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Abstract
In this paper, the generalization of Simpson’s identity has been derived.This generalized
identityhasbeenusedtoobtainnewHermite-Hadamardinequalitiesfordifferentiableconvex and quasi-

convex functions.Also, the validation of the derived inequalities has been established using suitable
examples.
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1 Introduction

The theory of inequality has many applications in mathematics, physical sciences and engineering
fields.It includes the study of various inequalities such as Holder’s inequality, Jensen’ inequality,
Azuma’s inequality, Boole’s inequality, Hermite-Hadamard inequality and many more well known
inequalities.Hermite-Hadamardinequalityisoneofthemostfamousinequalityinmathematics. It was
derived independently by Charles Hermite and Jacques Hadamard.lt is involved with the
convexityoffunction.In1998,DragomirandAgarwal[6]derivedtheinequalityassociatedwith
therighthandsideofHermite-Hadamardinequalityfordifferentiableconvexfunction.Lateron this
estimate was improved by Pearce and Pecaric[21]. Kirmaci[17] discovered the inequality linked
withthelefthandsideofHermite-Hadamardinequality.ByusingtheworkofDragomiretal.
andKirmacimanyresearcherhavederivedtheinequalitiesassociatedwithleftsideandrightside ofHermite-
Hadamardinequality.TheHermite-Hadamardintegralinequalityforconvexfunctions is used in Kirmaci’s
work to present a number of inequalities for differentiable convex functions. Kirmaci’s work employs
the Hermite-Hadamard integral inequality holding for convex functions to describe a few inequalities
for differentiable convex functions.Additionally, certain applications to
uniquerealnumbermeanswereoffered,andsomemidwayformulaerrorestimateswerediscovered. Later,
the inequality related to right hand side of Hermite-Hadamard inequality for quasi-convex function
was discovered by D. A lon.[15]

Before discussing the the main findings of the paper, some prilimianary concepts that are useful
for the better understanding of the research.We begin with the Hermite-Hadamard inequality.

[

Q 1+21S 1 Q(S)ds Sg(xl)ﬂ(éll' (1)
2 Z1—y1y1 2

Next,wedefineconvexandquasiconvexfunction.
Definition1l.AfunctionQ:l1— Rissaidtobeconvexif
Q(y1K+(1—K)z1)=KQ(y1)+(1—K)Q(z1),

forally.,z,€ landO<k<1.
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Definition2.AfunctionQ:1— Rissaidtobequasi-convexif
Q(y:k+(1—K)z1) <max{Q(y1),Q(z1)},
forallyi,zi€ landO<k<1.
In[20](page3,Lemmal),Alomarietal.hasderivedthefollowingidentity.

Lemmal.Letl[y;,z1]denotetheclassofallLebesgueintegrablefunctionsonlyi,zi].LetQ: [y1,
z1]— Rbeadifferentiablefunctionon(ys, zi)withy:<z1.IfQ'€L[y, z1],then

2=y, Qi)+ Q(z4) o, Ya+zy hQ(S}dS
3 2 Y1
.fl 1 . Y1tz 2 | irin
= k=3 QK 5 A=Ky RT3 Q1K) T
0

(2)

2 MainResults

Inthissection,wegeneralizetheidentityobtainedbyAlomarietal.[20].Also,withthehelpof this generalized
identity, several Hermite-Hadamard-type inequalities have been derived.Also, the validity of derived
inequalities has been derived.

