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Abstract 

 
For a finite undirected graph𝐺(𝑉,𝐸)and a non-empty subset𝜎 ⊆ 𝑉, the 

switching of𝐺by𝜎is defined as the graph𝐺𝜎(𝑉,𝐸′)which is obtained from𝐺by 

removing all edges between𝜎and its complement𝑉 −𝜎and adding as edges all non-

edges between𝜎and its complement𝑉−𝜎.A subset𝜎of𝑉is said to be self switching if 

𝐺 ≅ 𝐺𝜎.We callit as |𝜎|-vertex selfswitching. When |𝜎| = 3,it istermed as3-

vertexselfswitching.Thesetofall3-vertexselfswitchingsof𝐺 withcardinality 3 is 

denoted by𝑆𝑆3(𝐺)and its cardinality by𝑠𝑠3(𝐺). Switching was defined by 

Seidel.SeidelandTaylorprovideastudyonswitchingclassesofgraphs.For𝜎= 

{𝑣} ⊆ 𝑉, the corresponding switching 𝐺{𝑣}, represented by 𝐺𝑣,is called as vertex 

switching. In this article we find the necessary condition for a graph to have 3-vertexself 

switching and few of its properties are studied. Also we find 𝑠𝑠3(𝐺) for path 

𝑃𝑛,cycle𝐶𝑛,complete𝐾𝑛andcompletebipartite𝐾𝑚,𝑛graphs. 

Keywords:𝑆𝑆3(𝐺),𝑠𝑠3(𝐺),Switching,3-vertexselfswitching 

AMSClassificationNumber:05C60,05C38 

 
1. Introduction 

 
For a finite undirected graph𝐺(𝑉,𝐸)and a non-empty subset𝜎 ⊆ 𝑉, the 

switching of𝐺by𝜎is defined as the graph𝐺𝜎(𝑉,𝐸′)which is obtained from𝐺by 

removingalledgesbetween𝜎anditscomplement𝑉 −𝜎andaddingasedgesall 
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non-edgesbetween𝜎 anditscomplement𝑉−𝜎.SwitchingwasdefinedbySeidel[4] 

anditisalsocalledasseidelswitching.For𝜎 = {𝑣} ⊆ 𝑉,thecorresponding switching𝐺{𝑣}, 

represented by𝐺𝑣,is called as vertex switching. A subset𝜎of𝑉is 

saidtobeselfswitchingif𝐺≅𝐺𝜎.Wealsocallitas|𝜎|-vertexselfswitching.When 

|𝜎| =1,it is termed as self vertex switching [2], |𝜎| = 2, it is termed as 2 -vertex self 

switching[1,3,]and|𝜎|=3,itistermedas3-vertexselfswitchingwhere𝜎= 

{u,v,w}.Thesetofall3-vertexselfswitchingsof𝐺withcardinality3isdenotedby 

𝑆𝑆3(𝐺)anditscardinalityby𝑠𝑠3(𝐺).Agraph𝐻isasubgraphofgraph𝐺if 

𝑉(𝐻)𝑉(𝐺)and𝐸(𝐻)𝐸(𝐺).Foranyset𝜎ofverticesof𝐺,theinducedsubgraph 

𝐺[𝜎]is the maximal subgraph of 𝐺 with vertex set 𝜎. A subgraph 𝐻 of𝐺 is called the 

spanning subgraph𝐻of graph𝐺if𝑉(𝐻) = 𝑉(𝐺). In this article, we provide the 

necessaryconditionneededforagraphtobe3-vertexselfswitching.Wealsofind 

𝑠𝑠3(𝐺)forpath,cycle,completebipartitegraphandcompletegraph. 

