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1. INTRODUCTION  

The Quadratic dynamical systems considered as an important source of analysis for the study of dynamical 

properties and modeling in various fields. A quadratic stochastic operator (in short QSO) is usually used to 

present the time evolution of species in biology. More precisely, the QSO describes a distribution of the next 

generation if the current distribution of the generation was given. The fascinating applications of the QSO to 

population genetics were given in [2]. In [1], it was given along self-contained exposition of the recent 

achievements and open problems in the theory of the QSO. The main problem in the nonlinear operator theory is 

to study the behavior of nonlinear operators. This problem was not fully finished even in the class of QSO (the 

QSO is the simplest nonlinear operator). An asymptotic behavior of the QSO even on the small dimensional 

simplex is complicated (see [4,5]). In order to solve this problem, many researchers always introduced a certain 

class of QSO and studied their behaviors. For more information, one may refer to [1]. However, all these classes 

of QSO together would not cover all QSO. Therefore, there are many classes of QSO which were not studied 

yet. Recently, in the paper [3], it was introduced a new class of QSO. This class was called 𝝃(𝒔)-QSO. Some 

clases related to 𝜉𝑠have been studied in [6-12]. The properties of algebra related to this class which the matrix 

coefficients taken from the coefficients of this class has been studied in [8-9,11]. Moreover, it was given the 

relationship between this algebra which is called algebra with genetic realization and evolution algebra.  

 

2. PRELIMINARIES  

 
Definition 2.1.  The quadratic stochastic operator (QSO) is a mapping of the simplex 

 

 𝑆𝑚−1 = {𝑥 = (𝑥1, … , 𝑥𝑚) ∈ 𝑅𝑚: 𝑥𝑖 ≥ 0, ∑ 𝑥𝑖 = 1                                   (2.1

𝑚

𝑖=1

) 

into itself, of the form  

𝑉: 𝑥𝑘
′ = ∑ 𝑃𝑖𝑗,𝑘

𝑚

𝑖,𝑗=1

𝑥𝑖𝑥𝑗 ,                                                                                         (2.2)    

Where 𝑃𝑖𝑗,𝑘 are coefficient of heredity and  

𝑃𝑖𝑗,𝑘 ≥ 0,    𝑃𝑖𝑗,𝑘 = 𝑃𝑗𝑖,𝑘 ,        ∑  𝑃𝑖𝑗,𝑘 = 1                                                      (2.3)

𝑚

𝑘=1
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Thus, each quadratic stochastic operator 𝑉 can be uniquely defined by a cubic matrix 𝑷 = (𝑃𝑖𝑗,𝑘)
𝑖,𝑗,𝑘=1

𝑛
  with 

conditions (1.3) . 

Note that each element 𝑥 ∈ 𝑆𝑚−1 is a probability distribution on 𝐸 = {1, … , 𝑚}. 

For a given 𝑥(0) ∈ 𝑆𝑚−1 the trajectory  {𝑥(𝑛)},     𝑛 = 0,1 ,2, …  of 𝑥(0) under the action of QSO (1.2) is defined 

by  

𝑥(𝑛+1) = 𝑉(𝑥(𝑛)),    𝑤ℎ𝑒𝑟𝑒 𝑛 = 0,1,2, … 

Definition 2.2. ( 𝜉(𝑠) operator)  

In order to introduce a new class of QSO. We need some helping notations. 

Let us consider 𝑥 = (𝑥1, … , 𝑥𝑚) and 𝑦 = (𝑦1, … , 𝑦𝑚). We say that 𝑥 is equivalent to 𝑦 (𝑥~𝑦) if  

(i) 𝑥 ≺ 𝑦  (  is absolutely continuous with respect to 𝑦). If 𝑦𝑘 = 0 ⟹ 𝑥𝑘 = 0, 

(ii)  𝑦 ≺ 𝑥  if   𝑥𝑘 = 0 ⟹ 𝑦𝑘 = 0. 

 

Let  𝐼 = {1,2, … , 𝑚} and denoted 𝑠𝑢𝑝𝑝(𝑥) = {𝑖 = 𝐼: 𝑥𝑖 ≠ 0. Then we say that 𝑥 is singular to 𝑦 (𝑥 ⊥ 𝑦) if 

𝑠𝑢𝑝𝑝(𝑥) ∩ 𝑠𝑢𝑝𝑝(𝑦) = ∅. 

