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Abstract: The fossils classification has a great importance in
palaeontological studies. On the one hand, they make it possi-
ble to understand the biodiversity in its morphological dimen-
sion. On the other hand, they show the morphological transfor-
mations suffered during the biological evolution. In this paper,
we present a comparative study between some of contour based
shape descriptors after applying a global B-spline approxima-
tion to the contours. Specifically, we studied Curvature, Fouri-
er descriptors, Wavelet descriptors, Radial function and Fouri-
er of Radial function. Applied B-spline approximation we can
reduce the number of points in the contours and gives a smooth
curve. We used this technique for fossils classification, espe-
cially Brachiopods. The five shape descriptors are evaluated
against each other using the City block distance and the recog-
nition rate.
Keywords: B-spline, Shape descriptors, Curvature,Fourier de-
scriptors, Wavelet descriptors, Radial function

I. Introduction

Shape descriptors are important task in many pattern recog-
nition application [1], [2], [3]. The goal of the shape de-
scriptors is to uniquely depict the object shape in a large im-
age database. A good number of shape descriptors, which
are prevalent in the literature are largely categorized into two
groups: contour based shape descriptors and region based
shape descriptors. Contour-based shape descriptors use on-
ly boundary information, they cannot depict shape interior
content. Of the contour based descriptors we cite Fourier de-
scriptors [24], [34], [36] which have been largely used. In
[16] the authors propose a method to define Fourier descrip-
tors for broken shapes, meaning shapes that can have more
than one contour. Curvature approaches [27], [28], [26],
[38],[39] have also been used. In [26] a shape is described
in a scale space by the maximum of the curvature. In [25]
the authors presented a pattern description approach based
on the multi-scale analysis of the contour of planar objects.
Wavelet descriptors can be used to describe a given object
shape by wavelet descriptors (WD) [37], [40].In [4] we pre-

sented a descriptor for shape classification it is a fusion be-
tween local and global complete and stable descriptors, we
use Curvature as local descriptor and Ghorbel descriptors as
a global descriptors. In region based techniques, all pixels
surrounded by the shape boundary are taken into consider-
ation to yield the shape descriptor. Frequently referred to
methods are based on moment theory to describe shape [9],
[10]. These include geometric moments, Legendre moments,
Zernike moments and pseudo Zernike moments. In this paper
we suggest to make a comparison between some of contour
based shape descriptors like Curvature, Fourier descriptors,
Wavelet descriptors, Radial function and Fourier of Radial
function after applying a global B-spline approximation to
the contours. The B-spline is largely used to describe a com-
plex curve [19], [20]. We applied this technique for Bra-
chiopods classification. The fossils classification has a great
importance in palaeontological field. There are many reason-
s for fossils classification such as: (i) We can remember the
characteristics of a large number of different things only if
they are grouped into categories whose members share given
characteristics ; (ii) To make better our predictive powers;(iii)
Thanks to classification systems we are able to account for
the ways apparently different things are related to each other.
According for biologists the importance of the classification
systems resides especially in reconstructing the evolutionary
pathways that have produced the diversity of organisms liv-
ing today. Several authors tried to classify fossil species [5],
[14].
In [7],[8] we present a method for Brachiopod classification
based on the contour and we cite [17], the authors used the
Outline Shape Analysis technique for describing Ammonite
shape. It aims at approaching the shape by a trigonometric
function defined by the sum of sine and cosine terms. This
latter is decomposed in either a series of harmonic ampli-
tudes and phase angles or a series of Fourier coefficients,
serving as variables for quantitative analysis. This technique
was applied to other invertebrate groups such as Trilobites
[18], bivalves [13].
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The region-based active contour and especially the Chan and
Vese model implemented by the Level set method [11] is
used here for edge detection. The rest of the paper is or-
ganized as follows:
In Section 2, we recall the Region-based active Contour. Al-
so, we formulate the Chan and Vese model in terms of level
set functions and compute the associated Euler-Lagrange e-
quation. In section 3 we present the principle of B-spline
approximation. The parametrization step remind in section
4. In Section 5, the five shape descriptors are described. In
Section 6, the shape based descriptors are compared and e-
valuated, and The paper is concluded in Section 7.