 
2. Preliminaries 
 

Theorem2.1.[5]Let𝐺(𝑉,𝐸)beagraphand𝜎⊆𝑉beaselfswitchingof𝐺.Thenthe 

number ofedgesbetweentheverticesof𝜎and𝑉−𝜎in𝐺is𝑘(𝑝−𝑘)where𝑘=|𝜎|. 
2 

 

Theorem2.2.[5]If𝑣isaselfvertexswitchingofagraph𝐺oforder𝑝,then𝑑𝑒𝑔 (𝑣)=
𝑝−1 

2 

 

Theorem 2.3. [1]If𝜎isa2-vertexselfswitchingof𝐺,then 

 
𝑝 if 𝑢𝑣∈𝐸(𝐺) 

𝑑𝑒𝑔(𝑢)+𝑑𝑒𝑔(𝑣)={ . 
𝑝−2 if 𝑢𝑣∉𝐸(𝐺) 

 

4 if 𝑝=4 

Theorem2.4.[3]For𝑝≥3,𝑠𝑠2(𝐶𝑝)={3 if 𝑝=6 

0 otherwise 

3. MainResults 

 
Definition 3.1. A subset 𝜎 of 𝑉 issaid to be self switching if 𝐺 ≅ 𝐺𝜎.We call it as|𝜎|- 

vertexselfswitching.When|𝜎|=3,itistermedas3-vertexselfswitching.Thesetof all 3-

vertex self switchings of𝐺with cardinality 3 is denoted by𝑆𝑆3(𝐺)and its cardinality 

by 𝑠𝑠3(𝐺). 
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Example 3.2.Consider the graph𝑃5shown in fig 3.1. Different 3-vertex switchings 

are given in fig 3.2 to 3.3 show. From these figures, we find that there are two, 3- 

vertex self switchings namely {𝑐1,𝑐3,𝑐4} and {𝑐2,𝑐3,𝑐5} and hence 𝑠𝑠3(𝑃5) = 2. 

 

Figure3.1.G= 𝑷𝟓 Figure3.2.𝑮{𝒄𝟏,𝒄𝟑,𝒄𝟒} 

 
 
 
 

 

 

Figure3.3.𝑮{𝒄𝟐,𝒄𝟑,𝒄𝟓} 

 

Theorem3.3.If𝜎isa3-vertexselfswitchingof𝐺,then 

 
3𝑝− 5 

⎛ 
2 

if 𝐺[𝜎]=𝐾2∪ 𝐾1 
⎪

3𝑝− 1 
⎪ 

2 
if 𝐺[𝜎]=𝑃3 

deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤)=
⎨3𝑝+3 

⎪ 2 
if 𝐺[𝜎]=𝐾3 

⎪3𝑝− 9 
if 𝐺[𝜎]=𝐾    

 

{ 2 3 

 
Proof.Let𝜎={𝑢,𝑣,𝑤}bea3-vertexselfswitchingof𝐺.Thisimpliesthat𝐺≅ 𝐺𝜎 

and therefore |𝐸(𝐺)|=|𝐸(𝐺𝜎)|. Now, |𝐸(𝐺𝜎)|= number of edges in 𝐺− 

((deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤)) +deg𝐺[𝜎](𝑢) +deg𝐺[𝜎](𝑣)+deg𝐺[𝜎](𝑤)+number ofnon-

adjacentverticesof𝑢in𝐺-numberofnon-adjacentverticesofuin𝐺[𝜎]+ 

numberofnon-adjacentverticesofvin𝐺-numberofnon-adjacentverticesofvin 
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𝐺[𝜎]+ number of non-adjacent vertices of win 𝐺- number of non-adjacent vertices of 

w in 𝐺[𝜎]. We have the following four cases. 

Case1.𝐺[𝜎]=𝐾3 

 

Let𝐾2be𝑢𝑣andw bethevertexof𝐾1whichisnotadjacentto𝑢 and 𝑣.Inthis case

 |𝐸(𝐺𝜎)|=𝑞− (deg𝐺(𝑢) + deg𝐺(𝑣) + deg𝐺(𝑤) + 2 + 2 +2 + (𝑝− 1 − 

deg𝐺(𝑢))−0+(𝑝−1−deg𝐺(𝑣))−0+(𝑝−1−deg𝐺(𝑤))−0. This implies that 

|𝐸(𝐺)|=𝑞=𝑞−2((deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤))+6+3𝑝−3.Therefore 

deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=
3𝑝+3

. 
2 

 
Case2.𝐺[𝜎]=𝑃3 

 

Let𝑃3beuvw.Inthiscase|𝐸(𝐺𝜎)|=𝑞− (deg𝐺(𝑢) + deg𝐺(𝑣) + deg𝐺(𝑤)) + 1 + 2 + 1 + 

(𝑝 − 1 − deg𝐺(𝑢)) − 1 + (𝑝 − 1 − deg𝐺(𝑣)) + (𝑝 − 1 − deg𝐺(𝑤)) − 1. 

