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A stochastic model for cancer cell growth in any organ is presented, based on a single
forward mutation. Cell growth is explained in a one-dimensional stochastic model, and
statistical measures for the variable representing the number of malignant cells are
derived. A numerical study is conducted to observe the behavior of the model.

Keywords: Mutation, probability generating function, differential-difference
equation

Introduction

Cancer has complex and stochastic cell growth mechanisms. Malignant cancer
cells arise from several mutations in the gene of a cell. It has been shown that a
normal cell requires more than one stage to become a malignant cell (Tan &
Brown, 1987).  Stochastic growth is observed in malignant cells, and
deterministic exponential growth is observed in normal cells. Most developed
models are mixed, representing both deterministic and stochastic cell growth. The
type of growth in a normal cell population depends on whether mutation has taken
place.

Let [X(t), t > 0] be a stochastic process denoting the number of normal cells
in an organ at time t, and [Y(t), t > 0] be a another stochastic process denoting the
number of malignant cells in an organ at time t. Let us define a bivariate cell
growth process {(X(t),Y(t)),t>0} representing the number of normal and
malignant cells at time t. The growth of cells can be studied using the birth-and-
death process. In literature, the process of malignant cell growth has been studied
with homogeneous and non-homogeneous birth, death and mutation processes,
but it seems most applicable when the study is conducted under a time-dependent
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environment. The birth-and-death process has been used to study the stochastic
growth of a population, and the average and variance of the size of a population
has been obtained for a given time period (Kendall, 1949). A similar approach can
be applied to obtain the average and variance of the number of malignant cells in
an organ at time t.

Assume there are xo number of normal cells and yo number of malignant
cells in any organ at time t = 0 (initially). The model representing the cell division
process for normal and malignant cells can be explained using either one or two
variables. Consider a single forward mutation process for the transformation of
normal cells into malignant cells, which reflects in the growth of the cell
population. If a malignant cell is formed from a normal cell, and it remains in the
same state till extinction, then there is not backward process of mutation. Let us
assume that the normal cell has deterministic exponential growth; the expected
number of cells in an organ at time t is then defined by (Serio, 1984),

t

x14:&@ﬂ{jﬁgiq_dN@»+mMAq}n} n

0

If it is assumed the malignant cells also show deterministic growth, i.e., the
cell growth at the malignant stage is deterministic and exponential, then the
expected number of malignant cells is as follows,

f@:%w%ﬂ%@yquy% ®

Assumptions

The model is developed based on the following assumptions:

1. Let the growth rate of normal cells from normal cells be bn(t), and
the probability of growth of normal cells from normal cells in dt be
bn(t)dt + o(dt). Let the death rate of normal cells be dn(t) and
probability of the death of normal cells in dt be dn(t)dt + o(dt).

2. Let the growth rate of malignant cells from the malignant cells be

bm(t), and probability of growth of malignant cells from malignant
cells be bm(t)dt + o(dt). Let the death rate of malignant cells be dwu(t)
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and probability of the death of malignant cells in dt be
dm(t)dt + o(dt).

3. Let the growth rate of the normal cell population be represented by
{(bn(t) — dn(t)) + utnm(t)}, and the growth rate of the malignant cell
population by (bm(t) — dm(t)).

4. In a very small interval (t+ dt), let the probability of a mutation
which transforms a normal cell into a malignant cell be
xutnm(t)dt + o(dt), where X(t) = xo at t = 0.

When a mutation takes place in a normal cell population, the number of
normal cells is decreased by one and the number of malignant cells is increased
by one. Assume that the growth rate for normal and malignant cell populations are
different. For any organ, a certain number of cells is required for normal, proper
functioning; normal functioning of any organ depends upon the number of cells.

The expected population size at time t can be described as X(t) + Y(t).
Assuming a deterministic growth for normal and malignant cells, then

T :)?(t)+?(t)

(b (2)-a,(2))+ m,, (t)}dt} 3)

=X, exp{

+, eXP{i(bM (£)-4a, (t))dt}

[S) ———

where X(t) = Xo and Y(t) = yo at t = 0. Hence, the number of normal cells in
the population of an organ at time t is as follows

)= ne [ (0, )+ ]|
(8- e - 70

(4)

O ey ~

-

Assuming the above relation holds, there exists a stochastic dependence
between X(t) and Y(t). There is no need to observe the variables X(t) and Y(t) as a
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two-dimensional stochastic process; it is enough to consider one-dimensional
stochastic process for the malignant cell population [Y(t), t> 0] with the above
relation. The above discussions deal with a non-homogeneous environment, and
look more complex in mathematical derivations. For simplicity, let us assume a
homogeneous environment with respect to birth, death and mutation parameters.

