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Abstract 

In this paper, the generalization of Simpson’s identity has been derived.This generalized 
identityhasbeenusedtoobtainnewHermite-Hadamardinequalitiesfordifferentiableconvex and quasi-
convex functions.Also, the validation of the derived inequalities has been established using suitable 
examples. 
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1 Introduction 

The theory of inequality has many applications in mathematics, physical sciences and engineering 
fields.It includes the study of various inequalities such as Holder’s inequality, Jensen’ inequality, 
Azuma’s inequality, Boole’s inequality, Hermite-Hadamard inequality and many more well known 
inequalities.Hermite-Hadamardinequalityisoneofthemostfamousinequalityinmathematics. It was 
derived independently by Charles Hermite and Jacques Hadamard.It is involved with the 
convexityoffunction.In1998,DragomirandAgarwal[6]derivedtheinequalityassociatedwith 
therighthandsideofHermite-Hadamardinequalityfordifferentiableconvexfunction.Lateron this 
estimate was improved by Pearce and Pecaric[21]. Kirmaci[17] discovered the inequality linked 
withthelefthandsideofHermite-Hadamardinequality.ByusingtheworkofDragomiretal. 
andKirmacimanyresearcherhavederivedtheinequalitiesassociatedwithleftsideandrightside ofHermite-
Hadamardinequality.TheHermite-Hadamardintegralinequalityforconvexfunctions is used in Kirmaci’s 
work to present a number of inequalities for differentiable convex functions. Kirmaci’s work employs 
the Hermite-Hadamard integral inequality holding for convex functions to describe a few inequalities 
for differentiable convex functions.Additionally, certain applications to 
uniquerealnumbermeanswereoffered,andsomemidwayformulaerrorestimateswerediscovered. Later, 
the inequality related to right hand side of Hermite-Hadamard inequality for quasi-convex function 
was discovered by D. A Ion.[15] 

Before discussing the the main findings of the paper, some prilimianary concepts that are useful 
for the better understanding of the research.We begin with the Hermite-Hadamard inequality. 

Q
y1+z1

≤ 
 1 

∫z1

Q(s)ds ≤
Q(y1)+Q(z1)

. (1) 
2 z1−y1y1 

2 

Next,wedefineconvexandquasiconvexfunction. 

Definition1.AfunctionQ:I→Rissaidtobeconvexif 

Q(y1κ+(1−κ)z1)≤κQ(y1)+(1−κ)Q(z1), 

forally1,z1∈Iand0<κ<1. 
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2 

3 1 

2 

κ− 
3 

— 
(x−y1) 

κ− 

∫, 

0 3 2 

Definition2.AfunctionQ:I→Rissaidtobequasi-convexif 

Q(y1κ+(1−κ)z1)≤max{Q(y1),Q(z1)}, 

forally1,z1∈Iand0<κ<1. 

In[20](page3,Lemma1),Alomarietal.hasderivedthefollowingidentity. 

Lemma1.LetL[y1,z1]denotetheclassofallLebesgueintegrablefunctionson[y1,z1].LetQ: [y1, 

z1]→Rbeadifferentiablefunctionon(y1, z1)withy1<z1.IfQ′∈L[y1, z1],then 

z1−y1Q(y1)+Q(z1)
+2ƒ

y1+z1
−

∫z1

Q(s)ds 
3 

∫1 
1 

 

2 

Q′κ 

 
y1+z1

 

 

2 

+(1−κ)y1 

y1 

 

+κ−
2

3 

 

Q′κz1+(1−κ) 

 
y1+z1dκ. 

(2) 

2 MainResults 

Inthissection,wegeneralizetheidentityobtainedbyAlomarietal.[20].Also,withthehelpof this generalized 
identity, several Hermite-Hadamard-type inequalities have been derived.Also, the validity of derived 
inequalities has been derived. 

