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Abstract: In this paper, performance analysis of a limited capacity queueing system
incorporating the effects of two environmental changing states and catastrophes is
studied. The effect of environmental change is taken to be a function of the number
present in the system. We undertake the transient analysis of a limited capacity queueing
system with two environmental states in the presence of catastrophes. Transient solution
of the queueing model is obtained by using the probability generating function technique.
Some interesting particular cases of the queueing model with and without catastrophes
are obtained. Measures of effectiveness and steady state solutions of the model are also
discussed.
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1. Introduction:

In this paper, we consider a performance analysis of a limited capacity queueing model
incorporates the effects of two environmental changing states and catastrophes. This involves
studying the system's behavior under different environmental conditions and in the presence of
disruptive events like server failures or network outages, called catastrophes. The analysis often
focuses on transient and steady-state characteristics, including probabilities of various system
states, queue length, and waiting time. The system's environment can transition between two
changing states, potentially impacting arrival or service rates. Disruptive events like server
breakdowns or network outages can occur, causing a sudden reset of the system or removal of
customers in the system. In a queueing system with catastrophes, an unexpected event (like a
server crash, network outage, or a virus infection) occurs, instantly clearing the queue and
potentially disrupting the server. When a catastrophe occurs, all customers in the queue are
removed, and the service may be temporarily unavailable until the system recovers.

In this connection, a special reference was made to our previous paper by Kumar,
Darvinder [8,9] and Crescenzo et al. [2]. Kumar, Darvinder [2023] investigated a limited
capacity queueing model working in two environmental changing states and possibilities
of catastrophes. He have obtained transient state as well as the steady state solution of the
model. A single server Markovian queuing system with catastrophe was studied by
Kumar and Arivudainambi [3] in 2000 and later 2003 by Crescenzo et al. [2], where the
authors deduced transient probabilities in the M/M/1 queue model with catastrophe. Jain
and Kanethia [10] studied the transient analysis of a queue with environmental and
catastrophic effects.

The proposed model may be useful for dealing with real-world queueing situations such
as manufacturing firms, banks etc. Imagine a bank with a queue for a teller. A
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catastrophe could be a power outage, causing all customers in line to be temporarily
removed and the teller's service to stop until the power is restored.

In this paper, we undertake the analysis of a queueing system in the presence of catastrophes and
two environmental changing states in order to obtain some analytical results. In section 2, we
have made the assumptions and definitions of the model. The detailed analysis of the main
model is done in section 3 and some particular cases in section 4. In section 5 & 6, we have
obtained the steady-state result and mean queue length. Application of the model is discussed in
section 7.

2. Assumptions and Definitions:

(i) The customers arrive in the system one by one in accordance with a Poisson
process at a single service station. The arrival pattern is non-homogeneous, i.e.
there may exists two arrival rates, namely A, and 0 of which only one is operative

at any instant.

(if) The customers are served one by one at the single channel. The service time is
exponentially distributed. Further, corresponding to arrival rate A, the Poisson
service rate is p, and the service rate corresponding to the arrival rate 0 is p,. The
state of the system when operating with arrival rate A, and service rate p, is
designated as E whereas the other with arrival rate 0 and service rate p, is

designated as F.
(iii) The Poisson rate d_ at which the system goes from environmental state E to F

tends to decrease or increase whereas at the same time the Poisson rate b at
which the system moves from environmental state F to E tends to increase or
decrease according as the numbers in the queue (say n) increase or decrease from
some fixed number (say N). We therefore define,

d, =B[L+&'(N-n)] with n sN+lv
€

and 0 §n§N+£,£M
&

Also

b,=afl+e(n—N)] with n > No1
€

and 0< N—lsn <M
€

Where M denotes the size of the waiting space and &, &' are positive numbers
such that & > % and &' > 1 . These restrictions on M also are necessary to

avoid the negative values of d_and b_. When n=N or £=0, b gives the normal
rate as o and when n=N or £=¢'=0, d_and b gives the normal rates as B and a.
(iv) When the system is not empty, catastrophes occur according to a Poisson

process with rate . The effect of each catastrophe is to make the queue instantly
empty. Simultaneously, the system becomes ready to accept the new customers.