This implies that |𝐸(𝐺)|=𝑞=𝑞−2((deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤))−1+3𝑝. 

Thereforedeg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=
3𝑝−1

. 
2 

 
Case3.𝐺[𝜎]=𝐾2∪𝐾1 

 
Inthiscase|𝐸(𝐺𝜎)|=𝑞− (deg𝐺(𝑢) + deg𝐺(𝑣) + deg𝐺(𝑤)) + 1 + 1 + 0 + (𝑝 − 1 − 

deg𝐺(𝑢)) − 1 + (𝑝 − 1 − deg𝐺 (𝑣)) − 1 +(𝑝 − 1 − deg𝐺(𝑤)) − 2. This 

impliesthat|𝐸(𝐺)|=𝑞=𝑞−2((deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤))+3𝑝−5.Therefore 

deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=
3𝑝−5

. 
2 

 
Case4.𝐺[𝜎]=𝐾  3  

 
In this case |𝐸(𝐺𝜎)| = 𝑞 − (deg𝐺(𝑢) + deg𝐺(𝑣) + deg𝐺(𝑤)) + (𝑝 − 1 − 

deg𝐺(𝑢))−2+(𝑝−1−deg𝐺(𝑣))−2+(𝑝−1−deg𝐺(𝑤))−2.Thisimpliesthat 

|𝐸(𝐺)|=𝑞=𝑞−2((deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤))+3𝑝−9.Therefore 

deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=
3𝑝−9

. 
2 

 
Hencetheoremfollowsfromcases1,2,3and4. 

 

Remark3.4.Theconverseoftheabovetheoremneednotbetrue. 
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Considerthegraph𝐺 giveninfig3.4.Heredeg𝐺(𝑑1)+deg𝐺(𝑑2)+ 

deg𝐺 (𝑑5 )=3+2+3=8=
3(7)−5

.Thegraph𝐺{𝑑1,𝑑2,𝑑5}isgiveninfig3.5.Clearly,𝐺 
2 

isnotisomorphicto𝐺{𝑑1,𝑑2,𝑑5}andhence{𝑑1,𝑑2,𝑑5}isnota3-vertexselfswitchingof 

𝐺. 
 
 
 

d1 d2 d3 

 

 
 

 

Figure3.4.G Figure3.5.𝑮{𝒅𝟏,𝒅𝟐,𝒅𝟓} 

 
 

 

Theorem3.5.Let𝐺(𝑉,𝐸)beagraphandlet𝜎={𝑢,𝑣,𝑤}⊂𝑉bea3-vertexselfswitching 

of𝐺.Thenthenumberofedgesbetweentheverticesof𝜎and𝑉−𝜎in 𝑅is3(𝑝−3). 
2 

 
Proof.Let𝜎 = {𝑢,𝑣,𝑤}⊂ 𝑉 bea3 -vertexselfswitchingof 𝐺 andlet 𝐺𝜎(𝑉,𝐸′)bethe 

switching of𝐺by𝜎. Then𝐺 ≅ 𝐺𝜎and therefore of|𝐸|=|𝐸′|. This implies that the 

number of edges between the vertices of𝜎and𝑉−𝜎in𝐺is same as𝐺𝜎.Since the 

numberofedgesbetweenthesets𝜎and𝑉−𝜎bothin𝐺and𝐺𝜎isthenumberof 

edgesof𝐾3,𝑝−3 ,whichis 3(𝑝−3),the theoremfollows. 
2 

 

Corollary3.6.Ifagraphhasa3-vertexselfswitching,thentheorderofthegraphisodd. 

 
Proof.Let𝐺(𝑉,𝐸)beagraphand𝜎⊂𝑉bea3-vertexselfswitchingof𝐺.Let𝑘=|𝜎|. 

Then,byTheorem3.5,3(𝑝−3) 
2 

isaninteger.Thisimpliesthat𝑝−3isevenand 

therefore𝑝isodd. 

d1 d2 6d 

d4 
d5 d7 

d3 

d4 d5 d6d7 
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Theorem 3.7. If 𝐺 is a graph with even size, then the line graph 𝐿(𝐺) has no 3-vertex self 

switching. 