Theorem1.Let Q:[y1,z1]→Rbe a differentiable functionon (y1,z1)with y1<z1. If Q′∈L[y1,z1], 
thenthefollowingequalityholds: 

2(z1−y1)Q(x) 
3 

+
(x−y1)Q(y1) 

3 
+

(z1−x)Q(z1)
− 

3 

 

z1 

Q(s)ds 
y1 

=(x−y1)2 κ−
1 

3 
Q′(κx+(1−κ)y1)dκ+(z1−x)2 κ−

2 

3 
Q′(κz1+(1−κ)x)dκ. 

(3) 

Proof.Byapplyingintegrationbypartstwotimes, 

 
I1= 

κ−
1

, 

1 

Q′(κx+(1−κ)y)dκ 
 

, 
1
,

Q(κx+(1−κ)y1)1  1 
∫1 

 

2Q(x) 
= + 

Q(y1) 
— 

 1 
∫1 

Q(κx+(1−κ)y1)dκ. (4) 
3(x−y1) 3(x−y1) (x−y1)0 

Making use of change of the variables =κx+(1−κ)y1and multiplying by (x−y1)2both sides, we 
have 

 
 

 
Similarly, 

(x−y1)2I1= 
2 

3
(x −y1)Q(x)+ 

 

 
2 

1 

3
(x−y1)Q(y1)− 

 

 
1 

x

y1 

 

∫z1 

 
Q(s)ds. (5) 

(x−z1)2I2= 
3

(z1−x)Q(x)+ (z1−x)Q(z1)− 
x 

Q(s)ds. (6) 

Byadding(5)and(6)wehaverequiredidentity. 

Remark1.Bysettingx=y1+z1inTheorem1,theidentity(3)becomestheidentity(2) 

Next,thecertainestimatesassociatedwithRHSof(3)are given. 

1 

0 

  

∫ 

0 

 

0 

 

∫ 

= 
x−y 0 0 

Q(κx+(1−κ)y1)dκ 

= 

∫  1 ∫  1 

3 
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∫ 

3 1 

∫ 

2

 
1 

 

2

 
1 

  

|κ− |κ|Q′(x)|+(1−κ)|Q′(y1)|dκ 

∫ 

∫ 

∫ 

Theorem2.LetQ:[y1,z1]→Rbeadifferentiablefunctionon(y1,z1)withy1<z1.If|Q′|is convexon[y1,z1],then 
the following inequalityholds: 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
 

z1 
— Q(s)ds 

 

 

3 
229|Q′(x)| 

3 
8|Q′(y1)| 

 

 

3 y1
 

28|Q′(z1)| 29|Q′(x)| 
≤(x−y1) + 

162 81 
+(z1−x) + 

81 162 
. (7) 

Proof.UsingTheorem1andtheconvexityof|Q′|,wehave 

2(z1−y1)Q(x) 
 +

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
3 3 

∫1 
1 

3 y1 

∫1 
2 

≤(x−y1)2 |κ− 
0 

||Q′(κx+(1−κ)y1)|dκ+(z1−x)2 
3 

|κ− 
0 

||Q′(κz1+(1−κ)x)|dκ. 3 

∫1 
1 

  
 

+(z1−x)2 

1 

|κ− 
0 

2
|κ|Q′(z)|+(1−κ)|Q′(x)|dκ 

=(x−y1)2 |Q′(x)| 

1 

κ|κ− 
0 

|dκ+|Q′(y1)| 
3 

1 

(1−κ)|κ− 
0 

1
|dκ 

3 

+(z1−x)2 |Q′(z1)| 

1 

κ|κ− 
0 

2
|dκ+|Q′(x)| 

3 

1 

(1−κ)|κ− 
0 

2
|dκ 

3 

=(x−y1) 
29|Q′(x)| 

+ 
162 

8|Q′(y1)| 
81 

+(z1−x) 
8|Q′(z)| 

+ 
81 

29|Q′(x)| 
. 

162 

Thiscompletestheproof. 

Example1.Letthefunctionfbedefinedasƒ(x)=x6.Thenthefunctionƒisconvexon[1,2].We have 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds= 2x6 + 2 508 + 
 

(8) 
 

 

3 

and 

 

  

3 3 y1 

 

  

3 15 
 

 

21 

 

(x−y1) 
29|Q′(x)| 

+ 
162 

8|Q′(y1)| 
81 

+(z1−x) 
8|Q′(z)| 

+ 
81 

29|Q′(x)| 
162 

=(x−1)2 
16

+ 
27 

29|x|5 
 

27 
+(2−x)2( 

512 
+ 

27 

29|x|5 
 

27 
). (9) 

3 0 

 

 

∫ ∫ 

∫ 

2

   

  

2

   

≤(x−y1)2 

1 
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p 

 

∫1 

p 
 

   
q 

|Q(y1)| +|Q(x)| q+(z1−x) |Q(x)| +|Q(z1)| 
q 

∫ 

∫ 

′ 
q 

q 
 

 

′ q 
q 

′ q 

 

 
 

 
Figure1: 

 
HereCurve1andCurve2representstheexpression(8)and(9)respectively.Figure1depicts that the Curve 

1 is below Curve 2.Hence, it also refers to our calculation where the value of the 
expression(8)islessthantheexpression(9).Thisvalidatestheinequality(7). 

