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o ) algorthim. Moreover, the comparative analysis of the proposed method with some existing ideas is also
decision making.
presented by given several examples to authenticate the feasibility and superiority of the proposed approach.

1. Introduction

The theory of fuzzy sets was first introduced by Zadeh
[32] in 1965. Fuzzy sets are the most appropriate theory
for dealing with uncertainty. After the introduction of
the concept of fuzzy sets by Zadeh [32], several
researchers conducted research on the generalizations of
the notions of fuzzy sets with huge applications in
computer science, artificial intelligence, control
engineering, robotics, automata theory, decision theory,
finite state machine, graph theory, logic, operations
research, and many branches of pure and applied
mathematics. For example, Xie et al. applied fuzzy set
theory to the switching method [23]. In many decision
support systems, modeling uncertainties is crucial to
address real-life issues in the present scientific era. Due
to the continuous increase in socioeconomic
environment complications and insouciant knowledge
or incomplete information, it is difficult for decision-
makers to make the best judgement. The problem of
incomplete information has become a significant issue
for the last few years. Many theories have been
presented to effectively deal with these problems, such
as the probability theory, fuzzy set (FS) theory,
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intuitionistic fuzzy set (IFS) theory, rough set theory
and soft set theory, etc. In 2013, Yager [27-29]
introduced the Pythagorean fuzzy set and compared it
with the intuitionistic fuzzy set. Al-Shami et al. [2,12]
proposed the concept of n" power root FSs and
provided some applications.

Binary relations become crucial in both pure and
applied mathematics and are often used in real-life
decision-making. The notion of fuzzy relation (FR) was
introduced by Zadeh [32]. FRs have applications in
diverse areas, such as fuzzy modeling [15], fuzzy
control [14], uncertain reasoning [18], neural networks
[17], pattern recognition [20], artificial intelligence
[25], and decision-making [[1],[ 21]]. FRs and their
properties can be found in [[18] [19]]. A detailed
overview of FSs and FRs studied by Wang et.al.[22].
The conception of intuitionistic fuzzy relations (IFRs)
was projected by Atanassov [3]. Many scholars
developed the theory and applications of IFRs. For
instance, in [[5], [6], Burillo and Bustince examined
certain IFR features using the t-norm and t-conorm.
Bustince [16] developed divergent results for
constructing IFRs on a set with predetermined
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properties that permit us to construct reflexive,
symmetric, anti symmetric, perfect anti symmetric, and
transitive IFRs from FRs with the similar
characteristics. With the composition of IFRs specified
in [10], Kumar and Gangwal [16] have established an
application of IFR in medical diagnosis. Zhang et al.
[31] created the idea of Pythagorean fuzzy relation
(PFR) to examine the roughness of a PFS with an
application to a decision-making problem in mergers
and acquisitions. This study introduces the conception
of Beal’s fuzzy relation (BFR), which will help to
remove certain limitations associated with Pythagorean
(PFR), fermatean (FFR) and intuitionistic fuzzy relation
(IFR). Some basic operations in this regard are given
for Beal’s fuzzy relations (BFR). The set of all Beal’s
fuzzy relations leads to several algebric structures for
these operations (semi-ring, and bounded distributive
lattice). Additionally, an application of the designed
approach is proposed for orthopairean TOPSIS
algorthim. Moreover, the comparative analysis of the
proposed method with some existing ideas is also
presented by given several examples to authenticate the
feasibility and superiority of the proposed approach..

2. PRELIMINARIES AND VARIOUS CONCEPTS
2.1 Definition [Fuzzy set]: Let X be a non-empty set.
Then an uncertainty on X is defined by J;:X —
[0,1]. J, is called the membership function. J,(X) is
said to be a membership grade of X in J,. we also write
Ja = {(x,]a(x))/ x € X}.

Example: Let X = {a,b,c,d}and J,:X - [0,1]
defined by J,(a) = 0,]4(b) = 0.6,],(c) = 0.3,

Ja(d) = 1.

2.2 Definition [Intuitionistic fuzzy set]: An
intuitionistic fuzzy set A in X is defined as A =
{(x, Ja(x), K4(x)) / x € X}, where J,:X — [0,1] and
K,: X = [0,1] are respectively degree of membership
and degree of non-membership for every x € X with
0 <Ju(0)+ Ky(x) <land [[a(x) =[1— (Jalx) +
K,(x))] is the degree of indeterminacy of x € X.