Proof. Let 𝐺be a graph of even size. By the definition of 𝐿(𝐺), edges of the graph 𝐺 

are the vertices of𝐿(𝐺). Since𝐺has even number of edges, the line graph𝐿(𝐺)has 

even number of vertices. By Corollary 3.6, 𝐿(𝐺) has no 3 -vertex self switching. 

1 forp=3,7 
Theorem3.8.ss3(Pp)={2 forp=5 

0 otherwise 

 
Proof.Let𝑃𝑝bethepathgraph.Ithas𝑝verticesand𝑝−1edges.Let𝜎={𝑢,𝑣,𝑤}⊆ 

𝑉(𝑃𝑝).Then𝐺[𝜎]iseither𝑃3or𝐾2∪𝐾1or𝐾  3 .ByTheorem3.1,deg𝐺(𝑢)+deg𝐺(𝑣)+ 
 

deg(𝑤)∈{
3𝑝−9

,
3𝑝−5

,
3𝑝−1

}. 𝐺 2 2 2 

 

If𝑝≥8,thendeg 𝐺(𝑢)+deg𝐺 (𝑣)+deg (𝑤)≥
3𝑝−9

≥
3(8)−9

=8.Butforany 
2 2 

threeverticesu,vandwin𝑃𝑝,deg𝐺(𝑢) + deg𝐺(𝑣) + deg𝐺(𝑤)≤6whichisa contradiction. Hence, 

𝑠𝑠3(𝑃𝑝) = 0. 

So, we calculate𝑠𝑠3(𝑃𝑝)for3 ≤ 𝑝 ≤ 7. If𝑝 ∈ {4,6}, then by Corollary 3.6,𝑃𝑝has 

no 3 -vertex self switching. Let us calculate 𝑠𝑠3(𝑃𝑝) for 𝑝 ∈ {3,5,7,8}. 

Case1.𝐺[𝜎]=𝐾2∪𝐾1 

 

Let𝐾2beuvandletwbethevertexof𝐾1whichisnon-adjacenttouandv 

andso𝑝iseither5or7. 

 
Subcase1.1.𝑝=5 

 

Inthiscaseeitheroneorbothverticesof𝑃2areinternalverticesof𝑃5.Ifu is an internal 

vertex and v is an end vertex, then deg𝐺(𝑢) and deg𝐺 (𝑣) = 1 and thereby 

deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤)∈{4,5}.Ifdeg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤)=4,then 

deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)≠
3𝑝−5

andhencebyTheorem3.3,𝜎={𝑢,𝑣,𝑤}isnot 
2 

a3-vertexselfswitchingof𝑃5.Ifdeg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤)= 5,thendeg𝐺(𝑢) + 

deg𝐺 (𝑣)+deg𝐺 (𝑤)=
3𝑝−5

anddeg 
2 

(𝑤)=2.Thisimpliesthat𝜎={𝑢,𝑣,𝑤}mayor 𝐺 

𝐺 
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𝟓 

𝟓 

𝐺 𝐺 𝐺 𝐺 

𝐺 𝐺 𝐺 𝐺 

may not be a 3 -vertex self switching of𝑃5and 𝑤is an internal vertex. Let𝑎 ≠ 𝑣be 

thevertexofdegree1in𝑃5.Then𝑎isadjacentto𝑤 in𝑃5andthereby𝑎isadjacentto both 𝑢 

and 𝑣 in 𝑃5
𝜎and so 𝑃5

𝜎has a cycle 𝐶3which implies that 𝜎 is not a 3 -vertex 

selfswitchingof 𝑃5.If 𝑢and𝑣 areinternalverticesof 𝑃5,then𝑤 isanendvertex and 

sodeg𝐺(𝑢)=deg𝐺(𝑣)=2anddeg𝐺(𝑤)=1.Clearly,𝑃5≅𝑃5
𝜎andhence𝜎= 

{𝑢,𝑣,𝑤}isa3-vertexselfswitchingof𝑃5. 