(v) The queue discipline is first- come-first-served.
(vi) The capacity of the system is limited to M.
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Define,

P, (t) = Joint probability that at time t the system is in state E and n units are
in the queue, including the one in service.
Q,(t) = Joint probability that at time t the system is in state F and n units are in
the queue, including the one in service.
R,(t) = The probability that at time t there are n units in the queue, including
the one in service.
Obviously,

R, (1) =P, (1) + Q,(1)

Let us reckon time t from an instant when there are zero customers in the queue and

the system is in the environmental state E so that the initial conditions associated with
P.(t) and Q,(t) becomes,

1 ; n=0
P (0) = ’
(©) {O ; otherwise
Q,(0)=0; foralln.

3. Formulation of Model and Analysis (Time Dependent Solution):
The differential-difference equations governing the system are:

dEPO(t)_—(%1+dO +&)Po(t)+M1P1(t)+ono(t)+§ZP (t); n=0 (1)

n=0
P (D=~ + iy + 0y + P O+ HiPra(D 41 Poa(D+D,Qu(D; 0<n <M (@)

d

EPM() ~(g +dy +E)Py (1) +2q Py_g (1) + by Qi (1) n=M (3)
M

aQo(t)= ~(bo +&)Qo(t)+12Qu (1) +doPo(t)+ & D Qn(t); n=0 (4)
n=0

%Qn(t)Z ~(n, +b, +8) Q, () +1,Q,,(t)+d,P,(t); 0<n<M (5)

& Qult)= (o +byy + QD)+ P (0): 1= M ©

Define, the Laplace Transform as

LT[ O] = [e*f(t)dt=F(s) @)

0

Now, taking the Laplace transforms of equations (1)—(6) and using the initial
conditions, we get

<s+xl+do+a)ms)—l=ulﬁ<s>+b060<s>+az“f;ﬁn<s> ®)
(s+2 +py +d, +E)P,(s)=p, P, (s)+A, P, ,(s)+b, Q,(t) (9)
(5-+ 113+ +E)Py (5)=2, Py (6D, Oy 6) (10)
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(5+by +&)Qq(s)=h, Qu(8)+d; Py(s)+E Q4 (5) (11)
s+, +b, +€)Q,(5)=1, Q,.,(5)+d, P,(5) (12)
(S +p, by, + ‘:)QM (S):dM Py (S) (13)
Define, the probability generating functions
P(z,s):%ﬁn (s)z" (14)
n=0
M
Qz,5)= D Qn(s)2" (15)
n=0
R(z,s)= %ﬁn (s)z" (16)
n=0
where

En (S) = Fn (S) + Qn (S)
Multiplying equations (8)—(10) by the suitable powers of z, summing over all n and
using equations (14)—(16), we have.

Be'2°P'(z,5)+ 022 Q' (z,5)+ [\, 22 — 2 {5 + A, +11, + &+ P+ eN) 4+, [P(z,5)
+a(l-eN)zQ(z,5)=r, 2" (z-1)P,,(s)+ 1,1 - 2)P,(s) -z - QZZP (17)

Similarly, from equations (11)—(13) and using (14)—(16), we have
Be'22P/(2,5) + 0622 Q'(2,5)-BlL+ &' N)zP(z.5)+[z b +1p + &+ all-N) -, JQ(z5)

= 1,(2-1)Q, (s +é§ZZQ (18)
Subtracting equation (18) from (17), we have.
a2 —2(5+ 2+ 1y +8)+ P (2.5) + 1, - 2o+, +&)]Q(zs) =1 2" (z-1)P, ()

D) hele Q)23 R 6)-£23 Q.0 (19)

Differentiating equation (19) with respect to z, we have
22 —2(s+ A + 1y + &)+, [P (2.5)+ [20, 2 (s + 4, + 1, + &) [P(2,9)
+u, —z(s+ 1, +€)]Q'(z,5)- (s+u2 +&)Q(z,5)=A, 2" [M+2)z-(M+1)]P, (s)

R (0)- . Q) -1-ED P 6)-E3°0,0) (20)

Eliminating Q'(z,s) and Q(z,s) from equations (18), (19) and (20), we arrive at a
computationally convenient equation.