2.3 Definition [Pythagorean fuzzy set]:

A Pythagorean uncertainty set A on a set X is defined
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by 4 = {6, J4 (%), K4(x))/x € X} where J5:X - [0,1]
is degree of membership x, respectively which fulfill
the condition 0 < J4(x) + KZ?(x) < 1. The degree of
indeterminacy is [[4(x) = ‘{/1 — (Ja(x)?) — (K4(x)?).
2.4 Definition [(3,2) - fuzzy set]: A (3,2) - fuzzy set on

a nonempty set ‘X’ is expressed as a domain A4 =
{(x,Ja(x),K4(x))/ x € X}, where such that 0 <
Ja(x)® + K,(x)? < 1. The degree of indeterminacy of
xto Ais [T4(x) = Y1 = (Ja(x)?) — (K4 ().

2.5 Definition [Fermatean fuzzy set]: Let X be a

universe discourse A. Fermatean uncertainty set “A” in
X is an object having the form A = {(x, ], (x), K4(x))/
x € X} where J4(x):X = [0,1] and K4(x):X — [0,1]
including the condition 0 < J,(x)%+ K,(x)3 <
1Vx € X.The number J,(x) satisfies the degree of
membership and K, (x) indicate the non-membership of

the element ‘x> in the set A. [li(x)=

Y1 = Ja(x)3) — (K4(x)3) is to find out as the degree
of indeterminacy of ‘x’ to A.

2.6 Definition [Beal’s fuzzy set]: A Beal’s fuzzy set
(BFS) on a universal set ‘X’ is a set of

3-tuples of the form A = {(x,J,(x),Ks(x))/x €
X}....(1) where J, (x) and Ky(x) represent the
membership and non-membership degrees of x € X and
satisfy the condition 0 < J,(x)™ + K,(x)" <1

for all x € X,m,n = 4 and the degree of

indeterminancy of x to A is [J4(x) =

L= [0a0™) = (KO-

2.7 Definition [Partial order]: A partially ordered set
(Poset) is a set in which a binary relation a < b is
defined which satisfies for all a,b,c the following
conditions,

P;: ForallX,a < b.

Py:Ifa<bandb < a,thena = b.
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Pz:lIf a<bandb < c,thena < c.

2.8 Definition: (i) A mapping f: P — Q is called order
preserving, if a < b implies f(a) < f(b)

(i) A mapping g:P — Q is called order reversing
(antitone) if and only if @ < b and g(b) < g(a).

2.9 Definition: A lattice is a poset in which a Ab =
inf(a,b) and a Vv b = sup(a, b) exists for any pair of
elements a and b. A sublattice of a lattice ‘L’ is a subset
of X and L such that a,b € X implies aAb € X and
aVvbeX. A lattice ‘L’ is complete is said to be
distributive, if

Di:an(bvc)=(anb)v(anc)
Dyav(bAac)=(avb)A(aVec),foralla,b,c € L.
2.10 Definition: A Pythagorean fuzzy relation
from u, to u, is a fuzzy set of u; X u,, that is,

the following Pythagorean expression; = {((uy,u,), <
J(uy, 1), K (ug, u) >):uy € Uy, u, € Uy}

where J,K:U; X U, — [0,1] are membership degree
and non-membership degree constrained

to obey 0 < (](ul,uz))z + (K(ul,uz))2 <1 for all
(uq,uy) € U; X U,.

2.11 Definition: A non-void set S along with an
associative binary operation * defined on S is termed a
semi group. It is generally symbolized as (S,*).

2.12 Definition: A semi group (S,*) is said to be;

(i) Monoid, if there exists an object e € S such that e *
a=axe=aforalla€S.

(ii) Idempotent, ifa * a = a fora € S.

2.13 Definition: A non-void set S with two binary
operations ‘+’ and .’ is called a semi ring, if;

()(S, +) is a semigroup

(ii)(S,") is a semigroup

(iii) Multiplication in distributive over addition from
either sides.

(iv)a.(b +c¢) = (a.b) + (a.c)
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W) (+c)a=(b.a)+ (c.a)foralla,b,c€S.
Usually a semi ring is represented by (S, +, -). Further,
(S,+, ) is named commutative

semi ring, if (S,7) is a commutative semigroup (i.e)
a.b=b.aforalla,b € S.

A semi ring (S,+, *) is said to be an identity element
‘e¢’, if for each a € S, we have

a.e =e.a =a forsomee € S.

A semi ring (S,+, +) is said to be a zero element 0, if for
eacha€S,a+0=0+a=a,

a.0=0.a =0 for some 0 € S.

2.14 Definition: A semi ring (S,+, -) with a zero
element ‘0’ and commutative addition is called a hemi
ring. Next, we recall our idea of bounded lattice taken
from (S, +, ).

