverging values between two data instances; fidelity of a
local/global rule-based explanation may be measured as the ratio of instances covered by the explanation with
the model output matching the rule conclusion against all the instances covered by the explanation.

For our purposes, at a high level, given a global-scope explanation Ex generated by an explainer EX, for a
model M trained on (some part of the) dataset X with input feature vector X, a metric Q is measured by assigning
to Ex a numerical value

Oex(M, X, Ex) € R (1)

Given a local-scope explanation Ey generated by EX, with the model input x € X and output M(x) =y €Y, a
metric Q is measured by assigning to Ex a numerical value

Qex (M, X, x, Y, Ey) €ER 2)

Henceforth, when no ambiguity arises, we may write simply Q(E), for E being either Ey or Ex, to denote the
value assigned to either local- or global-scope explanation E by metric Q.

With concrete metrics the value of Q may depend on a number of parameters, such as selection of explanations,
constraints on feature values, choice of distance functions or reference sets. We will see concrete examples of
explanation metrics and ways to measure them in Section 4. Before that, let us talk about how explanation metrics
relate to what we call properties of explanations.

3.3 Properties

Properties (Orilia and Paolini Paoletti 2022) refer to characteristics of an object or a system that are typically
conceptual to begin with, and are progressively derived from qualitative analysis or quantitative measurements
of the object/system. We consider properties of explanations to be a higher level concept than metrics, often
encompassing multiple metrics to measure explanations from either the same or different explainers. In this, we
concur with (Nauta et al. 2023) that evaluating explanations and explainers necessitates a multi-dimensional
view of assessing to what extent various properties are satisfied as measured by different metrics.

We are interested in evaluating the aspect of explanation correctness. Intuitively, correct explanations truthfully
explain model’s behaviour. We will submit two concrete properties of soundness and completeness for
characterising this intuitive notion of correctness with respect to the three forms of explanations. We will
formulate the two properties of soundness and completeness as conceptually desirable characterisations of
explanations. We will formulate these properties in natural language, to be more or less prescriptive about what
each of the form of explanations should satisfy to be correct. We will consider various metrics for each of the
three forms of explanations and will use those metrics to assess soundness and completeness of explanations.
Essentially, we will deem an explanation either sound or correct in as much as it satisfies some desiderata (e.g.
being faithful) as measured by the relevant metrics (e.g. fidelity).
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3.4 Empirical lllustration Setup

To illustrate the applicability of our formulations and formalisations to explanations produced by existing
explainers, we in some cases use empirical examples. In particular, we will generate some feature importance-based,
counterfactual and rule-based explanations to illustrate several instantiations of metrics, where an instantiation
amounts to a choice of specific mathematical functions, such as distance or similarity measures. We will also
give some examples by-hand, where it is easy to appreciate the application of a metric to an explanation without
aggregating over a set of explanations. We here state our empirical setup (as a considerable variation and extension
of experiments by (Singh et al. 2022)) for generating examples of explanations. In short, we experiment (in Python
3.11.8) with three tabular datasets (two common ones and one proprietary), six ML classification models (tree-
based and neural networks), and six explainers — three for feature importance, two for counterfactuals, one for
rules.

We use the well-known and publicly available dataset Iris (R. A. Fisher 1936), a locally generated synthetic
dataset of the well-known Spiral type and a proprietary but publicly discussed dataset called Telecom (Terra
et al. 2020). Both Iris and Spiral are loaded via scikit-learn 1.6.1 (Pedregosa et al. 2011), the latter using the
make_moons method for 100 samples with noise=0.2 (here and henceforth, we specify only the parameters
relevant for reproduction rather than replication, thus omitting ones such as random_state=42). Telecom dataset
consists of time-series data generated using a telecommunications network simulator: it contains network
measurement samples characterised by 12 real-valued features and a target real-valued feature representing
network latency. The series is turned into a tabular dataset with a binary classification as to whether three
consecutive samples exhibit network latency over a specified threshold. Due to high computation costs of
generating explanations using some explainers, we restrict the dataset to 1000 samples. All three datasets are
scaled using sklearn.preprocessing.StandardScaler, and 80%/20% train/test split, resulting into Xy qin/Xzes: set
sizes of 90/30, 75/25 and 800/200 for Iris, Spiral and Telecom, respectively. We refer the reader to the cited sources
for dataset details, but note that they do not matter for our purposes, as long as we can train ML models on the
datasets and apply explainers thereafter.

We opt for two well-known kinds of ML models. We train boosted trees via XGBoost (T. Chen and Guestrin
2016) xgboost 2.1.3 (XGB in short) for each dataset, with 100 trees (n_estimators) for Iris and 1000 for Spiral and
Telecom, and maximum tree depth max_depth=10, learning_rate=0.1 and eval_metric=logloss. We also train
neural networks (NNs) of fully-connected Multi-Layer Perceptron (MLP) type, with two hidden layers of size 16,
Rectified Linear Unit (ReLU) activation functions in between and softmax on the output, via PyTorch (Paszke
et al. 2019) torch 2.5.1. We train for epochs=10 with batch_size=32 and learning_rate=0.01, optimising using
Adam (Kingma and Ba 2015). All models are built with otherwise default parameters, not thoroughly optimised
for predictive performance (with XGB and NN accuracy 1.0 and 1.0 for Iris, 0.95 and 1.0 for Spiral, 0.835 and 0.71
for Telecom, respectively), because our properties and metrics are ML model performance-agnostic.

We use the following explainers for obtaining explanations: SHAP (Lundberg and Lee 2017) shap 0.46.0,
Lime (Ribeiro et al. 2016a) lime 0.2.0.1 and Integrated Gradients (IG) (Sundararajan et al. 2017) via captum
0.7.0 (Kokhlikyan et al. 2020) for feature importance-based explanations with all the models (except for IG with
XGB, because IG work with gradients, whereas XGB tree ensembles are non-differentiable); Baseline (Wachter
et al. 2018) counterfactuals via mixtend 0.23.4 (Raschka 2018) and DiCE (Mothilal et al. 2020) dice-ml 0.11
counterfactuals for counterfactual explanations with all the models (except for DiCE with binary classifiers, thus
omitting DiCE with models trained on Iris, since the off-the-shelf cross-compatible version of dice-ml works only
for binary classification); Anchors (Ribeiro et al. 2016b) via alibi 0.9.6 (Klaise et al. 2021) for rule-based explanations
with all the models. We chose these explainers because we found them to be the only ones immediately available
(via the Python Package Index (PyPi)), easily usable with XGB and NN models trained on datasets not requiring
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specific pre-processing, as well as cross-compatible among other libraries without modifications. This way our
results can be reproduced using only the specifications (aside from the proprietary Telecom dataset).

We will specify the relevant explainer parameters when discussing specific explanations in the next section.
We will likewise specify the functions used for implementing the specific instantiations of metrics for quantifying
explanation correctness.

We reiterate that our empirical setup is mostly for illustration purposes. We aim to provide a feeling as to
measuring explanation correctness using our framework, but do not claim significant experimental findings.
Extensive empirical evaluation of various explainers with different ML classifiers is prohibitively costly for
a research paper, since particularly counterfactual and rule-based explanation generation is extremely time-
consuming (even our final experiments took 15 hours on a powerful MacBook.) We welcome practitioners to use
our framework to assess correctness of explanations from particular explainers (varying their hyperparameters)
applied to concrete models trained on relevant datasets for a downstream task at hand. Our main contributions
in this paper are instead conceptual and theoretical.

In the next section, we study whether we can formulate desirable properties and formal metrics for assessing
correctness of three forms of explanations (feature importance-based, rule-based and counterfactual) of ML model
input/output behaviour with respect to classification tasks on tabular data. We present two such properties,
namely soundness and completeness, and state multiple metrics for measuring how well the different forms of
explanations satisfy the two properties.

4 Correctness of Importance-Based, Rule-Based and Counterfactual Explanations of ML Model
Input/Output Behaviour

Correctness pertains to faithfulness or truthfulness of explanations with respect to the underlying ML model (Nauta
et al. 2023, p. 10). Colloquially, we say that an explanation is correct if the explanation is sound in the sense that
the model behaves the way the explanation says, and if the explanation is complete in the sense that it covers the
model’s behaviour. In this, we try to adhere to the notions of soundness and completeness from formal logics, and
follow very closely the early work of (Kulesza et al. 2013) that introduced these notions analogously.” We thus
submit two distinct properties that address correctness of explanations, namely soundness and completeness, on
which we elaborate next.

The property of soundness addresses how truthful an explanation is with respect to the underlying ML model. In
simple terms, soundness requires that if there is an explanation, then the model behaves the way the explanation
describes. Or as originally albeit informally put (Kulesza et al. 2013, p. 4), soundness captures “nothing but the
truth”, namely “the extent to which each component of an explanation’s content is truthful in describing the
underlying system”

The property of completeness addresses how well an explanation generalises, so as to cover the underlying ML
model well-enough. In simple terms, completeness requires that for any model behaviour there is an explanation.
As originally put (Kulesza et al. 2013, p. 4), completeness captures “the whole truth”, namely “the extent to which
all of the underlying system is described by the explanation.

We note that soundness and completeness of explanations are sometimes orthogonal in the sense that achieving
one does not necessarily help achieving the other. As noted in (Sokol and Flach 2020), model-agnostic explainers
may be unable to take advantages of the ML model internals and thus entail a trade-off in terms of soundness and
completeness of explanations. For example, a rule generated by sampling model input/output instances may be
highly sound in that the underlying ML model predictions for the instances covered by the rule would match the
rule conclusion - in the well-known Anchors approach (Ribeiro et al. 2018) terminology, the rule is at least 95%

>In (Kulesza et al. 2013), and likewise in the work (Sokol and Flach 2020), the various authors use the word ‘fidelity’ for what we term
correctness, but propose soundness and completeness as the two dimensions/properties/metrics for assessing fidelity/correctness.
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‘precise’. However, the rule may not be very complete in that only a small part of the dataset would be covered
by the rule - 2% ‘coverage’ as in (Ribeiro et al. 2018). Conversely, such a rule may be highly complete in covering
a large region of the dataset, but not entirely sound in matching the predictions of the underlying ML model for
some (unsampled) instances in that region.

More concretely regarding correctness of explanations, we next consider what soundness and completeness
mean for the three different forms of explanations, namely rule-based, counterfactual and feature importance-
based ones. In what follows, we discuss one by one each of the forms of explanations, stipulating first soundness
and then completeness properties, presenting the relevant metrics alongside. We will speculate as to whether
satisfying one or another property is desirable and how this reflects on the metrics for assessing each of the
properties. We give a bird’s eye view of the schematic connections in Figure 1, with concrete properties and their
metrics linked to their definitions.