 

Figure3.6.𝑷𝟓 Figure3.7.𝑷𝝈 
 
 
 

 

 
Figure3.8.𝑷𝟓 Figure3.9.𝑷𝝈 

 

 
Subcase1.2.p=7 

 
If𝑢isaninternalvertexand𝑣isanendvertex,thendeg𝐺(𝑢)=2and 

deg (𝑣)=1andtherebydeg(𝑢)+deg(𝑣)+deg(𝑤)∈{4,5}and3𝑝−5=
16

=8 
2 2 

andsodeg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)≠
3𝑝−5

.ByTheorem3.3,𝜎={𝑢,𝑣,𝑤}isnota3 
2 

-vertexselfswitchingof𝑃7.If𝑢and𝑣areinternalvertices,thendeg𝐺(𝑢)= 

deg (𝑣)=2andtherebydeg(𝑢)+deg(𝑣)+deg(𝑤)∈{5,6}and3𝑝−5=
16

=8 
2 2 

andsodeg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)≠
3𝑝−5

.ByTheorem3.3,𝜎={𝑢,𝑣,𝑤}isnota3 
2 

-vertexselfswitchingof𝑃7. 

 
Case2.𝐺[𝜎]=𝑃3 

 
Subcase2.1.𝑝=3 

 
Since𝑃3hasonlythreevertices,𝑃3 ≅𝑃3

𝜎.Thisimpliesthat𝜎 ={𝑢,𝑣,𝑤}isthe only 3 -

vertex self switching of 𝑃3. 

Subcase2.2.𝑝=5or 7 
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𝟕 

Since𝐺[𝜎]=𝑃3, eitherno vertex orone vertexin𝜎is anend vertexof 𝑃𝑝. If no 

vertexisanendvertex,then𝑢,𝑣and𝑤areinternalverticesandsodeg𝐺(𝑢)+ 

deg𝐺 (𝑣)+deg𝐺 (𝑤)=6≠
3𝑝−1

.Ifonevertexisanendvertex,thendeg 
2 

(𝑢)+ 

deg𝐺 (𝑣)+deg𝐺 (𝑤)=5≠
3𝑝−1 

2 
andtherebyTheorem3.3,𝜎isnota3-vertexself 

switching of 𝑃𝑝. 

Case 3. 𝐺[𝜎] = 

𝐾  3 Subcase3.1.𝑝=5 

Inthiscasetwoverticesfrom𝜎areendverticesof𝑃5.Thisimpliesthat 

deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=4≠
3𝑝−9

andhencebyTheorem3.3,𝜎={𝑢,𝑣,𝑤}is 
2 

nota3-vertexselfswitchingof𝑃5. 

 
Subcase3.2.𝑝=7 

 
Clearly,eithernovertexoronevertexortwoverticesof𝜎areendvertices 

of𝑃 andsodeg(𝑢)+deg(𝑣)+deg(𝑤)∈{4,5,6}.Now,3𝑝−9=
21−9

=
12

=6 
7 𝐺 𝐺 𝐺 

   

2 2 2 

implies that𝑢,𝑣and𝑤are internal vertices. Since𝐺[𝜎]= 𝐾  3 , the end vertices 

of𝑃7areadjacenttotwoverticesof𝜎.Let𝑤bethevertexwhichisnon-adjacenttotheend 

vertices, say 𝑎 and 𝑏, in 𝑃7. The graphs given in fig 3.10 and fig 3.11 are 𝑃7and 𝑃7
𝜎. 

Clearly,𝑃7≅𝑃7
𝜎andso𝜎={𝑢,𝑣,𝑤}istheonly3-vertexselfswitchingof𝑃7. 

 

 

 
Figure3.10.𝑷𝟕 Figure3.11.𝑷𝝈 

 
 
 

Hencetheoremfollowsfromabovethreecases. 

 

Theorem3.9.𝑠𝑠3(𝐾𝑝)=0for𝑝≥4. 

𝐺 
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𝑚 

𝑚 

Proof.Let𝜎={𝑢,𝑣,𝑤}⊂𝑉(𝐾𝑝)besuchthat|𝜎|=3.Then𝐾𝑝
𝜎=𝐾3∪ 𝐾𝑝−3whichis 

adisconnectedgraphandso𝜎cannotbea3-vertexselfswitchingof𝐾𝑝.Hence, 

𝑠𝑠3(𝐾𝑝)=0. 

