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Abstract

For a finite undirected graphG(V,E)and a non-empty subsetc < V, the
switching ofGbyois defined as the graphGe(V,E)which is obtained fromGby
removing all edges betweencand its complementlV/ —gand adding as edges all non-
edges betweenoand its complementlV/—a.A subsetoofVis said to be self switching if
G = G°.We callit as |o|-vertex selfswitching. When |g| = 3,it istermed as3-
vertexselfswitching.Thesetofall3-vertexselfswitchingsofG ~ withcardinality 3 s
denoted bySS3(G)and its cardinality byss3(G). Switching was defined by
Seidel.SeidelandTaylorprovideastudyonswitchingclassesofgraphs.Foro=
{v} € V, the corresponding switching G}, represented by Gv,is called as vertex
switching. In this article we find the necessary condition for a graph to have 3-vertexself
switching and few of its properties are studied. Also we find ss3(G) for path
Pn,cycleCr,completeK,andcompletebipartiteK ngraphs.

Keywords:S553(G),ss3(G),Switching,3-vertexselfswitching

AMSClassificationNumber:05C60,05C38

1.Introduction

For a finite undirected graphG(V,E)and a non-empty subsetc < V, the
switching ofGbyois defined as the graphGe(V,E)which is obtained fromGby

removingalledgesbetweencanditscomplementV —oandaddingasedgesall

1128 C.Jayasekaranetal1128-1136


mailto:jayacpkc@gmail.com
mailto:femilanissi@gmail.com2
mailto:ashwin1992mas@gmail.com3

JournalofComputationalAnalysisand Applications VOL.33,N0.2,2024

non-edgesbetweeno anditscomplementV —g.SwitchingwasdefinedbySeidel[4]
anditisalsocalledasseidelswitching.Foro = {v} € V,thecorresponding switchingG{},
represented byGv,is called as vertex switching. A  subsetoofVis
saidtobeselfswitchingifG=G°.Wealsocallitas|o|-vertexselfswitching.When

|o| =1,it is termed as self vertex switching [2], |o| = 2, it is termed as 2 -vertex self
switching[1,3,]and|o|=3,itistermedas3-vertexselfswitchingwhereo=
{u,v,w}.Thesetofall3-vertexselfswitchingsofGwithcardinality3isdenotedby
S$S3(G)anditscardinalitybyss3(G).AgraphHisasubgraphofgraphGif
V(H)cV(G)andE(H)<E(G).ForanysetoofverticesofG,theinducedsubgraph

G[o]is the maximal subgraph of G with vertex set a. A subgraph H ofG is called the
spanning subgraphHof graphGifV(H) = V(G). In this article, we provide the
necessaryconditionneededforagraphtobe3-vertexselfswitching.Wealsofind

ss3(G)forpath,cycle,completebipartitegraphandcompletegraph.

2.Preliminaries

Theorem?2.1.[5]LetG (V,E)beagraphando SVbeaselfswitchingofG. Thenthe

number ofedgesbetweentheverticesofcandV —oinG isk(P—k)wh@x@.l;:I al.
Theorem2.2.[5]IfvisaselfvertexswitchingofagraphGoforderp, thendeg (v)=" - —

Theorem 2.3. [1]Ifoisa2-vertexselfswitchingofG,then

deg(u)+deg(v)={ p if wveE(G)
p—2 if uvgE(G)
4 ifp=4
Theorem2.4.[3]Forp=3,ss2(Cp)={3 if p=6

0 otherwise
3.MainResults

Definition 3.1. A subset o of V issaid to be self switching if G = G°.We call it as|a|-
vertexselfswitching.When|o|=3,itistermedas3-vertexselfswitching.Thesetof all 3-
vertex self switchings ofGwith cardinality 3 is denoted bySS3(G)and its cardinality
by ss3(G).