4.1 Correctness of Rule-Based Explanations

Intuitively, rule-based explanations (see Definition 3.1) are correct if each of them truthfully classifies instances it
covers (sound) and they collectively cover all inputs (complete). A formal notion of cover will be crucial to both
soundness and completeness of rule-based explanations. To this end, we first introduce an auxiliary definition of
what it means for an instance to be covered by a rule, namely that the instance’s feature values fall within the
(sets of ranges of) values specified in the rule’s antecedent.

Definition 4.1. Arule-based explanationR = ({f; : s1,..., fu : sn}, ¢) coversaninput instancex = (x1,...,xx|) €
I—[lxl D; just in case xx € sg Vi € {fi,---, fu}- We also say that x is covered by R if R covers x.
The cover® of a set E = {Ry, ..., R;,} of rule-based explanations is defined as cover(E) == {x € X : some R; €

E covers x}. (We can also treat a single explanation R as a singleton set E = {R} for the purposes of finding its
cover cover(R) = cover({R}).)

We are now in position to formulate the soundness property for rule-based explanations.

4.1.1 Soundness of Rule-based Explanations. We essentially want to say that a rule-based explanation is sound to
the degree that the rule’s conclusion matches the ML model outputs for the data instances covered by the rule.

PROPERTY 1 (SOUNDNESS OF RULE-BASED EXPLANATIONS). A (local or global) rule-based explanation E = ({f; :
Sty---s fn ¢ Sn},c) is sound in as much as its conclusion agrees with the ML model output, i.e. M(x’) = ¢, for
instances x’ covered by E.

We posit that it is evidently desirable for rule-based explanations to be as sound as possible. We thus turn to
consider how to measure soundness of rule-based explanations.

Property 1 seems straightforward in that it requires rule-based explanation conclusions to match model outputs
for rule-covered instances. A metric for this is typically known as fidelity (see e.g. (Kulesza et al. 2013)), which
measures “the fraction of data samples for which predictive model [M] and an explanation make the same
decision” (Nauta et al. 2023, p. 22). Given our notions of rule-based explanations and cover (see Definitions 3.1
and 4.1), we measure fidelity of the former in terms of ratio of instances covered by the explanation and matching
the model output against all the covered instances.

Fidelity of Rule-based Explanations.

The definition of rule cover is adopted from (Lakkaraju et al. 2019).
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Correctness Form of explanation

Metrics
property property

Rule soundness
Property 1

> Fidelity 4.1.1

Validity 4.2.1,
Counterfactual soundness andity

Soundness ——— Feasibility 4.2.1,
(how truthful [ | Property 3 Plausibility 4.2.1
explanations are) \
Feature importance Fidelity 4.3.1,
soundness —— Validity 4.3.1,
Property 5 Agreement 4.3.1

Rule completeness Coverage 4.1.2,
—

Property 2 Representativeness 4.1.2
Completeness
Counterfactual completeness Coverage 4.2.2,
(how well they —_— .
. Property 4 Diversity 4.2.2
generalise)

Feature importance
completeness ——— Representativeness 4.3.2
Property 6

Fig. 1. A schematic view of properties and metrics for assessing correctness of three forms of explanations in terms of their
soundness (colloquially, how truthful explanations are) and completeness (colloquially, how well the explanations generalise).
The formal property and metric definitions are numbered and linked.

METRIC 1. The fidelity metric Q"™ for measuring soundness of a (local or global) rule-based explanation
R=({fi:s1,. s fo:sn}c)orasetE={Ry,...,Rn} of explanations assigns to {R} or E its fidelity score thus:’

[{x’ € cover(E) : M(x’) =c}|

FIDELITY
E) =
Q (E) |cover(E)|

(3)

"In (Lakkaraju et al. 2019), the numerator from our equation measures rule ‘disagreement’ score as part of quantifying ‘fidelity’ of rule-based
explanations.
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Colloquially, a rule-based explanation is entirely faithful if M(x") = cforall x" = (x1,..., x"X|) covered by E.®
We maintain it is highly desirable to have entirely faithful rule-based explanations — after all, if an explanation
says that under the premises concerning input feature values the output will be so and so, then that should be a
true statement if it is to explain the model behaviour.

Example 4.2. Revisiting Example 3.2, consider the rule-based explanations R = {R; = ({f; : 1},1),R; =
{fa : 11,1),Ry = ({f : 0,f2 : 0},0)} for the model M representing the logical OR function of two binary
variables: M(x1,x3) = x; V xy for (x1,x;) € {0,1}. Explanation R; covers instances (1,0) and (1, 1), so that
cover(R;) = {(1,0), (1,1)}. Clearly, on both inputs M outputs 1, so that Q""™"*™(R;) = 1, i.e. R is an entirely
faithful explanation. A similar argument shows that both R, and R; are entirely faithful too.

An unfaithful explanation could for example be R = ({f : 1, f2 : 0}, 0), which says that the instance (1, 0)
should be classified as 0. This rule has fidelity score 0, since the only instance it covers is classified differently by
M than R’ says. Clearly, such a rule does not speak truth about M.

As part of our empirical setup described in Section 3.4, we use the Anchors explainer alibi.explainers.AnchorTabular,
fitting on the train datasets X;,4;,, with numerical features discretised into 10 evenly spaced bins (percentiles
disc_perc=[10, 20, ..., 90]). We generate Anchor rule-based explanations for all instances of each of the three test
datasets X;es; with corresponding XGB and NN models, using three values of the ‘minimum precision’ parameter
threshold, namely 1.0, 0.95 (default) and 0.8. We report the results in Table 1: we report the fidelity of the set
of Anchor explanations generated for the instances from the test set with respect to instances from the entire
dataset (i.e. train and test) covered by any of the explanations.

Table 1. Fidelity scores (from now on, rounded to three decimal places) of Anchor rule-based explanations generated with
respect to XGB and NN models for instances from test datasets X;es; (their sizes, equal to the numbers of explanations,
indicated in brackets), varying precision threshold values, with rule cover taken over the entire datasets X.

Dataset
Model type threshold=1.0 threshold=0.95 threshold=0.8
P (lXtestl = #eXPIS)
Tris (35) 0.980 0.980 1.000
XGB Spiral (20) 0.957 0.957 0.938
Telecom (200) 0.981 0.988 1.000
Iris (35) 1.000 0.986 1.000
NN Spiral (20) 0.987 0.987 0.936
Telecom (200) 1.000 1.000 1.000

Note that even with threshold = 1, not all Anchors explanations are entirely faithful, at least for some models
and datasets. Some examples:

e Iris instance 84 with feature values ((1.085, —0.137,0.729, 0.689), here and henceforth rounded to three
decimal places) is classified by the XGB model in class 1, but is covered by the Anchor rule-based explanation
({1: (—00,00),2: (—00,00),3: (0.689,0),4 : (—00,00)},2) that has class 2 as a consequent;

e Spiral instance 26 with feature values (—1.675, —0.928) is classified by the NN model in class 1, but is
covered by rule ({1 : (—co,—0.746], 2 : (—0.938, c0)}, 2) with consequent 2;

e Telecom instance 301 with (-1.076,-1.069, —1.081, —1.042, —1.058, 0.016, —0.559, 0.257,
—0.942,-0.938,—0.943,-1.089) is classified as 0, but is covered by ({1 : (=00, —0.667],

8In (Ignatiev 2020), this is referred to as a ‘correct’ rule-based explanation.
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2 ¢ (=00,0),3 : (=00,00),4 : (—00,00),5 : (—1.303,00),6 : (—=00,0.203],7 : (—00,—0.295],
8:(—00,00),9:(—1.714,00),10 : (—1.682,00),11 : (—=1.661,00),12 : (—1.194,00) }, 1).

We also see that higher precision threshold values do not in general correlate with higher fidelity: for example,
explanations for the XGB model on Telecom are entirely faithful with threshold 0.8 but have fidelity score 0.981
with threshold 1. This is because fidelity is an analytically defined metric with exact value for any explanation,
whereas the Anchor precision threshold plays role in a process of sampling instances and rules when generating
explanations. But overall, Anchors rule-based explanations exhibit high fidelity, as desired.

We now consider the completeness property for rule-based explanations.

4.1.2 Completeness of Rule-based Explanations. Recall from the beginning of Section 4 that the property of
explanation completeness addresses how well the explanations cover the ML model’s input/output behaviour.
With respect to rule-based explanations, we essentially want to say they are complete in as much as that they
can explain the model’s output for any input, i.e. cover all possible inputs, and are representative, or exhaustive,
of the model’s behaviour, i.e. cover all the ways of obtaining the model’s output.

PROPERTY 2 (COMPLETENESS OF RULE-BASED EXPLANATIONS). A rule-based explanation E = ({f; : s1,..., fu:
sn}, c) is complete in as much as it covers the underlying ML model’s input/output pairs and represents the rules
that explain the model.

Note that we could talk about completeness of a set of explanations, instead of a singular explanation, in that
typically we expect multiple rules to represent the whole underlying ML model and cover any possible output.
The two ways can however be seen as equivalent. Indeed, a rule-based explanation Ry = ({fi : $1,..-, fu : Su}, €)
can equivalently be expressed (with an abuse of notation) as a logical implication f; : sy A... A f, : s, — ¢, and a
finite collection Ry, . . ., Ry, of such rules can be expressed as a single disjunction R = Ry V...V Ry,. Then either R
or Ry, ..., R, can be equivalently inspected for coverage and representation of M. We may choose one or the
other formulation depending on which sounds more natural.

We posit that it is desirable for rule-based explanations to be as complete as possible. Next, we consider ways
to measure completeness of rule-based explanations.

One key idea behind measuring completeness of rule-based explanations is that of rule’s coverage in terms
of instances covered by the explanation, see e.g. (Ignatiev 2020; Lakkaraju et al. 2019). For a single rule-based
explanation this can be measured in terms of the covered instances for the output class of the rule. For a set of
rule-based explanations it can instead be measured in terms of all the covered instances. We state the coverage
metric as follows.

Coverage of Rule-based Explanations.

METRIC 2. The coverage metric Q"™ for measuring completeness of a rule-based explanation R = ({f; :
Sty---sfn i Sn}c) oraset E ={Ry,..., Ry} of explanations assigns to R or E, respectively, its coverage value (see
Definition 4.1) thus:

COVERAGE — |Cooer({R}) | .
O R = e X M) =gl ®
(QUOVERAGE () = |COU|§;|(E)| ) 5)

Typically, the higher the coverage of a rule-based explanation, the better. Note though that while the coverage
value of a single local rule-based explanation need not be high, multiple of those could well cover the whole
class. Similarly, a single global rule-based explanation need not be expected to obtain coverage value 1, but one
could treat several such explanations as a single rule (as per the note immediately after Property 2) to cover the
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whole class, and ultimately the whole dataset. Ideally then, a set of global rule-based explanations would have
full coverage of the dataset X with coverage value 1, so that every input is covered by (at least) one explanation.

