Qaralleh, 2015

Journal of Basic and Applied Research 1 (1): 14-20
www.jbaar.com

On Dynamics of §&) Quadratic Stochastic Operators

Izzat Qaralleh

Department of Mathematics , Faculty of Science, Tabuk University, Saudia Arabia

*corresponding author: Izzat_math@yahoo.com

Received: 4-2-2015

Abstract: A quadratic stochastic operator (in short QSO) is usually used to present

the time evolution of differing species in biology. Some quadratic stochastic

Revised: 24-2-2015

operators have been studied by Lotka and Volterra. The general problem in the

nonlinear operator theory is to study the behavior of operators. This problem was not

Published: 24-2-2015

Keywords:

Fixed point; quadratic analytic way.

stochastic operator

Introduction

Nonlinear operators are characterizing many systems .
The simplest one of the nonlinear operator is quadratic
one. The Quadratic dynamical systems considered as an
important source of analysis for the study of dynamical
properties and modeling in various fields. A quadratic
stochastic operator (in short QSO) is usually used to
present the time evolution of species in biology. More
precisely, the QSO describes a distribution of the next
generation if the current distribution of the generation
was given. The fascinating applications of the QSO to
population genetics were given in Lyubich, 1992. In
Ganikhodzhaev et al., 2011, it was given along self-
contained exposition of the recent achievements and
open problems in the theory of the QSO. The main

[1] Definitions:

fully finished even for quadratic stochastic operators which are the simplest nonlinear
operators. To study this problem, several classes of QSO were investigated. We study
one class of ¢£5-QSO defined on 2D simplex. We study the dynamics of this class by

problem in the nonlinear operator theory is to study the
behavior of nonlinear operators. This problem was not
fully finished even in the class of QSO (the QSO is the
simplest nonlinear operator). An asymptotic behavior of
the QSO even on the small dimensional simplex is
complicated (see Saburov, 2007 and Saburov 2012). In
order to solve this problem, many researchers always
introduced a certain class of QSO and studied their
behaviors. For more information, one may refer to
Ganikhodzhaev et al., 2011. However, all these classes
of QSO together would not cover all QSO. Therefore,
there are many classes of QSO which were not studied
yet. Recently, in the paper of Mukhamedov et al., 2011,
it was introduced a new class of QSO. This class was
called §4)-QS0.

Definition 1.1. The quadratic stochastic operator (QSO) is a mapping of the simplex

St ={x = (x1, ., Xp) ER™:x; =0

into itself, of the form

m
. ! —
V.xk = Z Pij,k xixj,

ij=1

m
,in =1
i=1

(1.1)
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(1.2)
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Where P;; . are coefficient of heredity and
m
Pijie =20, Py = P, Z Pjr=1 (1.3)
k=1

Thus, each quadratic stochastic operator IV can be uniquely defined by a cubic matrix P = (P”‘k)?j et with
conditions (1.3) .

Note that each element x € ™1 is a probability distribution on E = {1, ..., m}.

For a given x(® € ™~ the trajectory {x™}, n =0,1,2,.. of x(© under the action of QSO (1.2) is defined
by

x M) = V(x(")), wheren =0,1,2, ...
Definition 1.2. (£ operator)
In order to introduce a new class of QSO. We need some helping notations.
Let us consider x = (xq, ..., X)) and y = (y4, ..., ¥m). We say that x is equivalentto y (x~y) if

(i x <y ( isabsolutely continuous with respect to y). If y, = 0 = x;, = 0,
(i) y<xif x, =0=y,=0.

Let I = {1,2,...,m} and denoted supp(x) = {i = I: x; # 0. Then we say that x is singular to y (x L y) if
supp(x) N supp(y) = 0.

Note that if x,y € S™, then x L y ifand only if (x, y) = 0. By P we denoted the set of ordered pairs of I, i.e.
P={(ij):i<j, i,j eI} let& = {A;}, be apartition of P, i.e. 4, n A; = 9, UZ; A; = P. A quadratic
stochastic operator V given by (1.2), (1.3) is called &) — QSO if the following conditions are satisfied:

(i) For every (i), (uv) € Ay, Vk = {1, ...,njone has (P 1, Pij 2 -, Pijn) ~ (Puv1, Puvzs +r Pun)
(ii) For every (ij) € Ay, (uv) € Ay, k # Lone has (P4, Pija, -, Pijn) L (Puy1s Pupzs o Pupn)
(iii) Forall i,j € I, one has (P;;1, Py, s Piin) L (Pjj1, Pijzs s Pijin)-

Definition 1.3. Let {x(”)}:;1 be the trajectory of the point x© € $™~1 under QSO. Denoted by w(x(®) the set

of limit points of the trajectory. Since x™ c §™ tand S™"! is compact, it follows that w(x©®) = @.
Obviously, if w(x(®) consists of a single point, then the trajectory converges, and w(x(®) is a fixed point of
QSO.