2.15 Definition: A relation ‘R’ on a non-empty set S is
called a partial order, if ‘R’ is

(i) Reflexive:Va € S,(a,a) € R.

(i) Anti — symmetric:if Va,b € S,

(a,b) € Rand (b,a) € R,thena = b.

(iii)Transitive: if Va,b,c € S, (a,b) € Rand

(b,c) € R, then (a,c) € R.

Usually the symbol used for a partial order is <.

A non-empty set S with a partial order < is called a
partially ordered set (poset) and it is denoted by (S, <).
2.16 Definition: Let (S, <) be a POSET and B € S. An
object x € S is called;

(i) alower bound of B, if x < a,V a € B.

(ii) an upper bound of B, ifa < xVa € B.

(iii) a greatest lower bound (GLB) of B, if there exist
x' € Ssuchthat x' < aVa € B,then

x' <x.

(iv) a least upper bound (LUB) of B, if there exist, x' €
Ssuchthata < x'V a € B,then

x' < x.
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2.17 Definition: A poset (S, <) is called a lattice, if a v
beSandaAb € S foralla,b €S,

where a V b denotes the supremum(LUB) of a and b, and
a A b denotes the infimum(GLB) of a and b.

2.18 Definition: A lattice (S, <) is called distributive, if
Vab,c€X;

(MDav(bAac)=(avb)Aa(aVvc)
(iDan(bvc)=(anb)Vv(anc).

2.19 Definition: Let (S, <) be a lattice and 0,1 € S. Then
(i) 0 is called a bottom element of S, if x AQ =
Oandxv0=xVxE€S.

(ii)1 is called a top element of S, if x Al =xandxV
1=1Vx€X.

A lattice (S, <) is called a bounded lattice, if it has a top
element 1 and a bottom element 0.

Also, a lattice (S, <) is called bounded lattice if it is
bounded and distributive as well.

3.BEAL’S FUZZY RELATION

It is well know that a binary relation plays a vital role in
both pure and applied sciences.

In this section, we establish a novel idea of beal’s fuzzy
relation. Also, discuss some basic set theoretic operations
of beal’s fuzzy relations.

3.1 Definition: A Beal’s fuzzy relation R from u; and
u, is a mathematical structure having the following
form R = {((uy, up), <J(uy, up), K(ug, up) >)/uy €
U, uy E Uz} e @)

where the mapping J, K:u; X u, — [0,1] are denoting
the membership degree and non-membership degree
from U, to U,, respectively, constrained to obey the
following condition:

0< J((upu)™ + (Kupup)) < 1..... ()
for all (uq,u,) €Uy X Uyand m,n = 4. The fuzzy
relation A= U; X U, — [0,1] associated with each

beal’s fuzzy relation, where
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Bz, ) = "1~ [0 (1)) + (K Gz 0))']

represent the hesitation index (HI) for the sake of
simplicity, we shall use the following notation for an
beal’s fuzzy relation from U; to U,.

§ = <J(uy,uz), K(uy, uz) >
from now onward, we shall apply the notation
BFR(U; X U,) to represent the collection of all beal’s
fuzzy relations from U; to U,. From the definition(3.1)
it is clear that beal’s fuzzy relation Q1 is simply a
BFR(u; X uy).
3.2 Remark: The definition (3.1) of beal’s fuzzy
relation can be extended to ‘n’ universes
U, X Uy X Us ....X U, in similar fashion.
3.3 Definition: Let § =< J(uq,u,),K(uy,u,) > be a
beal’s fuzzy relation from U; to U,, where
U, = {sl, S5, ....,sp} and U, = {tl,tz, ....tq} be finite
universe.
Considerd =< J(uq,uy), K(uq,uy) > =
< Pij »Qij >mxn satisfying 0 < (pi,-)m + (qi,-)n <1,
where myn>4andi,jwherel <i<pandl1l<j<
q. Then a beal’s fuzzy relation ) can be represented

through a matrix as;

<Pivq11 > <P12:912 > <P qin >

<P21,921 > <DP22,922 > < P2nq2n >
S = '
—_— 5
\< Pm19m1 = < Pm29mz2 = < Pmn Qmn >

Following set theoretic operations can be considered for
Beal’s fuzzy realtions.

3.4 Definiton: Let § =< J;(uq,uy), Ki(ug,uy) >
and 8§, =< J,(uq,uy), K, (ug, uy) > be two beal’s
fuzzy relations from U; to U,.Then for all uy,u, €
U, X U,, we have

(i) 8, € &, if and only if J;(uy,u,) < Jo(uy,u,) and
K1 (uq,uz) = Ky (ug, up).