II. Overview of Region-based active Contour

The basic idea in active contour models or snakes is to e-
volve a curve, subject to constraints from a given image, in
order to detect objects in that image. Starting with a curve
around the object to be detected, the curve moves toward its
interior normal and has to stop on the boundary of the objec-
t. Active contours based on region information are part of a
very active area of research since the years 90 in Computer
Vision. Originally, the work of [44] present a method of com-
petitive regions in a mixed environment that is both Bayesian
and minimizing the minimum description length criterion. In
parallel, the work of D. Mumford and J. Shah realized in [30]
have opened another branch, more geometric in the field of
segmentation based on regions. On the other hand, many pa-
pers have dealt with region-based approaches using the level
set framework, including the deformable regions by Jehan-
Besson et al [23], Dind et al [12] and the geodesic active
regions by Paragios and Deriche [32], benefiting of adaptive
topology at the expense of computational cost.
The region-based active contours model is based on the min-
imization of a well defined energy to segment the image. Let
I an image and Ω his domain. Chan and Vese in [11] pro-
posed to minimize the following energy:

E(c1, c2, φ) = µ

∫
Ω

| ∇ H(φ(x, y)) | dxdy (1)

+ ν

∫
Ω

H(φ(x, y))dxdy

+ λ1

∫
Ω

| I(x, y)− c1 |2 H(φ(x, y))dxdy

+ λ2

∫
Ω

| I(x, y)− c2 |2 (1−H(φ(x, y)))dxdy

where µ ≥ 0, ν ≥ 0, λ1 > 0, λ2 > 0 are fixed parameters
and H is the Heaviside function defined as:

H(z) =

{
1 if z≥ 0
0 if z < 0

and φ is the level set function associated to the contour evolv-
ing.The constants c1 and c2 are the averages of I in φ > 0
and φ < 0 respectively. So they are easily computed as:

c1(φ) =

∫
Ω
I(x, y)H(φ(x, y))dxdy∫

Ω
H(φ(x, y)

(2)

c2(φ) =

∫
Ω
I(x, y)(1−H(φ(x, y)))dxdy∫

Ω
(1−H(φ(x, y))

(3)

The discretized evolution equation is:

φn+1
(i,j) − φ

n
(i,j)

∆t
= δε(φ

n
(i,j))(µdiv(

∇φn(i,j)
| ∇φn(i,j) |

)− ν

−λ1(I(i, j)− c1(φn(i,j)))
2 + λ2(I(i, j)− c2(φn(i,j)))

2) (4)

where δε(z) is a regular form of δ(z).

III. B-spline approximation

B-splines are piecewise polynomial curves that are controlled
by a set of points called the control points. This technique is
widely used to represent a complex curve [19], [20]. The
B-spline curve is a generalization of the Bezier curve. Let
C(u) be the position vector along the curve as a function of
the parameter u. The B-spline curve, C(u), is defined as:

C(u) =

h∑
i=0

Bi,p(u)Pj (5)

where Pj is a control point, u is a parameter, and Bi,p are
the normalized B-spline basis functions of order p defined
recursively as follows:

B(i,0)(u) =

{
1 if ui ≤ u < ui+1

0 otherwise

B(i,p)(u) =
u− ui

ui+p − ui
B(i,p−1)(u) (6)

+
ui+p+1 − u

ui+p+1 − ui+1
B(i+1,p−1)(u)

where ui is known as a knot. In the approximation the B-
spline curve does not have to pass through all data points
except the first and last data points. A number of the B-
spline control points would reflect the goodness of the ap-
proximation. Using least-square minimization, we compute
the control points Pj , j = 0, ....n of a B-spline curve C(t)
by minimizing the least-squares error defined as:

E(P1, P2, ...., Pn) =

m∑
k=1

|C(ui)− Pk| (7)

Where m is the number of data points and ui is a parametric
values of the points.

IV. Parametrization

The contours Parametrization step provide all the computa-
tion results. For a given contour there are many types of pa-
rameter. A Parametrization function will be chosen which are
suitable for the intended invariance. Here, we are interested
in the parametrization invariant under the similarity transfor-
mation. To obtain a parametrization invariant under the simi-
larity transformation we used the arc length parametrization,
defined by the Euclidian norm which possesses an intrinsic
link with the notion of similarity.
Suppose we have the coordinates of the contour C(t) =
(x(t), y(t)), where t is a real value called the parameter of
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the contour. To reparametrize the contour by the arc length
we need to calculate:

s(l) =
1

L

∫ l

0

| C(t)′ | dt (8)

where L denotes the curve length.
On the other hand, to obtain a parametrization invariant un-
der affine transformation it’s necessary to use an affine arc
parametrization.

V. Shape descriptors

In this section, we present and explain the principle of the
five descriptors compared.

