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A New Exponential Approach for
Reducing the Mean Squared Errors of

the Estimators of Population Mean

Using Conventional and Non-Conventional
Location Parameteres

Housila P. Singh Anita Yadav
Vikram University Vikram University
Ujjain, India Ujjain, India

Classes of ratio-type estimators 7 (say) and ratio-type exponential estimators 7, (say) of the
population mean are proposed, and their biases and mean squared errors under large sample
approximation are presented. It is the class of ratio-type exponential estimators 7, provides
estimators more efficient than the ratio-type estimators.

Keywords: study variable, auxiliary variable, bias, mean squared error.

Introduction

The use of auxiliary information at the estimation stage of a survey improves the
precision of the estimate(s) of the parameter(s) under investigation. The problem
of estimating the population mean or total using population mean of an auxiliary
variable has been extensively discussed. Out of many ratio, product and regression
methods of estimation are good examples in this context. The ratio method of esti-
mation is most effective for estimating population mean of the study variable when
there is a linear relationship between study variable and auxiliary variable and they
have the positive (high) correlation. However, if the correlation between study vari-
able and auxiliary variable is negative (high) the product method of estimation can
be employed.

LetU=(U, U,..., U,) be the finite population of size N and the variables under
study and auxiliary be denoted by y and x respectively. Let |7, X | be the popula-
tion means of (y, x) respectively. It is desired to estimate the population mean Y
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using information on population parameters such as mean (X), coefficient of vari-
ation (C, ), coefficient of skewness (f3, (x)), kurtosis (5,(x)), deciles, quartiles,
median, midrange (MR), Walsh average (i.e. Hodges-Lehman estimator) (HL) (and
tri mean (TM) etc, associated with auxiliary variable x and the correlation coeffi-
cient p between y and x. In this context, the reader is referred to Searls (1964), Das
and Tripathi (1980), Sisodia and Dwivedi (1981), Upadhyaya and Singh (1999),
Singh and Tailor (2003), Singh et al (2004), Kadilar and Cingi (2004, 2006) , Yan
and Tian (2010), Subramani and Kumarapandian (2012a,2012b,2012c¢), Jeelani
et al (2013), Ekpenyoung and Enang (2015), Subramani et al (2015) and Abid et
al (2016a,b,c).
Define:

N : Population size.
n: Sample size.

f= M . Sampling fraction.

=

N _
Sy2 =(N-1"% (y ;= Y)Z: Population Variance of the study variable y.
2

N —
S2=(N- 1)71 > (x,. -X ) : Population variance of the auxiliary variable x.

C,=S, / Y : Coefficient of variation of the study variable y.
C, =S, /X: Coefficient of variation of the auxiliary variable x.

S, = (N-1)" %(xi - )?)(yi - 7): Covariance between y and x.

i=l1
p=S,/ (Sx S, ): Correlation coefficient between x and y.
C=pC,/C,,
M ;: Population median of x.
Q; : " population quartile (i=1,2,3).
7. (0+0,+0;)
; 2

: Tri mean.
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H,= median ((X St X )/ 2,1<j<k<N ) Hodges-Lehmann estimator.
X () Lowest order statistic in a population of size N,

X (y): Highest order statistic in a population of size N,

Xpn+X
M, = M:Mid range,

0, = (Q3 - Ql) : Inter-quartile range,

0, = % : Semi-quartile range,
N —\3
Niz (xl -X )
B, ( x) = (N "=11)(N 2)S3 : Coefticient of skewness of the auxiliary variable x,
B, (x)= = : Coefficient of kurtosis of

(N=1(N =2)N-3)si (N -2)V-3)

the auxiliary variable x,

g, 251
=| B (x)- B, (x)+W(N—3)

2

+

0,= %: Quartile average,

Y
R= 5 : Population ratio of means,

4 N(2i-N-1
= Z( =N )X (;): Gini’s Mean Difference,
N-1li=1 2N
N

D= 2z Sli— N+l (;): Downton’s method,

N(N ~1)i= 2

= —Z 21 - X Probablhty Weighted Moments,

N
u.(x)= l/N Z( ) r being non-negative integer.
i=1
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We are interested in estimating the population mean Y of the study variable y
(taking value y, fori=1, 2,..., N) from a simple random sample size n drawn without
replacement from the population U. We use the notation y and x for the sample
means, which are unbiased estimators of the population mean Y and X, respec-
tively. We also denote:

Sy = (n - 1)71 Zn:(xi - f) (yi - )7): Sample covariance between y and x.
i=1
2

s2=(n- 1)_1 (x, —X) : Sample variance of x.

x =

M

1

A S . . . . .
B=— Sample regression coefficient estimate of the population regression

T S
coefficient g =—"ofy on x.

X

{

Existing Modified Ratio Estimators and
The Suggested Class of Ratio Estimators

<1<

: Ratio of sample means.

~>

+ ,@ ()? — f)} Regression estimator of the population mean Y .

<

The usual unbiased estimator for population mean Y is defined by
=7, (1)

whose MSE is given by

(-

n

f) g2 )

wse(p)=1=1) 52

The classical ratio estimator for the population mean Y in presence of known pop-
ulation mean X of the auxiliary variable x is defined by

Yr=Y x#0. (3)

=1 >

To the first degree of approximation, the bias and MSE of the ratio estimator yp
are respectively given by

(RS=pS.5,) 4)



REDUCING THE MSE OF POPULATION ESTIMATORS

and

MSE(;R)=(l_f)(sj+R2Sf—2RpSy s.). (5)
n
In Table 1, the modified versions of the ratio estimator reported by Kadilar and
Cingi (2004) are given, Kadilar and Cingi (2006) —type estimator, Yan and Tian
(2010), Subramani and Kumarapandiyan (2012a, 2012b, 2012¢c, 2012d), Jeelani et
al. (2013) and Abid et al. (2016) along with their biases and mean squared errors
(MSEs) to the first degree of approximation, as reported in Abid et al. (2016).
Note the estimators 7, £ j=1to 65) members of the following class of estimators
of the population mean Y defined by

t:?(a)?+bJ :[)_}+ﬂﬂ()?_f)](a)_(+b], ©

ax+b ax +b

where £ is the sample estimate of the population regression coefficient 4 of y on x,
a(;t 0) and b are real numbers (constants) or the functions of population parame-
ters such as population total X (: NX ), population standard deviation S , variance S?,
coefficient of variation C_, '

Coefficient of skewness f3,(x) and kurtosis f3,(x), correlation coefficient p,
A, quartiles, deciles, median, mode, midrange, Trimean and Hodgs-Lehmann (HL)
estimator etc.

Some unknown members of the suggested class of ratio-type estimators ¢ are
given in Table 2

To obtain the bias and mean squared error of the proposed class of estimators ‘t’
we write

y=Y(l+¢), x=X(1+¢),s, =5, (1+¢),s; =5. (1+¢)

> Pxy T
such that
E(e)=0 forall i=1,2,3;

and

E(ez):MCy2 , E(ef)zMCf , E(ee)= 1=/ cc:?

0 x ?
n n n

N(N_n) Hy 1 =(N_n) Hy
(N=1)(N-2) n XS, n(N-2)Xu,’

E(ee,)=
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Table 1. Known modified ratio estimators for the population mean Y .