Theorem3.LetQ:[y1,z1]→Rbeadifferentiablefunctionon(y1,z1)withy1<z1.If|Q′|qis convexon[y1,z1],then 
the following inequalityholds: 

2(z1−y1)Q(x) 
 +

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
 

z1 

— Q(s)ds 
3 

2p+1+1 

3 
1 
p1 

 

 

 

 
2  ′ 

3 y1
 

 

q ′ q
1 

 

 
2′ q 

 
 

′ q
1 

Proof.UsingTheorem1,Holder’sinequalityandtheconvexityof|Q′|q,wehave 

2(z1−y1)Q(x) 
 +

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
3 3 

∫1 
1 

3 y1 

∫1 
2 

≤(x−y1)2 |κ− 
0 

||Q′(κx+(1−κ)y1)|dκ+(z1−x)2 
3 

|κ− 
0 

||Q′(κz1+(1−κ)x)|dκ. 3 

∫1

 1
p 1∫1 1 

≤(x−y1) κ− dκ 
0 3 

|Q(κx+(1−κ)y1)|dκ 
0 

∫1 
2

p1∫1 1 
  p q 2 ′ q 

+(z1−x) κ − 
0 3 

|Q(κz1+(1−κ)x)|dκ 
0 

≤(x−y1)2 

1 
 

 

2p+1 p 
 

 

(3p+3)3p 
0 

κ|Q′(x)|q +(1−κ)|Q′(y1)| 

1 
q 

qdκ 

22p+1+1 
1∫1 1 

 

 
 

2p+1+1 
= 

(3p+3)3p 

1 
 

p1 
1 

2q 

(x−y1) 
2|Q′(y1)|q +|Q′(x)| 

 
1 

 

 

q+(z1−x) 2|Q′(x)|q +|Q′(z1)| 
q 1

. 

Thiscompletestheproof. 

0 
+(1−κ)|Q(x)|dκ) κ|Q(z1)| 

1 

2q 

 

 

  

q 

≤ 
(3p+3)3p (x−y1) . (10) 

+(z1−x) 
(3p+3)3p 

2 
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5
 

29|Q′(x)|q
 

29|Q′(z)|q
 

∫  

∫ 

 

Example2.Letthefunctionfbedefinedasƒ(x)=x4.Thenthefunctionƒisconvexon[0,1].We have 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds= 2x4 2 + − (11) 
3 

and 

3 3 y1 3 15 3 

2p+1+1 
≤ 

(3p+3)3p 

 
1 

 

p1 
1 

2 q 

 

(x−y1) 

 
2|Q′(y1)|q 

 

+|Q′(x)| 

 
1 

 

 

q+(z1−x) 

 
2|Q′(x)|q 

 

+|Q′(z1)| 

 

q1 

122 

1732333 = 9 22 5 9 2 5 9 2 

(|x| 
9 

+(|x|2+1)3x —2((|x|+(|x|2+1)3)x+(|x| +(|x|2+1)3). (12) 

 

 
 

 

 
Figure2: 

 
Here Curve 1 and Curve 2 represents the expression (10) and (12) respectively.Figure 2 depicts 

that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the 
expression(11)islessthantheexpression(15).Thisvalidatestheinequality(10). 

Theorem4.LetQ:[y1,z1]→Rbeadifferentiablefunctionon(y1,z1)withy1<z1.If|Q′|qis convexon[y1,z1],then 
the following inequalityholds: 

2(z1−y1)Q(x) 
 +

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
 

z1 

— Q(s)ds 
3 

1 
p 

≤ 
 (x−y1)21
8 

3 

8|Q′(y1)|q 
+ 

81 

3 
1 
q 

 

162 

y1 

 

+(z1−x)2 

 
|Q′(x)|q 

8 + 
81 

 

 
1 

 q 

1 
 

162 

 
. (13) 

  x 

q 
q 

 

 