Theorem1l.Let Q:[y1,z1]— Rbe a differentiable functionon (y1,z1)with y1<zi. If Q EL[y1,21],
thenthefollowingequalityholds:

J .
2z—y)al) x=vi)Qlya) (21 =X)Q(z1) Q(s)ds
3 ] 3 3 V1 )
! Yoo 2
=(x—y1)? K= 3 Q' (Kx+(1—K)y1)dK+(z1—x)? K= 3 Q'(Kz1+(1—K)x)dK.
0 0
(3)
Proof.Byapplyingintegrationbyf)artstwotimes,
J,, Kk
I1= . 3 Q' (kx+(1—K)y)dK
= k— 1’Q(kx+(1—K)y1)! — 1 7t 1— d
5 ( x(—y1)zl) . (JX_—Vl)_o Q(Kx+(1—K)y1)dk
_ 20 |, Qb 17T Qe (1—K)ya)dK. (4)

3(x—y1)  3(-y1)  (x—y)o

Making use of change of the variables =kx+(1—K)y:iand multiplying by (x—y1)?both sides, we
have

)

2 1 x
(—yal?h= Jl—yQ+ eya) - Qls)ds. (5)

Yi

Similarly,

2 1 I,
(x—2z1)%12= 3(zl—x)CZ(x)+ 3(zl—x)Q(zl)— Q(s)ds. (6)
Byadding(5)and(6)wehaverequiredidentity. O

Remark1.Bysettingx="""*1in Theorem1,theidentity(3)becomestheidentity(2)

Next,thecertainestimatesassociatedwithRHSof(3)are given.
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Theorem2.LetQ:[y1,z:] — Rbeadifferentiablefunctionon(yi,z:)withy:<z..If| Q| is convexonlyi,z:],then

the following inequalityholds:

2(z—yi)Qlx)  (x—y)Qlys) | (z2—x)Q(z1) = Q(s)ds
3 3 3 Y1
229|Q'(x)| N 8lQiy)| 28/Q(z1)] N nlaX)|
162 81 +Hz1—x) 81 162

<(x—y1)

Proof.UsingTheoremilandtheconvexityof| Q|,wehave

2(zi—yi)alx)  (x—y1)Qly1) +(21—X)3Q(21) _J “
3

(7)

Q(s)ds
3 Y1
Il 1 , .fl >
<byfr ) I gllQloeI=K)ys) [dker (217 k= FllQ(kze+(1-K)x)|dK. 3
I L
<(x—y1)? . [K— g|K|Q'(X)|+(1—K)|Q'(y1)|d|(
)
+(z1—x)? |K— §|K|Q’(z)h+(1—K)|Q'(X)|dK
17 . ), )
=(x—y1)? lQ(x)| KIk— ;|dK+|Q(y1)| (1—K)|k— §|dK
Y 0
), 3 , ),
+z1—x)?  [Qlz)]  KIK— ;|dK+|Q(x)| (1—K)|k— §|dK
0

0
, 291QWl _ gjqiy.)| . 8la@l | 291kl
162 81 +Hz1—x) 81 162

=(x—y1)

Thiscompletestheproof.

Examplel.Letthefunctionfbedefinedasf(x)=x°.Thenthefunctionfisconvexon[1,2].We have

2Ay)aW (oA (—x)Qe) ) @ grds= 2 4 2 4 508
3 3 3 " 3 15 2
and
291QW)1  glqly)l 8la(al | 29]Qx)|
2 + y1) 2 + 291a(x)
16 5 512 5
—(x—1)2 2, 29l Ly 254 I
27 27t 27 )
3

(8)

(9)
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HereCurvelandCurve2representstheexpression(8)and(9)respectively.Figureldepicts that the Curve
1 is below Curve 2.Hence, it also refers to our calculation where the value of the

expression(8)islessthantheexpression(9).Thisvalidatestheinequality(7).

Theorem3.LetQ:[y1,z1] — Rbeadifferentiablefunctionon(ys,z:)withyi1<zi.If|Q'|%is convexon|yi,z:],then

the following inequalityholds:
2(21—y1)Q(x) +(X_y1)Q(y1) +(21—X)Q(21) — Q(S)dS
3 3 3 Vi
2P*1+]

(3p+3)3°

Tl

Proof.UsingTheorem1,Holder’sinequalityandtheconvexityof| Q'|9,wehave
J
2zi—y)alx) x—ylQly)) (z1—x)Qz1) _ - Qls)ds
3 3 3 n