Stochastic Model

Let fm(y,t) = P{Y(t) = y} denote the probability density function of Y(t).
Assume that fu(y,t) exists and is differentiable with respect to both y and t; from
Assumption 4, obtain the following relation (Armitage, 1952):

Ply<Y(t+dt)<y+dy]= f(y.e+dt)dy
(bN_dN)
=(1- m,x) 1-| +(b, - d,,) ||dr

+ /”tNM

( (bN_dN) )
ful v=|+(b, -d,) |var.t |ay

M

+my, (x+1) £, (v - 1) dvde +((0dr))dy + o av)

()

By passing the limit on both sides in above equation, we obtain the
differential-difference equation in the form as follows

of, (. of, (e
%+[(bﬁj—dN)+(bM—dM)+ﬂ7tNM]y%
el
B Py N (| P
=(x NMfM y-4t)- +/77tNM fM y,
_+”ItNMx a

By using the relations given in equation (1), the above equation becomes,
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(bN - dN)
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The boundary condition for the above equations is

fM(y.t) =0, fory<0,:>0
|imyifM(y,t) =0, forall i>0,>0.
y—>®©
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The interest is to obtain the statistical moments such as mean and variance
of malignant cells for a given time t. The probability generating function is

0

¢(s,t)=jsyf(y,t)dy:0£s£1 (9)

—00

The partial derivative ¢(s,t) with respect to s exists and from the boundary
condition,

os S

onsdey: {m)wgsy} )

Multiply both sides of equation (1) by & and integrate, which yields the
following differential equation for the generating function as

Tsy af(gi},t) dy+ T [(bzv - dN) +(bM - dM) My Jysy af(g:,t) dy

-0 -0

X, exp{[(bN - dN) + thM}t}

= T s +y09Xp{(bM _dM)t} syf(y—l,t) (1)
” -x+1
(g =) (b, =y )+ my, ]
_:[O o X, exp{[(bN - dN) + /mNM]t} ey syf(y,t)

+, exp{(bM - dM)t}
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L), -a.) )|
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ols O0fis,
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=m,, |:x0 exp{[(bN - a’N) + thM]t}+ Yo exp{(bM - dM)t}}(s - 1) f(s,t)

To obtain the moments, use the cumulant generating function of y(t). Let
K(u,t) = logg(s,t), where s = e¥. On simplification (Bharucha-Reid, 1960),

% =+ [(By - )+ (b = )+, Ju- WNMe”}w

. {xoexp{m-%wmﬁf}}(eu-1)K<s,t>

o +y,exp{(,, -4, )1}

(14)
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Statistical Moments

The moments of the model can be obtained by expanding the cumulant generating
function K(u,t) on both sides of the expression as

K(u;t) = uE(Y(t)) + %quar(Y(t)) + L, comparing the coefficient of the power of

u’s and v’s, and equating coefficients on both sides of the equation. In this way
we arrive at the following linear differential equations of constant parameters

LR )40, -0, 0}
e, foexp{nm-%wm}] *

Y +¥, exp{(bM - dM)t}

w (b, - d,)+ (b, -, ) Jpar{r (1)}
-y E{Y (1)} m, [xoexp{[(% _d’v)”"w]f}] :

+7, exp{(bM - dM)t}
Solving the differential equation in (14) and (15) gives the average number

of malignant cells and variance of number of malignant cells at a given time t. On
solving above equation,

E[Y (t)]=Coexp{[(by ~dy )+ (b ~dy )]t}
i [xo exp{[(by —dy )+ sty ]t} Y exp{(b, —d, )t}}

I:(bM _dM)_:UtNM] (bN _dN)
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r[r()]=c, exp{z[(bN ~d,)+(b, - dM)]z}
) thMxo(b dM)exp{[(bN - dN) + thM]t}
[(bM_dM)+(bN_dN)_ }[(b _dM)_thM]
/ntNMyO[(bN -d )+/mN exp{ -d ) }
(b, -d )+2(b -d )( )]
Clexp{z[(bN - d t}
(5, -a,) (bM - dM)]

The integration constants C; and C2 will be obtained using the boundary
conditions of the differential equations.

+

Numerical Study

For the fixed parameters and changing time, the changes are observed in the
average, and expected and variance numbers of malignant cells in any organ are
presented. The numerical study was conducted using Mathematica 8.0 software
for solving the differential equations as given above in equations (14) & (15)
numerically. The average and variance of number of malignant cells for fixed
values of the parameters, by = 0.0001, dn=0.0001, by =0.04, duw=1.0 x 1077,
Xo=1.0 x 10%, yo =1.0 x 105 and varying values of mutation rate and time are
presented.

For the good maintenance of normal cell level, growth rate and death rate of
normal cells are assumed to be equal, and large birth rate values for malignant
cells and mutation rate are presented in the Figure 1. From the Figure, it is
observed that there is a positive relationship between time and average number of
malignant cells; a positive relationship between time and variance of number of
malignant cells at lower values of mutation rates, and so on.

Conclusion

Birth, death, and single mutation processes with different growth rates are
considered, to the study the growth of malignant cells by assuming X(t) is
dependent on Y(t). The usual two dimensional models are replaced by a one
dimensional model representing normal and malignant cells with interest in
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Figure 1. Variation in the moments with respect to time.
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malignant cell population. The statistical measure shows that volatility of the
malignant population decreases as the mutation rate increases, and average
number of malignant cells increases drastically as the mutation rate increases. The
results of this study may help to understand the behavior of malignant cells over a
period of time with various decision parameters.
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