5 
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1 ′ 2 ′ 

  

  

p 
 

  

p 
 

  

5
 

29|Q′(x)|q
 

29|Q′(z)|q
 

 

5
 

29|Q′(x)|q
 

29|Q′(z)|q
 

1 3 1 1 3 1 

∫ 

1 

 ′ 

1 

q 
  

1 

 ′ 

1 

q 
  

 

 

2   
 

2   
 

∫ 

Proof.UsingTheorem1,Power-meaninequalityandtheconvexityof|Q′|q,wehave 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
 

 

3 3 
∫1  

 

 

3 y1
 

∫1 

≤(x−y)2 κ−|Q(κx+(1−κ)y)|dκ+(z−x)2 κ−|Q(κz+(1−κ)x)|dκ. 

∫1

 1 
p 
∫1

 1 q 

≤(x−y1) κ− dκ × 
0 3 

κ− |Q(κx+(1−κ)y1)|dκ 
0 3 

∫1

 2 
p 
∫1

 2 q 

+(z1−x) κ− dκ × 
0 3 

κ− |Q(κz1+(1−κ)x)|dκ 
0 3 

5
1∫1 

1
 1 

 

 p 

≤(x−y1)2 
18 

κ−
3

 
κ|Q′(x)|q +(1−κ)|Q′(y1)| 

 

 

q 

qdκ 

5
1∫1 

2
 1 

  p p 2 ′ q ′ q 

+(z1−x) 
18 

κ− |κ|Q(z1)| 
0 3 

+(1−κ)|Q(x)|dκ dκ 

5
1∫1 1 ′ q 

∫ 
1 1 ′ q 
q 

=(x−y1) 
18 

κκ− 
0 

|Q(x)|dκ+ 
3 

(1−κ)κ− 
0 3

|Q(y1)|dκ 

1
1∫1 2 ′ q 

∫ 
1 2 ′ q 
q 

+(z1−x) 
3 

κκ− 
0 3

|Q(z1)|dκ+ (1−κ)κ− 
0 

|Q(x)|dκ 
3 

1 
p 

 

= 
 (x−y1)2

18 

8|Q′(y1)|q 
+ 

81 

1 
q 

 

162 
+(z1−x)2 

|Q′(x)|q 
8 + 

81 

1 
q 

1 . 
162 

Thiscompletestheproof. 

Example3.Letthefunctionfbedefinedasƒ(x)=x3.Thenthefunctionƒisconvexon[0,1].We have 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds= 4x3 2x — (14) 
 

 

3 

and 

 
  

3 3 y1 

 
  

3 3 

 

1 
 

p 

(x−y1)2 
18 

8|Q′(y1)|q 
+ 

81 

 
1 
q 

 

162 

 

+(z1−x)2 
|Q′(x)|q 

8 + 
81 

 
1 
q 

1 
 

162 
11 

5432 = 2 8 3 

(x+1)(29|x|3+16)4 (15) 
27 

 

 

  

 

0 0 

2 

2 

0 

1 

1 
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1 ′ 2 ′ 

∫  

 3 1 1 

∫  

 3 1 

 
 

1 
3 1 1 

3 1 

∫ 

∫ 

 1  

∫ 

 

 
 

 

 
Figure3: 

 
Here Curve 1 and Curve 2 represents the expression (14) and (15) respectively.Figure 3 depicts 

that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the 
expression(14)islessthantheexpression(15).Thisvalidatestheinequality(13). 

Theorem5.LetQ:[y1,z1]→Rbeadifferentiablefunctionon(y1,z1)withy1<z1.If|Q′|is quasi-
convexon[y1,z1],then the following inequalityholds: 

2(z1−y1)Q(x) 
 +

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
3 3 

5(x−y1)2 ′ ′ 

3 y1
 

5(z1−x)2 ′ ′ 

≤ 
18 

max{|Q(x)|,|Q(y1)|}+ 
18 

max{|Q(z1),|Q(x)|}. (16) 

Proof.UsingTheorem1andthequasi-convexityof|Q′|,wehave 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
 

 

3 3 
∫1  

 

 

3 y1 
∫1 

≤(x−y)2 κ−|Q(κx+(1−κ)y)|dκ+(z−x)2 κ−|Q(κz+(1−κ)x)|dκ. 
  