Example 4.3. Recall the explanations R = {R; = ({f; : 1},1), R = {2 : 1},1),Ro = ({f1 : 0, 2 : 0},0)} from
Example 4.2 for our toy model M that learnt the logical OR function of two binary variables: M (x1, x2) = x1 V x2
for (x1,x2) € {0,1}%. Example 4.2 shows that cover(R;) = {(1,0), (1,1)}. Since there are 3 instances classified as
1 by M, we find Q°VF*S(R;) = 2/3. The same holds for Q°VFR4SE(R,).

Now while R; and R, together cover the output class 1, they do not cover all of the inputs. In particular, (0,0)
is covered only by Ry. So Q°°VE*®(R) = 1. Note also that Q°°V****({Ry, R; }) = 3/4, and likewise for {Ry, R;}, so
that R is the only set of rule-based explanations that fully covers M.

Considering our empirical setup, similarly to Table 1, we report in Table 2 the coverage of the set of Anchors
explanations generated for the instances from the test sets. Note that not all sets of explanations (of test instances)
fully cover the model, depending on the model and the dataset it is trained on. But overall, Anchors rule-based
explanations exhibit high coverage, as desired.

Table 2. Coverage values of Anchor rule-based explanations generated with respect to XGB and NN models for instances
from test datasets with varying precision threshold values.

Dataset
Model type threshold=1.0 threshold=0.95 threshold=0.8
YP (I Xtest| = #expls)

Iris (35) 0.993 0.993 1.000
XGB Spiral (20) 0.920 0.920 0.970

Telecom (200) 1.000 1.000 1.000

Iris (35) 0.960 0.980 0.987
NN Spiral (20) 0.790 0.790 0.940

Telecom (200) 1.000 1.000 1.000

Another key idea related to coverage is that of representativeness, which in simple terms aims to measure
whether a set of rule-based explanations represents all the rules that may explain the model’s output. We are not
aware of this idea formalised in the XAl literature and will thus next give what we believe to be a novel metric
for measuring completeness of rule-based explanations.” Let us explain and formalise the idea.

First, to judge whether a given set E of rule-based explanations represents all the relevant kind of rule-based
explanations that can explain the model’s outputs, we need to define the latter collection. In other words, we
want to define the space of all the rules. So let us define R to be the set of all rule-based explanations obtainable
from the explainer EX.

Next, we want to focus on the possible rules that also cover the inputs that are covered by E. We know the
inputs covered by E, it is cover (E). So we can ask, what are the rules that also cover the inputs covered by E? To
this end, we define Ag = {R € R : R covers some x € cover(E)}. This is the set of possible rules that cover at
least something covered by E. In other words, Ag comprises all the rule-based explanations that could explain
input/output pairs explained by E. Intuitively, Ag captures maximal representation of E.

So we ask, does Ag cover any more inputs than E does? If the answer is no, i.e. E = Ag, then E represents all
the explanations of input/output pairs explained by E. We would in such case say that E is entirely representative.

9We note, however, that the metric we call ‘coverage’ is called ‘representativeness’ in (Carvalho et al. 2019); and it also corresponds to two
concepts called ‘representativeness’ and ‘accuracy’ in (Robnik-Sikonja and Bohanec 2018). Those notions of representativeness are different
from ours.
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If, on the other hand, the answer is yes, i.e. cover(E) C cover(Ag), then E is not entirely representative of
the rules that could explain what it explains. We state the representativeness metric formally before giving an
example.

Representativeness of Rule-based Explanations.

METRIC 3. The representativeness metric Q™" for measuring completeness of a set E = {Ry, ..., Ry} of rule-
based explanations assigns E its representation value as the ratio of the number of instances covered by (rules in) E
against the number of instances that would be covered by any rule-based explanation that could cover something
covered by E thus:

QREPR(E): |cover(E)| _ |COZ)€7'(E)| (6)

|cover(Ag)| ~ |cover({R € R : R covers somex € cover(E)})|

Note that we can treat a single explanation Ey as a singleton {Ex} for the purposes of finding its representation
value.

Example 4.4. Continuing Example 4.3, as R, covers (1,1) € {(0,1), (1,1)} = cover({R,}), we have R, € Ag,}.

Indeed, the cover of Ag,} properly contains the cover of {R; }: we have cover({R;}) < cover(Ag,}) = cover(R\

. R \1),(1,
{Ro}) = {(0,1), (1,0), (1,1)}. In particular, Q***({R;}) = |Lr;0uz:eerr((y{{(;l}}))l| = |{(|0{’§()]’8’(();’8’}1|)}| = 2/3. An analogous

argument shows Q™**({R;}) = 2/3 too.

On the other hand, observe that the explanation set E;2 = {Ry, R} consisting of both minimal explanations for
model output 1 satisfies E1; = Ag,,, and hence is entirely representative with representation value 1. Yet recall
from Example 4.3 that E;, does not fully cover the model input space. Instead, only R itself does. And R is also
(trivially) entirely representative: Q"***(R) = 1.

Similarly to Table 2, we report in Table 3 the representativeness of the set of Anchors explanations generated
for the instances from the test sets. Note that not all sets of explanations (of test instances) entirely represent all
the relevant explanations, depending on the model and the dataset it is trained on. But overall, Anchors rule-based
explanations exhibit high representativeness, as desired.

Table 3. Representation value of Anchor rule-based explanations generated with respect to XGB and NN models for instances
from test datasets with varying precision threshold values.

Dataset
Model type threshold=1.0 threshold=0.95 threshold=0.8
YPE (| Xiest| = #expls)
Iris (35) 0.993 0.993 1.000
XGB Spiral (20) 0.920 0.920 0.970
Telecom (200) 1.000 1.000 1.000
Iris (35) 0.960 0.980 0.987
NN Spiral (20) 0.790 0.790 0.940
Telecom (200) 1.000 1.000 1.000

To sump up, for a set of rule-based explanations to be complete we are looking for it to be fully covering (of
the model inputs) and entirely representative (of the rules that explain the model’s input/output behaviour). After
all, a complete set of explanations should explain all the ways the model outputs something, for any input.

We now turn to counterfactual explanations.

Journal of Artificial Intelligence Research, Vol. 84, Article 6. Publication date: September 2025.



Correct Explanations and How to Define Them «+ 6:19

4.2 Correctness of Counterfactual Explanations

The fundamental idea behind counterfactual explanations (see Definition 3.1) is that they identify situations
where the model output diverges while the input stays as similar as possible (Wachter et al. 2018, p. 9). This
suggests a straightforward if rather broad formulation of counterfactual soundness.

4.2.1 Soundness of Counterfactual Explanations. We deem a counterfactual explanation sound if it describes a
possible situation which is classified differently than the original one.

PROPERTY 3 (SOUNDNESS OF COUNTERFACTUAL EXPLANATIONS). A counterfactual explanation Ey is sound in as
much as the counterfactual is possible and the ML model’s outputs for Ex and the explained instance x differ.

The word ‘possible’ is intentional here, as we realistically do not want counterfactuals that are beyond the
possible worlds/situations given the input instance (see (Ginsberg 1986) for an exposition to counterfactuals). We
posit that it is evidently desirable for counterfactual explanations to be sound. We now consider how to measure
soundness of counterfactual explanations.

With Property 3 in mind, it seems straightforward to say if and when a counterfactual explanation is sound,
namely when the changes to feature values to the original instance result in changed model output. This aspect
is known as validity (see e.g. (Guidotti 2022)) and is easy to quantify. Stated simply, counterfactual is valid if it
changes the model output from the original one to the desired one, provided that the latter two are different. It is
often that an explainer yields a set of counterfactual explanations for a given instance, in which case the fraction
of valid counterfactual explanations measures the validity of the set. We thus state the validity metric for single
explanations and sets thereof.

Validity of Counterfactual Explanations.

METRIC 4. The validity metric Q"™ for measuring soundness of a counterfactual explanation Ex = x" = (f; :

v1,..., fix| 1 ox)) orasetE ={x],..., X}, } of counterfactual explanations assigns to Ex or E, respectively, its validity
score thus:
1if M) # M(x),
VALIDITY E — 7
Q (Ex) {0 otherwise; )
QVALIDITY(E) — |{X; € E : M(X;) :'é M(X)}I ) (8)

m

Colloquially, a counterfactual is (entirely) valid with validity score 1 if it actually changes the classification. A
set of counterfactuals has validity score directly proportional to the number of valid counterfactuals it contains.

Example 4.5. Revisiting Example 3.2, consider the counterfactual explanations C = {x] = (fi : 1, f2 : 0),x; =
(iAi:0f:1),x5 = (fi: Lfz: 1)} for input x = (0,0) to model M. They are clearly all (entirely) valid,
since M models logical disjunction so that setting any feature value to 1 results in input x” € C with output
M) =1#0=M(x).

On the other hand, for input (1, 1) the counterfactual x’ = (f; : 0) would be invalid with validity score 0,
because M(x") = M(0,1) =1 = M(1,1).

In multi-class classification problems, one could also specify the desired class of a counterfactual. In that
case, the above validity metric can be easily modified to take the desired class label c into account, counting a
counterfactual x” valid only if M(x") = ¢, and accordingly for a set of counterfactuals.

As part of our empirical setup described in Section 3.4, we use what we call the Baseline explainer via the mlx-
tend.evaluate.create_counterfactual method that implements counterfactual generation as described by (Wachter
et al. 2018). We set the parameter y_desired_proba controlling how confident the model is when classifying
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a potential counterfactual to 1.0, aiming to ensure higher validity of counterfactuals. Baseline counterfactual
explanations also depend on the regularisation parameter lammbda=A [sic], where A € [0, inf) controls how
significant it is for the predicted class probability of the counterfactual to be different from that of the input
instance. That is, when increased, A encourages bigger penalty for higher squared difference between the model
predicted probabilities for the input instance and its counterfactual. We also use the DiCE explainer, loading XGB
models with backend="sklearn’ and NN models with backend="PYT’, in both cases using method="random’ for
generating counterfactuals. Other DiCE parameters are default.

We generate Baseline and DiCE counterfactual explanations E = {EX(M(x) =y) : X € Xy} for test
instances of each of the three datasets X with corresponding XGB and NN models M (except from the XGB
model trained on Iris, because the cross-compatible version of the DiCE explainer that we use works for binary
classification only). We report the validity of Baseline and DiCE counterfactual explanations in Table 4.

Table 4. Validity scores of DiCE and Baseline counterfactual explanations generated with respect to XGB and NN models for
instances from test datasets, with varying Baseline regularisation parameter A values.

Model Dataset

DiCE Baseline
type (IXzest| = #expls)

A=01 A=1 A=5 A=10 A=100

Iris (35) - 0.3 0.5 0.6 0.6 0.633
XGB Spiral (20) 1.0 0.0 0.5 0.65 0.7 0.7
Telecom (200) 1.0 0.44 048 048 0.48 0.465
Iris (35) - 0.567 0.567 0.633  0.667 0.7
NN Spiral (20) 1.0 0.0 0.25 045 0.5 0.8
Telecom (200) 0.99 0.17 0.17  0.175 0.2 0.175

As desired, DiCE counterfactuals are almost always entirely valid. This is ensured by the explanation method,
and the validity score only happens to be 0 when no counterfactual is generated, which sometimes happen due
to the underlying search procedure terminating before finding one. Baseline counterfactuals, on the other hand,
exhibit low validity scores. With increasing the A parameter that effectively encourages smaller distance between
the input instance and its counterfactual, Baseline counterfactual validity typically increases for models trained
on Iris and Spiral; though for the two models trained on Telecom, explanation validity seems to peak with A = 10.