1126 C.Jayasekaranetal1128-1136



JournalofComputationalAnalysisand Applications VOL.33,N0.2,2024

Example 3.2.Consider the graphPsshown in fig 3.1. Different 3-vertex switchings
are given in fig 3.2 to 3.3 show. From these figures, we find that there are two, 3-

vertex self switchings namely {c1,c3,c4} and {cz,c3,c5} and hence ss3(Ps) = 2.

Figure3.1.G= Ps Figure3.2.G{c1¢3¢4}

Figure3.3.G{(c2¢3<s}

Theorem3.3.Ifaisa3-vertexselfswitchingofG, then

/3p—5
| if Glo]=K2U K1

3p2— 1
| 5 if G[o]=Ps
degc(u)+degc(v)+degg(w)={ 3p+3
| if G[o]=K3
3p29
if Glo]=K
t 2 3

Proof.Leto={u,v,w}bea3-vertexselfswitchingofG.ThisimpliesthatG= G°

and therefore |E(G)|=|E(G?)]|. Now, |E(G°)|]= number of edges in G—
((dege(w)+degs(v)+degs(w)) +degeio)(u) +degeis(v)+degesio)(W)+number ofnon-

adjacentverticesofuinG-numberofnon-adjacentverticesofuinG[o]+

numberofnon-adjacentverticesofvinG-numberofnon-adjacentverticesofvin
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G[o]+ number of non-adjacent vertices of win G- number of non-adjacent vertices of

w in G[o]. We have the following four cases.
Casel.G[0]=K3

LetK2beuvandw bethevertexofKwhichisnotadjacenttou and v.Inthis case

|E(G?)|=q— (degs(u) + dege(v) + dege(w) + 2+ 242+ (p— 1 —
degs(u))—0+(p—1—degs(v))—0+(p—1—degs(w))—0. This implies that
|E(G)|=q=q—2((degs(u)+degs(v)+degs(w))+6+3p—3.Therefore

3p+3
degc (w)+degs (v)+dege (W)= —-

Case2.G[o]=P3

LetPsbeuvw.Inthiscase|E(G?)|=q— (degs(uw) + dege(v) + dege(w)) +1+2+ 1 +
(p—1—dege(w) -1+ (p—1—dege(v)) + (p — 1 — dege(w)) — 1.
This implies that |E(G)|=q=q—2((degs(u)+degs(v)+degs(w))—1+3p.

3p—1
Thereforedegs (u)+degs (v)+dege (W)= )
Case3.G[0]=K2UK1

Inthiscase|E(G?)|=q— (degs(u) + dege(v) + dege(w)) +1+1+0+(p—1 —
dege(u)) — 1+ (p —1—dege (v)) — 1 +(p — 1 — dege(w)) — 2. This
impliesthat|E(G)|=q=q—2((degs(u)+degs(v)+degs(w))+3p—5.Therefore

3p=5
degs (u)+dege (v)+degs (W)= "

Case4.G[0]=K3

In this case [E(G?)|=q— (degs(u) + degs(v) + dege(w)) +(p —1 —
dege(u))—2+(p—1—degs(v))—2+(p—1—degs(w))—2.Thisimpliesthat
|E(G)|=q=q—2((degc(u)+degs(v)+degse(w))+3p—9.Therefore

3p—9
degs (u)+dege (v)+degs (W)= "
Hencetheoremfollowsfromcases1,2,3and4.

Remark3.4.Theconverseoftheabovetheoremneednotbetrue.
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ConsiderthegraphG giveninfig3.4.Heredegs(d1)+deges(d2)+
3(7)-5
2

degs (ds)=312+3=8= raphG(dr24stisgiveninfig3.5.Clearly,G

isnotisomorphictoG(dr924siandhence{d1,dz,ds}isnota3-vertexselfswitchingof

G.

d; e/} ds

4 ds ded7

Figure3.4.G Figure3.5.G(d142%s}

Theorem3.5.LetG(V,E)beagraphandleto={u,v,w}cVbea3-vertexselfswitching

ofG.ThenthenumberofedgesbetweentheverticesofoandV —oin Ris3®=3),

Proof.Letc = {uv,w}c V bea3 -vertexselfswitchingof G andlet G(V,E")bethe
switching ofGbyos. ThenG = Goand therefore of|E|=|E’|. This implies that the
number of edges between the vertices ofeandV/—oinGis same asG?.Since the

numberofedgesbetweenthesetsogandV —obothinGandGeisthenumberof

edgesofKs3p—3 ,whichis 3(&23l,t-he theoremfollows.