A. Curvature

The curvature of a curve is defined as follows:
Let C be a smooth curve with position vector

−−→
r(s) where s is

the arc length parameter. The curvature k of C is defined to
be:

k(s) = ‖d
−→
T

ds
‖ (9)

where −→T is the unit tangent vector. The notion of curva-
ture measures how sharply a curve bends. The curvature is
equal to 0 for a straight line, have a small value when the
curves bend is very little and to be high for curves which
bend sharply.
Consider a parametric vector equation for a curve:

C(s)=(x(s),y(s))
The formula for computing the curvature function can be ex-
pressed as

k(s) =
ẋ(s)ÿ(s)− ẍ(s)ẏ(s)

(ẋ2(s) + ẏ2(s))3/2
(10)

where ẋ and ẍ are the first and second derivation of x(s),

B. Radial function

The Radial function is a function defined on a Euclidean
space Rn that represents the distance from the digitized
boundary of the object to its centroid as a function of distance
along the boundary. The centroid point (xc, yc) is computed
using the following formula:

xc =
1

N

N∑
i=1

xi (11)

yc =
1

N

N∑
i=1

yi (12)

where (xi, yi) is the discreet contour and N is the number of
the boundary points. The Radial function ρ(i), i = 1, 2, ...N,
are calculated starting from an fixed position of the bound-
ary using as distance measure on a Euclidean norm from the
centroid to the boundary points as:

ρ(i) =
√

(xi − xc)2 + (yi − yc)2 (13)

Since the radial function is only dependent on the location
of the centroid and the points on the boundary, it is invariant
to the translation due to the subtraction of the centroid from

boundary coordinates, and if the starting point is fixed the
function is invariant to the rotation, then the function of the
original and rotated shapes will be identical. This function
alone is not invariant to a change in starting point or scaling.
In order to obtain a descriptor that is invariant to translation,
rotation, scaling, and change of starting point we apply the
Fourier transformation, and then take the magnitude of these
normalized coefficients defined as:

V =
( |Fρ(1)|
|Fρ(0)|

,
|Fρ(2)|
|Fρ(0)|

, ...,
|Fρ(N)|
|Fρ(0)|

)
(14)

where F is the discrete one-dimensional Fourier transform.

C. Fourier descriptors

The Fourier Descriptor (FD) is a powerful tool for shape
analysis and has been successfully applied to many shape
representation applications. Let x(t) and y(t) be the coor-
dinates of the contour, Since boundary is a closed curve and
when the two-dimensional plane is considered as a complex
plane, the cartesian coordinates of the contour are represent-
ed in the complex plane by z(t) = x(t)+j.y(t). The discrete
Fourier coefficients of z(t) is defined as follow:

ck =

N−1∑
k=0

z(t)exp(−j2πkt/N) (15)

with t ∈ [0, N − 1], and N is a number of points in the
contour.
Applying the inverse Fourier transform, we can recreate a
contour from its Fourier descriptors. Initially, the first set of
invariants was constructed by taking the modulus of Fourier
descriptors.

∀k ∈ [0, N − 1], Ik = |ck|, (16)

In [43] the authors used this method in their comparative s-
tudy. The first coefficient is the only one depends on position
of the shape. To obtain translation invariance the coefficient
c0 can be discarded. Scale invariance is achieved by dividing
all the Fourier coefficients by the absolute value of the second
coefficient. To obtain a rotation and shift invariant descrip-
tor, the phase can completely ignored and the only use the
absolute value of the Fourier coefficients.
The acquired Fourier descriptors is used to discriminate be-
tween simple-shaped objects [35], [41]. But, this set of in-
variants is not complete in the sense defined by Crimmins in
[15], A set of descriptors is said to be complete if the follow-
ing property is verified:
two objects have the same shape if and only if they have the
same set of invariants.
Completness allows to retrieve shapes from their invariants,
up to an Euclidean transformation. In fact, the set of descrip-
tors defined in equation (16) is not complete since we can
find objects with different shapes but with the same magni-
tude for their Fourier coefficients.
To resolve the problem of completeness, Crimins proposed
in [15] a complete set of invariant, defined as:

Ik0 = |ck0 |, for k0 such that ck0 6= 0

Ik1 = |ck1 |, for k1 6= k0 such that ck1 6= 0(17)

Ik = c
(k0−k1)
k c

(k1−k)
k0

c
(k−k0)
k1

, ∀k 6= k0, k1
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However, this set is not stable, i.e. a slight modification of
the invariants can induce a remarkable distortion of shape. To
overcome this problem, Ghorbel in [21] presented a complete
and stable set of invariant Fourier descriptors, defined as (the
reader can consult chapter II page 53-71 in [22] for more
details):

Ik0 = |ck0 |, for k0 such that ck0 6= 0

Ik1 = |ck1 |, for k1 6= k0 such that ck1 6= 0 (18)

Ik =
c
(k0−k1)
k c

(k1−k)
k0

c
(k−k0)
k1

|ck1 |(k−k0−p) |ck0 |(k1−k−q)
, ∀k 6= k0, k1

with p, q > 0.