Now, while validity measures whether or not the ML model outputs for the original instance and its counterfac-
tual differ, it does not say anything about the possibility of the changes in the input. Indeed, with counterfactuals
it is imperative to remember that not all features are created equal, in the sense that some feature values cannot
be altered altogether or can only change to certain values. For example, in a variation of the by now classic
example of a bank loan application (see e.g. (Guidotti 2022)), the decision may be based on a person’s age, and if
demanded a counterfactual explanation as to why a loan is not granted, it would not be very useful to produce a
counterfactual in which the person gets younger. (It is not in principle absurd to have such an explanation, for it
may be interesting to the person to know that had they been younger, things would have been different; but in
the spirit of counterfactuals as closest possible worlds (Ginsberg 1986), we want to distinguish between actually
possible situations and those that are possible only in principle.) In other words, we are talking about constraints
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that cannot be violated when generating counterfactuals. This aspect is known as feasibility (see e.g. (Guidotti
2022; A.-H. Karimi et al. 2020))!° and we next consider how to measure it.

The in-principle feasibility of counterfactuals is measured by identifying any constraints violated through
generating an explanation. We first define what we mean by a constraint on a counterfactual and then show how
to measure constraint satisfaction.

Definition 4.6. A (counterfactual) constraint is a pair C = (f; : D;) of feature f; € X and a set D} C D; of
values in its domain.
A counterfactual explanation Ex = (f; : v1,..., fix| : 0|x|) satisfies constraint C = (f; : D;) just in case v; € D;.

If a counterfactual explanation does not satisfy a given constraint, we may say it violates the constraint.

Intuitively, a constraint on a counterfactual explanation is simply a restriction of some feature’s values to some
domain. Obviously, multiple constraints can be imposed on a counterfactual at once. Measuring satisfaction of
possibly multiple constraints is what feasibility amounts to.

Feasibility of Counterfactual Explanations.

METRIC 5. The feasibility metric Q™™™ for measuring soundness of a counterfactual explanation Ex = (fi :

01,..., fix] : 9jx|) given a set C = {Cy,...,Cx} of constraints assigns to Ey its feasibility score thus:
|[{C; € C : Ex satisfies C;}|
QFEASIBILITY(EX) — 1 Z ﬁ L . (9)

Colloquially, a counterfactual explanation is entirely feasible with feasibility score 1 if its feature values are
constrained as desired.

Example 4.7 (Example 4.5 continued.). Suppose that there was a constraint C = (f; : {1}) on counterfactual
explanations in Example 3.2. That is, any counterfactual was constrained to have f; value 1. In C, only x] and x;
satisfy C, whereas x,, violates it. The former two are thus entirely feasible, whereas Q**s"""™(x}) = 0.

Let us illustrate with the DiCE and Baseline explanations. We completely constrain DiCE to be able to vary the
values of only the following features (with respect to the three datasets): Iris features 2 and 4; Spiral feature 1;
Telecom features 6, 8. For example, for any Spiral test instance x = (v1, v;), the constraint formally is C = (f : v3),
with either the XGB or NN model, meaning that to satisfy C the counterfactual Ex = (f; : 0], f; : v;) must have
v, = vz and any 0].

The choices of constrained features for Iris and Spiral are ad-hoc, whereas those for Telecom come from expert
knowledge. Notably, since DiCE strictly enforces any constraints given, it may fail to generate counterfactuals in
the presence of constraints if the underlying search procedure does not find one satisfying the constraints. In
such a case, we may deem the feasibility score of the (non-existent) counterfactual explanation @ to be either 0
or 1. As a consequence, if we deem it 0, then the average feasibility score of DiCE counterfactual explanations
need not be 1, even though DIiCE respects constraints. If we deem it 1, then DiCE average feasibility should be 1.
Meanwhile, the Baseline explainer does not allow for a simple way to input constraints (other than modifying
the algorithms), and in general does not satisfy them. We report the average feasibility of DiCE and Baseline
counterfactual explanations in Table 5: we average the individual feasibility scores across the explanations.

First note that the feasibility of Baseline counterfactual explanations is essentially zero (irrespective of 1),
except for some counterfactuals for Iris instances that by chance happen to satisfy the constraints. Meanwhile,
DiCE counterfactual explanations exhibit highly varied feasibility scores on average, because while any particular
generated explanation has fidelity score 1 by construction, for so many input instances no counterfactual is

19Though it is sometimes referred to as ‘plausibility’, e.g. in (A. Karimi et al. 2023), we reserve the latter term for another metric (similarly to
(Guidotti 2022)) to be discussed in turn.

Journal of Artificial Intelligence Research, Vol. 84, Article 6. Publication date: September 2025.



6:22 « Singh, Cyras, Akram & Inam

Table 5. Feasibility scores of DiCE and Baseline counterfactual explanations generated with respect to XGB and NN models
for instances from test datasets. For DiCE, when no counterfactual is generated due to constraints, we choose to assign the
feasibility score of either 0 (0 = 0) or 1 (0 = 1). For Baseline, we vary the regularisation parameter A to indicate that it makes
no difference to satisfaction of constraints.

Model Dataset Constrained

type (| Xies:| = #expls) feature indices DiCE Baseline

0=0 0=1 A=1 A=5 A=10

Iris (35) 1,3 - - 0.033 0.033 0.033
XGB  Spiral (20) 2 1.0 1.0 00 00 0.0

Telecom (200) {1,...,12}\ {6,8} 003 1.0 00 00 0.0

Iris (35) 1,3 - - 0033 0.033 0.033
NN Spiral (20) 2 035 1.0 00 00 0.0

Telecom (200) {1,...,12}\ {6,8} 026 1.0 00 00 00

generated. By agreement, this yields individual fidelity scores of either 0 or 1, which moves the average feasibility
either closer to 0 or all the way to 1.

We note that there is a related notion of ‘actionability’, see e.g. (Sokol and Flach 2020)."" It refers to the
explanation providing the user guidance as to how to affect the model’s decision (i.e. output), typically towards a
desired outcome. In the bank loan example, a counterfactual explanation that refers to, say, reducing the number
of one’s active loans is more actionable than one suggesting to get younger. So in principle it sounds like feasibility,
but requires some sort of choice as to what is actionable from the user’s perspective. It may be instructive to
think about feasibility measuring adherence to hard constraints, in the parlance of optimisation theory. The sister
notion of soft constraints, i.e. those that can be violated albeit at a penalty, is analogous to constraints whose
satisfaction could be measured by some actionability metric. We do not consider the latter here, since we focus
on functionally grounded rather than user-dependent metrics.

Constraint violation is not the only option for measuring how possible counterfactuals are. Another aspect is
that of plausibility, which accounts for how close the counterfactuals are to some reference instances, such as the
training data instances. We adopt the measure of ‘implausibility’ from (Guidotti 2022) and formulate the metric
of plausibility.

Plausibility of Counterfactual Explanations.

METRIC 6. The plausibility metric Q""" ™™ for measuring soundness of a counterfactual explanation Ex =
(fi s 01,..., fix) s vx|) given a reference set R C ﬂli(ll D; assigns to Ex its plausibility score thus:

QPLAUSIBILITY(EX) — 1 _ l’l’lln d(EX’ X*). (10)
x*eR
Here,d : DX D — [0,1] is a (normalised) distance function on the domain D = ]—IEII D; of the (labeless) dataset X
(see Definition 3.1).

So plausibility measures how close a counterfactual is to a reference set of data instances, where the reference
set captures which situations are possible. The default choice of the reference set can be the dataset R = X itself
(or X;rain if explanations are generated for X;.;). In that case, if the counterfactual explanation produced by an

11 Again, it is called ‘feasibility’ in (A. Karimi et al. 2023), having in mind actionable/feasible interventions that the receiver of counterfactual
explanations is able to perform.

Journal of Artificial Intelligence Research, Vol. 84, Article 6. Publication date: September 2025.



Correct Explanations and How to Define Them «+ 6:23

explainer is an actual data instance, i.e. Ex € R = X, then the counterfactual explanation is entirely plausible with
plausibility score Q™A™ (E ) = 1 — d(Ex, Ex) = 1 — 0 = 1, irrespective of the chosen distance function d. For
example, all the counterfactual explanations in C = {(1,0), (0, 1), (1, 1)} from Example 4.5 are entirely plausible
given the reference set {0, 1}. In general, a higher plausibility score is more desirable. Also, note that the metric
can be extended to sets of counterfactual explanations, for instance by taking the average of plausibility scores
(cf. (Guidotti 2022)).

To illustrate with DiCE and Baseline explainers, we take the reference set consisting of training instances
classified by the model the same as the counterfactual. That is, let R = {x’ € Xpqin : M(X") = M(Ex)}. We use
the Euclidean distance || - ||, to get similarities m, which we min-max normalise across all explanations Ex
to rescale the similarities to span the full interval [0, 1]. We use 1 minus the normalised similarity as d(Ey, x*), so
that the plausibility score of Ey is min-max normalised m In Table 6, we report the average plausibility
of DiCE and Baseline counterfactual explanations generated for test instances. We note that in any setting of
data, model and explainer (as well as any parameters), counterfactual explanations are neither entirely plausible

nor implausible, with average plausibility varying greatly across combinations of models and explainers.

Table 6. Average plausibility scores of DiCE and Baseline counterfactual explanations generated with respect to XGB and NN
models for instances from test datasets, with respect to the corresponding reference sets consisting of the training instances
classified by the model the same as the counterfactual. (1 is the Baseline regularisation parameter.)

Model Dataset

DiCE Baseline
type (IXtest| = #expls)

A=01 A=1 A=5 A=10 A=100

Iris (35) - 0.499 0.517 0.503 0.481 0.480
XGB Spiral (20) 0.591 0565 0.606 0.542 0.485 0.434
Telecom (200) 0.457 0956 0944 0.941 0.946 0.936
Iris (35) - 0.516 0.512 0.533 0.520 0.498
NN Spiral (20) 0.674 0571 0.559 0.537 0.528 0.561
Telecom (200) 0.366 0958 0.958 0.952 0.936 0.925

We observe that the metric of plausibility as defined above is meant to also capture similar notions such as that
of sparsity (also called ‘minimality’ in (Guidotti 2022)) or data manifold closeness (Verma et al. 2022). For instance,
sparsity quantifies the distance between an instance and its counterfactual, typically measuring how many feature
values change and by how much. So in plausibility we could set the reference set to be the singleton {x} of the
instance explained, so that the lower the measured sparsity between x and E, the higher the plausibility of Ey, as
desired. Similarly, the counterfactual explanation’s adherence to a data manifold defined by some portion of the
training dataset can be measured (or even imposed during generation) via distance to the k-nearest data points, or
estimation of the data manifold density or other means — see (Verma et al. 2022) for an overview. In the end, such
measures should boil down to some form of distance from the counterfactual to the reference set of data points.