Note that if 𝑥, 𝑦 ∈ 𝑺𝒏, then 𝑥 ⊥ 𝑦 if and only if (𝑥, 𝑦) = 0. By 𝑷 we denoted the set of ordered pairs of 𝑰, i.e. 

𝑷 = {(𝒊𝒋): 𝒊 < 𝒋, 𝒊, 𝒋 ∈ 𝑰} let 𝜉 = {𝐴𝑖}𝑖=1
𝑚  be a partition of 𝑷, i.e. 𝑨𝒊 ∩ 𝑨𝒋 = ∅, ⋃ 𝑨𝒊 = 𝑷𝒎

𝒊=𝟏 . A quadratic 

stochastic operator 𝑉 given by (1.2), (1.3) is called 𝝃(𝒔) − QSO  if the following conditions are satisfied: 

(i) For every (𝒊𝒋), (𝒖𝒗) ∈ 𝑨𝒌, ∀𝒌 = {𝟏, … , 𝒏}one has (𝑷𝑖𝑗,1, 𝑷𝑖𝑗,2, … , 𝑷𝑖𝑗,𝑛) ∼ (𝑷𝑢𝑣,1, 𝑷𝑢𝑣,2, … , 𝑷𝑢𝑣,𝑛) 

(ii) For every (𝒊𝒋) ∈ 𝑨𝒌, (𝒖𝒗) ∈ 𝑨𝒍, 𝒌 ≠ 𝒍 one has (𝑷𝑖𝑗,1, 𝑷𝑖𝑗,2, … , 𝑷𝑖𝑗,𝑛) ⊥ (𝑷𝑢𝑣,1, 𝑷𝑢𝑣,2, … , 𝑷𝑢𝑣,𝑛)  

(iii) For all 𝒊, 𝒋 ∈ 𝑰, one has (𝑷𝑖𝑖,1, 𝑷𝑖𝑖,2, … , 𝑷𝑖𝑖,𝑛) ⊥ (𝑷𝑗𝑗,1, 𝑷𝑗𝑗,2, … , 𝑷𝑗𝑗,𝑛). 

 

Definition 2.3. Let {𝑥(𝑛)}
𝑛=1

∞
 be the trajectory of the point 𝑥(0) ∈ 𝑆𝑚−1 under QSO. Denoted by 𝑤(𝑥(0)) the set 

of limit points of the trajectory. Since 𝑥(𝑛) ⊂ 𝑆𝑚−1 and  𝑆𝑚−1 is compact, it follows that 
 0

( ) w x . 

Obviously, if 
 0

( )w x  consists of a single point, then the trajectory converges, and 
 0

( )w x is a fixed point of 

QSO. 

In this paper we are going to study the dynamics of 
( )sξ  –QSO on 2D simplex which appeared from this 

partition 𝜉1 = {(1,2), {(1,3), (2,3)}}   Namely, we consider the following operator  

𝑉𝑎: 𝑆2 → 𝑆2 

              𝑉𝑎: {

𝑥′ = 𝑥2 + 2𝑥(1 − 𝑥)

𝑦′ = 𝑦2 + 2𝑎𝑦𝑧

𝑧′ = 𝑧2 + 2(1 − 𝑎)𝑦𝑧

                                                                     (2)  

  

Where 0 < 𝑎 < 1  Let 𝑒1, 𝑒2, 𝑒3 be vertices of the simplex 𝑆2 

Theorem. Let 𝑉𝑎: 𝑆2 → 𝑆2 be a 𝜉(𝑠) −QSO given by (2). Then the following statement holds true : 

(i) One has that 𝐹𝑖𝑥(𝑉𝑎) = {{𝑒1, 𝑒2, 𝑒3} if 𝑎 ≠
1

2
, {x=0}if 𝑎 =

1

2
 

(ii) Let 𝑥0 = (𝑥0, 𝑦0, 𝑧0) ∈ 𝑆2 be an initial point. If 𝑥0 ≠ 0 then   𝑤(𝑥0) = 𝑒1 If 

(iii) Let 𝑥0 = (𝑥0, 𝑦0, 𝑧0) ∈ 𝑆2 be an initial point. If 𝑥0 = 0 then we have three cases:  

(1) If 0 < 𝑎 <
1

2
, the 𝑤(𝑥0) = 𝑒3 

(2) If 
1

2
< 𝑎 < 1, the 𝑤(𝑥0) = 𝑒2. 