 

Theorem3.10.𝑠𝑠3(𝐶𝑝)=0for𝑝≥4. 

 
Proof.Let𝐶𝑝bethecyclegraph.Ithas𝑝verticesand𝑝edges.Letuscalculate 

𝑠𝑠3(𝐶𝑝)fordifferentvaluesof𝑝.If𝑝iseven,thenbyCorollary3.6,𝐶𝑝hasno3- 

vertexselfswitching.Letuscalculate𝑠𝑠3(𝐶𝑝)foroddnumberofvertices.Let𝜎= 

{𝑢,𝑣,𝑤}⊂𝑉(𝐶𝑝)isa3-vertexselfswitchingof𝐶𝑝.Clearly,𝐺[𝜎]iseither𝑃3or𝐾2∪ 

𝐾1or𝐾  3 .Alsoin𝐶𝑝,deg𝐺(𝑢)+deg𝐺(𝑣)+deg𝐺(𝑤)=6. 

 
Case1.𝐺[𝜎]=𝐾2∪𝐾1 

 

Let𝐾2beuvandletwbethevertexof𝐾1whichisnon-adjacenttouandv. 

Now,deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=6≠
3𝑝−5 

2 
andhencebyTheorem3.3,𝜎= 

{𝑢,𝑣,𝑤}isnota3-vertexselfswitchingof𝐶𝑝. 

 
Case2.𝐺[𝜎]=𝑃3 

 

Let𝑃3 beuvw.Now,deg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=6≠
3𝑝−1

andhenceby 
2 

Theorem3.3,𝜎={𝑢,𝑣,𝑤}isnota3-vertexselfswitchingof𝐶𝑝. 

 
Case3.𝐺[𝜎]=𝐾  3  

 

Heredeg𝐺 (𝑢)+deg𝐺 (𝑣)+deg𝐺 (𝑤)=6=
3𝑝−9 

2 
for𝑝=7only.Let𝑎bethe 

vertexwhichisadjacenttoboth𝑢and𝑣in𝐶7.Then𝑎isadjacenttoonly𝑤in𝐶7
𝜎 

andso𝑎hasdegree1in𝐶7
𝜎whereas𝐶7hasnovertexofdegree1.This impliesthat 

𝐶7isnotisomorphicto𝐶7
𝜎andso𝜎={𝑢,𝑣,𝑤}isnota3-vertexselfswitchingof𝐶7. Hence, 𝑠𝑠3(𝐶𝑝) = 0. 

 
𝑛(2) for𝑚=𝑛+ 1 

Theorem3.11.𝑠𝑠3(𝐾𝑚,𝑛)={ (3) for𝑚=𝑛+ 3 

0 otherwise 



JournalofComputationalAnalysisand Applications VOL.33,NO.2,2024 

1137 C.Jayasekaranetal1128-1136 

 

 

𝑚,𝑛 2 𝑚,𝑛 

𝑚,𝑛 𝑚−1+2,𝑛−2+1 𝑚+1,𝑛−1 

𝑚 

) ( 
2 

Proof.Let𝑉=𝑉1 ∪ 𝑉2where𝑉1={𝑣1,…,𝑣𝑚}and𝑉2={𝑢1,…,𝑢𝑛}bethebipartition 

ofvertexsetof𝐺=𝐾𝑚,𝑛.Let𝜎={𝑢,𝑣,𝑤}⊆𝑉(𝐾𝑚,𝑛).Theneitherallthe3verticesin 

𝜎arein𝑉1or𝑉2oronevertexin𝑉1(𝑉2)ortwoverticesin𝑉2(𝑉1).Thisimpliesthat 

𝐺[𝜎]iseither𝑃or𝐾   .ByTheorem3.3,deg(𝑢)+deg(𝑣)+deg(𝑤)∈{
3𝑝−9

,
3𝑝−1

}. 
3 3 𝐺 𝐺 𝐺 2 2 

Without loss of generality, assume that 𝑛 ≤ 𝑚. If 𝑚 = 𝑛, then by Corollary 3.6, 

𝐾𝑚,𝑚has no 3 -vertex self switching. So, let𝑚 > 𝑛. Consider 𝑚 = 𝑛+𝑡,𝑡 ≥ 1. If 𝑡is even, 

thenbyCorollary3.6,𝐾𝑛+𝑡,𝑛hasno3-vertexselfswitching.Letuscalculate 

𝑠𝑠3(𝐾𝑛+𝑡,𝑛)for𝑝=2𝑛 +𝑡,𝑡isodd. 