Overall, a counterfactual explanation Ey is measured to be sound in as much as it is plausible with respect to a
reference set of possibilities, feasible in terms of altering the feature values of x according to given constraints,
and valid as long as the model output for Ey is different from the one for x. We maintain it is highly desirable
for counterfactual explanations to be entirely valid, feasible and plausible, with validity QV*"""™¥ (Ey), feasibility
QrEASIBILTY (F ) and plausibility Q™A™ Y (Ey ) scores of 1 — after all, if an explanation says that a change in the
input feature values would result into changed model output, then that should be a true statement about possible
to obtain circumstances if the explanation is to counterfactually explain the model’s behaviour.
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Now let us consider what it would mean for counterfactual explanations to be complete.

4.2.2 Completeness of Counterfactual Explanations. We would like to say that counterfactual explanations are
complete when each of them explains some input(s) to the model and they collectively explain all the model
inputs in a diverse manner. Intuitively, we think of completeness of a set of counterfactual explanations, rather
than a single counterfactual. We propose that a collection of counterfactuals is complete in as much as each is an
explanation to as many instances and all collectively represent many diverse possible worlds.

PROPERTY 4 (COMPLETENESS OF COUNTERFACTUAL EXPLANATIONS). A set E of counterfactual explanations is
complete in as much as it contains diverse counterfactuals to all of the ML model input instances.

On the one hand, completeness of counterfactual explanations refers to some form of coverage of each and all
counterfactuals (Keane et al. 2021; Mohammadi et al. 2021). On the other hand, it concerns some form of diversity
across counterfactuals. Let us see how to measure these aspects.

Coverage can be understood in the sense of the explainer being able to produce counterfactual explanations
for all data instances (Mohammadi et al. 2021). While this seems only natural and desirable, not all counterfactual
explainers behave this way, e.g. (Mothilal et al. 2020) according to (Mohammadi et al. 2021). Note that this intu-
itively should apply to sets of, rather than individual counterfactual explanations. Yet, for a single counterfactual
explanation, we may still stipulate that it covers instances to which it would be generated as a counterfactual by
the explainer, even if was generated for some specific instance. We thus state a new (to the best of our knowledge)
coverage metric for counterfactual explanations.

Coverage of Counterfactual Explanations.

METRIC 7. The coverage metric Q"™ for measuring completeness of a counterfactual explanation Ex =
EX(M(x) =y) orasetE ={x},...,xp,} of counterfactual explanations (generated by explainer EX) assigns to Ex
or E, respectively, its coverage value thus:

[{xeX : EX(IM(X) =9) = Ex}|
X1 ’
{xeX : EX(M(%) =17) =%’ andx’ € E}|
X1 '
In other words, counterfactual explanations’ coverage is the proportion of instances explained by them. Ideally,

a complete set of counterfactual explanations would have full coverage of the dataset X with coverage value 1, so
that every input is covered by (at least) one explanation.

QCOVERAGE(EX) — (11)

QCOVERAGE(E) - (12)

Example 4.8. Revisiting Example 4.5, recall the counterfactuals C = {x] = (i : L : 0),x5 = (fi : 0, f5 :
1),x5 = (fi : 1, fo.: 1)}. By inspection, they are all counterfactual explanations for input x = (0, 0) to (the logical
disjunction) model M. Indeed, assuming that the explainer EX yields only valid (see Metric 4.2.1) counterfactual
explanations, (0, 0) is the only instance that each of them is a counterfactual explanation for. So each of x{ € E
has coverage value 1, and collectively Q°°VFRAG® (E) = i too.

On the other hand, the counterfactual x’ = (f; : 0,f; : 0) as an explanation for each of the instances

3

(1,0),(0,1), (1,1) has Q°VER*(x") = 1. So the set {x’,x]} of counterfactual explanations has complete coverage

of the dataset {(0,0), (1,0), (0,1), (1,1)}, with coverage value 1.

In Table 7, we report the coverage scores of DiCE and Baseline counterfactual explanations generated for
test instances. In DiCE explainer, we can choose how many counterfactuals to generate for an input instance
via parameter total_CFs, and we report cases with 1 and 3 counterfactuals per instance. Since coverage metric
requires generating counterfactuals for all the instances from X, this is very computationally costly, especially
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for DiCE with more than 1 counterfactual with models trained on Telecom dataset. We note that given 80/20
train/test splits for all datasets, the coverage score of any set of explanations generated from the test set must be
at least 0.2, because the explanations trivially cover the instances they explain. Other than that, coverages of
explanations vary across data-model-explainer settings, but are mostly relatively low, except for the Baseline
counterfactual explanations for models trained on Telecom.

Table 7. Coverage scores of DiCE and Baseline counterfactual explanations generated with respect to XGB and NN models
for instances from test datasets. DiCE and DiCE-3 represent sets of counterfactual explanations with 1 and 3 counterfactuals
per instance, respectively. The Baseline regularisation parameter A values 0.1, 1, 5, 10, 100 yield the same plausibility scores.

Model  Dataset  ,p [yi0p3  Baseline

type (|Xtest|)
Iris (35) - - 0.413
XGB  Spiral (20) 037 053 0.2
Telecom (200) 0.205  0.205 0.941
Iris (35) - - 0.413
NN Spiral (20) 034 048 0.2

Telecom (200) 0.206  0.206 0.941

Note that instead of looking for data instances % for which the given counterfactual explanation Ey could
be generated, we could look for instances to which the given Ey is actually a counterfactual. Namely, we
could define the coverage of a counterfactual explanation Ex = (fi : v1,..., fix| : 9jx|) to be 1 if there is
%= (x1,...,xx]) € X with x; # v; for some i € {1,...,|X]|} such that M(%) # M(Ey), and 0 otherwise. That is,
if Ey differs from some instance X in at least one feature value as well as classification by the model, then it could
be deemed a counterfactual to %, and thus cover it. However, this would seem to have at least two problems.
First, it would be a binary metric of coverage, missing any nuances of counting or proportionality, and thus
not very interesting as a measure. Second, this would blend soundness into what is supposed to be a metric for
completeness, by mandating what a counterfactual could be, as opposed to leaving that to the explainer. We want
to keep the two properties separate and stick to our definition.

Other similar definitions of counterfactual coverage are possible though. For instance, (Keane et al. 2021) define
coverage as a user-dependent metric that measures the proportion of counterfactual explanations that actually
explain some instance in the dataset, where ‘actually explains’ is meant to capture some user-dependent notion
of counterfactual explanatory power. We do not aim to speculate about what “explaining to a human user” means
and stick to a simple computational measure, assuming that any and all counterfactuals generated by an explainer
are taken to be explanatory in that sense. We also note that counterfactuals can to begin with be intended to
explain groups of instances rather than individual ones (Warren et al. 2023), in which case the proportion of that
group could be taken as a counterfactual’s coverage. In our metric this would amount to replacing the whole
dataset X with the intended reference group, for example only instances with a particular class label.

We next consider diversity of counterfactual explanations. As with data instances, counterfactual instance
diversity can be measured in terms of distance among them. Following (Guidotti 2022; Mohammadi et al. 2021;
Mothilal et al. 2020), we define the diversity metric via aggregation of pair-wise distances between counterfactuals.

Diversity of Counterfactual Explanations.
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METRIC 8. The diversity metric Q"V*'™ for measuring completeness of a set E = {x},...,x;,} consisting of at
least 2 counterfactual explanations assigns to E its diversity value thus:

2 Ywxepxe (X', X7)
|E| - (IE] - 1)

1X]
i=1

QDIVERSITY(E) —

(13)

Here,d : DX D — [0,1] is a distance function on the domain D =
3.1).

Note that there are unordered pairs with distinct elements in a set E. These have possibly non-zero
distances (since any distance function d satisfies d(x, x) = 0 for any x), and so are the ones that contribute to the
sum. By fiat, we can also agree that the empty set O or any singleton set {Ex} would be assigned diversity value 0.

D; of the (labeless) dataset X (see Definition

[E|-(JEI=1)

In other words, the diversity of a set of counterfactual explanations is the averaged pair-wise distance between
its elements. Preferably, a more complete set of counterfactual explanations would have higher diversity value,
ideally 1 if all its counterfactuals are as distant from each other as possible. For example, using the normalised
Hamming distance'? among counterfactual explanations from Example 4.8, the set E’ == {x’ = (f; : 0, 3 : 0), %} =
(fi : 1,2 : 0)} would have QPV*™™(E’) = % whereas {x’ = (f; : 0,5 : 0),x; = (fi : 1, o : 1)} would have
diversity value 1.

To illustrate with DiCE and Baseline explainers, we implement the diversity metric using the (normalised)
cosine distance d(x’,x”) = (1 - m) /2. We report the diversity values of DiCE and Baseline counterfactual
explanations generated for test instances in Table 8. We note that the diversity values of either DiCE or Baseline
explanations in any setting are at best middling, typically under 0.5, indicating that many of the counterfactuals
are quite similar.

Table 8. Diversity values of DiCE and Baseline counterfactual explanations generated with respect to XGB and NN models
for instances from test datasets. (A is the Baseline regularisation parameter.)

Model Dataset

DiCE Baseline
type (IXtest| = #eXPIS)

A=01 A=1 A=5 A=10 A=100

Iris (35) - 0.354 0.347 0.344 0.373 0.340
XGB Spiral (20) 0.440 0475 0353 0.354 0.255 0.207
Telecom (200) 0498 0.053 0.059 0.052 0.031 0.029
Iris (35) - 0.356 0.349 0.339 0.328 0.358
NN Spiral (20) 0.445 0475 0404 0313 0.362 0.525
Telecom (200) 0.367 0.057 0.058 0.057 0.079 0.080

Overall, we typically measure a set E of counterfactual explanations to be complete in as much as E contains
diverse explanations in terms of some distance metric and has high coverage value in terms of explaining as
many instances as possible.

We finally consider feature importance-based explanations.

121n this case, giving the ratio of the number of feature value flips to obtain one instance from another over the number of feature-value pairs:
d{fi:on..., foionh {fii ol fail}) = % Yi<i<nlvi # 0}], where [a # b] is the Iverson bracket yielding 1 if a does not equal b
and 0 otherwise.
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4.3 Correctness of Feature Importance-Based Explanations

Intuitively, feature importance-based explanations (see Definition 3.1) are correct if they correctly reflect the
impact that features have on the ML model outputs. We will stipulate that ‘correct reflection” amounts to some
sort of adequacy and representativeness of importance scores. This will amount to soundness and completeness,
respectively.