S.No. Estimator MSE of (.) Population Ratio
y _ _
1 h==X o[ RS2 +5:(1-p7)] Rlz%zR
Kadilar and Cingi (2004)
__ Y 5 ¥
2 T o(msi+si0-0]  R(re
Kadilar and Cingi (2004)
)7 _ —
= - Y
s Teap) A des+s-)]  Regpm
Kadilar and Cingi (2004)
}% _ _
= - Y
o TEawra) A ofrist+si0-)]  R=rgiyie
2 2 x
Kadilar and Cingi (2004)
? _ _
= - (XC YC,
s “TRep )T AY) ors (-] A=)
2 x 2
Kadilar and Cingi (2004)
y _
6. t= ) (X+p) a[R;sj +52(1 —pz)] R, = )?ip
Kadilar and Cingi (2006) —type
= Y YC — ?Cx
Kadilar and Cingi (2006) —type
? _ _
= Xp+C Yp
S o[RS +s1-0] (e
Kadilar and Cingi (2006) —type
_ YA Y YB,(x
I T T AL dris+s0-r)] k=i
Kadilar and Cingi (2006) —type
7 B _
ty=—————(Xp+ - Yp
N e [R5t +5i0-0] BT
Kadilar and Cingi (2006) —type
e ]
no T Er g HA) olrs s 0-7)] AT am)

Yan and Tian (2010)
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Table 1. continued

S.No. Estimator MSE of (.) Population Ratio
7 7 _
ty=7—————— X,B](x)+ﬂ2(x) 202, Q2(1_ A2 - Y5 (%)
12. & (x)+ﬂz(x))( ) ors s (1-p7)] R (X5,(x)+ /(1))
Yan and Tian (2010)
__ Y 7
13. tl3_(f+Md)(X+M”’) 6[R123Sf+Sj(l—p2)] Rn:m

Subramani and Kumarapandian (2012a)

v B _
— Yc
4o ewaa) M) o[Rsi+5:0-0)] R~z
X d
Subramani and Kumarapandiyan (2012a)
}% _ _
ty=7————\X +M B (x)Y
s e A s s (-] R
1 d
Subramani and Kumarapandiyan (2012b)
v _
O T LTETI R ST
Subramani and Kumarapandiyan : ¢
(2012c)
117=L(1\7+D1) 2 @2 2 2 R. = Y
17. ()?+D1) (9|:R17SX+S},(1—,0 )] 17_()?+D)
1
Subramani and Kumarapandiyan (2012d)
te = YA ()?'FD) 2 @2 2 2 Y
0 Gy P drs 0= R=(ripy
2
Subramani and Kumarapandiyan (2012d)
ty = )% ()?'f'D) 2 @2 2 2 - Y
o )P mstesii-rl] Rl
3
Subramani and Kumarapandiyan (2012d)
Iy = ! ()?"‘D‘;) 2@, @2 2 R = Y
20. (x+D,) o[ RS2 +5(1-p*)] 2= (%D)
4
Subramani and Kumarapandiyan (2012d)
et (X+D;) Y
21. 1T (7+D,) 5 B[R;S5+Sf_(l—p2)} R21=()?+D)
5
Subramani and Kumarapandiyan(2012d)
t, = Y ()?‘I'Dﬁ) 2 @2 2 2 R. = Y
22. (x+D,) o[ R,SI+S:(1-p") ] Sy
6
Subramani and Kumarapandiyan (2012d)
continued

8
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Table 1. continued

S.No. Estimator MSE of (.) Population Ratio
Y 5 ¥
23. t23_(f+D7)(X+D7) 9[R§3S3+Sy2(1—,02)} R23_(;7+D7)
Subramani and Kumarapandiyan (2012d)
t,, = r (X'FD ) 2 @2 2 2 Y
2 a0 frssi-r)] R
Subramani and Kumarapandiyan (2012d)
t,, = }7 ()?-FD ) 2 o2 2 2 )7
A L
9
Subramani and Kumarapandiyan (2012d)
t =L()?+D ) 2 @2 2 2 Y
26. 2 ()T:+D10) 10 HI:R%S]C +S}, (1 -p ):| Ry = ()?+D10)
Subramani and Kumarapandiyan (2012d)
ly :,#()?ﬁl (x)+Qd) 2624 g2 2 ___TAW)
27 (A () RS 1= R (0]
Jeelani et al (2013)
B A(p)?-i-Md) )7
28, =Y R, o[RS +52(1-p")]  Ru= e - W)
Subramani and Kumarapandiyan (2014)
Y _ _
e — B (x)Y
2. TEreg) A s es1-p)] B0 )
Subramani et al (2014)
Y . _
= (X Y
0. " Eameg) P00 o[risi+s;(1-p")]  Ru= (ﬂ(ﬂ)(X) +0)
Subramani et al (2014)
tzlzL()?ﬁz(x)+Qr) 2 @2 2 2 — ﬂZ(x))7
3 (W ()+0) omsesii=r)] BErgixg)
Subramani et al (2014)
t32=+()?ﬂ2(x)+Qd) 2 Q2 2 2 — 'BZ(X)Y
32. (6. (x)+0,) o[RS +52(1-p%)]  Ro= (B()7+3)
Subramani et al (2014)
}7 _ —
= (X Y
. T (eg) e s +si-] R=i g

Subramani et al (2014)
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Table 1. continued

S.No. Estimator MSE of (.) Population Ratio
Ly 2#(;{@ (x)+Q1) 2624 82 2 R, = 'Bl(x)y
. (8 ()+0) olrsiesi1-2)] R xra)
Subramani et al (2014)
F B _
s = X (x)+0, 2 @2 2 2 B (x)Y
35. (fﬂ](x)+Q3)( A(x)+2) o[RS +52(1-p%)] Ry “B()%+0)
Subramani et al (2014)
Y _ p—
136 =—(X | + (). 2 o2 2 2 _ ﬁl(x)Y
36. (fﬂl (x)+QV)( Alx) Q') Q[R%Sx +5, (1_:0 ):| Ry (ﬁ] (x))?+Q )
Subramani et al (2014)
v _
t37 Sy erere—— X 1 + 2 o2 2 2 ﬁl(x)
37. FAG+e) Are) R N T vy
Subramani et al (2014)
ty = Y (pX+Ql) 2¢2, @2 2 R. = pY
38. ST (px+0) o[ RS2 +5:(1-p7)] "= (px+0)
Subramani et al (2014)
tyy = r (p)?+Qx) 202, @2 2 R. = pY
39. (prv0) 7 oS +s0-2)] R0
Subramani et al (2014)
ty = Y (p)?+Q ) 202, Q2 2 R = pY
40. (,Of‘i‘Q,) r HI:Rme +S}, (1—,0 ):| 40 = (,0)?+Q )
Subramani et al (2014)
2 B _
S E—— 2 Q2 2 2 = pY
41, Iy (pf+Qd)(pX+Qd) 0|:R41SX +Sy(1—p >:| Ry, (,0)7+Qd)
Subramani et al (2014)
lp= ? (p)?"’Q ) 202, Q2 2 R. = pY
42 (pf"'Qa) a Q[RAZSX +Sy (1 _p )j| 42 (p)?+Q )
Subramani et al (2014)
t,= ? ()?+T ) 2 @2 2 2 Y
43 s (E+Tm) " 9[R43Sx +S,v (l_p ):| R43 = ()?+T )
Abid et al (2016a)
[44:;()?CX+TM) 2 Q2 2 2 _L
44 (_X,'C‘)C + Tm) ’ 6[R44Sx +Sy (1 _p ):| “ ()?'CX +T;,,)

Abid et al (2016a)

continued
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Table 1. continued

S.No. Estimator MSE of () Population Ratio
45. [45_(fp+Tm)(Xp+Tm) o[ Ri;s:+ 53 (1-p%) ] 45:()?pr )
Abid et al (2016a)
o= (¥ u) WSi 4S8 (1=p7 Ry
o T s et Ry
Abid et al (2016a)
¢ :L()?C+M) 262 @2 2 R, = c,
47. U(RC M) o[ Res:+53(1-p7)] To(Xem)
Abid et al (2016a)
— Y X }7
48. l48_(fp+M,)(Xp+Mr) 9[R38S5+Sj(1—p2):| 48:()?pr)
Abid et al (2016a)
e (%em) 54117 -t
49. 49 (f-l—Hl) ! 6[R49Sx +Sy (l—p ):| R49 ()?+H1)
Abid et al (2016a)
IZL()?C+H) 2824 8% (1= p? - 15
“ oGy G olrs+s(1-27)] o= e L)
Abid et al (2016a)
e o) sesios)] R,
51. 51 (xp+H,) ! 0|:R515x+Sy(1_p ):| 51_()?p+H,)
Abid et al (2016a)
52 I = 7Y ()?J'_G) oS! S(1-p Ra= :
| 50 dresiesi-m) 2 rig)
Abid et al (2016b)
) _ Y,
B st Ao
Abid et al (2016b)
= }7 ()?C +G) 2 a2 2 2 _ ?Cx
54. 54 (fCX +G) x 9[R54Sx +5, (l_p ):| T ()?C +G)
Abid et al (2016b)
55. Iss = (x+D) (X+D) Q[RSZSSXZ +Sy2(1—,02):| Bss = ()?+D)