Ja J1

<(x—y1)? o
.[1 P 1..‘3 271

<(x—y) > L dk . | Q(rx+(1—K)ya) | dK®

w [

) Il zpl-.‘g. , q ‘g
+(z1—x) K — - |Q(Kz1+(1—K)x) | dK
0 3 0
, 2p+1 J-lg
<0y (3pe3)30
204141

(3p+3)3°

alk

KlQx)|? +(1—K)|Q(y1)| ‘dK
Ia

+(z1—x) KlQlz1)| +(1—k)|Q(x)[dK) @

2P*1+1 179]_ , ) g )
Goray ,t ko) PlabalT +1all X Il
q

Thiscompletestheproof.

0 x—y) 2l g +la)] ¢ T+ (zi—x) 21| T+Qiz)| 7 - (10)
2

1 . ,
|K— 5||Cz(l<x+(1—K)y1)IdK+(zl—x)2 . |k— g||Q(Kz1+(1—K)x)|dK.3

Q=

+la@) 7
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Example2.Letthefunctionfbedefinedasf(x)=x*.Thenthefunctionfisconvexon[0,1]. We have

2a-y)Q0)  x=y)Aly)  (m—x)Qz) —) T q)ds= X+ 2 —x (1))

3 3 3 » 3 15 3
and
2p+141 7pl_ 5 . . q 1 ) . , qlE
Goraw 2 b Flablt +lal T ra—a flakle +lat)
q
- 172533~ s ° 22 5 9 2 5 2 2
g Pl 1px —2((xl+(x+1px(x] +(x ]+, (12)
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Here Curve 1 and Curve 2 represents the expression (10) and (12) respectively.Figure 2 depicts
that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the
expression(11)islessthantheexpression(15).Thisvalidatestheinequality(10).

Theorema4.LetQ:[y1,z1] — Rbeadifferentiablefunctionon(yy,z:)withyi1<zi.If|Q'|%is convexon|yi,z1], then
the following inequalityholds:

T e PR A A BN e

3 3 3 Y1
s B 8laly)l® | 29lQEle ¢ . glaWl 2l F
g by 8l 162 +Hz1=x) 81 162 '
5
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Proof.UsingTheorem1,Power-meaninequalityandtheconvexityof| Q| %,wehave

)z
2(zi—yi)Qlx) | (x—y)Qlys) | (z2—x)Q(z1) — ™ Q(s)ds
3 3 3
1 . .rl
<(x—y) K— |C%'KX-;-(1— K)y) | dk+(z—x)? 1 K— |(§Kz-|‘-(l—1K)X) |dk.
0 0
1B 1 1 1 1 %
<(x—y1) K— ;dK X K— ; | Q(kx+(1—K)y1) | dka
0 0
.[1 2 1 _._1 2 71]
+(z1—x) K— ;dK X K— ; |Q(Kz1+(1—K)x) | dKa
0
i 0, 1 7
=(x=y) K—3  klQX)I? +(1—K)lQly.)| “dk
18 0 3
2 H1 5 2 ’ g ’ q 'p
+(z1—x) K— “lklQ(z1)] +J(1—K)|Q(X)|dK dKk
18 0 3
591 5 1. 4 1 1 q é
=(x—y1) > kk— _ lQbldk+ (1—kk— _|Q(y)ldk
18 0 3 3
1."1 5 2 q 1 2 &
+(z1i—x) > KK— _|Q(z1)|dk+ (1—K)k— a(x)|dk
3 0 3 0 3
5 P 8lQ(y)l  29/Q(x)7 7 lQx)le 29]Qiz)T  *
= = 2 81 162 Ha=xP 3 g '
18 )
Thiscompletestheproof. O
Example3.Letthefunctionfbedefinedasf(x)=x3.Thenthefunctionfisconvexon[0,1]. We have
2(z:—y1)Q(x) +(X—y1)Q(y1) +(21—X)Q(21) —) z Q(s)ds= ﬁ_ 27X (14)
3 3 3 " 3 3
and
1 ' 1 ' 1
P 8lalyl)l? 29|Q(x)|7 @ [Q(x)[7  29]Q(z)lT 7
5 (x—y1)? AR lQ(x)] Hz1—x) 8 + laf U
18 81 162 81 162
11
= 5237
422 3 (15)

(x+1)(f9|x|3+§16)4 -
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Figure3:

Here Curve 1 and Curve 2 represents the expression (14) and (15) respectively.Figure 3 depicts
that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the
expression(14)islessthantheexpression(15).Thisvalidatestheinequality(13).