4.3.1 Soundness of Feature Importance-based Explanations. Following (Nauta et al. 2023), feature importance-
based explanations reflect how much impact or relevance each feature actually has on the ML model outputs.
This could be observed by perturbing the features (e.g. by removing, masking, or changing their values) and
observing (proportional) changes to the model outputs; see e.g. (A. Fisher et al. 2019) for an extensive study of
variable importance to ML model input/output behaviour. The relevance could otherwise be validated by domain
experts with knowledge of causal relationships or statistical patterns that are assumed to have been learned by
the model. In any event, changes to features with higher (respectively, lower) importance scores should result
into bigger (respectively, smaller) changes to model outputs.

PROPERTY 5 (SOUNDNESS OF FEATURE IMPORTANCE-BASED EXPLANATIONS). A (local or global) feature importance-
based explanation E = {fi : s1, ..., fn : Sp} is sound in as much as the feature importance scores sy, . . ., s, adequately
reflect the impact or relevance that features fi, .. ., f, have on the underlying ML model outputs.

Unlike the soundness properties for counterfactual and rule-based explanations above, the one for attribution-
based explanations is neither as precise nor as prescriptive. In particular, the notion of ‘adequately reflecting’
leaves room for interpretation. This is so on purpose because we want to allow for a broader family of ways to
quantify feature relevance. In any case, we posit that it is desirable for feature importance-based explanations to
be as sound as possible.

We now consider how to measure soundness of feature importance-based explanations. A key is to use input
instance perturbations and observe model output shifts. In a nutshell, feature importance scores are expected to
be proportional to the shift in output distribution of the underlying ML model applied to inputs with feature
values perturbed. To measure this, we next formulate a rather abstract and general metric of explanation fidelity,
inspired by (Yeh 2019). We will concretise it immediately after.

The basic idea behind fidelity is to quantify the correlation between the feature importance scores applied to a
perturbed instance and the shift of the ML model’s output when input with the perturbed instance. The starting
point is to perturb the given instance x = (xy,...,xx|) € X with random perturbations to its feature values x;,
often with respect to some baseline xg € X. A perturbation can be simply thought of as changing at least one x;
to some other value from the domain D; of feature f;, though desirably in the way that the resulting perturbed
instance x’ is meaningful, e.g. at least belongs to the domain D = [] l_XI D; of X. With a perturbed instance x’,
one can measure the shift in the model outputs from M(x) to M(x’), and compare that to the shift in inputs
from x to x’, weighted by feature importance scores. For example, (Yeh 2019) specifically measure the expected
mean square error between the two shifts. In general, for an explanation to be sound as regards its fidelity, the
shift in model outputs should be proportional to the shift in input perturbations weighted by feature importance,
in the expectation of varying the perturbations. We thus state the metric of fidelity, inspired by and adopting the
measure of explanation infidelity (Yeh 2019, Definition 2.1), as follows.

Fidelity of Feature Importance-based Explanations.

METRIC 9. The fidelity metric Q""" for measuring soundness of a local/global feature importance-based
explanation E = Ex/Ex = {fi : S1,..., fn : Su} assigns to E its fidelity score as the expected value of correlation
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between instance perturbations weighted by feature importance and the shift in model outputs thus:

QMY (Ey) = Byy [corr (Ex ® v, sim(M(x), M(x & v)))] ; (14)

QPRI (Ey ) = |71| 3 Eyey [eorr (Ex © v sim(M(x), M(x & V)] . (15)
xeX

Here:

velll,D; C Hl)z(ll D; = D 2 X is a random variable with probability measure yi such thatx ® v € X
represents a meaningful perturbation of X, with ® = (&, ..., ®x|) being a feature-wise shift operator on the
domain D of the (labeless) dataset X (see Definition 3.1);

sim: Y XY — R is a similarity measure on the class labels Y (or their probability distributions);

® : R" XD — R™, for1 < m < |X|, is an operator weighting perturbations v = (vy,...,0x|) by feature
importance scores (s1, . .., Sn);

corr is a correlation function.

We first note that in (Yeh 2019), the metric used is called ‘explanation infidelity’. That is because with their
particular definition, the higher the expected value, the less the feature importance-based explanation is faithful -
i.e. has less impact/relevance - to the underlying ML model. It is thus desirable to have a lesser value of infidelity.
With our more abstract definition, whether lower or higher value of fidelity is more desirable, depends on the
distance functions involved. For example, if sim gives higher values to more similar items, ® weighs perturbations
proportionally to feature importance scores and corr grows as the measured quantities correlate, then we would
hope for lower values of Q™™ because we expect bigger changes to model outcomes with bigger input
perturbations. Conversely, if — exclusively — either sim measures dissimilarity instead, or corr is inversely
proportional, then the higher Q™*"'™ (E) the more faithful E is. For instance, in the concrete instantiation of this
metric to be given shortly, sim is the absolute difference between probabilities which gives lower values to more
similar items, while corr is Pearson correlation which grows as the correlations get stronger, so that the fidelity
score is directly proportional to the faithfulness of the explanation.

Now let us unpack the definition at a high level. For a local explanation Ey to a given instance x, we consider
some meaningful perturbations v and check how well the perturbation-weighted feature importance scores
correlate with the shifts in model M outputs when the inputs shift from the instance x explained to its perturbed
instances x @ v. With local explanations, we can think of different spaces of perturbations to consider. For
instance, we know the predicted class y = M(x), and we know all the instances in the dataset X classified as
y (let Xy, = {x € X : M(x) = y}), and thus know all the perturbations v to x that comprise X,. We can then
consider the uniform distribution y over X, to compute the fidelity score of Ey. Or we could consider some local
neighbourhood of x in X and a distance-based distribution therein. With global explanations, we can instead
aggregate the local correlations across the whole dataset. Again, we can think of] say, the closest neighbour to or
local neighbourhoods around each x € X, and average the expected values of correlations over X to compute the
fidelity score of Ex. And of course the aggregation can be more complex than averaging, for instance, aggregating
with some distribution over X. We try not to over-complicate the already complex definition, simply noting that
it can be extended in some ways.

As noted, the above definition is abstract and rather complex; in concrete settings it often boils down to a simpler
equation. For example, with all the features f; taking numerical values from intervals D; C R, a perturbation v
simply changes (some of the) n values of x to make a perturbed instance x’ = x @ v; further, assuming M yields
probabilities M(x), for each class label y € Y, sim could simply be the absolute difference |M(x), — M(x)|
between the model probabilities for the initially predicted class y = M (x) before and after the perturbation; the
weighting of the perturbed instance by the explanation could amount to the weighted sum Ex ® v = )1, s;|v;| of
absolute feature value changes and corr could be the Pearson correlation r. Then, sampling m € N perturbations
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vj of x would approximate the fidelity of E, as ry x (Z?zl siloil, IM(x)y — M(XJ' )y|) Specifically in our empirical
setup, we implement the fidelity metric using Pearson correlation on 100 perturbations of a given input instance,
with random perturbations for each feature value from a normal (Gaussian) distribution with mean of 0 (i.e.
centered around the original value) and standard deviation of 0.1.

In terms of explainers in our empirical setup described in Section 3.4, we use the SHAP explainer thus: for XGB
models, we load shap.TreeExplainer; for NN models, we load shap.KernelExplainer also passing the background
data of a 100 sampled train instances shap.sample(X_train, 100) with the data parameter. We use the Lime
explainer lime.lime_tabular.LimeTabularExplainer passing the whole X}, with the training_data parameter. We
use the IG explainer captum.attr.IntegratedGradients for NN models and extract from it feature importance scores
using the attribute method with n_steps=50 in the numerical approximation of the integral when calculating
integrated gradients. Other explainer parameters are default.

We report in Table 9 the average fidelity scores as average positive and negative Pearson correlation values of
explanations generated for test instances (recall that IG explanations are only for NN models). In general, the
average fidelity is quite low, but never zero, indicating that correlations exist, albeit not strong. They are weakest
with respect to models trained on Telecom. SHAP and IG explanations seem to be generally more faithful than
Lime, but note that these experimental values are highly dependent on the setting and metric instantiation, and
thus at best indicative of trends.

Table 9. Average fidelity scores (as positive and negative Pearson correlations) of SHAP, Lime and IG feature importance-
based explanations generated with respect to XGB and NN models for instances from test datasets.

Model type Dataset (|X;es:| = #expls) SHAP LIME IG
Pos. Neg. Pos. Neg. Pos. Neg.
Iris (35) 0.231 -0.213 0.212 -0.212 - -
XGB Spiral (20) 0.297 -0.352 0.336 -0.327 - -
Telecom (200) 0.238 -0.226 0.158 -0.161 - -
Iris (35) 0.572 -0.506 0.460 -0.378 0.535 -0.488
NN Spiral (20) 0.537 -0.644 0.578 -0.635 0.548 -0.593
Telecom (200) 0.112 -0.145 0.147 -0.141 0.232 -0.199

In a similarly special case using the incremental (feature) deletion method (see e.g. (Arya, Bellamy, P. Chen,
et al. 2019)), there are n perturbed instances x; = (%1, .. Xiz1, x?, Xitls - - - ,x‘x|), each with the respective fea-
ture f; value set to some base value x? # x5 and ® = (®y,...,Q,) with each ®; : D — R yielding the
importance score s; exactly when v; # 0 and 0 otherwise.'*> Then with (p,...,p,) denoting the vector of
differences in probabilities p; = |M(x), — M(x])y|, the Pearson correlation coefficient can be computed as

n X SiPi— iy Si ity Pi 14
\/" Shsi-(2h Si)z\/” S (B Pi)Z

Another concrete instantiation of measuring Q""*™ uses a cumulative (feature) deletion method whereby

instances are considered with a growing number of the most important feature values perturbed instead. In detail,

assume (without the loss of generality) that fi, .. ., f, orders features in decreasing importance, i.e. [s;| > ... > [sy].

Fsp =

BEg @;(v) =s; - le)gl [sgn(v;)|, where |sgn(v;)| gives the absolute sign value of v; € D; C R (i.e. 1 if v; # 0 and 0 otherwise), so that

®:((0,...,0,x; — xP,0,...,0)) = s;  [sgn(xi — xB)| = s;.
14This is called ‘faithfulness’ in (Alvarez-Melis and Jaakkola 2018) and is implemented in, for instance, the Al Explainability 360 Toolkit
(Arya, Bellamy, P.-Y. Chen, et al. 2019).

Journal of Artificial Intelligence Research, Vol. 84, Article 6. Publication date: September 2025.



6:30 « Singh, Cyras, Akram & Inam

Then consider k < n perturbed instances x; = (xf, el x?_l,xlB, Xis1, - - .>X|x]), for 1 < i < k. In other words, in
the first perturbed instance x] perturb the most important feature f;, in the second one x;, perturb the most and
the second most important features fi, f2, and so on, for k instances. Then, as above, the Pearson correlation
coefficient ry, can be assigned as Q""" value to the k-sized most important part {f; : s1,..., fi : s¢} of the
explanation.