(3) If 𝑎 =
1

2
, then 𝑤(𝑥0) = 𝑥0. 

 

Proof [i]: to find fixed points of  𝑉𝑎 we need to solve the equation , 𝑉𝑥 = 𝑥, namely  

𝑥2 + 2𝑥(1 − 𝑥) = 𝑥 

𝑦2 + 2𝑎𝑦𝑧 = 𝑦 

𝑧2 + 2(1 − 𝑎)𝑦𝑧 = 𝑧 

From here we find  

𝑥 = 0 , 𝑥 = 1; 
Therefore, we have two cases : 

𝐼) 𝑎 ≠
1

2
; 
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𝐼𝐼) 𝑎 =
1

2
; 

Let 𝑎 ≠
1

2
. If 𝑥 = 0, then 𝑧 = 1 − 𝑦.  So, 𝑦 = 𝑦2 + 2𝑎𝑦(1 − 𝑦) one can find 𝑦 = 0, 𝑦 = 1.. 

If 𝑦 = 0, then 𝑧 = 1. Therefore, (0,0,1) is a fixed point. 

If 𝑦 = 1, then 𝑧 = 0. Therefore (0,1,0) is a fixed point. 

If 𝑥 = 1, then 𝑦 =  𝑧 = 0. Hence (1,0,0) is a fixed point  

This means that when 𝑎 ≠
1

2
, the fixed points are {(1,0,0), (0,1,0), (0,0,1)}. 

Now, consider the case when 𝑎 =
1

2
,  

Let us take  

𝑥2 + 2𝑥(1 − 𝑥) = 𝑥, one can find 𝑥 = 1, 𝑥 = 0. 

If 𝑥 = 1, then 𝑦 = 𝑧 = 0 Therefore, (0,0,1) is a fixed point. If 𝑥 = 0, then 𝑦 = 𝑦,  𝑧 = 𝑧. Therefore 𝑦, 𝑧 are 

arbitrary so, all points in the line 𝑥 = 0 are fixed points. 

Consequently, the fixed points of the 𝑉𝑎 are  

{
{(1,0,0), (0,1,0), (0,0,1)}    𝑎 ≠

1

2
.

{(1,0,0), (0, 𝑦, 1 − 𝑦)}, 𝑦 ∈ [0,1]       𝑎 =
1

2
.

 

. 

Proof [ii]: 

It is easy to see that the line 𝑦 = 0 is invariant w.r.t. 𝑉𝑎. 

Also , let 𝑥 = 0. Then 𝑥′ = 0. Therefore, the line 𝑥 = 0  is invariant under 𝑉𝑎. And the line 𝑧 = 0 as well. 

Now, if  𝑦 = 0. Then 𝑉𝑎 becomes  

𝑉𝑎: {
𝑥′ = 𝑥2 + 2𝑥(1 − 𝑥)

𝑦′ = 0

𝑧′ = 𝑧2

 

Now, consider the function 𝑓(𝑥) = −𝑥2 + 2𝑥. it is clear that 𝑓(𝑥) − 𝑥 ≥ 0, 𝑥 ∈ [0,1] 
Now, pick up 𝑥0, 0 < 𝑥0 < 1 . then we have  𝑓(𝑥0) ≥ 𝑥0.  

So, if  0 < 𝑥0 < 1 then 𝑓(𝑥0) ≥ 𝑥0. This means that for any 𝑛 ∈ ℕ  𝑓(𝑛+1)(𝑥0) ≥ 𝑓(𝑛)(𝑥0). So, the sequence 

𝑥(𝑛) = 𝑓(𝑛)(𝑥0) is increasing and bounded moreover {𝑥(𝑛)} is converges to 𝑥∗. One can see that 𝑥∗ is fixed 

point of 𝑓(𝑥). The only possibility is 𝑥∗ = 1. 