(i) 6, U 6, =< J1(uq, up) V Jo(ug, up) >;
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< Ky (uq, uy) AKy(uq, uy) >.
(iii) 8; N 67 = < Jy(ug, uz) AJp(ug, ug) >;
< K;(uq,uy) VK, (ug, uy) >
(i) 671 =< J) (U wy), (K) " (upuy) > in
beal’s fuzzy relation from U, to U,, where
UD M (uu)) = 1w, up)  and (K Hupuy) =
K, (uq,uy).
() 6 = < K;(uq,uy),J; (ug,u;) >where C is the
complement.
3.5 Proposition: If §; §, € BFR(U, X U,), then
(1) 6, U 8,,6, N6, € BFR(U; x U,)
(i) 67 € BFR(U; X Uy).
The proof is straight forward.
3.6 Proposition: Let §; §, € BFR(U; x U,). Then the
following axiom are exist.
(i) 6; € &, implies that 671 < &5
()6, U8) ™t = 671U ST
(@i)(6; N6 = 67 n syt
(iv) (67H7 1 = 6,.
3.7 Defintion: In BFR € (U; X U,), we rerpresent and
define full BFR and null BFR as
Torr = {(ug, u2), < T(ug, uz), L (ug, up) >/uy
€ Uy, u, € Uy}
Lprr= {(ug,uy), <1 (uqg,uy), T(uq, uy) >/uq € Uy, u,
€ Uy}
where T(uq,u,) = 1, for all (uy,u,) € Uy X U,.
L (uq,uy) =0, for all (uqg,uy) € Uy X Us,.
In view of the definition(3.3) and definition (3.4), we
get the following the subsequent result.
3.8 Proposition: Let &;,8,,85 € BFR(U; X U,). Then
the following results obtained
(1) 6, Ulppr= 63
(2) 8, NLppr =Lprr
(3) 61U Tgpr = Torr
(4) 8, N Tppp = 6,
(5)6,U 6, = 6
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(6)8,n 6 =6

(7) 61U 6, = 6,U 0,

8 6,n b= 6,n6;

(9) (61U 8,) U b3 =38,U (6, U 83)

(10) (6: N 6,) NG5 =6,N (6, N 83)

Proof: The result is obvious.

The above result gives the following algebraic structure.
3.9 Corollary: The pairs (BFR(u; X u,),U) and (BFR
(uy X uy),N) are idempotent, commutative monoids
with identity elements Lzrr and Tgpr respectively.
3.10 Proposition: Let §;,8,, 65 € BFR(u; X u,). Then
the following assertions hold;

(i) 61U (6N 83) = (61U 82) NJs

(i) 6, N (6, U 83) = (6, NG,) U b

(ti))If 6, € 8, and 63 S §; then 6, U 63 S &,
(iv)If 6, € 8, and 6, € 85 then 6; € 5, N §3.
Proof: Straight forward

From the proposition(3.8), we have the following
corollaries.

3.11 Corollary: The following statements are true:
(i)(BFR(u; X u,),u,N) is a commutative semiring with
identity Tgpp and zero elemnet Lgpp.

(ii))(BFR(uy X u3),U,N) is a commutative semiring
with identity element Lgpp and zero element Tgpp the
above corollary, gives rise to the following result.

3.12 Corollary: The following statements hold;
(i)(BFR(u; X uy),u,N) is a hemiring with zero
elemnet Lgpp.

(ii))(BFR(uy X u,),u,n) is a hemiring with zero
elemnet Tgpg.

The following lemma is very important which gives rise
to a lattice adaption associated with beal’s fuzzy
relations.

3.13 Lemma: Let 6;,8,, 65 € BFR(u; X u,).Then

(i) 8; € 4.

(i)If 6, € 6,and 6, € 64, then §; = §,.
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(iii))If 6, € 6,and 6, S 8; € 85, then 6; € &5
Proof: Straight forward .
From proposition (3.5) — ( 3.10) , and lemma (3.13) we
have the following important result.
3.14 Proposition: The following asserations hold;
({)(BFR(uq X u3),u,n) is a POSET
(i) (BFR(uy X u3),U,N) is a bounded distribution
lattice with top element Tgrp and bottom element
Lprr-
Proof:(i)From the above Lemmma(3.13), it is clear that
the order is a partial order on BFR (u; X u,).
(ii) The partially ordered set (BFR(u; X u,),C) is a
lattice because each pair

61,6, € BFR(u; X uy) has a GLB of §;Né&, and a
LUB of 6§, U d,. Now we define the composition of
two BFRS and investigate its relevant properties.
3.15 Definition: Let &; = < J;(uq,uy), Ky (uq, uy) >
be BFR from u; to u, and

8, =< J,(uq,uy), K (uqg,uy) > be a BFR from
U, to uz. we define the composition of §; and &, as
follows.