Fidelity as formulated above essentially covers the single and incremental (feature) deletion methods for
measuring explanation ‘correctness’ as suggested in (Nauta et al. 2023). They basically amount to perturbing one
or more feature values to null or some baseline (such as average) values and checking how the model output
changes. Relatedly, the incremental (feature) addition method works the other way round, by starting with all
feature values being null/baseline and incrementally perturbing the most important features. We note that these
methods can be seen as metrics for the ‘output-completeness’ property which “evaluates whether the set of
important features is sufficient to explain the output of [the underlying] model” (Nauta et al. 2023, p. 20). Similarly,
the deletion and preservation checks for evaluating whether “the explanation hold[s] enough information to
explain the output of [the underlying] model” (Nauta et al. 2023, p. 21) are output-completeness metrics that
measure model output shift after removing (resp. adding) the whole explanation from the (resp. to no) input. We
effectively tried to capture the intuition behind all these methods with the above definition of fidelity.

The other four correctness properties summarised in (Nauta et al. 2023) are the model parameter and explanation
randomization checks as well as the white box and controlled synthetic data checks. Except for partially the last
one, we argue that the other three methods are not relevant to this paper. First, the model parameter randomisation
check amounts to perturbing model parameters or weights and expecting the resulting explanations to change.
We note that it is not clear how universally applicable or desirable this method is. For instance, changing the
training parameters for a tree-based model (such as one produced by XGBoost (T. Chen and Guestrin 2016)) may
lead to learning a slightly different ensemble of trees yet with the same feature importance scores. Aside from
this issue, the method in any case assumes model retraining, whereas in our work we assume a fixed ML model
as given. Similarly, the explanation randomisation check amounts to perturbing in-built explanations and hence
the model, and should change the model’s output. We do not consider this method for the same reason that we
consider only fixed models (as well as explanations generated thereof).

Going further, the white box check method aims to evaluate correctness of explanations by applying the
explainer to a white box model whose workings are well understood, thus checking if the explanations are
truthful to the known model. However, this method merely checks if the explainer produces explanations truthful
to the white box model, and does not really say anything about the correctness of explanations of the (black box)
model in question. It is only suggestive that if explanations are incorrect for the white box model, then they may
be expected to be incorrect for the model in question; and even then perhaps only in specific situations where
the two types of models are of similar kind (such as tree-based). We do not think this is a suitable metric for
explanation soundness because it does not evaluate explanations directly with respect to the given ML model.

Finally, the controlled synthetic data check amounts to checking whether the features deemed as important are
actually important assuming one has great confidence in a priori knowledge of feature importance, such as on
synthetic datasets curated with such a property in mind. Similarly to the white box check method, this method
only checks if a model trained on specific synthetic data admits sound explanations, but not if the model trained
on real data does so too. We do not consider this check as a suitable metric either because it does not evaluate
explanations with respect to the ML model trained on the given data.

However, the synthetic data check is somewhat similar to the situation where feature importance can be
ascertained by domain experts. Alignment of explanations with domain knowledge is part of the ‘coherence’
property as stated in (Nauta et al. 2023). Indeed, often an annotated dataset is assumed to contain ground truth
about feature importance and is used to measure correlation between feature importance-based explanations and
the ground truth (Nauta et al. 2023, p. 6.11). Though domain knowledge can also be attained if, for example, some
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causal model or connections underlying the task and data or the ML model construction itself are known or can
be assumed, see e.g. (Agarwal et al. 2022; Camburu et al. 2019). Thus, in the spirit of (Property 5), and building
upon the feature agreement metric from (Agarwal et al. 2022), we will state two more metrics for measuring
soundness of feature importance-based explanations, namely validity and agreement with respect to the ground
truth of feature importance. To that end, we first give an auxiliary definition of the top k most important features
in a feature importance-based explanation.

Definition 4.9. For a (local or global) feature importance-based explanation E = {f; : s1,..., f, : s} and integer
k € N, the k' most important feature set is the set EX = {(f,s) € E : exist at most k — 1 pairs (f’,s) €
E with [s| < |s’|} of features (with their importance scores) such that there are at most k — 1 more important
features.

Example 4.10. The explanation E = {f; : 1/2, f : 1/2} from Example 3.2 admits the first most important feature
set to equal itself: E! = E. That is, the two features are equally most important (and exhaust the explanation).

Example 4.11. For an example using the SHAP explainer of XGBoost model classification on Telecom dataset
introduced in Section 3.4, consider an explanation given in Table 10 — call it E. There, for k € {1,..., 8}, the kth

Table 10. A SHAP feature importance-based explanation generated for the XGB model trained on Telecom dataset, represented
as top 8 features (out of 12) in descending order of absolute importance (the other feature importance scores are 0).

Feature Importance Score

7 -2.0446107
1 -1.7867389
4 1.1722904

12 -0.40025863
3 0.34488305
2 -0.24061479
8 -0.21009174
6 0.06578472

most important feature set EX consists of the top k feature-importance score pairs in terms of absolute importance
scores, e.g. E® = {(f;, —2.0446107), (f;, —1.7867389), (1, 1.1722904)}.

Now, we want to say that a feature importance-based explanation is valid in proportion to how many of the
most important features need to be taken to include all of the pre-selected features. Clearly, at least as many top
features need to be considered as there are pre-selected ones. How many more — the metric expresses this as a
ratio, as we state next.

Validity of Feature Importance-based Explanations .

METRIC 10. The validity metric Q™™™ for measuring soundness of a feature importance-based explanation
E={fi:51,....fu : sn} assigns to E its m'"-order validity score as the ratio of m selected features 2 fmeX
over the number of k most important features for the minimum k such that E* contains the m selected features thus:

m .
Om ™" (E) = Efork =min{j €N : (fs) € E/Vie{1,....,m}}. (16)
Example 4.12 (Example 4.11 continued). Suppose the selected features for the Telecom dataset are fg and fs.

2

Then the 2"¢-order validity score of E from Example 4.11 is =1 /4.
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The higher the m’ h_order validity score, the better the explanation, we maintain, because we would like as
few as possible most important features in an explanation (i.e. E¥) to capture the truly relevant ones, at least
as given by the pre-selection that we take as ground truth. Now, it is interesting to not only find the smallest
number k of the most important features that cover the estimated ground truth, but also to consider the ratio of
the overlap between the top kK = m most important features and the m selected ones. In other words, we would
like to measure the agreement between the most important features as indicated by the explanation and the
features pre-selected as ground truth. We thus state the following metric.

Agreement of Feature Importance-based Explanations.

METRIC 11. The agreement metric Q“°*™T for measuring soundness of a feature importance-based explanation

E={fi:S....[n : sn} assigns to E its m*"-order agreement score as the ratio of the features in the m*"* most
important feature set E™ over the m selected features f>,. .., f5 € X thus:
S Sy .
QAGREENMENT () _ Hfe{fy,--. fi} = (f,s) € E™ for some s}| a7
m m

In contrast to the validity metric, the agreement metric fixes the number m of features to consider and checks
how many of the m pre-selected features are included in the set of the m most important features of the explanation.
Nonetheless, as with the m'"-order validity score, we maintain that the higher the mth-order agreement score,
the better the explanation, because we would like as many of the truly relevant features to be captured by the
most important features of the explanation.

Example 4.13 (Example 4.12 continued). With selected Telecom features f; and f;, the 2"?-order agreement

2
score of E from Example 4.11 is % =0.

Example 4.14. Suppose we deem both features f; and f; equally important for the behaviour of our model M
capturing the logical OR function of two variables from Example 3.2: let {fi, f2} be pre-selected features. Then
the explanation E = {f; : 1/2, f : 1/2} from Example 3.2, with E = E' according to Example 4.10, has 2"¢ order
validity score QYA (E) = 2/2 = 1 as well as 2" order agreement score QpEREEMENT(E) = 2/2 = 1.

Note that in the above the features {f?,..., f5} deemed a priori to be most relevant are assumed to be pre-
selected either locally (given the model M and an instance x) or globally (given M), prior to generating either
a local- or global-scope explanation E, respectively. Evidently, the validity and agreement metrics are highly
subjective in the sense that the relevant feature pre-selection comes from arguably subjective sources, such
as domain experts. While domain expert knowledge can be often highly valuable, it need not be immune to
mistakes and biases. Indeed, often the purpose or at least a desirable by-product of ML model training is to
uncover unexpected patterns; similarly, a desirable outcome of using feature importance-based explanations is
uncovering of unexpectedly important features. So whether validity and agreement so defined are desirable, is a
matter of debate. Nonetheless, we state them as metrics that can be functionally assessed given a priori expert
input rather than being dependent on the user (i.e. receiver) of the explanations. Accordingly, we think that the
higher the values of m*"-order validity and agreement scores, i.e. the more tightly the most important features
capture the ones pre-selected to be relevant by domain experts, the better.

We finally consider completeness of feature importance-based explanations.

4.3.2 Completeness of Feature Importance-based Explanations. We would like to say that feature importance-
based explanations are complete in as much as they capture feature relevance to model outputs in a representative
way.

PROPERTY 6 (COMPLETENESS OF FEATURE IMPORTANCE-BASED EXPLANATIONS). A (local or global) feature
importance-based explanation E = {fi : s1,..., fy : sp} is complete in as much as the feature importance scores
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S1,...,Sy are representative of the impact or relevance that features fi, ..., f, have on the underlying ML model
outputs.

As with the soundness property (Property 5), the completeness property of feature importance-based ex-
planations is not as prescriptive as those of rule-based explanations. Indeed, the word ‘representative’ can be
interpreted in many ways. We stipulate that whether feature importance scores are representative can be observed
by inspecting all possible ways of attributing importance to features and looking for one which identifies when
the underlying ML model is on aggregate most sensitive to its inputs. We also posit that it is desirable for feature
importance-based explanations to be as complete as possible.

We next look at how to measure completeness of feature importance-based explanations. First, we submit
that a measure of feature importance-based explanation completeness should be related to the notion of fidelity
that measures the soundness of feature importance-based explanations (see Metric 4.3.1). In a nutshell, while
fidelity as a measure of soundness quantifies how the feature importance scores correlate with the shifts in model
input-output behaviour, the representativeness of the attributed feature importance should quantify the ratio of
such correlation against some optimal correlation. For this, we state a metric that is to the best of our knowledge
new to the XAl literature.

Representativeness of Feature Importance-based Explanations.