Corollary3.6.Ifagraphhasa3-vertexselfswitching, thentheorderofthegraphisodd.

Proof.LetG(V,E)beagraphandocVbea3-vertexselfswitchingofG.Letk=|al|.
Then,byTheorem3.5,3(P—3)T isaninteger.Thisimpliesthatp—3isevenand

thereforepisodd.
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Theorem 3.7. If G is a graph with even size, then the line graph L(G) has no 3-vertex self

switching.

Proof. Let Gbe a graph of even size. By the definition of L(G), edges of the graph G
are the vertices ofL(G). SinceGhas even number of edges, the line graphL(G)has

even number of vertices. By Corollary 3.6, L(G) has no 3 -vertex self switching.

1 forp=3,7
Theorem3.8.ss3(Pp)={2 forp=>5
0 otherwise

Proof.LetP,bethepathgraph.lthaspverticesandp—1edges.Leto={u,v,w}C
V(Pp).ThenG|o]iseitherP3orK;UK0orKz.ByTheorem3.1,degs(u)+dege(v)+

3p—9 3p-5 3p—1
degfw)€{™ " 5 37—

3p—9_3(8)-9
Ifp=>8,thendeg c(W+dege (v)+deg ; W)= ”_Zg _2=8.Butforany
threeverticesu,vandwinP,,degs(u) + dege(v) + degs(w)<6whichisa contradiction. Hence,

ss3(Pp) = 0.

So, we calculatess3(Pp)for3 < p < 7. Ifp € {4,6}, then by Corollary 3.6,Pyhas

no 3 -vertex self switching. Let us calculate ss3(Py) for p € {3,5,7,8}.
Casel.G[0]=K2UK,

LetK2>beuvandletwbethevertexofK iwhichisnon-adjacenttouandov

andsopiseither5or7.
Subcasel.1.p=5

InthiscaseeitheroneorbothverticesofP;areinternalverticesofPs.Ifu is an internal
vertex and v is an end vertex, then degs(u) and degs (v) = 1 and thereby
degs(u)+dege(v)+dege(w)€{4,5}.1fdegs(u)+degs(v)+degs(w)=4,then

3p-5 .
w)#" _—__andhencebyTheorem3.3,0={u,v,w}isnot

degc (u)+dege (v)+degs (W) . y { }
a3-vertexselfswitchingofPs.Ifdegs(u)+dege(v)+degs(w)= 5,thendegs(u) +

3p—5
dege (v)+degs (W)= p_zanddeg ¢ (W)=2.Thisimpliesthato={u,v,w}mayor
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may not be a 3 -vertex self switching ofPsand wis an internal vertex. Leta # vbe
thevertexofdegreelinPs.Thenaisadjacenttow inPsandtherebyaisadjacentto both u
and v in Ps°and so Ps°has a cycle Cswhich implies that o is not a 3 -vertex
selfswitchingof Ps.If uandv areinternalverticesof Psthenw isanendvertex and
sodegs(u)=degs(v)=2anddegs(w)=1.Clearly,Ps=Ps°andhencec=

{u,v,w}isa3-vertexselfswitchingofPs.

z a @ Yy b = b ax Yy a
[y @ . ry ® L @ o @ @
Figure3.6.Ps Figure3.7.P°,
a x Y b z z a Y x b
& ® © ® & ® ® & & B
Figure3.8.Ps Figure3.9.P7;

Subcasel.2.p=7

Ifuisaninternalvertexandvisanendvertex,thendegs(u)=2and

16
v)=1andtherebydeg(u)+deg(v)+deg(w)€{4,5}and3»—>=""=8 - _
deg; (V) ydeg(u)+deg(v)+deg(w)€{4,5}an - -