In this paper we are going to study the dynamics of £€©) —QSO on 2D simplex which appeared from this
partition &, = {(1,2), {(1,3), (2,3)}} Namely, we consider the following operator

V,:52 > §2
x' = x% 4+ 2ax(1 —x),

Va: y =yl -x+2), (2)
z'=z2+2(1 —a)x(1 —x),

Where 0 < a < 1 Let ey, e,, e5 be vertices of the simplex S2
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Theorem 1.4. Let V,: 5% — S? be a §&) —QSO given by (2). Then the following statement holds true :

(i) One has that Fix(V;) = {{ey, e, €5} if a # 3, {y = 0} U{x = z} ifa =3
(i) Let0<a< % Let x% = (x%,9°,2z%) € S? be an initial point. If y° = 0 then w(x?) =
e 1fy° # 0 then w(x?) = ey;
(iii) Let 0<a <§ Let x%=(x%v%2% €52 be an initial point. If x°=0 then
w(x%) =e,. If x° = 0 then w(x°) = ey;
(iv) Let a= % Let x°=(x%y°2% €S2 be an initial point. If x° 2% then w(x®) =

(x%0,1 —x9 Ifx° < % then w(x®) = (x° 1 — 2x%,x%)

Proof [i]: to find fixed points of 1, we need to solve the equation , Vx = x, namely
x2+2ax(1—x)=x
yl—-x+2)=y
224201 -a)x(1—-x) =2z

From here we find

Therefore, we have two cases :

Da+
) 2;
I a=
) 2;

Let a ;t%. Ifx=0,thenz? =z So0,z=0,z = 1.

If z= 0, then y = 1. Therefore, (0,1,0) is a fixed point.

If z =1, then y = 0. Therefore (0,0,1) is a fixed point.

If x =1, then z2 = z. Thereforez = 0,z = 1.

The equation z = 1 is insolvable .

If z =0, then y = 0. Hence (1,0,0) is a fixed point

This means that when a # % the fixed points are {(1,0,0), (0,1,0), (0,0,1)}.
Now, consider the case when a = %

Let us take

y=y(1-—x+2)
If y = 0, then x = x and z = z. Therefore x, z are arbitrary so, all points in the line y = 0 are fixed points.

Now, if y # 0, then x = z. S0, x = x,z = z. This means that the line x = z, is fixed point.
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Consequently, the fixed points of the V, are

{(1,0,0),(0,1,0),(0,0,1)} a=# %

{(x,1-2x,x),(x01-x)},x€[01] a= %

Proof [ii]:
It is easy to see that the line y = 0 is invariant w.r.t. V/,.
Also, let x = 0. Then x’ = 0. Therefore, the line x = 0 is invariant under V.
Now, if y = 0. Then V, becomes
x'=x%+ 2ax(1—x)
V,: y' =0
zZ=1-x)?%+21-a)x(1—x)
Now, consider the function f(x) = (1 — 2a)x? + 2ax.
Now, pick up xy, 0 < xq < 1.We want to show that f(x,) < x,. Indeed, from
(1 —2a)x? + 2ax < x, one find (1 — 2a)x? < (1 — 2a)x.

ifb,o<a< %.Then (1 —=2a) > 0.Thus, x? < x therefore x — x? < 0.

So, if 0 <x, <1 then f(x,) < x,. This means that for any n € N f®*D(x,) < f™(x,). So, the sequence
x™ = fM(x,) is decreasing and bounded moreover {x™} is converges to x*. One can see that x* is fixed
point of f(x). The only possibility is x* = 0.

Now, since {x™} convergesto 0, and z"* = 1 — x™ — 1.
So,if 0<x,<1,y=0,then (x,) = (0,0,1) .
Now, when x = 0. Then V, becomes
x'=0
Var1y' = y(1 +2)
Z’ — ZZ

Then one can establish that

lim z™ = 0.
n—-oo

So, y™ =1 — z™ Therefore, when x = 0. then w(x®) = (0,1,0).
Now, let z = 0. Then V, becomes
x'=x%+ 2ax(1—x)

Va: y =yl —-x)
z'=2(1-a)x(1—x)
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if, x’ # 0,y # 0,z" # 0, sthen w(x?) goes to the interior of the simplex S?2

Now, we want to show that w(x®) = (0,1,0) , when x° € int(s?). In order to do that let us divided int(s?)
into two regions. Namely,

S ={C,y,2):x>z}, S;,={(x,y,2):x < z}.

First we want to show that S, is invariant w.r.t. V,. Let (x,y,z) € S,,i.e.x < z . then,

7z =22 +2(1 — a)xo(1 — x) > x& + 2ax,(1 — x,) = x' ,when 0 < a < %
This implies the assertion.
Claim: if x, > z, then there exists an n such that x™ < z™.

Proof: we suppose the contrary i.e. if x, > z, then x™ = z™ for all n. Since S; = {(x,y,2):x = z} is compact
set then there is a subsequence such that (x™k,y™k, z™k) goesto (x*,y*,z*) € S;, where x™ > z™. We know
that the sequence{x ™} is decreasing, so it is convergent and its converges to 0. From x™ > z(™ one finds that
z™ = 0. Hence (x*,y*,z") = (0,1,0).