M

R P R REL IR ICRED IO IR SO ey

2 n=0

where
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Mo —2(s+p, +E_>)][a622 +a,z +as]
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D(2a,z+a,)

)
ﬂl(z) A
) -z(+p, +8)
(E-a;D/2a6)

z

+

s
L, ag

Bz[a4— %
W, ag
(ag-byB-byc) 0 py
(ag ~bsB-bgc) uy b4i
(a1 -bsB) by
ag ug (ag—byB-DbyC)

{u2a7—%S*-MZ-F§)as}}

L, ag

A:
0

1
b4 (aZ—bZB—b3C)A

0 (a; —b3B)

(ag —b; B-by C)
Ho (az—sz—b?)C)i
by (a; —bsB)

ay

ae
ag O
arz
ae
0

ag My

A=|a; p, b,

ag b, O

by = 1, -8 (S+p,+E)
b, = 1, 852, (S+p,+8)
b; = — ag (s+p,+E)

b, = — (s+u,+E)

a, =X1(S+p2+§)[ag+{s+u2+§+0L(1—8N)}]

a,(a,2> +a,z +a,)

a, = _[ (S+“2 +§){B(1+8'N)(S+“z +&)+>‘1H2}+{S+Hz +§+u(1_8N)}-
{7‘1“2 +(S+u2 +§)(S+}“1+“1+§)}+2}‘18 K, a ]

as :[ (5+H2 +‘:){ZBH2 (1"' & N) —a€u1}+uz (S +h

{ag+(s+p, +&)}+{s+u, +E+al-eN)}
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ﬁh(5+ku'+§y+M2(S+}q'FM1+§)}+(M22)2k1]
8, = {12 B+ N+ (52 i +E) oty (54 21+ E+ @(L=aN) (54 21, +£) ]
a5 =
ag = —aeh
a, =og (S+A +p, +&)-PBe (S+p, +&)
a,=(B &' 1, —aep)
2,=|- 2 (s + 1, + E)oe + 5+ 1, + E+ a(l-£N))]
+2°q, [2(S+u2 +&)+all-eN)+ ag]—Zu§
2,=2(2-1)| p, {2(s+p, + &)+ all—eN)}=z(s+p, +&)-
s+ +E+al—eN)} |y (2-1) [ ~{, - 2(s+ 1, + ) ¥ |
1, & 0z’ i, —2(s+p, +E) )
23:[ i, 2(5+p, +&)+al-eN)jz(z-1)+p, (s +p, +&)z*(1-2).
1, +&+all-eN) b+ L-2)w i+, 22ae o, —(s+p, +8)2} ]
2, =[P (2 -, (s+p, +E)fs+ 1, + E+all—£N)}
—22 (2=, 2(s+ 1, +&)+all—eN) j+
z (z-D)apd —ae 220 2(M+2)~(M+1)} o, —2(s + 1, +€) }]
2, =2%(s+p, +&) [(s+u, +&)—{s+u, +E+all-sN) }]+
22,8 [as+{s+p, +E+a(l—eN)}—(s+p, +&)]
2o =—2%(s+ 1, +&) s+, +E+al—eN)}+
221, [oe+(s+p, + &)+ {s+p, +E+all—eN)}]-zp,’&
On solving equation (21), we have

L2+ L (2)Q (1L @B LR6) LY RO+ L@D 0,09

M
- 22
P(z,s) 10 (22)
where
e
S+, + X(z)-a D’ _
L(z)=[p, — 2(s +p, + E) 2 ‘:){ X((z))+a} 2° (2, 2% +a,2+a, ) exp°?
p- D
236
E’:(E— a7 D]l
28.6 2&6
X(z)=z+ ar