D. Wavelet descriptors

Wavelet transforms performing the decomposition of the sig-
nal on different levels, it’s a multiresolution transformation
[29]. We use here the discrete wavelet transform, repre-
senting the original contour on many levels. Suppose that
the contours C = (x(t); y(t)) are parameterized by the arc
length s, by applying the wavelet transformation on the con-
tours, we obtain:(

x(s)
y(s)

)
∼=
(
xa(s)
ya(s)

)
+

M∑
m=k

(
xdm(s)
ydm(s)

)
(19)

where xa(s) and ya(s) are the approximated residual signals
are expressed through the scaling functions φmn as follow:
xa(s)=

∑
n anφMn and ya(s)=

∑
n cnφMn.

The xdm(s) and ydm(s) are the detailed signals correspond-
ing to the point of the sequence. Where the subscript M is
the maximum level of decomposition and n is the transla-
tion index. The detailed signals are expressed through the
wavelet functions ψmn in the form xdm(s) =

∑
n rmnψmn

and ydm(s) =
∑
n dmn where the subscripts m ∈ [1...M ] is

the succeeding levels of decomposition.
Applying the wavelets to the contours representations we
have to select the maximum number of levels, representative
for the task and normalize their coefficients to achieve invari-
ances under translation, scale and rotation. In this study we
use the wavelet descriptors proposed by Kimcheng Kith et
al in [33] based on the distance to the center of gravity as a
signature. They propose the Algorithm(1).
The choice of decomposition level is one of the key factors
for the wavelet decomposition. The same authors present a
method to choose the level of decomposition using the signa-
ture energy. As the energy of the contour represnts informa-
tion contained in this contour, and more the energy is high,
better the contour is represented.

VI. The results of numerical experiments

For our experimentation, We dispose a database of Bra-
chiopods containing 20 classes and each class contains 20
images. Samples of the Brachiopods database are depict-
ed in figure(1). Following the preprocessing stage, the con-
tour is detected using region based active contours method,
specifically chan and vese model implemented with the Lev-
el Set method, this model provides satisfactory results for the

Algorithm 1 :WD extraction
Require: The coordinates of the points of the contour
Ensure: Descriptor based on the Contour invariant to simi-

larity transformation

1. Parametrize the contour by the normalized arc length

2. Re-sample the contour uniformly in N = 2n points

3. Fixing the starting point on the contour

4. Calculate the contour signature (distance to center of
gravity)

5. Application of the discrete wavelet transformation
with decimation DWT

6. The descriptor vector is a vector whose elements are
the contour approximation coefficients at level M.

contour detection in an image (see section 2). Every objec-
t is represented by the x and y coordinates of its boundary
points. The number of these points varies from 600 to 1200
for images in our databases. We have re-sampled the con-
tour in N = 210 = 1024 points. When the pretreatment
step is completed, we approximate the contours using glob-
al B-spline approximation, in order to reduce the number of
points in the contour. Many spline function are available in
the literature but here we use a cubic B-spline because it’is
the most popular in engineering application and also is a s-
moothest function, is used to smooth the contour points to
reduce the noise effect which can be product in edge detec-
tion step. We choose a point which has the furthest distance
as starting point at the contour point such that its distance to
the centroid is maximal. The value of decomposition level M
is fixed to 3. We realized a comparative study of Curvature,
Fourier descriptors, Wavelet descriptors, Radial function and
Fourier of Radial function for classification of Brachiopods.
In the representation of the shape we have used 20 samples
for each descriptor for efficient shape description.
For two shapes represented by their descriptors, the similari-
ty between the two shapes is measured by the city-block dis-
tance between the two feature vectors of the shapes. There-
fore, the online matching is efficient and simple. We used
the recognition rate to compare the discrimination of the de-
scriptors. We applied request the seven groups each group
contains 100 images of Brachiopods. The first two groups
contain images of the database. Others contain images that
do not belong to the database, they are the images of database
that have met a change as rotation and scale. The results of
the comparison are shown in figure(2 ). The table(1) present
a comparison of the run time of the three descriptors execut-
ed on a processor machine Intel Core 2 Duo 2GHz with 2GB
of RAM.

VII. Conclusions

The aim of this paper is to present a comparison of some of
contour based shape descriptors like Curvature, Fourier de-
scriptors, Wavelet descriptors, Radial function and Fourier
of Radial function. after applying a global B-spline approx-
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Figure. 1: Samples of the Brachiopods database.

Figure. 2: Recognition rate of Brachiopods groups.

imation to the contours. The raisons for applying a glob-
al B-spline approximation are : We can smooth and reduce
the number of points in the contours. We used the recogni-
tion rate to measure the discrimination of the descriptors and
the City block distance as a classifier. We applied this tech-
nique for Fossils classification, especially the Brachiopod.
The results of this comparison show that the Fourier of radial
function and Wavelet descriptors give the greatest recogni-
tion rate followed of the radial function and ultimately the
Fourier descriptors and Curvature, and the computation time
is very small. Therefore, this method is very useful in many
computer vision applications.
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