810 85 =< (J; o), (uq,uz), Ky o Ky(uq,uy)) > where
Ur ©J2)™ (ug, uz)

= geaé (min{ J7*(uq, uy), J3 (ug, us)})

(Ky © K)™(ug,uy)

= min (max{ K{"(uy, u,), K3'(uy, u3)})
U€EU,

for all (uq, u,) € uy X us.

3.16 Lemma: Let x,y € [0,1] and m,n >4 then
[Vinax(x AY™ < Vipax (X™ A y™).

Proof: we will show only for m = 5. Similar proof can
follow for an arbitary value of m.

Asx,y €[0,1].SoxAy <xandx Ay <y.

Therefore (x Ay)® < x° and (x A y)® < y°.

Thus (x A y)® < x5 A y°. It follows that
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Vinax(® A ¥)® < Vyax(x® A y®) . This proves that
Vinax(x A y)® < Vingx(x® A y®).
The following result illustrates that the composition of
two BFR’s is also a BFR’s.
3.17 Proposition: If §; € BFR(u; X u,) and §, €
BFR(u, X uz), then 8; o 6, € BFR(u; X u3)
Proof: we will show that 0 < ((J; 012)(u1,u3))m +
((Ky o Kp)(ugus))" < 1
for all (uq,u,) € U; X Us. Since 0 < (jl(ul,uz))m +
(Kl(ul,uz))n < 1 forall (uy,u,) € U; X U, and 0 <
(]Z(ul,uz))m + (Kz(ul,ug))n <1 forall (uy,u3) €
Uy X Us.
It follows that
(]1(u1,u2))m <1- (Kl(ul,uz))n and (]Z(ul,uz))m
< 1— (Ky(uy,uy))"

Let (uy,u3) € U; X Us. Then by using the definition
(315 (il @u))" =
Vu,ev, min{ JT (ug, uz), Jo (uz, uz)}™ .
< Vagew, [min(; (ur, u)™, (J2(u,u5)) "3 by
lemma(3.16).

< Vugew, [min(ly (w1, 1)), (T2 Gz u3)) ™)

< Vu,eu, [min(1 = (K; (ug,up))", 1 =
(K> (uz us))"}

< Vu,eu, [max(1 — (Ky(ug,u))™, 1 -

(Kz (uz,us))n}

=1~ Ayyer, max {(J1 (u1,u2))", (/2 (uz,us)) "}
Hence =1-((K;o° KZ)(ul,u3))n.
3.18 Theorem: Suppose 8; € BFR(u; X u,) and 6, €
BFR(u, X us3), then
(8108,)7 = 67" 267
Proof: Let (us,u;) € U3 X U;. In the light of the
definition 3.4 in (iv) and s definition (3.15)

Uit e 3D (us, ug) = (7" 0 J3) (ug, uz)

= Vu,eu, min{h_lm(uz'uﬂ,h_lm(u& uz)}
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= Vauen, min{/i™ (ug, u), 7 (uz,u2))

= (U207 o UM (us,u1))
Similarly, it can be showed that
(K7 o K27 (g, ) = ((KP) ™ o (KED™) iz, ).
3.19 Theorem: If §; = < J;(uq, u,), Ky (uq,uy) >isa
beal’s fuzzy relation from U, to U, and
8, =< Jo(uq,uy), Ky (uqg,u3) > be two beal’s fuzzy
relations from
U, to U; such that §; €S §,. Then
(i)806, S 506,
(ii) 8108, S 8;06,.
Proof: (i) Let 6; € &,. Using definition (3.15) and
definition (3.4) , we have (JoJ)™(uyuy) =
Ve, ming™ (uy, ), /1"y, 1)}
< Vu,eu, min{/™ (uq, u,), J3" (uz, uz)}

= (J o J2)™(uy, uyp)

In the similar situation, one can explain that
(JeJ)™(uyuz) = (J o J2)™(uy, uz).
(ii) From part (i), we have

6100, 8,006, € 6,065.
3.20 Theorem: If §;, 6, € BFR(u; X u,) with §; €
6, and § € BFR(u, X uz), then
6,08 S 6,00.
Proof: Analogous to the proof of the theorem(3.19).
3.21 Theorem: Let §; € BFR(u; X u,),
8, € BFR(u,; X u3) and 63 € BFR(u3 X uy). Then
810(68z0 83) = (610 8;)° 63
Proof: Let u; € Uy, u, € U,. Then by definition (3.15) ,
it shows that