Theorem5.LetQ:[y1,z1] — Rbeadifferentiablefunctionon(yy,z:)withy:1<zi.If| Q| is quasi-
convexonlyi,zi], then the following inequalityholds:
J Z1
2(z1—y1)Q(x) +(X_y1)Q(y1) +(21_X)Q(Zl) _ Q(s)ds
3 3 3 V1
5(X—y1)2 ' ' 5(21—X)2 ' '
< Tmax{lQ(X)l,IQ(y1)|}+ Tmax{lQ(zl)JQ(X)l}- (16)
Proof.UsingTheoremlandthequasi-convexityof| Q|,wehave
2(z—y1)Qx) | (x—yi)Qly)  (z2—x)Q(z1) — ™ Q(s)ds
3 3 3 "
J1 I
<(x—y)a K—“%KXHI—KWHdKHZ—MZ 1 K—“%KZH11KMHdK
0
g Voo
<(x—y) k— 5 max{|Q(x)],|Q(y) }dk+(z—x)F k— 5 max{|Q(2),|Q(x)[}dK
0 0
5(x—y1)? . . 5(z1—x)? . .
= Tmax{la()()l,IQ(y1)|}+ Tmax{la(zl),IQ(X)l}
Thiscompletestheproof. O

Example 4.Let the function f bedefined asf(x)=x°. Then the functionfis convex on[—3,5]. We
have

2zi—y)alk) L (x=ydQlys) | (z21—x)Q(z1) _J i Qls)ds =| 16x>  3368x L7448 (1)

3 3 3 " 3 3 3
and
5(x—y1)? : ' 5(z1—x)? . .
Tmax{|o(x)l,lo(y1)|}+ 13 max{|Q(z1),1Q(x)|}
5(x+3)2 405,5x* _
_ 5(x+3)’max{ b, 5(5-x)’max{3125,5¢} (18)
18 18
7
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Here Curve 1 and Curve 2 represents the expression (17) and (18) respectively.Figure 4 depicts
that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the
expression(17)islessthantheexpression(18).Thisvalidatestheinequality(16).

Theoremé6.LetQ:[y1,z1] — Rbeadifferentiablefunctionon(ys,z:)withyi1<zi.If|Q | %is quasi-
convexonlyi,zi], then the following inequalityholds:

Z(Zl—yl)Q(X)+(X_y1)Q(y1) +(21_X)Q(21) 7'. i Q(s)ds

3 3 3 vi
Pl y ' a -
<(x—y1)? W max{|Q(X)|z|qQ(y1)|}q
"2Priertt ‘g 1 g 1
+(z1—x) Gor max{|Q(z:)|[QM)[} o (19)

Proof.UsingTheorem1,Holder’sinequalityandthequasi-convexityof| Q'|9,wehave

2ey)a) oplabs) =0z~ s
3 3 3 y
J1 S Pt
<(x—y)1 K—|éKX-;-(1—K)y)|dK+(Z—X)2 1 K—|C§Kz-fl-(1—1K)X)|dK.
0 0
1 1P 1,.‘3 ‘ 3
<(x—y1) K= 3 o | Q(kx+(1—K)y1)| dK*
0 0
IR 2P 1..‘3 ‘ 3
+(z1—x) ° K— = dK |Q(kz1+(1—K)x) |dk?
0 3 0
, 2P+l 1 %’ ) ) 1
<(x—y1) Gpr1)zr maxdlalelaly.)l7y
2P+l q % ) ) 1
+(z1—x)? Gp+1)3° max{|Q(z1)[% Q(x)|7}".
(20)
]