 
Case1.𝐺[𝜎]=𝐾  3  

 

If𝜎⊆𝑉1,then𝐾𝜎 =𝐾 andif𝜎⊆𝑉,then𝐾𝜎 =𝐾 .Now 

𝐾𝑚−3,𝑛+3=𝐾𝑚,𝑛if and onlyif𝑚−3=𝑛and 𝑛+3=𝑚if and onlyif𝑚−𝑛=3.Also 

𝐾𝑚+3,𝑛−3= 𝐾𝑚,𝑛ifandonlyif𝑚 +3 =𝑛and𝑛−3 =𝑚ifandonlyif𝑛−𝑚=3. 

Hence|𝑚−𝑛|=3.Thus𝐾𝑚,𝑛hasa3-vertexselfswitchingifandonlyif|𝑚−𝑛|= 

3.Let𝑚>𝑛.Then𝑚=𝑛+3and𝐾𝑚,𝑛hasa3-vertexselfswitchingif𝜎⊆𝑉1.Since 

wecanchoose3verticesfromthe𝑚verticesin 
𝑚(

3) ways,thenumberof3-vertex 

selfswitchingof𝐾𝑚,𝑛is(3) when 𝑚=𝑛+3. 

 
Case2.𝐺[𝜎]=𝑃3 

 
Here,𝑉1∩𝜎≠𝜑and𝜎containseitheronevertexortwoverticesof𝑉1. 

 
Subcase2.1.𝜎containsonevertexof𝑉1 

 
Then𝜎containstwoverticesof𝑉2.Now,𝐾𝜎 =𝐾 = 𝐾 . 

Hence,𝐾𝜎 ≅ 𝐾 ifandonlyif𝑚=𝑛−1and𝑛=𝑚+1ifandonlyif𝑛=𝑚+ 1. 
𝑚,𝑛 𝑚,𝑛 

Inthiscase𝑛>𝑚and𝐾𝑚,𝑛hasa3-vertexselfswitching.Onevertexcanbechosen 

𝑛 
from𝑉1in𝑚waysandthe2verticesfrom𝑉2canbechosenin waysandthereby 

𝑛 
𝑚( 

2 
)numberof3-vertexselfswitchingof𝐾𝑚,𝑛. 

 
Subcase2.2.𝜎containstwoverticesof𝑉1 

𝑚−3,𝑛+3 𝑚+3,𝑛−3 
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𝑚,𝑛 𝑚−2+1,𝑛−1+2 𝑚−1,𝑛+1 Then𝜎containsonevertexfrom𝑉2.Now,𝐾𝜎 = 𝐾 =𝐾 . 

Hence,𝐾𝜎 ≅ 𝐾 ifandonlyif𝑚−1=𝑛and𝑛 +1=𝑚ifandonlyif𝑚=𝑛+1 
𝑚,𝑛 𝑚,𝑛 

andso𝑚>𝑛.Onevertexfrom𝑉2canbechosenin𝑛waysandthe2verticesfrom𝑉1 

canbechosenin 

𝐾𝑚,𝑛. 

𝑚(

2) waysandthereby 
𝑚 

𝑛(2) numberof3-vertexselfswitchingof 

 
Hencetheoremfollowsfromabovetwocases. 

 
Conclusion 

 
Inthisarticle,wediscussedthenecessaryconditionsforagraphtobe3- 

vertexselfswitchingincludingthefew properties. 

Application 

 
The application of 3-vertex self-switching in road traffic can reduce traffic 

congestion by optimizing traffic flow, decrease travel times and improve traffic 

efficiency and enhance safety by reducing the risk of accidents caused by congestion. 

Vertices represent the intersections or road junctions and edges represent the roads 

that connect the intersections. In the context of road traffic, 3-vertex self switching 

meansreconfiguringtheroadsandintersectionstooptimizetrafficflow. 
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