(J1°Jz2) J3)™ = Vy,ey,min {J;

J2)™ (uz,u3),J3" (u3,us)} =
Ve, Viev, min { J1" (U, uz), J3" (uz, u3), /3" (us, us
= Vu,eu, Vu,ev, min { J1" (g, uz) ,J7" (uz,u3), J5" (us, us
Va,eu, min { J1" (ug, u2) (Vy,eu, min { 3" (uz,u3), J5" (u3, us)}
= Vy,eu, Min { T (ug,uz), (J2 0 J3)™ (U, us)}

= (JT" o (J2°J3)™) (ug, uy)
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Similarly,

((]1 °J5) °]3)m(u1:u4) = (]1 ° (J; °]3))m(u1 ) Us)

In the subsequent result, the distributive laws of
composition over union and intersection are given.

3.22 Theorem: Let § € BFR(u; X u,) and &;, 6, €
BFR(u, X u3)
hold;

() 60(6,U8,) =(5°6,)U(80°8,)

(D) 6o(6,Nb) =(F08)N(F068,)

Proof: we shall prove only (i)and (ii) proved the

. Then the following statements are

following same lines
(i) Let (uq,u3) € U; X U;. From definition (3.15) and
definition (3.4) (i), it follows that
(Jo(Jy U )™ (ug,u3) =
Va,eu, min {J™(uq, uz), (J; U J2)™ (up, u3)}
= Vayyer, min { J™(uy, up), JTt Uz, uz) V J7H Uz, Uy
Vu,eu, max {min { J™ (uq, u,), " (wg, u2)},
min {J™ (uy, up), J3" (uz, u3)}}
=max (Vy,ey, min {J™ (uy, uz),
J1* (U1, u2)), Va,eu, min { J™ (g, uz), J1 (U2, u3)}

=max {(J © J1)™ (ug, u3), J © J2)™ (ug,u3)}
In the similar way, it can be proved that
(Jo(Jr VJ2)™(uy, us)

= min{(J ©J;), (J 2 J2)™) (uy, u3).

Hence the proof.
3.23 Theorem: Let 6;, 6, € BFR(u; Xu,) and § €
BFR(u, X u3) then the following assertion hold;
() (61U &) 083 = (8;,083) U (6;0°83)
({i) (81 N 8,) 0 63 = (8,0 83) N (8,0 83).
Proof: Analogous to the proof of theorem (3.22).
3.24 Lemma: Let § € BFR(uq X uq). Then
(D)Tgpg © 8 = Tppg
(ii) Lprre 6 = Lppg-
Proof: From theorem (3.22) Lemma (3.24).
3.25 Proposition: The result is obtained theorem (2.23)
Triplet (BFR(U; x U,),U,0) is
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(i) A semi ring identity element Tgrg € BFR(uq X uq)
and zero element Lgpr€ BFR(u; X uy).
(ii) A hemi ring with zero element Lgggr€
BFR(u; X uq).
Proof: Straight forward.
4. BEAL’S FUZZY ENTROPY MEASURES
In this section, first we give the conditions of entropy
for beal’s fuzzy set. It is the generalization of
intuitionistic fuzzy sets and Pythagorean fuzzy sets
respectively. The set of beal’s fuzzy set in X is denoted
by BFS(X).
4.1Definition A map M:BFS(X) — [0,1] is called as
entropy on X if ‘M’ satisfies the following conditions:
(M):0<M(A) <1;
(My): M(A) = 0, if and only if A4 is a crisp set.
(M3): M(A) = 1,if and only if 5 () = K7 (x;),x; €X
(M,): M(Z) < M(E) if and only if A < B;
(Ms): M(A) = M(A%), where  A°={(x, K3 (x), /3" (x)/
x € X}
This idea to find out the vagueness from a fuzzy set and
its negation were introduced by Yager. In ranking
alternatives using an TOPSIS algorthim, we use
distance measure to obtain the distance between every
alternatives to positive ideal solution and negative ideal
solution respectively.

Let us consider X = {xq, x5, ....x,,} be a fixed
discrete universe of discourse. Then the distance

between two BFSS 4 and B is defined as

A(AB) = [ (Sl e - g ool + [KE G -

1
m+n

1
K2 G| + NGy — l'Ig‘i(xi)|m+">] (D)
Usually, in various practical life setting applications and

ranking of alternatives weight vector w of the number

x € X is considered. Therefore, we assign weights in

1970

equation (1) and created weighted distance measure for
BFSS.

Assume that the weight of every element x; € X
is w;(i = 1,2,...n) such that -, w; =1, where 0 <
w; < 1.