3p—>5 .
andsodegs (u)+degs (v)+degs (W)# " ByTheorem33,0={uvw}isnota3

-vertexselfswitchingofP7.Ifuandvareinternalvertices,thendegs(u)=

16
=2andtherebyd + +d €{5,6}and3—>=""=8 - —
deg; (v)=2andtherebydeg(u)+leg(v)+deg(w)€(5,6)3n —

3p—>5 .
andsodegs (w)+degs (v)+degs (W)#"~-ByTheorem33,0={uvw}isnota3

-vertexselfswitchingofP.
Case2.G[o]=P3
Subcase2.1.p=3

SincePshasonlythreevertices,P3z =P3°.Thisimpliesthate ={u,v,w}isthe only 3 -

vertex self switching of Ps.

Subcase2.2.p=50r 7
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SinceG[o]=P3, eitherno vertex orone vertexingis anend vertexof P,. If no
vertexisanendvertex,thenu,vandwareinternalverticesandsodegs(u)+

deg; (v)+degs (W) =6;timz.lfonevertexisanendvertex,thendeg s+

3p—1
degs (v)+degs (W)=5# g — andtherebyTheorem3.3,cisnota3-vertexself

switching of P,.
Case 3. G[o] =
K3Subcase3.1.p=5

Inthiscasetwoverticesfromoareendverticesof Ps.Thisimpliesthat

3p—-9 .
w)=4=" _andhencebyTheorem3.3,0={u,v,wlis
degs (u)+dege (v)+degs (W) s y { }

nota3-vertexselfswitchingofPs.
Subcase3.2.p=7

Clearly,eithernovertexoronevertexortwoverticesofgareendvertices
ofP andsodeg(u)+deg(v)+deg(w)6{4,5,6}_N0W13p—9=21‘9=12=6

2 2 2

implies thatu,vandware internal vertices. SinceG[o]= K3, the end vertices
ofP7areadjacenttotwoverticesofo.Letwbethevertexwhichisnon-adjacenttotheend
vertices, say a and b, in P7. The graphs given in fig 3.10 and fig 3.11 are P7and P7°.

Clearly,P7=P7°andsoo={u,v,w}istheonly3-vertexselfswitchingofP-.

a G d z c Yy b d Y a z b T
® ‘. ——o—o % ] % * % % & @
Figure3.10.P, Figure3.11.P%

Hencetheoremfollowsfromabovethreecases.

Theorem3.9.ss3(K,)=0forp=4.
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Proof.Leto={u,v,w}cV(K,)besuchthat|o|=3.ThenK,°=K3U K,-3whichis
adisconnectedgraphandsoogcannotbea3-vertexselfswitchingofK,.Hence,

ss3(Kp)=0.
Theorem3.10.s53(C,)=0forp=4.

Proof.LetCybethecyclegraph.lthaspverticesandpedges.Letuscalculate
ss3(Cp)fordifferentvaluesofp.Ifpiseven,thenbyCorollary3.6,C,hasno3-
vertexselfswitching.Letuscalculatess3(Cp)foroddnumberofvertices.Leto=
{u,v,w}cV(Cp)isa3-vertexselfswitchingofC,.Clearly,G[o]iseitherP3orK;U

KiorKz.AlsoinCp,dege(u)+dege(v)+dege(w)=6.
Casel.G[o]=K2UK1

LetK:beuvandletwbethevertexofK1whichisnon-adjacenttouandv.
3p-5
Now’dega (u)+degG (v)+deg6 (W)=67‘: P T andhencebyTheorem3.3,G=