Abid et al (2016b)

11
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Table 1. continued

S.No. Estimator MSE of (.) Population Ratio
6. " pep) P tY) e I
Abid et al (2016b)
) 2 _ Yc
5. o)D) o[RS+ (1-0)] R
Abid et al (2016b)
158=L()7+S ) WSISi(1-p7 .
pw
Abid et al (2016b)
Lsg :#("?p"'SW) S: ; ’ - ?p
59. (xp+5,.) orsies-)] = (Xp+S,.)
Abid et al (2016b)
/ :L()?C&S ) 22 g2 2 et
60. Co(xers,) o[rasisi(-p7)] - Ras (XC.+5,.)
X pw
Abid et al (2016b)
‘o= ? ()?p'l'D) 2 o2 ) 2 _ ?p
61. " (xp+D) 1 o[ RSt +53(1-p7)] " (Xp+D))
Abid et al (2016¢)
— Y Y ?
62, z62_(fp+D2)(Xp+Dz) o[ RS?+S:(1-p")] 62=()7pr2)
Abid et al (2016¢)
! =L()?P+D) GS.+S) ’ ~ =L
63. 6 (fp+D3) 3 9[R63Sx +Sy(1—p ):| 63_(Xp+D3)
Abid et al (2016c¢)
t64=;()?p+D4) uST+S) ’ - e
64. (xp+D,) o[RSt +Si1-07)] “ (Xp+D,)
Abid et al (2016¢)
fo= ? ()?,0+D ) 2 a2 2 2 _ ?p
65. 65 (xp+D;) 5 HI:RGSSX+S},(1—p ):| 65_()7(,0+D5)
Abid et al (2016¢)
66 ["’(’_(fp+D6)(Xp+D6) 6[R§6S3+Sf,(1—p2)] R“:()?p%ﬂ
6

Abid et al (2016c)

12

continued
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Table 1. continued

S.No. Estimator MSE of (.) Population Ratio
i 2 B Y,
67. o = (fp+D7)(X/’+D7) O R;,S:+53(1-p7)] 7 =()7p%%)
Abid et al (2016c)
N (Xp+D,) wS.+ S (1-p7 -7
68. “"(xp+D,) ' o[ Risi+5(1-p7)] *(Xp+D,)
Abid et al (2016c)
— Y X )7
69. "= Gp+D,) (Xp+D,) o[RS+ (1-p7)] o :()?pifa})
Abid et al (2016c)
70. = (fp+Dm)(Xp+D‘°) o[ &S:+5;(1-p7)] " (Xp+D,)
Abid et al (2016c)
. $ B YC,
71. t3 _W(XCX+DI) 0|:R721S5+S»2(1_p2):| m :W
Abid et al (2016c)
,zi()?cuj) 262+ 82 (1- p? S
72, ", D) o[ R +51(1-0")] " (¥, +D,)
Abid et al (2016c)
e T (en) sres(op)]  Rer TG
73. Po(EC+D) T o s+ 800 "(Xe+n)
Abid et al (2016c¢)
; :L()?CJ{‘D) 2 o2 2 2 —L
74, *o(xc.+p,) 0[R7“S*+S”(l_p )] " (xc,+p,)
Abid et al (2016c)
; :L()?c +D,) 28T+ 8% (1= p? -
75. *(C, D) o[ Rs+51(1-0")] " (xe,+ D)
Abid et al (2016c)
; :L()FC+D) 2 o2 2 2 —L
76. oFCHD) T ol msi (-] " (¥c.+D))
Abid et al (2016c)
. = Gae ) 7+ D) o[RS +5:(1-p%)] Ry “(%c.+D))

Abid et al (2016c)

13
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Table 1. continued

S.No. Estimator MSE of (.) Population Ratio
- v X YC,
o TG o[RS+ 0-0)] BTy
Abid et al (2016)
e YC,
. P Theen) T orsiesii-r)] A=l in)
Abid et al (2016c) '
=7Y X YCY
. WG, ¢ o[rs e (-] Ra=(e 5
Abid et al (2016¢)
Eee,)= N(N-n) My 1 (N—n) sy
PUO(N=1)(N=2) n XS? n(N-2)Xpu,’
—r s C S
where 4 :E[(xi—X) (v,-Y) }, C=pnyy, C, =7y, C. :% and
Sxy . . .
P = < ,(r,s) being non-negative integers.
(5.5,)

Expressing ‘t’ defined by (6) in terms of e’s
t= Y[H-eo —[ﬁ%)el (I+e,)(1+e, )_1}(1+7e, )

(aX)

h =——.
where T (aX+b)

Assume |¢|<1 and le;] <1 so that we (1+e, ) 'and (1+7¢)" are expandable.
Expanding the right hand side of (7), multiplying and neglecting terms of e s having
power greater than two we have

t= 7[1+eo —Te +77¢] —Teye —c(e1 +ee, —ee, — 1€ )}

14
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Table 2. Some unknown members of the class of ratio type estimators t.

Values of constants

S.No. Estimator a b
1 P=7 ('2 ((z))f:’; )) B () p
2 ‘ =§((/;1 >)CC)) A () c.
L m o
. (=7 X//jg))g;))] A() e
5. £=Y f/f:g'((;))] p A ()
. . MdX+CXJ M, c
M, +C.
8. n=¥ f&ffﬁz((f))] M Ax)
J e 2 )
10. =Y f&fj;] M, p
1. =Y figj] 1 O
12. =Y fg:gj] c 0,
14, f=Y fg::g;’j M, 0,
15. =Y %;:g] 0, c,
16. o g‘;f:ﬁﬁ:((;)) ] ) B.(x)
continued

15
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Table 2. continued

Values of constants

S.No. Estimator

a b
# 2 Qd)?+/?l(x)
—y| =/
17- [17 Qdf'f'ﬂl(x) Qd ﬂl(x)
. _s(0X+p
:Y —_—
18. tls Qdf+p J Qd p
. z[0,X+M,
=y| =E " d M
19. ty 0F+M, ] 0, d
- _? ﬂ](x))?+Qd
20— —_
20. Bi(x)x+0, B(x) 0,
Kumarapandiyan and
Subramani (2016)-type
. 2 )?,Bz(x)+T
=Y —" ) T,
21. & XB,(x)+T, A.x)
. 2 XB(x)+T,
=Y —_— " 1 Tm
22 =70 RE (e, AR
. 2 XM, +T
e M T,
23. s XM, +T, J ¢ "
. = X0, +T
=y| £Zd T m T
24. tz4 de +Tm J Qd m
. [ XT +C
c v A T T C
25. tys T+ C. ] m x
. =(XxT +ﬂ2(x)
:Y —m -7 T o)
26- t26 me+,B2(x) m ﬂ ('x)
. 2 XT +p
:Y m T
27. t27 me +p} m p
. 2 XT + 4, (x)
=Y
28 t28 me +ﬂ] (X) J m ﬂl(x)
2 XT +M
=Y = d T M
29 tzg me +Md ] m d