Now, since {𝑥(𝑛)} converges to 1, and 𝑧𝑛 = 1 − 𝑥𝑛 → 0. 

So, if    0 < 𝑥0 < 1, 𝑦 = 0, then (𝑥0) = (1,0,0) . 

Now, when 𝑧 = 0. Then 𝑉𝑎 becomes  

𝑉𝑎: {
𝑥′ = 𝑥2 + 2𝑥(1 − 𝑥)

𝑦′ = 𝑦2 + 2𝑎𝑦𝑧

𝑧′ = 0

 

Now, consider the function 𝑓(𝑥) = −𝑥2 + 2𝑥. it is clear that 𝑓(𝑥) − 𝑥 ≥ 0, 𝑥 ∈ [0,1] 
Now, pick up 𝑥0, 0 < 𝑥0 < 1 . then we have  𝑓(𝑥0) ≥ 𝑥0.  

So, if  0 < 𝑥0 < 1 then 𝑓(𝑥0) ≥ 𝑥0. This means that for any 𝑛 ∈ ℕ  𝑓(𝑛+1)(𝑥0) ≥ 𝑓(𝑛)(𝑥0). So, the sequence 

𝑥(𝑛) = 𝑓(𝑛)(𝑥0) is increasing and bounded moreover {𝑥(𝑛)} is converges to 𝑥∗. One can see that 𝑥∗ is fixed 

point of 𝑓(𝑥). The only possibility is 𝑥∗ = 1. 

Now, since {𝑥(𝑛)} converges to 1, and 𝑦𝑛 = 1 − 𝑥𝑛 → 0. 

So, if    0 < 𝑥0 < 1, 𝑧 = 0, then (𝑥0) = (1,0,0) . 

 

Now, we want to show that 𝑤(𝑥0) = (1,0,0) , when 𝑥0 ∈ 𝑖𝑛𝑡(𝑠2).  In order to do that let us divided 𝑖𝑛𝑡(𝑠2) 

into two regions. Namely,  

                          𝑆1 = {(𝑥, 𝑦, 𝑧): 𝑥 >
1

2
},   𝑆2 = {(𝑥, 𝑦, 𝑧): 𝑥 <

1

2
}. 

First we want to show that 𝑆1 is invariant w.r.t. 𝑉𝑎. Let (𝑥, 𝑦, 𝑧) ∈ 𝑆1, 𝑖. 𝑒. 𝑥 >
1

2
 . then, 𝑥′ >

1

2
. it is clear that 

𝑥(𝑛+1) = 𝑥(𝑛)2
+ 2𝑥(𝑛)(1 − 𝑥(𝑛)) > 𝑥(𝑛), from here one can see that 𝑥′ > 𝑥 >

1

2
, This implies the assertion. 

Claim: if 𝑥0 <
1

2
 then there exists an  𝑛 such that 𝑥(𝑛) >

1

2
. 

Proof: we suppose the contrary  i.e. if 𝑥0 <
1

2
 then 𝑥𝑛 ≤

1

2
 for all 𝑛. Since 𝑆1 = {(𝑥, 𝑦, 𝑧): 𝑥 ≤

1

2
 is compact set 

then there is a subsequence  such that (𝑥𝑛𝑘, 𝑦𝑛𝑘 , 𝑧𝑛𝑘)  goes to (𝑥∗, 𝑦∗, 𝑧∗) ∈ 𝑆1, where  𝑥𝑛𝑘 ≤
1

2
. We know that 

the sequence{𝑥(𝑛)} is increasing, so it is convergent and its converges to 1, so we come to a contradiction. This 

proves the claim.  
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Thus, it is enough to study the dynamics of  𝑉𝑎 on 𝑆1. 

Now, we are going to show that 𝑤(𝑥0) = (1,0,0), when 𝑥0 ∈ 𝑆1. we alredy have proved 𝑥(𝑛+1) = 𝑥(𝑛)2
+

2𝑥(𝑛)(1 − 𝑥(𝑛)) > 𝑥(𝑛) 

this means that 𝑥′ < 𝑥. so, the sequence {𝑥(𝑛)} is increasing and bounded moreover {𝑥(𝑛)} is converges to 𝑥∗. 