{u,v,w}isnota3-vertexselfswitchingofCy.
Case2.G[o]=P3

3p—1
LetP3s beuvw.Now,degs (u)+degs (v)+dege (w)=6%# p_aéndhenceby

Theorem3.3,0={u,v,w}isnota3-vertexselfswitchingofC.
Case3.G[0]=K3

3p—9
Heredegs (u)+dege (v)+degs (W)=6= g — forp=7only.Letabethe

vertexwhichisadjacenttobothuandvinC7.ThenaisadjacenttoonlywinC°

andsoahasdegreelinC7°whereasC7hasnovertexofdegreel.This impliesthat

C7isnotisomorphictoC7°andsoo={u,v,w}isnota3-vertexselfswitchingofC7. Hence, ss3(Cp) = 0.

n(Z‘ISL form=n+1
Theorem3.11.553(Kmn)={ (g} form=n+3

0 otherwise
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Proof.LetV=V1 U V,whereVi={vj,...,vm}andV={us,...,un}bethebipartition
ofvertexsetofG=Kmn.Leto={u,v,w}CV (Kmn).Theneitherallthe3verticesin

oareinViorVzoronevertexinV(V2)ortwoverticesinV2(V1).Thisimpliesthat

G[a]iseitherporK.ByTheoremg.3,deg(u)+deg(v)+deg(w)e{3ﬂ,3p‘1c}.
3 3 G G

2 2

Without loss of generality, assume that n < m. If m = n, then by Corollary 3.6,
Kmmhas no 3 -vertex self switching. So, letm > n. Consider m = n+t,t > 1. If tis even,
thenbyCorollary3.6,K»+:xhasno3-vertexselfswitching.Letuscalculate

5S3(Kn+en)forp=2n +t,tisodd.
Casel.G[0]=K3

Ifo€VythenKe  ,,, =K n—3n+3 andifcE€V,thenK° mn =K m+3n—3.Now
Km—3n+3=Kmnif and onlyifm—3=nand n+3=mif and onlyifm—n=3.Also
Km+3n-3= Kmnifandonlyifm +3 =nandn—3 =mifandonlyifn—m=3.
Hence|m—n|=3.ThusKmnrhasa3-vertexselfswitchingifandonlyif|m—n|=

3.Letm>n.Thenm=n+3and K rhasa3-vertexselfswitchingifc<V1.Since

(

. L m
wecanchoose3verticesfromthemverticesin 3) ways,thenumberof3-vertex

selfswitchingome,nis(g) When m=n+3.

Case2.G[o]=P3
Here,ViNo#@andocontainseitheronevertexortwoverticesofV.
Subcase2.1.0containsonevertexofV1

ThenocontainstwoverticesofV2.Now,K? mn =K m—142n-241 = Km+1n-1-

Hence, K¢ =K ifandonlyifm=n—1andn=m+1lifandonlyifn=m+ 1.
mn mn

Inthiscasen>mandKm,,hasa3-vertexselfswitching.Onevertexcanbechosen

n
fromV inmwaysandtheZverticesfromV;canbechosenin (2) waysandthereby

n
m( 2)numberof3-Vertexselfswitchingome,n.

Subcase2.2.c0containstwoverticesofV
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ThenocontainsonevertexfromVz.Now,K? mn = Kn—241n-142 =Km—1n+1-

Hence, K¢ =K ifandonlyifm—1=nandn +1=mifandonlyifm=n+1
mn mn

andsom>n.OnevertexfromVzcanbechoseninnwaysandthe2verticesfromV

m
canbechosenin Zr)n( waysandthereby n(z) numberof3-vertexselfswitchingof
Kopn-

Hencetheoremfollowsfromabovetwocases.
Conclusion

Inthisarticle,wediscussedthenecessaryconditionsforagraphtobe3-

vertexselfswitchingincludingthefew properties.
Application

The application of 3-vertex self-switching in road traffic can reduce traffic
congestion by optimizing traffic flow, decrease travel times and improve traffic
efficiency and enhance safety by reducing the risk of accidents caused by congestion.
Vertices represent the intersections or road junctions and edges represent the roads
that connect the intersections. In the context of road traffic, 3-vertex self switching

meansreconfiguringtheroadsandintersectionstooptimizetrafficflow.
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