16
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Table 2. continued

Values of constants

S.No. Estimator a b
30. ty=Y %] z, 0,
31 e A W,
32. t,=Y %] B (x) M,
33. ty=Y %] M, M.
34. f=Y %] 0, M,
35. f=Y ?A:[—ISJ M, C,
36. 6,=7 );‘::Z((j)) ] M, B.(x)
37. =Y fﬁ:ﬁ ] M. o
38. f=Y g:—%] M, B (%)
39. f,=Y ggiﬂﬁj"j M, M,
w0 =T el W, 0,
41. =Y g—:g T, M,
42. fh=Y ?A‘ji; M, T,
43, f=Y ifgj;;:g] By (x) H,
continued
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REDUCING THE MSE OF POPULATION ESTIMATORS

Table 2. continued

Values of constants

S.No. Estimator a b
44, =7 fg((;)):zl] B (x) H,
45. fy=Y m] M, H,
46. f=Y fQj:fIl’] 0, H,
47. f=Y fg’:g] H, c,
48, fy=Y fg::gj((;)) J H, B, (x)
9. a1 Ber] " /
50. ts*oz)% fg;:gl((z))] H, ,Bl(x)
51. =Y im] H, M,
52. =Y fg’:gjj H, 0,
53. =7 fg:;‘;] H, M
5. aei| ) g "
55. ty=Y fg‘:;] H, T,
56. t=Y fm] M, H,
57. f=Y f:g:} 1 0,

18
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Table 2. continued

Values of constants

S.No. Estimator a b
58. f=Y fg:g] c, 0,
62. fh=Y %] M, 0,
63. =Y fg::g:} 0, 0,
64. =Y );(g: :g ] 0, c,
65. =Y fg: : gj((j:)) J 0, B.(x)
66. =Y %‘5:/’0’] 0, p
67. =Y gg:é'((j))] 0, Bi(x)
68. =Y fQ)?:AAZ:‘ ] 0, M,
69. ly=Y % 0, 0,
70. fy=Y % 7, 0,
71. 6=Y % 0, T,
72 aei| o 0 u,
73. f=Y );;I:g ] M, 0,
74. f,=Y ;_(Z’:S:] H, 0,
continued
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REDUCING THE MSE OF POPULATION ESTIMATORS

Table 2. continued

Values of constants

S.No. Estimator
a b
. 2 X0, +H,
fhy=Y| =1L H
75 75 an +Hl ] Qu !
. (X0 +0Q
=Yy == _=a
76. 76 %040, J 0, o,
. 2( X0, +0
e e
77. 7 0. +0, j 0, 0,
. [ X+S,
78. =¥ x+ij 1 S
Singh (2003)-type
.z XC.+S
e C S
79. 7 xCx+SxJ x
t* _? )?ﬂl(x)-‘rsx
80. O RB, (x)+ S, B (%) S
Singh (2003)-type
. _; )?,Bl(x)+Sx
81. B R (x)+ S, B (x) S
Singh (2003) —type
. 2(Xp+S
t, =Y x S
82. ¥ Xp+S, ] P
. 2 XM, +S
ty =Y I M S
83. 83 M, +S, j d
- _p{Xe+0
t,=Y d__*ua
=( XS +C
L, =Y L S C
5. “ xsx+cx] :
. 2 XS + B (x)
ty, =Y| —————= S
86. Ol =y ] B,(x)
. 2 XS +p P
=Y S8 S
87. ¥ xSx+p] *

20
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Table 2. continued

Values of constants

S.No. Estimator a b
88. =1 ;_(j::—g‘((;))] S, B ()
89. =Y %J S, M,
90. =Y % S, 0,
91. =Y g—:; T, S,
92. =Y f_‘:—:; S, T,
93. =7 %j s, M,
94. =Y );5—:5] M, S,
95. =Y gj—:g H, s,
9. =1 );‘;—:g; S, H,
97. =Y % 0, S,
98. =Y % S, 0,
99. f,=Y % 0, S,
100. fy =Y [g—:g] S, 0,
101. z:m:?@:;j 1 X (= NX)
continued
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REDUCING THE MSE OF POPULATION ESTIMATORS

Table 2. continued

Values of constants

S.No. Estimator a b
102. tn=Y fg:ﬁ] C, X(=NX)
103. fy =Y MJ Bu(x) X(=NX)
104. =t m] B (x) X(=NX)
105. s =Y f/’j = p X (=NK)
102. =Y fg:?] C, X(=NX)
103, fin=Y MJ B (%) X(=NX)
104. =7 fﬂﬂ((;)):))((] B (x) X (= NK)
105. s =Y fg:;j p X(=NK)
106. =7 fﬁd:ﬂ M, X(=NX)
107. =Y fg::;(] 0, X(=NX)
108. =7 );(X:g] X(=NX) c,
109. iy =Y MJ X(=NX) B ()
110. fo=7 gil’;] X(=NX) p
1. f=7 g:gf((z))] X(=NK) B (x)

22
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Table 2. continued

Values of constants

S.No. Estimator a b
12. th=Y MJ X(=NX) M,
113. =Y g:gj] X(=NX) 0,
114. (=Y xT:j((J T X(=NK)
115. fhe=Y fﬂ] X(=NX) T,
116. the=Y g:ﬁ:} X(=NX) M,
17. =7 fgijﬁ] M, X(=NX)
118. fhy=Y fl?:j(( H, X(=NX)
119. =Y f((:g]’ X(=NX) H,
120. th =Y fg::(( 0, X(=NX)
121, =Y gig X(=NX) 0,
122. fn=Y g:ﬁ X(=NX) S,
123, fn=Y f;:;( S, X(=NX)
124, =Y fg:j;] 0, X(=NX)
125. fhy=Y f;:g:j X(=NX) 0,
continued
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REDUCING THE MSE OF POPULATION ESTIMATORS

Table 2. continued

Values of constants

S.No. Estimator a b
126. (=¥ f:AAJ | A
127. ty=Y fg:i} C, A
128. =T fg((:)):f] B.(x) A
129. thy =Y \[%J B (%) A
130. =Y fg:ﬁj p A
131. =Y fﬁ::ﬁ} M, A
132, f=Y fg::ﬁ] 0, A
133, fa=Y fﬁ:g] A c,
134. =Y fﬁ:g((;)) ] A A()
135. tf35=? fﬁ:/’j] A P
136. fhe=Y fgﬁﬁ 0, A
137. =Y fﬁ:gj A 0,
138, fy=Y fAA:SS A S,
139. =Y fg:ﬁj S, A

24
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Values of constants
b

B(x)

Table 2. continued
Estimator
Md

S.No.

~»
=
>

+

=

tl 40

140.

~p
=
>
+
<
N
N
>
>

Ly =

141.

~P
=
>
+
©
~—
oS3

*
tl 42

142.

~p>

Ly = -
m

143.

~p
=
>
+
S
>

Ly =

144.

~>
=|
>
+
<

#
tl45 -

145.
XM, +A]
H]
H

«
tl46 -

146.
Xm+A]
A

*
t147 -

~
I
=

+

>

~»
“
S
+
>
>

147.

~
=
>
+
RS
Q

*
tl 48 =

148.
X0, +A

Ly =

~»

X (=NX)

149.

X(=NX)

150.
[XA+X

o

continued

151.
[XX+A

152.

Al-Omar et al (2009)
25

153.