METRIC 12. The representativeness metric Q™™ for measuring completeness of a local/global feature importance-
based explanation E = Ex/Ex = {f1 : $1,..., fn : Sn} assigns to E its representation value as the ratio of the expected
value of correlation between instance perturbations weighted by feature importance and the shift in model outputs
against an optimal such value thus:

QREPR(E) =
Ex-x,v~pu [corr (E® v, sim(M(x), M(x @ V)))]
Opt(s;,...,s;)eR"EX~X,V~ﬂ [corr ({A Sty St sn} @ v, sim(M(x), M(x @ v)))] '

Here: x is either the instance to which a local explanation Ex is generated, or X is drawn from X in case a global
explanation Ex is generated; v is drawn from y so that x @ v € X is a perturbation of x, with a feature-wise shift
operator ®, similarity measure sim, perturbation-weighting operator ® and correlation function corr as given for the
fidelity metric of feature importance-based explanations (Metric 4.3.1); and opt being either max or min operator
depending on whether, respectively, higher or lower values of correlation mean higher or lower fidelity of the vector
(s],...,sy,) of importance scores. (We also assume the denominator is never zero, e.g. by adding an arbitrarily small e

if needed.)

(18)

The representativeness metric basically measures the ratio of explanation’s fidelity against the maximum
fidelity over possible feature importance vectors. Similarly as with the fidelity metric, the expected values of
correlations depend on which instances and perturbations are considered. With a local-scope explanation Ey,
we have a fixed instance x and can vary its neighbourhood and distribution p therein. With a global-scope
explanation Ex, we may draw instances x from the whole dataset X. Intuitively, representation value tells how
well the feature importance scores given by the explanation represent feature importance compared to all possible
feature importance attributions. Depending on whether higher or lower values of correlation mean higher or
lower fidelity, higher or lower Q""*(E) is desirable for a feature importance-based explanation E.

Admittedly, the representativeness metric is idealised in the sense that computing it can be computationally
prohibitive due to the optimality condition in the denominator of Equation 18. In practice the optimal expected
correlation value could be approximated by sampling, similarly to how e.g. Shapley values are approximated (Aas
et al. 2021). This can still be prohibitively costly. Instead, we used the fact that we have more than 1 explainer
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for any explainer and can thus used the highest fidelity value of an explanation as a witness for optimisation.
Comparing the fidelity value of an explanation from a given explainer with the maximal fidelity value among
explanations from all explainers does not give an ideal representation value, but it is at least a lower bound.

We use the Pearson correlation implementation described above to find, per test instance, the best positive and
negative Pearson correlations of explanations, for each class label. We then compute the representation value
of an explanation as the ratio between its fidelity score and the highest fidelity score among explanations for
the same instance. We report in Table 11 the average representation values of explanations generated for test
instances, for each class label. We note that no average representation value is 1. Thus, by comparing feature
importance-based explanation fidelity across explainers as in our implementation, we find that the correlations
of explanations can still be optimised. And in some case quite a lot: for example, for SHAP explanations of the
NN model trained on Telecom.

Table 11. Representation values of SHAP, Lime and IG feature importance-based explanations generated with respect to
XGB and NN models for instances from test datasets, for each class label.

Model Dataset

type (class) SHAP LIME IG

Iris (0) 0815 0.864 -
Iris (1) 0886 0.824 -
Iris (2) 0876 0921 -

XGB Spiral (0) 0.889 0.844 -
Spiral (1) 0.837 0.921 -
Telecom (0) 0.918 0.784 -
Telecom (1) 0.914 0.779 -

Iris (0) 0.893 0.704 0.908
Iris (1) 0.899 0.430 0.962
Iris (2) 0.951 0.798 0.970

NN Spiral (0)  0.895 1.000 0.872
Spiral (1)  0.890 0.988 0.858
Telecom (0) 0.747 0.804 0.830
Telecom (1) 0.703  0.787 0.865

5 Conclusions

We maintain that it is a fundamental requirement of explanations to be correct, i.e. sound and complete, as much
as possible when measured by the relevant metrics. We have proposed three formulations of each of the soundness
and completeness properties for three forms of model input/output behaviour explanations, namely rule-based,
counterfactuals and feature-importance based. We have presented formal, generic metrics for quantitatively
assessing each of the property formulations (Properties 1 to 6). For measuring soundness: Fidelity 4.1.1 for rules;
Validity 4.2.1, Feasibility 4.2.1 and Plausibility 4.2.1 for counterfactuals; Fidelity 4.3.1, Validity 4.3.1 and Agreement
4.3.1 for feature importance. For measuring completeness: Coverage 4.1.2 and Representativeness 4.1.2 for rules;
Coverage 4.2.2 and Diversity 4.2.2 for counterfactuals; Representativeness 4.3.2 for feature importance. We
discussed how each of those metrics is either adopted from or inspired by the relevant measures in the literature,
or if our proposed metric is new, and how the formalised metrics aim to encompass the existing measures of
explanation assessment, where available.
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It seems that the notion of soundness, which addresses how truthful explanations are with respect to the ML
model explained, has been well-studied in the literature. This is perhaps it is more natural to require explanations
to give “nothing but the truth”. Consequently, we have encountered more metrics for measuring this aspect of
either of the forms of explanations. In terms of completeness, which addresses how well explanations generalise
to explain any of the ML model’s behaviours, it seems to have been studied less. This is perhaps not surprising
either, assuming that it is less straightforward to define what it means to give “the whole truth”. We have thus
proposed three novel metrics (Representativeness 4.1.2, Coverage 4.2.2 and Representativeness 4.3.2 — one for
each form of explanation) for quantifying completeness of explanations.

We note that our notion of soundness for explanations of ML model input/output behaviour is very similar
to the ‘output-completeness’ property that pertains to “how well the explanation method agrees with the
predictions to the original predictive model”, proposed in (Nauta et al. 2023, pp. 11, 21, 22). Indeed, the metrics
for measuring output-completeness delineated in (Nauta et al. 2023) do overlap with those that we assert for
measuring soundness. Notably, we departed from those metrics in many ways, as discussed in Section 4. Further,
as with all the explanation quality properties addressed in (Nauta et al. 2023), output-completeness is vaguely
worded, whereas we tried to formalise soundness more precisely, at least for the three forms of explanations
that we consider. Relatedly, the companion ‘reasoning-completeness’ property in (Nauta et al. 2023) pertains
to explanations describing the internal dynamics of the underlying ML model, which ranges from completely
opening up the model and its parameters to training a shadow model that input/output matches the underlying
model. That property is not really evaluated quantitatively, but rather qualitatively, whereas our completeness
properties are accompanied with quantitative metrics. Importantly, we have submitted formal definitions of
each and every metric for measuring all the formulations of our soundness and completeness properties for
assessing correctness of explanations, in contrast to the less formal, more summary-type-of overviews of metrics
for assessing explanation quality discussed in related work (Section 2).

5.1 Limitations and Future Work

We consider our work here as a step towards formulating desirable properties of explanations and formalising
metrics for quantitatively assessing satisfaction of such properties. Our work is limited in several aspects.
First and foremost, we focused on the correctness of explanations. The way we interpreted it via soundness
and completeness turned out rather broad, as witnessed by subsumption of various instantiations of metrics
for quantifying correctness. However, the landscape of properties and metrics is arguably much broader, as
discussed in Section 2. One could further identify and study the following aspects of explanations: robustness,
which intuitively pertains pertaining to how stable explanations are; complexity, which intuitively pertains to
both computational and cognitive costs of generating and consuming explanations; contextual relevance, which
intuitively pertains to adhering to the context of the explaining process, primarily concerning intelligibility
and usability of the explanations to the user (i.e. receiver of the explanations). We believe it is essential to
complement the functionally-grounded evaluation of explanation correctness and other aspects with how human
users consume explanations. We agree with Miller (Miller 2019) in that most of the research and practice around
developing explanation methods is primarily based on the researchers’ perspectives on characterising a good
explanation and that this could lead to failures of XAl as a field. However, we believe more than anything else
that we first need to properly devise computational measures of explanation goodness, as we have attempted
here with explanation correctness, and only then turn to human evaluation aspects. It would thus be great to
conduct similar formalisation studies as this one wits respect to the above mentioned aspects of explanations in
the future.

We are also limited here in not carefully showing how various metrics proposed in XAl literature are formally
instances of some of our generalised metrics. This was not our intention in any case, because properly capturing
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a variety of specific but conceptually similar measures under any one metric would risk making the metrics too
open ended and not so readily applicable. We are perhaps somewhat guilty of this, particularly with the fidelity
metric for measuring soundness of feature importance-based explanations, but even there we adopted the general
metric from an earlier work and explained how different common instantiations come about. In general, we
argued informally that some of our metric formalisations either evidently stem from or cover notable metrics
from the literature. It would be an interesting exercise to try to instantiate as many as possible known measures
as our metrics, but we leave this for future work.

Perhaps the biggest limitation is the lack of an extensive experimentation and evaluation of different explainers
and their explanations, with respect to a variety of ML models and tabular datasets. It would be a next big step to
carry out such a study, aiming to empirically establish which explainer produces more correct explanations and
in which settings. Some work has attempted that, at least in restricted settings, notably (Agarwal et al. 2022). It
is however important to note that such engineering efforts are rather difficult, because in our experience it is
far from trivial to integrate a variety of explainers to work with a fixed model and dataset, to make sure they
produce explanations in the same form and to implement the metrics thereof. Even our current experimental
setup with six off-the-shelf explainers and six ML models proved to be challenging to implement, due to limited
library and method cross-compatibility, data processing nuances and the sheer computation time. Our focus in
this work was on the conceptual and theoretical development and we are leaving further extensive engineering
and experimentation for future work.

Relatedly, it would be interesting to conduct experiments with human users whereby they are able to see how
good one or another explanation (or explainer) is in terms of correctness. We have actually carried out, but are not
reporting, some such preliminary experiments. To that end, we have implemented a visually interactive tool that
shows to the user the metric scores of different explanations generated by various explainers for a given model.
We then equipped the system with automated aggregation of metric scores based on the user preferences over
properties or metrics of explanations. In particular, the user is able express ordinal preferences over properties or
metrics of interest, whence they induce a weighted sum of the metric scores thus yielding an overall score of the
‘goodness’ of an explanation (in terms of correctness and other aspects). The preliminary experiments indicated
that such personalisation of the explaining process seems to make it fairer and useful to the user. We are planning
to continue our investigations along these lines as long as we can formalise the computational aspects.

Finally, some other limitations pertain to our setting in this paper. These include: other modalities of data,
such as images, text or time series, not limited to tabular data; other forms of explanations, such as graph- or
model-based; other tasks than classification, such as regression, unsupervised clustering, self-supervised text
generation. We made a remark in Section 3 as to why we believe the current framework could be extended to
other settings, bu we leave any such investigations for future work. More interesting for us would be to go beyond
input/output explanations of model behaviour, towards explainable training — namely, what concepts and how
does a model learn while being trained?'” For instance, extracting explanations of input/output behaviour after
each epoch of training (say, a boosted tree or a neural network) in the hope of capturing the concepts learned.
Perhaps property- and metric-based analysis could be useful in such setting too, in that one would stipulate how
the model should learn and measure whether it does so. We leave these speculative ideas for the future.
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