1 2 
≤(x −y1)2 κ− max{|Q′(x)|,|Q′(y)|}dκ+(z−x)2 κ− max{|Q′(z),|Q′(x)|}dκ 

0 0 

5(x−y1)2 ′ ′ 5(z1−x)2 ′ ′ 

= 
18 

max{|Q(x)|,|Q(y1)|}+ 
18 

max{|Q(z1),|Q(x)|} 

Thiscompletestheproof. 

Example 4.Let the function f bedefined asƒ(x)=x5. Then the functionƒis convex on[−3,5]. We 
have 

2(z1−y1)Q(x) 
 +

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
16x5 

=| 
3368x 

− + 7448 
 

 
| (17) 

 
and 

3 3 

 
5(x−y1)2 ′ 

3 y1 

 

 

′ 5(z1−x)2 

3 3 3 
 

 
′ ′ 

18 
max{|Q(x)|,|Q(y1)|}+ 

18 
max{|Q(z1),|Q(x)|} 

5(x+3)2max{405,5x4} 
= + 

18 

5(5−x)2max{3125,5x4} 

18 
. (18) 

0 0 

 

 

1 
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p 

1 ′ 2 ′ 

 
p 

 

 
p 

 

1 3 1 1 3 1 

∫ 

∫ 

′ 
q 

q 
 

′ 
q 

q 
 

1 

1 

 

 
 

 

 
Figure4: 

 
Here Curve 1 and Curve 2 represents the expression (17) and (18) respectively.Figure 4 depicts 

that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the 
expression(17)islessthantheexpression(18).Thisvalidatestheinequality(16). 

Theorem6.LetQ:[y1,z1]→Rbeadifferentiablefunctionon(y1,z1)withy1<z1.If|Q′|qis quasi-
convexon[y1,z1],then the following inequalityholds: 

2(z1−y1)Q(x)
+

(x−y1)Q(y1) +
(z1−x)Q(z1) 

 

z1 

— Q(s)ds 
3 3 

,
2p+1+1

,1
 

3 

′ q ′ 

y1 

q1 
 

≤(x−y1)  
 

(3p+1)3p 
max{|Q(x)|,|Q(y1)|}q 

,
2p+1+1

,1
 

′ q ′ q 
1 

+(z1−x)  
 

(3p+1)3p 
max{|Q(z1)|,|Q(x)|} q. (19) 

Proof.UsingTheorem1,Holder’sinequalityandthequasi-convexityof|Q′|q,wehave 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) 
+

(z1−x)Q(z1) 
z1 

— Q(s)ds 
 

 

3 3 
∫1  

 

 

3 y1 
∫1 

≤(x−y)2 κ−|Q(κx+(1−κ)y)|dκ+(z−x)2 κ−|Q(κz+(1−κ)x)|dκ. 

∫1

 1
p 1∫1 1 

≤(x−y1) κ− dκ 
0 3 

|Q(κx+(1−κ)y1)|dκ 
0 

∫1

 2
p 1∫1 1 

+(z1−x) κ− dκ 
0 3 

|Q(κz1+(1−κ)x)|dκ 
0 

≤(x−y1)2 
2p+1+ 1 

(3p+1)3p 

1 

max{|Q′(x)|q,|Q′(y1)|q}q 

+(z1−x)2 
2p+1+ 1 

(3p+1)3p 

1 

max{|Q′(z1)|q,|Q′(x)|q}q. 

(20) 

Thiscompletestheproof. 

 

 

  

  

0 0 

2 

2 

2 

2 

p 

p 
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∫ 

q 

Example 5.Let the function f bedefined asƒ(x)=x7. Then the functionƒis convex on[−2,1]. We 
have 

 
 
 

 
and 

2(z1−y1)Q(x) 
 3 

+
(x−y1)Q(y1) 

3 
+

(z1−x)Q(z1)
− 

3 

 

 

Q(s)ds=|2x7−43x− 
y1 

425 

8 
| (21) 

 

(x−y1)2 
2p+1+ 1 

(3p+1)3p 

 
1 

  

max{|Q′(x)|q,|Q′(y1)|q}q 

+(z1−x)2 
2p+1+ 1 

(3p+1)3p 

1 
  

max{|Q′(z1)|q,|Q′(x)|q}q 

=
1 2 1 1 1 2 1 1 

 

 

(x+2)(max{200704,49x2})2+ 3 (1−x)(max{49,49x2})2. (22) 
3 

 

 
 

 

 
Figure5: 

 
Here Curve 1 and Curve 2 represents the expression (21) and (22) respectively.Figure 5 depicts 

that the Curve 5 is below Curve 2.Hence, it also refers to our calculation where the value of the 
expression(21)islessthantheexpression(22).Thisvalidatestheinequality(19). 