REDUCING THE MSE OF POPULATION ESTIMATORS

Table 2. continued

Values of constants

S.No. Estimator
a b
fsy = }% )f 0,
154. X+0, 1 0
Al-Omar et al (2009)
« _? )?ﬂl (x)+Q2
156. P Bi(x) 0,
Kumarapandiyan and Subramani
(2016)-type
s Xﬂl(x)""Qd
hso =¥ — 52—
159. B +Q ﬂl(x) 0,
Kumarapandiyan and Subramani
(2016)-type
Or
(t - 17) = f[eo —Te, +17°¢’ —Tee, —c (e1 +ee, —ee, —1e] )} . (8)

Taking expectation of both sides of (2) we get the bias of ‘t’ to the the first degree
of approximation as

B(t):(l—f)[RzS_f_LlB(&_&ﬂ

n Ty (N=2)"{ th, 1y
1—
0= 4 p) )
n
\a 2
where R‘,:E—Y,A:RJ2 STX and B= N B Bt |
(aX +b) Y (N=2)"| 1, 1y

The correct biases of the estimators listed in Table 1 and 2 can be obtained from
(9) just by putting the suitable values of (a, b). The biases of the estimators belong-
ing to the class of estimators ‘t’ is negligible if the sample size n is sufficiently large
(ie. n— N).It should be noted that the biases of the estimators ¢, to 7, listed in
Table 1 reported in Subramani and Kumarapandian (2012a,b,c,d) and Abid et al
(2016a,b,c) are not correct.
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Squaring both sides of (8) and neglecting terms of e’s having power greater than
two

(t—?) =Y’ [eg —7’el +C’e] —21epe, —2Ceoe+22'Celz] (10)

Taking expectation of both sides of (10), obtain the MSE of ‘¢’ to the first degree
of approximation as

(1=/)

n

MSE (t) = [R}S2+57(1-p)] (11)

The MSE of the estimators belonging to class of estimators ‘¢’ can be obtained
from (11) just by putting the suitable values of (a, b).

The proposed class of estimators ‘¢’ is more efficient than the usual unbiased
estimator y if

MSE (1) <MSE ()
1.e. if
RS> <p . (12)

The members of the proposed class of estimators ‘¢’ is better than the usual unbiased
estimator y as along as the condition (12) is satisfied. Further from (5) and (11)

MSE(t) <MSE (,)
Le. if
R*<(R-p)". (13)

The members of the proposed class of estimators ‘¢’ is more efficient than the usual
ratio estimator y, as long as the condition (13) is satisfied.

Suggested Class of Ratio-Type Exponential Estimators

Define a class of ratio-type exponential estimators for the population mean Y as
a ()? - Y)
te =1 eXpy—F—=——
a (X +X ) +2b

27
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REDUCING THE MSE OF POPULATION ESTIMATORS

[y B()?—f)}exp{a(a(ﬂ}, (14)

where (a, b) are same as defined for the class of estimators ‘¢’ at (1). A large number
of estimators can be identified from the proposed class of estimators #, for suitable
values of (a, b). Some members of the proposed class of estimators #, corresponding
to the members of the class of estimators t are listed in Table 3.

Expressing ¢ in terms of €’s we have

‘ =Y[l+eo—Cel(l+ez)(1+e3)l}exp{—%(l+zel ] } (15)

2
X C,
where, C=('B?]=pgy.

X

Expanding the right hand side of (15), multiplying out and neglecting terms of e’s
having power greater than two we have

Teye

te=7{1+eo—%—C(el+elez—ele3)— +%(3T+4C)el2}

or

Teye

(te—Y)zf[eo—%—Cel—C(elez—ele3)— +%(3T+4C)ef} . (16)

Taking expectation of both sides of (16) we get the bias of ‘¢ ’to the first degree of
approximation, we have

_(l_f) 3 ..(S; N Mo
- 3 e e |

1—
n 8
where
a¥y :
R, =———— , A and B are same as defined earlier.
(aX+b)
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Table 3. Some members of the class of estimators ¢, corresponding to the estimators
listed in Table 1.

Values of
Constants
S.No. Estimators MSE a b Population Ratio
L (¥- [ .82 ] Y
1 t, =Yex (X+’;] 0_R12—'+Sy2(1—p2)_ 1 0 Rl=7=R
=z X-% S? | .
2 t“_YeXp[X+x+2CX] 0_R§—+Sf,(1—p2)_ 1 C, R, (x+c,)
R P ot B[S (| BN
b X+X+20,(x) I ] : T XA()
e ((XRAW ) s ] - A
4 t4e_YeXp{,B2(x)(X+x)+2CX ¢9_R4 +8;(1-p )_ By(x) C, t (XA ((x)+C)
t, =Y G(X-7) o wSis(-p)] -G
5 se TP C (X +%)+28,(x) L s rsilize )_ o Fo (XC,+B,(x))
- [ (x-% [ 282 arr o] __Y
6 tu—Yexp[XH”p GRS =2 1 p A%
7 t, =Y ex C.(X ) 0| R; SfJFSZ(l_ 2)_ C R
- p CX(Y“LY +2p - yU=P | x P ()?Cx+p)
2 P(i_f) [ 2 S; 2 2_ R = 'p
8 tSe_YeXp(p(X+x)+2CX] 0_R87+S\(1_p )_ P CX ()?p"'cx)
= ﬂz(x)()?—f) .82, N _ YR (%)
9 o, =Y ex [ﬁz(x)(“x)”p e_R97+Sy(1—p )_ By(x) p Ro—()?ﬁz(x)w)
_L p()?—f) i 2 Sf 2 2 1 = ?p
10. tm@_YeXp[p(X+x)+2ﬂ2(x)] 0_R10 4 +S)’(1_p )_ p '32 (x) 10 ()?p+ﬂz(x))

%
r 1
ol

11 tlle:);exp[()(_X)]

29



REDUCING THE MSE OF POPULATION ESTIMATORS

Table 3. continued

Values of
S.No. Estimators MSE a b  Population Ratio
2 ﬂl(x)()?—f) (.8 N B YA (x)
12. tm_Yexp[ﬂl(x)()(+x)+2ﬂ2(x) O\ R+ SI0=2)| B B, (9 Re =5 0 )
N X-x [ s2 il Y
13. t,, = Yexp[W] 1] Ré x +S}z, (l—pz) 1 Md R13 = (X_’_Md)
-y Cx(y_f) [ 2 8! N _L
14 tl4e_ exp m 9_Rl4 4 +Sy(1—p )— CX Md 14_()?Cx+Md)
B B (x)(X-¥) [ 82 B (x)Y
= X — R ==
15 e Yexp[ﬂ](x)(X+x)+2Md Q_R‘S iU ) Fulx) My (XA (x)+M,)
2 ﬂz(x)(i_f) I ) S? ) ) i ﬂz(x)i
- x - R, =
16 fe Yexp(ﬁz(x)(X+x +2M, Q_R'“ 4 +Si(1-p ) By () My e (XB,(x)+M,)
2 ()?—x) s? i Y
17. l”e:YCXp ()?+f)+2D] 9_R1277+S5(1—p2)_ 1 D1 Rl7_()?+D1)
a ()?_Y) , St 2 2 | Y
18. tig, =Y exp T+ 20, 6| Ry~ +8;(1-p°)| 1 D, Rls—()—HDz)
~ )?—x SZ 1 }7
19. to, =Y exp (X(.Fx)-y)ZD} o R129 4f ‘f'S‘2 (l—pz) 1 D3 Ry (X+D3)
- [ (¥-%) [ 8 ' N
20. by, =Y exp (X+f)+2D4 6’_R207+S§(1—p2)_ 1 D4 Ry, (X+D4)
2 X-x 2 1 Y
21. t, =Yexp ,( — 7 6| R 5, +S;(1-p°)| 1 D, Ry ==
(X +X)+2D; | | (X +D,)
o )?—x 2 1 }7
22. by =Y exp (X(+x)+)2D6 0 Rzzzfx‘*Syz-(l—pz) 1 D, RZZ_(X+D6)
N X-x s - 7
23. ty, =Y exp f(fix) 6| R, 5, +S;(1-p°)| 1 D, Ry ==
(X +x)+2D, I | (X+D,)
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Table 3. continued