Thiscompletestheproof.
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Example 5.Let the function f bedefined asf(x)=x". Then the functionfis convex on[—2,1]. We
have

B _ _ L 425
2(z1—y1)Q(x) +!X_zﬂ§(zﬂ +1£;_X§Q(£;l_ Q(s)ds=| 2x"— 43x— 8 | (21)
Y1

3

and

I

20141 B
(x—y1)? (Bp+1)3r  max{lQ(x)|%|Q(y1)|7}
24141 B
Ham) e maxlale)lt QY

=

1

1 > 1 1 2 1
= —(x+2)(max{200704,49x2})+ 3 5(1—X)(max{49,49x2})2- B (22)

2 1 0 1

Curve 2 |

Figure5:

Here Curve 1 and Curve 2 represents the expression (21) and (22) respectively.Figure 5 depicts
that the Curve 5 is below Curve 2.Hence, it also refers to our calculation where the value of the
expression(21)islessthantheexpression(22).Thisvalidatestheinequality(19).

Theorem?7.LetQ:[y1,z1] — Rbeadifferentiablefunctionon(yy,z:)withyi<zi.If|Q | %is quasi-
convexonlyi,zi],then the following inequalityholds:

Z

2(z1—y1)Qlx) (x—y1)Qly1) (Z—xQz) — " Qqs)ds
3 3 3 Y1 1
5(x—y)? ) ) 4 5(z —x)? s
< 1 a 1) 19 - | ' .
=0 max{|Q(x)]% |Q(yl) |7}  + 5 max{|Q(z1)]% 1Q'(x)|%} (23)
9
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Proof.UsingTheorem1,Power-meaninequalityandthequasi-convexityof| Q'|9,wehave

2(z1—y)Q) | (x=yi)Qlys) | (22=x)Q(z1) _J “ Qis)ds

3 3 3
I nooJ
2 ! 1 2 1 2 .
<(x—y1) K 3 |Q (kx+(1—K)y1)|dK+(z1—x) K 5 |Q (kz1+(1—K)x)|dK.
]
1_f1 1 » % ,fl 1 » %,
<(x—y1) * K= —dKk = x K= 2 [Q(Kx+(1=K)y1)|dK q
° Z'E 2y 7B 2 a .9
+(z1—x) K— — dK < [k— = Q(Kz1+(1—K)x)|dk
0 3 0 3
R o
<(x—y1) K max{la()L,1Q (1) }dk
18, 3
! 5 , , . -
+(z1—x) k= 2 max{|Q(z:)|.fax) |}k
18 0 3
=y 2% ° e T madidlia G |
- 2,5,1,5,1, s , . .y
+(z1—x) 18 18 max{|Q(z.)].faQ(x)[}
S5(x—y1)¥ e AT , NPRE
=15 max{]Q(x)],|Q (y1)|} MTa— max{|Q(zl)|,TQ(x)|} . (24)
Thiscompletestheproof. ]

Example6.Letthefunctionfbedefinedasf(x)=x3.Thenthefunctionfisconvexon[—8, —2]. We have

).
2(za—y1)Q(x) +.(X__m)g11l Jzi—xalz) 1
3 3 3

Q(s)ds=]4x>*—168x—340| (25)
Y1

and

Q-

5=y’ max{|Q)5 Q)M | +2E =X’ max{|Q(z)]9 Q%)%

18 18
- szﬁ (x+8)max{384(2:){34),3+ | x]2}+(F+x)max{13,34 sy (26)
Louoo
1300
Liooo
Lsoo
8 7 6 s 4 3 Y
o —ane
Figure6:
10
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Here Curve 1 and Curve 2 represents the expression (25) and (26) respectively.Figure 6 depicts
that the Curve 1 is below Curve 2.Hence, it also refers to our calculation where the value of the
expression(25)islessthantheexpression(26).Thisvalidatestheinequality(23).
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