On the other hand , from y™*! = y™(1 — x™ + z™), we have y™*! < y™, here we have used x™ > z™_ But
the sequence {y ™} converges to 1, se we come to a contradiction. This proves the claim.

Thus, it is enough to study the dynamics of V, on S,.
Now, we are going to show that if x, < z, then w(x®) = (0,1,0).
If x° < z0 then we have that x™ < z™,vn > 1, and y™*! < y™,

Hence , using the same argument as in the proof of claim one sets (x™,y™,z™) - (0,1,0),i.e.w(xy) =
{(0,1,0)}.lim,,_,, y™ = 1.

Proof [iii]:
Let us consider y = 0. then the V, becomes
x'=(1-2a)x? + 2ax
Va: y' =0
z=Qa-1)z*+2(1—-a)z
Consider the function f(x) = (1 — 2a)x? + 2ax.
We want to show that if 0 < x, < 1, then w(x®) = {(1,0,0)}.
One can see that

f'(x) = 2(1 — 2a)x + 2a. one can establish

20 -2a)x+2a>0if0<x < 1.
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Hence, f(x) is increasing. Now, pick up x,, where 0 < x, < 1. We want to prove that f(x,) > x,. Indeed,
from (1 — 2a)x? + 2ax > x one find (1 — 2a)x? > (1 — 2a)x ...(*)

Since(1—2a)<0when§<a<1andx2<x, we get (*) forall 0 < x < 1.

So,
X< fxO) =x' <f(x)=x" < < fx® D) =x®

Then,
lim,,_,,, x™ = 1. Therefore, w(x®) = { (1,0,0)}.
Now, let us consider x = 0, then the V, becomes

x'=0

Var{y' =y(1 +2)
z' =2z

One finds, z’ = f(z°) = (z°) 2 < z°, then z™ is decreasing. Therefore, lim,,_,,, z® = 0. Hence, y* - 1. So, if
0 < xy < 1,then w(x®) = {(0,1,0)}.

Now, let us consider z = 0, then the V, becomes
x'=(1-2a)x? + 2ax
Va: y' =y(1-x)
z'=2(1-a)x(1 —x)

So, x" # 0,y" # 0,z" # 0. then w(x°) goes to the interior of the simplex S?

Now, we want to show that the behavior of w(x®) = { (0,1,0) }when x° € int(s?) . In order to do that let us
divided int(s?) into two regions.

Si={x,y,2):x >z}, S, ={(xy,2):x <z}

Let xq > z, then from.

7' =25 +2(1 — a)xo(1 — xo) < x5 + 2ax,(1 — x,) = x', when 2 < a <1, we have z’' < x'. This means the

region S, is invariant . we want to show that if z, > x,, then one can find n € N such that z™ < x™. assume the
contrary, i.e. if x, < z, then x™ < z™ for all n. From

yttl = y"(1 — x™ 4+ z") and x™ < z™ we set y"*1 > y", therefore, y™ is increasing and y™ converges to 1
which is leading to a contradiction. Hence, we get the assertion .

Now, we are going to prove that the trajectory of any initial point in the region S; converges to (1,0,0). Since
Zy < x, We find z™ < x™_ On the other hand, x™*V > x™ Hence, x ™ converges to x*, which a fixed
point of f(x). The only possibility is x* = 1. Consequently, w(x,) = {(1,0,0)}.

Proof [iv]:
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. 1
Now, consider a = >

x'=x
V,: v =y(1l—-x+2)
z' =z +x(1 —x)

Let y = 0 then y' = 0 therfore, the line y = 0 is invariant.

If x = zthen z2 + z(1 — z) = z and we have x"*1 = x°. From here y"*1 = y"(1 — x" + z") = y"(1 — x° +
z") ifx% > %then x"=x0 > % Therefore, y" + z" =1 —x° < % , then z™ < % thus x™ = z" then 1 — x™ +

z" < 1 therefore, y™*1 < y™ so, y™ is decreasing. This means that if x° > % then w(x?) = {(x°,0,1 — x%)}.
Ifz0 < x% < % then x™ < % and (z°)? < (x%)? therefore, z’ = (z°)% + x°(1 — x°) < (x*)?2 + x°(1 — x%) =
x'.S0,z" < x" < %

Now, we want to show that z™ is increasing. From

z' = (2% + x°(1 — x°) > 2% one find (z°)? — z° + x® — (x°)%? > 0. This means  (z° — x%)(z° + x° —
1) > 0, which is true. So, z' > z°. Therefore, {z™} is increasing , y™ + z" = 1 —x™ = 1 — x°. So, w(x°)
={(x%1-2x°x"}.

Now, consider x° < z°, then x° < % now we want to show that x° = x' < z' = (z°)? + x°(1 — x9) .

(292 > (x%? one can find , z’ = (z°)% + x°(1 — x°) > (x9)? + x°(1 — x°) = x'. Therefore, z’ > x’ = x°.
Now, we are going to prove that z" is decreasing.

(z9)?% + x°(1 — x°) < z°, from here one can find (z° — x°)(z° + x° — 1) < 0. Therefore, z' < z°.

So, {z™} is decreasing and w(x®) = { (x°, 1 — 2x°,x%)}.
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