Values of
S.No. Estimators MSE a b  Population Ratio
_z (¥-¥) VS ¥
24. Lrse _Yexp[(X+x)+2D8 9_R247+ Sy(l—,D ) 1 D, Ry, ()?+Dg)
25 t,., =Y exp X5 B-RZ S—3+S2(1—p2)- 1 D —
: e (X +x)+2D, P4 | ° ®(X+D,)
26 t,, =Y exp (x-7) ol »° S—3+S2(1—p2) 1 D Ry= )
‘ e (X +x)+2D, 4 10 * (X+D,)
_ l(x)()?_}) i 2 SXZ 2 2 | _ ?ﬁl(x)
27 t27 _Yexp[,Bl(X)(X‘FX)J"ZQd 0 R27 +S}(1_p )_ lgl(x) Qd 27_()?]81(x)+Qd)
28 t,, =Y exp M H-Rz S—3+S2(1—p2)- M = 7/)57
) e p(X+X)+2M, 28 ’ ] P d * (pX+M,)
2 B (x)(X -%) [ 08 ] _ YB(x)
29. L. =Y exp ﬂz(x)()?+f)+2Q] 6’_R297+Sy(1—p )_ ﬁz(x) Q Rzg_()?ﬂz(x)+Ql)
2 B, (x)(X %) [ 8% R AC)
30. =T p R g, | R S| A0 @ Re=rEEoy
v 'BZ(X)(X_)C) [ 2 S,f 2 2 1 — ?ﬂz(x)
3. emTew| T ag | RSP @O BT Ea i)
- B (x)(X -%) [ 8 ] T (%)
32. Ly, =Y exp ﬂz(x)(X+x)+2Qd] 9_R327+Sy(1_p )_ ﬁz(x) Qd 32_()?ﬂ2(x)+Qd)
2 B, (x)(X -%) [ ST oy _ TYB(x)
33. ty, =Y exp ﬂz()C)()?‘Ff)‘FZQH 9_R33 4 +5, (l—p )_ 182 (X) Q, Ry = ()?ﬂz(x)"'Qa)
= B, (x)(X =) [ 8 ] _ YB(x)
34. Ly =Y exp ,Bl(x)()?"’x)"'ZQl 9-R347+Sy(1—p )_ ﬁl(x) Q 34_()?,31(x)+Q1)
5 [ﬂ(x)()?—f) I 2 Sf 2 2 ] _ ?ﬂl(x)
35. ty5, =Y exp ,B](X)(X+X)+2Q3J 9_R357+Sy(1_p )_ ,BI(X) Qs RSs_()?,li’](x)+Q3)

31
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REDUCING THE MSE OF POPULATION ESTIMATORS

Table 3. continued

Values of
Constants
S.No. Estimators MSE a b  Population Ratio
2 B (x)(X-%) [ 287 ] Y5 (x)
= : - Ry =——
36. L6 Yexp(,ﬂl(x)(X+x)+2Q, 9_R36 4 +Sy(1 P )_ ﬂl (x) Q 36 (Xﬂl(x)'i'Q,)
~ ﬂl(x)()?—f) i , 8, : ) }7,31(x)
= x - R, =)
37. 37, Yexp[ﬂl(x)(X+x)+2Qa 9-R37 4 +Sy (1 P )- ﬂ] (x) Qa 37 (Xﬁl(x)‘FQa)
38 e =Y exp M 9_R2S—3+sz(1— 2)_ Q R =£’7’7
. 38e p()?+f)+2Q| I 38 yU=p ] P ; 38 (,OX+Q1)
- p(X-%) [, s T o7
39. L. =Y exp m 6’_R329 +8S; (l—pz)_ p Q, Ry = (p)?+Q3)
40 ¢ :)%exp & g-RZ 73+52(1_ 2)- Q R, = f)?
' e p(X+x)+20, | TP | p r Y (pX+0)
41 fe =Y exp _plX=x) o| & sz+S2(1— 2)_ Q R )
. 4le p()?+f)+2Qd ] 41 y P ] P ” 41 (,0X+Qd)
42 t,. = Yexp M 9_R2 S"?+S2(1—p2)_ Q -_pY
' o p(X +3)+20, T4 | P ] 27 (pX+0,)
_y ()?_f) [ 28 @ 2 | R. = Y
43. le =Yexp m 9_R43 2 +Sy(1_/? )_ 1 T, 43 ()?"'Tm)
44 t —?ex M 9_R2 Sf +S2 1-p? ] C T R :L
. dde = p Cx()?+f)+2]-:n I 447 y( Y )_ " m 44 ()?CX+TW)
s [ plX-%) .S ] _ T
45. 1. =Yexp Wn} 9_st 4 +S)2,(1—p2)_ C, T, Ry = ()?,04'7:,1)
o ()?_f) i 2 Sf 2 2 | R = Y
46. . =Yexp m O| Ryg—-+S, (l—p ) 1 M 46 ()?+M )
47 t —?ex & 9_R2 Sf +S2(1_ 2)_ C M R = ?Cx
S O C,(X+%)+2M, “ TP | r T (X+M,)
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Table 3. continued

Values of
Constants
S.No. Estimators MSE a b  Population Ratio
2 p(¥-%) [, 8 7 P
48. t488:Y€XP[p(X+x)+2Mr] 0_ng 2 +S2(1—P2)_ P M, 48 —m
49 —Yex ﬁ 9-R2 S'3+S2(1— 2)- 1 H R = ?
’ Foe P (X+x)+2H Y4 AP | 1 b ()?+H,)
Y CX(X_E) 9_ 2 sz §2(1- p? | )7Cx
50. L. =Yexp C(X+x)e2d, _Rso L Si(i=p )_ C, H, 5= (Fe.+ 1)
51 t, =Y ex M (9—R2 S. +S2(1— 2)— H To
' e TP p(X +X)+2H, | 4 p ] p 1 T (Xp+H,)
o ()?—f) i 2 Sj 2 2 | R. = Y
52. ls, =Y exp m 9_R52 4 +Sy(1—p )_ 1 G 52 (1\7+G)
P S B C. ) B A 1S 4s2(1- ) . __Tp
53. 53¢ T p p()?'-l»f)-‘,-zG I ( p )_ p 53 ()?'p_;’_G)
54 fys, =¥ exp C.(X ) 9_R2 S 52 (1-p? | c G C,
’ Heo (X+x)+2G 4 y( p )_ x i (XC, +G)
| (X F) [0 82y oy P
55. lsse =Y exp m 9_R557+ A (l—p )_ 1 D s (X+D)
& [, s? ] Yp
56. o =Y ex [ X+7% +2DJ H_Rszﬁ 4 +S}f_(1—p2)_ pP D 56 (X’p+D)
57 ~Fexp oR3s0-p) ¢ p e
' foe C. X+x +2D L4 I 77 (XC, +D)
[, 82 ] Yp
58 —Yexp[ X+x +2S ] 0 R5287X+Sf(1_p2) 1 Spw 58=(X+S )
s0. 1y =Fen| 2T ) e s g0 )] s __Tp
) e P p(X+x)+28,, 7 4 P | P pw > (Xp+5,,)
continued
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REDUCING THE MSE OF POPULATION ESTIMATORS

Table 3. continued

Values of
Constants
S.No. Estimators MSE b  Population Ratio
2 CX(X—Y) SYZ B YCX
60. Lsoe =YeXp[CX(X+x)+2SWJ Q{R:o 4 +Sy2(1—,02):| C, Spw 60 = ()?Cx +Spw)
61, t=Te| =20 | s o) S /.
‘ o p(X +x)+2D, ay TP 1 " (xp+D)
62, 1 =Tew| =2 ) S o0 )] N 7.
‘ ” p(X +%)+2D, ey T 2 ” (Xp+D,)
63 t =)L’exp M G_Rz S, +S2(1— 2)_ D = pr
' o p(X +X)+2D, ey T s ” (Xp+D,)
64 ¢ =§exp M G-Rz xz_’_Sz(l_ 2)- D _ 7?,0
S p(X +¥)+2D, ey U s T (Xp+D,)
65.  to=Tem| 2T ) e S o )] N 7'
. 65 p()?+¥)+2D5 I 65 y P | 5 65 (Xp+D5)
66, o =Tew| =20 ) e St o] 0 7.
' o p(X +x)+2D, ey TP o “ (Xp+D,
67 ¢ =)%exp M G-Rz Sf+S2(1_ z)- D _ 7?/7
' i p(X +%)+2D, oty U 7 7 (Xp+D,)
68.  t=Tew| =2 ) S o] S /.
‘ * p(X +%)+2D, ey T s “ (Xp+Dy)
60, 1y =Tew| =20 ) e St )] 5 __Vp
' . p(X +X)+2D, ey T TP 0 ” (Xp+D,)
70 ¢ =)%exp M G-Rz S; +S2(1—p2)- D - Yp
' e p(X+%)+2D, T | 10 " (Xp+D,)
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Table 3. continued