Theorem7.LetQ:[y1,z1]→Rbeadifferentiablefunctionon(y1,z1)withy1<z1.If|Q′|qis quasi-
convexon[y1,z1],then the following inequalityholds: 

2(z1−y1)Q(x)
+

(x−y1)Q(y1)
+ (z1−x)Q(z1) 

 

 

z1 

— Q(s)ds 
3 3 

5(x−y)2
 

3 
1 q 5(z 

y1 

—x)2
 1 

≤ 1 max{|Q′(x)|q,|Q′(y1)|q} + 1 
18 18 

max{|Q′(z1)|q,|Q′(x)|q} . (23) 

1 p 

1 p 

z1 ∫ 
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1 2 

, , 

, , 

 

, , 

 

 

p q 
′ q ′ q 

q 

max{|Q(x)|,|Q (y1)|} 

p q 
′ q ′ q 

q 

max{|Q(z1)|,|Q(x)|} 

55(65)5 

= 
1 1 5 5 4 5|x|2 

∫ 

 
0 

 
0 

1 

 

1 

  

1 1 

  

 

 

 

Proof.UsingTheorem1,Power-meaninequalityandthequasi-convexityof|Q′|q,wehave 

2(z1−y1)Q(x) 
+

(x−y1)Q(y1) +
(z1−x)Q(z1) z1 

— Q(s)ds 
3 3 3 y1 ∫  ∫ 

≤(x−y1)
2 

1 

κ −
3 |Q′(κx+(1−κ)y1)|dκ+(z1−x)2 

1 

κ −
3 |Q′(κz1+(1−κ)x)|dκ. 

2

,∫1

 1 
p 

,∫1

 1 ′ q 
q 

≤(x−y1) κ− dκ 
0 3 

× κ− 
0 

|Q(κx+(1−κ)y1)|dκ 
3 

2

,∫1
 2 

p 
,∫1

 2′ q 
q 

+(z1−x) κ− dκ 
0 3 

× |κ− 
0 

Q(κz1+(1−κ)x)|dκ 
3 

,
5
,1,∫1 

1
 ,1 

2 
p 

′ q ′ q 
q 

≤(x−y1) 
 

 

180 

κ− max{|Q(x)|,|Q (y1)|}dκ 
3 

,
5
,1,∫1 

2
 ,1 

  2 
p 

′ q ′ q 
q 

+(z1−x) 
18 

κ− max{|Q(z1)|,|Q(x)|}dκ 
0 3 

,
5
,1,

5
,1, ,1 

 

  
,

5
,1,

5
,1, ,1 

  
5(x−y1)2

, 
 

′ q ′ 
1 

q q 5(z1 —x)2
, 

1 
′ q ′ q 

q 

= 
18 

max{|Q(x)|,|Q (y1)|} + 
18 

max{|Q(z1)|,|Q(x)|} . (24) 

Thiscompletestheproof. 

Example6.Letthefunctionfbedefinedasƒ(x)=x3.Thenthefunctionƒisconvexon[−8,−2]. We have 

and 

2(z1−y1)Q(x) 
 3 

+
(x−y1)Q(y1) 

3 
+

(z1−x)Q(z1)
− 

3 
Q(s)ds=|4x3−168x−340| (25) 

y1 

5(x−y1)2
 

 

 

1 
 

q 

max{|Q′(x)|q,|Q′(y1)|q} +
5(z1 —x)2

 
 

1 
 

q 

max{|Q′(z1)|q,|Q′(x)|q} 
18 18 

 

4 1 
5 

 

 
 

 

 

 
Figure6: 

54 

18 18 

18 18 

 

∫ 

 

2 =(x−y1) 

2 +(z1−x) 

2 2 (x+8)max{384(22)(34),34|x|2}5+(2+x)max{12,34 } . (26) 

z1 
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Here Curve 1 and Curve 2 represents the expression (25) and (26) respectively.Figure 6 depicts 
that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the 
expression(25)islessthantheexpression(26).Thisvalidatestheinequality(23). 
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