One can see that 𝑥∗ is fixed point. The only possibility is 𝑥∗ = 1.  And also we have 𝑦′ = 𝑦(𝑦 + 2𝑎𝑧), since 

0 < 𝑎 <
1

2
, then 𝑦 + 2𝑎𝑧 < 1, this means that 𝑦′ < 𝑦. so, the sequence {𝑦(𝑛)} is decreasing and bounded 

moreover {𝑦(𝑛)} is converges to 𝑦∗. One can see that 𝑦∗ is fixed point. The only possibility is 𝑦∗ = 0.  

So, if    𝑥0 ∈ 𝑆1, then (𝑥0) = (1,0,0) = 𝑒1 . 

 

Proof [iii]: 

[1]:  

Now, when 𝑥 = 0. Then 𝑉𝑎 becomes  

𝑉𝑎: {

𝑥′ = 0
𝑦′ = 𝑦2 + 2𝑎𝑦𝑧

𝑧′ = 𝑧2 + 2(1 − 𝑎)𝑦𝑧
 

Now, consider the function 𝑓(𝑦) = 𝑦2 + 2𝑎𝑦(1 − 𝑦).  one can show that 𝑓(𝑦) − 𝑦 ≤ 0, 𝑦 ∈ [0,1], 0 < 𝑎 <
1

2
. 

This means that for any 𝑛 ∈ ℕ  𝑓(𝑛+1)(𝑥0) ≤ 𝑓(𝑛)(𝑥0). So, the sequence 𝑦(𝑛) = 𝑓(𝑛)(𝑥0) is decreasing and 

bounded moreover {𝑦(𝑛)} is converges to 𝑦∗. One can see that 𝑦∗ is fixed point of 𝑓(𝑦). The only possibility is 

𝑦∗ = 0. 

Now, since {𝑦(𝑛)} converges to 0, and 𝑧𝑛 = 1 − 𝑦𝑛 → 1. 

So, if    0 < 𝑥0 < 1, 𝑥 = 0, then 𝑤(𝑥0) = (0,0,1).  

 

 

 

 

[2]:  

Now, when 𝑥 = 0. Then 𝑉𝑎 becomes  

𝑉𝑎: {

𝑥′ = 0
𝑦′ = 𝑦2 + 2𝑎𝑦𝑧

𝑧′ = 𝑧2 + 2(1 − 𝑎)𝑦𝑧
 

Now, consider the function 𝑓(𝑦) = 𝑦2 + 2𝑎𝑦(1 − 𝑦).  one can show that 𝑓(𝑦) − 𝑦 ≥ 0, 𝑦 ∈ [0,1],
1

2
< 𝑎 < 1. 

This means that for any 𝑛 ∈ ℕ  𝑓(𝑛+1)(𝑥0) ≥ 𝑓(𝑛)(𝑥0). So, the sequence 𝑦(𝑛) = 𝑓(𝑛)(𝑥0) is increasing and 

bounded moreover {𝑦(𝑛)} is converges to 𝑦∗. One can see that 𝑦∗ is fixed point of 𝑓(𝑦). The only possibility is 

𝑦∗ = 1. 

Now, since {𝑦(𝑛)} converges to 1, and 𝑧𝑛 = 1 − 𝑦𝑛 → 0. 

So, if    0 < 𝑥0 < 1, 𝑥 = 0, then 𝑤(𝑥0) = (0,1,0) = 𝑒2.  

 

[3]: 

Now, when 𝑥 = 0, 𝑎 =
1

2
. then 𝑉𝑎 becomes  

𝑉𝑎: {

𝑥′ = 0
𝑦′ = 𝑦2 + 𝑦𝑧

𝑧′ = 𝑧2 + 𝑦𝑧
 

Obviously, if 𝑥 = 0, 𝑎 =
1

2
, one can see that 𝑓(𝑦) = 𝑦. this means that all points in the line 𝑥 = 0. are fixed 

points, so 𝑤(𝑥0) = 𝑥0. 
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