Values of

S.No. Estimators MSE a b  Population Ratio

. =Yexp )? f ] _R%i‘z”ﬁ(l PZ): ¢, b 7':()(61':6;:1)1)
70, tmzfexp i f Dz] G_R?zij”ﬁ( -?’)| ¢ o, Rn=(XCI:C+“'D2)
74 Yexl{ X+x +2Dj 9 ‘5+S§( e o, 74:()(53:2)
75 bu=Tew CX(C);(-i-Xx;I)ZDS ? R%S}S'ﬁ( 7 e Ds " (XCI:?D)
76, tu=Tew (/’X(C);(+Xx;+)21)6 9-R2£+S’2’ =2 ¢ o, R (XCiCJ:D)
N e
o i) o] o e
79. tw:ﬁexp[cx(c)ii;legj 9-R2S—2+Sf,(l P e b & (XCfixD)
80. tgogzi;exp{MJ H:RZ Sf+S§( Pl ¢ D, R (XCI:%DIO)
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REDUCING THE MSE OF POPULATION ESTIMATORS

The bias of ¢, at (17) is negligible if the sample size n is sufficiently large. The
bias of the members of the proposed class of estimators can be obtained easily from
(17) just by putting suitable values of the scalars (a, b). Squaring both sides of (16)
and neglecting terms of e’s having power greater than two

2 2

(1, _)7)2 -7 [ej + Tf +C’e —1eye —2Ceoe+TCef} (18)

Taking expectation of both sides of (18) we get the MSE of 7, to the first degree of
approximation as

n

MSE(t)zM[RJZ [575}55(1—,)2)}. (19)

The MSE of the members of the proposed class of estimators #, can be easily obtained
from (19) just by putting the suitable values of (a, b).

Remark 1 Motivated by Swain (2014), define a class of ratio-type estimators for
population mean Y as

- 12
tv:Y(“)_”bj . (20)
‘ ax+b

Thus the form of the estimators 7 and 7, taking into consideration, we define a class
of ratio-cum-product-type estimators for population mean Y as

n fged g
tgz?[a)_(-'_b], @1)

where g is a scalar taking real values. Note for g(>0) the class of estimators 1, gen-
erates the ratio-type estimators while for g(<0) it generates product-type estimators.

To the first degree of approximation the bias and MSE of ¢, are respectively
given by

B(t):(l—f) S g(gtl) BN (i
’ n 'Y 2 (N—Z) My My
:(l—f)[g(gH)A_B} o)
n 2 ’
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(1-/)

n

MSE(1, )= [ngjsj +Sj(1—p2)}, (23)
where A4 and B are same as defined earlier. Putting g = 1 in (22) and (23) we get the
bias and MSE of the Swain’s (2014)-type estimator . at (20) respectively as
1—
B(ts)szA—B} (24)
n

and

(l_f) RIS; 2 2
MSE (t,) = L+ 87 (1- . 25
(1.)="— S (1-p%) (25)
From (17), (19), (24) and (25), note the bias and MSE of the Swain’s (2014) type

estimators 7, and ratio-type exponential estimator ¢, defined in (14) are same up to
first order of approximation.

From (11) and (23)

1—

MSE (t)- MSE(t,) :Mstj +5;(1-¢%)
n
which is positive if
1-g*>0

2
ieif g <l
ieif -l<g<l. (26)

The members of the class of ratio-cum-product type estimators t, is more efficient
than the corresponding members of the proposed class of ratio-type estimators 7 as
long as the condition (26) is satisfied. From (19) and (23)

MSE (t)- MSE(t,) :(1_—f)RjS2 +[i—g2 j

x
n

which is positive if

L 1 1
ie. if ——o? >0’ >—
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L. 1 1
ie if ——<g<—. (27)
2 £ 2

The proposed class of ratio-cum-product type estimators l, would always be more
efficient than the corresponding members of the ratio-type exponential estimator 7,
as long as the condition (27) is satisfied.

Remark 2 1t follows from (23) that either the estimator is ratio-type (i.e. ¢ defined
by (6) ) or product-type defined by

- :? a)i+b ’
aX +b

:[wﬁ()?—f)}[“ﬂb ] (28)

aX +b

the mean squared errors of ratio-type () and product-type (¢*) to the first degree of
approximation are turn out to be the same i.e.

MSE (t)= MSE (") = M[stf +8’ (1—p2)} . (29)
n

The proposed class of estimators is always better than the ratio-type (¢) and
product-type (¢) estimators as long as the condition:

~l<g<l (30)
is satisfied.

Remark 3 Define a generalized version of the ratio-cum-product-type exponential
estimator ¢, for the population mean Y as

(X +x*
:[)7+B()_(—f)}exp{%}, (31
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where X =(ax +b) such that E(Y*) =X =aX +b; and g is a scalar taking real
values. For g(>0) 1, generates ratio-type exponential estimator, and for g(>0) it
generates product-type exponential estimator.

To the first degree of approximation, the bias and mean squared error of the pro-
posed class of ratio-cum-product-type exponential estimators , are respectively
given by

_(=7)|&(g+2) oS! N (i #
B(tge)_ h 8 N Y (N_Z)ﬂ My sy
:(l—f){g(g‘*Z)A_B} (32)
n 8
and
l_f 2 2 Q2 2 2
MSE(tge):( . )[[%JRJSﬁsy(l—p )] (33)
From (23) and (33)
_ _i(l_f) 2p22
MSE(t,) MSE(tge)—4—n g'R}S; (34)

which is always positive.

It follows from (34) that the members of the proposed class of ratio-cum-product-
type exponential estimators e is always better than the corresponding members of
the suggested class of ratio-cum-product type estimators 7.

From (19) and (33) we have

S5}

MSE(te)—MSE(tge)z(l_nf)Rj%X(l—gz)
which is positive if
(1-g°)>0
ie. if ~l<g<l1
ie. if g <1. (35)
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The members of the proposed class of ratio-cum product-type exponential estima-
tors is better than the corresponding members of the suggested ratio-type exponen-
tial estimator e as long as the condition (35) is satisfied. It can be also proved that
the members proposed of the proposed class of ratio-cum-product-type estimators
Lo is also better than the corresponding members of the product-type exponential
estimator defined by

a(¥-X) }

b Yp{m

5+ B()?—f)}exp{a(a(f—_)?)} (36)

X +X)+2b
as long as the condition: | g| <1 in (35) is satisfied.

Efficiency Comparison

From (2) and (19)

1- R’
MSE()_/)—MSE(te)z—( f)Sf(ﬁz Tj]
n
which is positive if
» R
——>0
p 4
2
ie. if & < B (37)

From (5) and (19) e

wsi(r,)- ()= -y -

n

which is non-negative if
R?
{(ﬁ—R)2 —T’} >0
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R’
ie if < (B-R)’ (38)
Further from (11) and (19) we have

MSE (t)- MSE(t,) :%Mstj (39)
n

which is always positive.
Thus from (37) — (39) it follows that the members of the proposed class of esti-
mators 7, is

(1) more efficient than the usual unbiased estimator j as long as the condition
(37) is satisfied.

(11)  more efficient than the usual ratio estimator y, as long as the condition
(38) is satisfied.

(ii1))  is always better than the corresponding members of the 7-family of
estimators.