If we replace B by AC in equation (1) reduces to

distance between A  and its complement A° as

4@ B) = [FEmmeo - kel ] - @)

Based on equation(2), we will use equation(2) to
form a new entropy for Beals fuzzy set; a (Z) =
1

1-d(A7) = 1- L3R -

1

_L qmin
K] - )

4.2 Theorem Let X = {x;,x,,....x,} be a fixed
discrete universe of discourse. Then the suggested
entropy lg, (A) for BFSS satisfies the conditions
(M) — (M3) in definition (4.1).

Now let us consider X = {x4, x5, ....x, } be a finite
universe of discourse and A be a BFSS on X. Then a
new entropy measure of A is defined as

|]Z(xi)—Kz(xi)|
1+|]§(xi)—1(;(xi)|

l,(A) =1-23%, ————(4).

4.3 Theorem Let X = {x;,x,, .... X, } is a fixed set, the
proposed entropy lg, (A) satisfies the condition

(M) — (M) to in definition (4.1). Finally, we propose
new and intuitive entropy for BFSS based on the
division of min and max operations. Let us consider

X = {x1,X,,....X,} be a fixed and 4 be a BFSS on X.

Then, a new entropy measure A is explained as

l ) = 1 Zn: min (7' (x;), K5 (x)), H%Tn (xp)
mn/maxits T g £ max (J* (), K3 (x1), H%’;M (x)
-——=0)

4.4 Theorem Suppose that X = {x;,x,,....x,} be a
fixed set, the proposed entropy lyin/max satisfies the

conditions (M;) — (M3) in definition (4.1).


http://www.jchr.org/

Journal of Chemical Health Risks

www.jchr.org

JCHR (2025) 15(6), 1963-1974 | ISSN:2251-6727

Example: Consider 4 = A_{(x, 0.6520,0.7854,0.6201)}
B =
B{(x,0.8130,0.5916, 0.6346)

T = C{(x,0.1990,0.9930,0.2351)

are three BFSS in the singleton universe of discourse

X = {x}, then the entropy measure for these BFSS.
Using proposed equation (3) and (5) in table in for m >
3andn = 3.

BFSS ld1 le lmin/max
A 0.7927 0.6566 0.4922
B 0.6697 0.5034 0.3853
c 0.0287 0.0146 0.0080

Table-1 Entropy measure of three BFSS.

5. PROPOSED METHOD-ORTHOPAIREAN
TOPSIS ALGORITHM

In this section, we develop multi criteria decision
making problems in a beal’s fuzzy environment. Hwang
and Yoon first introduced the Topsis method to handle
the problems related to MCDM. Usually, the available
information related to daily life setting involving
multicriteria decision making processes are mostly in
exact or vagueness. So it is very difficult to come up the
intuitively acceptable decision without using excellent
method. Therefore we utilize orthopairean TOPSIS
method based on proposed entropy measures equation
(3) and equation(5) to tackle problems containing
complex multi criterian decision making process
associated to practical life.

we consider that there are m alternatives and wish to
calculate them on n criteria.
Assume A = {4,,4,,453 ....A,,} with i =1,2,...m and
assume that the set of criteria for the alternatives be
denoted by Q; with j =1,2,..n. Our objective is to
pick the most efficient alternative among the given set
of alternatives. The construction steps for the
orthopairian TOPSIS based on suggested entropy
measure equation (3) and equation (5) are given as:

1971

Step-1: Construction of Beal’s Fuzzy Decision
Matrix

In this case, the alternatives A; forced to criteria Q; is
denoted by Beal’s fuzzy value membership supports,
K;jdenotes the non-membership grades and m;; stand
for the degree of interdeterminacy against the
alternatives A; to the criteria Q; with the condition that

0 <) K} <1and ]} + K[} + =]} "=1.
The Beal’s fuzzy decision matrix (BFDM)
represented by,
R = Al.]
(11, K11, 11) (12, K12, 12) U1 Kiny Tt10)
= | Uz21,K21,121) 22, K22, T22) (Uzns Ko, 20)
Umlﬂ Kmlﬁ 7Tml) Umz' szr ”mz) (]mn' Kmn' 7rmn)

Step-2: Determination of Weights Criteria

M, —
The weighted criteria is w; = ]17 where M, =
j 1)

;Z}Ll A;; with the condition that 0 < W, < 1 provided
that X7, W, s=1.

Step-3: Utilize the score function to determine the
Beal’s fuzzy positive ideal solution and Beal’s fuzzy
negative ideal solution.