Bias Comparison the Estimators 7 and ¢,

It follows from (9) and (17)

|B(z)]<|B(7)
if
EA_B <|4-35] (40)
Since
EA—B <+ 1)
and
|4—B|<\|4]+|B|. (42)
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Therefore, from (40), (41) and (42)

|B (1, )| < |B (t)|
if

3
3l 4l+1Bl <[4 +|B]
ie. if 3|A|<|A|
8

ie. if §|A| >0 (43)

which is always true. The members of the proposed ¢ - family of estimators are less
biased as well as more efficient than the corresponding members of the #- family.
Hence, the members of the proposed class of estimators 7, is more efficient than the
corresponding known members due to Kadilar and Cingi (2004), Kadilar and Cingi
(2006)- type, Yan and Tian (2010), Subramani and Kumarapandian (2012a, 2012b,
2012¢, 2012d), Jeelani et al (2013) and Abid et al (2016a, 2016b, 2016¢) of the class
of estimators 7.

Empirical Study

In support of the theoretical results, MSEs of some known estimators listed in Table 1
were computed, and corresponding estimators listed in Table 3. Natural data sets
were those considered by Kadilar and Cingi (2004) and Abid et al (2012b). The
findings are shown in Table 4.

Population- Source: Kadilar and Cingi (2004) and Abid et al (2016b, p.361).
y: Apple production
x: Number of apple trees

N =106, n=40, Y =2212.59, X =27421.70
P =0.860 , S, =11551.53, C, =522, S, =57460.61,
C, =2.10 B, (x)=34.572, B (x)=2.122, M, =7297.50
0,=12156.25, G =40201.69 S, =35298.810,  D=35634.990
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Table 4. Mean Squared Errors of some known members of the class of ratio-cum-product
estimators t and the corresponding members of the class of ratio-cum-product-type
estimators ¢,

Known Estimators MSE (f) Rank Corresponding members of ¢, MSE (t,) Rank
t :X )? = )?—f
1= 875480.89 XXVI t, =Yexp| =—— 624527.57 XXVI
X ¢ X+Xx
Kadilar and Cingi (2004)
Yoo -
t,=— (x+c,) 2 X-X
N 875429.64 XXl t,, =Yexp| =——— 624514.75 XXI
(x+C) 2‘ Pl X+x+2c
Kadilar and Cingi (2004)
- (FrA) 874638.77 XVI t, =¥ exp| — (X-3) 624317.04 XV
(x+ﬁz (x)) ’ 3 X+f+2ﬂ2(x) ’
Kadilar and Cingi (2004)
% _ _—
= (R (x)+C) 2 (¥-%)8(x)
X * 875479.40 XXIV  t,,=Yex = 624527.20 XXIV
(¥8.(x)+C,) ! P By(x)(X +x)+2C,

Kadilar and Cingi (2004)

Y _
2 =m(XCX +5 (x))

~ C,(X-%)
875079.48 XVl L, =Yexp| ——=————""— 624427.21 XVl
C(X+¥)+25,(x)
Kadilar and Cingi (2004)

s . X-%
"+ p)(X +p) 875459.90 XXII t,=Y exp[ ,( _ J 62452232  XXII
X+Xx+2p
Kadilar and Cingi (2006) -type
— )% Yi o C(X-X
e Gt 7547080 2001 1y, =T exp| X 3) 624525.07 XXl
¥ C,(X+x)+2p

(2006 Kadilar and Cingi) -type

Y —
t,=——(Xp+C

: (zp+q)( p+C)
Kadilar and Cingi (2006) -type
! :7)% (XB,(x)+p) =

9 (fﬁz(x)+p) 2 P 875480.28 XXV t,, =Y exp

A p()?—i)
875421.30 XIX t, =Y exp ()7(7 624512.67 XIX
P x

624527.41 XXV

B.(x)(X -¥) ]

Kadilar and €ingi (2006) —type
Xp+5, (x))

e —
Y (xp+B(x)
Kadilar and Cingi (2006) -type

A p()?—f)
874501.98 XV t0. =Y exp ( 624282.84 XV
P

X +X)+2p,(x)

Y

, :m()hﬂl (x)) 87542911 XX 1, = );exp[()(_'_(j();;)ﬁl(x)J 624514.62 XX

Yan and Tian (2010)

continued
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Table 4. continued

Known Estimators MSE () Rank Corresponding members of £, MSE (t) Rank
Y _ . 7-7)
=72 (Xﬂ,(x)+ﬂ2(x)) =Y ﬁl(x)( *
(xﬁ1 (x)+ﬂ2 (x)) 875083.64 XVIII t,, exp B (x)()?+f)+2ﬁz(x) 624428.25 XVl
Yan and Tian (2010)
y _ —
fy=——— (X +M _; (X-%)
13 (% +Md)( ") 749604.60 X s, = YeXp[(X+x)+2Md ] 593058.50 X
Subramani and Kumarapandian (2012a)
I? S 804446.62 N Cc(x- *)
ty=————(XC,+M,) _% x *
Yo(cx+M,) sy e =Yexp C(X+x)v2M, 606769.00  XII
Subramani and Kumarapandian (2012a)
y _ -
ty = (X, (x) + M,) _z B (x)(X -%
(B (x)x+M,) 805062.37 Xlll 45, =Yexp B (0(X+7) 20, 606922.94 Xl
Subramani and Kumarapandian (2012b)
P : %-5)
he = T (XB.(1)+M,)  gr0088a6 xv 1, =Te A ()X - 623254.46 XIV
(Bo(x)x+M,) ' toe =1 XD Bo(x)(X +%)+2M, '
Subramani and Kumarapandian (2012c)
P : -%)
b= (% (x)+0,) _Fexp| AT =T
(B, (x)+0,) 769827.97 X 1y, =Yexp e TEE 508114.34  XI
Jeelani et al (2013)
P o (x-9)
S (X+ G) 595897.22 |V ty,=Ye (7)( 554631.65 IV
(x+G) ' e TP (X+%)+2G '
Abid et al (2016b)
o a p()?—)?)

_ Y Y Ly, =Y exp = 5
t38‘(;p+G)(Xp+G) 586615.71 | [P(X”)”G 55231127 |
Abid et al (2016b)

T x oo G(T7)
b =1 (XC.+6) 1202 VIt =7 - 7 v
(¥C,+G) 656912.9 »e =T OP| ) e 26 569885.5
Abid et al (2016b)
Yoo _—
== +(X+D) _$ (X-%)
7 (x+D) 60415524 V lige = Yexp[(X+x) b 556696.15 V
Abid et al (2016b)
ty=——(Xp+D _& p(X-%)
Y (xp+D)( ) 593942.29 I Ly _Yexp[p(X+x)+2D 554142.92 I

Abid et al (2016b)
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Table 4. continued

Known Estimators MSE () Rank Corresponding members of ¢, MSE (t) Rank
Yoo . c,(X-%)
ly =— (xc,+D) 2z .
x 668560.20 Vil tp, =Yexp| ——=————"— 572797.39 Vil
(XC, +D) - Plc(F+x)+2D
Abid et al (2016b)
Yoo _
Pp— (X+5,,) 2 (X -x)
P 60483542 VI ty, =Yexp| r=———— 556866.20 VI
(¥+5,.) - Pl (X+x)+2s,
Abid et al (2016b)
Yoo _—
— 2 P —-X
" (xp+5 )(Xp+s”“') 594549.99 Il ty, =Y exp 77( - 554294.84 Il
m p(X+x)+28,,

Abid et al (2016b)

145:L()?CA+SW) 2 [ C.(X¥-%) ]

= 669486.16 IX  l, =Yex = 573028.89  IX
(¥C,+S,,) “ Ple (X +3)+25,,

Abid et al (2016b)

It is observed from Table 4 there is considerable reduction in MSEs of the proposed

estimators (¢, fo t,,, t,, , L,,, to t,, ) as compared to the corresponding known esti-

mators (7, to t ., t,,, L, to t,.). That is the members of the proposed class of ratio-

cum-product-type exponential estimators 7, is more efficient than the corresponding
members of the class of ratio-cum-product-type estimators z. The proposed estimators
t,,, followed by the estimator 7, have the smallest MSE among all the estimators
considered in Table 4. Thus, the proposed class of ratio-cum-product-type exponen-
tial estimators 7, is justified.
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