Let F; and F, be the sets of benefit and non-benefit in
the criteria @ with the principle of TOPSIS. we define
beal’s fuzzy positive and negative ideal solutions is
given by

A+ ={<Q;, U} K, nf") >}where (J}, Kj*, ")
= (11010)I] e Fl;
-={< Qj, (]]-‘,K} n]-‘) >lwhere (]j‘, Kj‘,nj‘)
= (0,1,0),j € F,.
Step-4: Use the distance formula, to calculate the
weighted distances between two ideal solutions

1

[ n m+n
1
R*(4;) = Z—Z |1 ]L] s | | + |7Tm+n |)]

1

m+n m+n
wy (g™ + (=" + [ ]

M:

1
R™(4) = E

1l
[y

i

wherei =1,23,..mandj=123..n.
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Step-5: Calculation of Relative Closeness

The relative closeness degree R(A;) is calculated as

Step-3 : we calculate the distance alternative of beal’s

fuzzy positive and negative ideal solutions

R(4) = % la, R*(4) R™(4))
The alternative with maximum relative closeness degree D, 0.7517 0.3417
is taken as the best alternative among all other D, 0.6129 0.5576
alternatives. Ds 0.9576 0.0625

5.1Example: Consider the parent wants to choose the Table-4 Distance of alternative I,

best private college in Trichy among some well-known

private sector colleges. Let us take there are three well- 12
known available private colleges. 1
D;: Private colleges P; 0.8
D,: Private college P, 06 mD1
D3: Private college P5. To choose the best one, we need ' = D2
to consult some educational expert and their opinions 04 D3
are represented by three criteria as; 0.2
T,: Highly qualified and experienced faculty 0
T,: Discipline and co-curricular activities ld1 d2 Imin/max
T5: Timely assessment and parents teacher meeting. Beal’s fuzzy positive ideal solution
For the selection of best alternatives, we apply our
proposed entropy measure equation (3) to equation(5). Table-5
Step-1: First we construct the beal’s fuzzy decision Distance of alternative lg,
matrix as follows
0.7
T T. T
! 2 s 0.6
D, [ (0.6252,0.7855,0.6201)  (0.5520,0.9152,0.4026) (0.4320,0.9324,0.7740 0.5
D, ((0.4320,0.9324,0.7740) (0.7310,0.8143,0.4111) (0.7310,0.8143,0.4111
D5((0.1190,0.9930,0.2351)  (0.4265,0.9715,0.1765)  (0.0265,0.999,0.0669] 0.4 ED1
Table-2 0.3 - " D2
0.2 - D3
Step-2: We calculate the weights of each criteria using
the three proposed entropy measure form equation (3) 0.1 -
to equation (5). 0 -
- — — — ld1 I1d2 Imin/max
Entropies Wy Iz w3
Beal’s fuzzy negative ideal
la, 0.4098 0.4593 0.1306 _ _
lmin/max R+(Al~) R™(4)
lg, 0.4799 0.4406 0.0792
Lminjmax | 0.7147 0.1843 0.1027 D, 0.6988 0.3986

Table-3 Entropy values and weight of criteria

1972
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D, 0.5563 0.6333 0.6
— 0.5
Ds 0.9757 0.0462
0.4 = D1
Table-6 Distance of alternative lyin/max ideal 0.3 - = D2
0.2 +
1.2 D3
0.1 -
1 o
0.8 Id1 1d2 Imin/max
0.6 H R+(A)
Composite of relative closeness
0.4 H R-(A)
Step-5: The ranking alternatives is calculated by
0.2
Entropy Rank Best
0 alternative
D1 D2 D3 - _
ldl Dz > Dl > D3 Dz
Beal’s fuzzy Lnin/max
le D, >D, > D, ,
Step-4: The degree of relative closeness is calculated
ldl R(A_L) ldz R(A_l) lmin/max R(A_L) lmin/max D-; > DI > D; D;
D, | 03123 D, | 0-3267 Dy 0.3632 Table-8 Ranking of alternatives.
D, | 0.4762 D, | 0.5042 D, 0.5327
— — — ——D1 ——D2 D3
D, | 0.0610 D, | 0.0602 D, 0.0452
0.5327
|az | @)  R-@E) _—
D,
| | 0.7362 0.3569
ld1 Id2 Imin/max
Dﬂ
- 0.5705 0.5807 . . .
| I Comparison of ranking alternative
D, 0.9587 0.0616 It is clearly shown in table-8. there is no conflict in
| | ranking the alteranatives using suggested entropy

Table-7 Degree of relative closeness

1973

measures equation(3) to equation (5). Hence D, is the
alternative from table-8. (i.e) Private college D, is the
best D,,D,,D;.
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