2&6
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sz}:inié)L(z)dz; i=1,2,3,4,56.
Now, from equations (19) and (22), we have
L;(2)+ Qo (s)Ls(2)+ Po(s)Ls(2)+ Puls ZP@M®+ZQ@%®
Qlzs)= mnua (23)
where
L7(Z): 1(2) (Z) ZL()
Ly (2)=L,(2) 9(z)-n, (z-2) L(2)
Ly (2)=L:(2) 9(2)-m, (-1 L(2)
L, (2)=L,(z) 9(z)+1, 2" (z-1) L(2)

)=L.(2) g

Ly (2)=Ls(2) 9(z)-&2 L(2)

L, (2)=Ls(2) 9(z)-&2 L(2)
9@)=z(+1 +p +8&)-p—1,2% |
B()—b2—2@+u2+&ﬂ

Adding equations (22) and (23), we have

C,(2)+C,(2)Qu(s)+ Cs(2)Ro(s)+ C. (2)Pu(s)+ Cs (Z)ZP (9+Cs (Z)ZQ (s)

R(z,s)= BL)LE) (24)
where
C.(2=B(@)L, (1) +L,,(2); i=1,2,3,4,5,6.
Since,
M
1 s = z (25)
Thus equation (24) for z=1, gives
R(1,s)= l:lim R(z,s) (26)
S z-—l
P(0,s)=Py(s)= lir% P(z,s) (27)
And Q(0.5)=Qy(s)<lim Q) (28)

The equations (26), (27) and (28) on solution gives the values of
Py(s), Qols) ZP(S) andZQ (s)
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Again, we have from equations (22) and (23) on setting z=1 and P,(s) = P,, Qu(s) =Q,
_ Mo M
’ PM(S) = PM ’an(s) = Pn and ZQn(S) = Qn
n=0 n=0

L)+ L, (1)Q, + LyP, + L, AP, + Ly P, + L, (1)3.Q,

P(L,s)= 0 (29)
L0+ Ly (0)Q + Lo(0)P, + Lio(@)Py, + L) P, + Luy()DQ,
Qll,s)= BOLE (30)

These on inversions give the respective probabilities for the system to be in the
environmental states E and F.

4. Particular Cases:

Case | Setting n=N or £=0 in equations (22) and (23), (i.e., when the rate of change of
environment from state F to E is constant), we have

LM L) LRI L RO+ L@ PO+ L@ 3O

P(z,5)= X0 (31)
» L (2)+ Ly (2)QulS) + Ly @Py(5) + Lin(@Py5) + L3P0 + L0, (9) )
Q Z,5)= n=0 n=0
B(z)L'(2)
where
Li(2)=L(z)]._, ;i=1,2,3,....12.
L' (2)=L(2) »
B'(2)=B(2)]_,
On adding equations (31) and (32), we have.
Cl(2)+C42)Ql6)+ 2R )+ C (2)P 5)+ CL @D P 9+ C @D Q1)
R(z,s)= 2t n-0 (33)
B'(z)L'(2)
where
Cl(z)=B(z)Li(z)+L ,(z); i=1,2,3,4,5,6.

M M
The unknown quantities Q,(s), P(s), P,(s). D_P,(s)and Y Q, (s) can be evaluated as before.
n=0 n=0

Case Il: Setting ¢=&'=00r n=N in equation (17) and (18), (i.e. when the rates of
interchange of environmental states from E to F and F to E is constant), we have

X4 (Z)P(z,s)+ X5 (Z)Q(z,s)+ X3 (z) =0 (34)
X4 (2)P(z,8)+ X5 (2)Q(z,8)+Xg (z) = 0 (35)
where

X1(2)=—[7V122 —Z(s+h +1y +B+§)+Ml]
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Xz(z)z—ocz
M
X3(2)= {ul (2-1) Py (5)+ 2, 2" (1=2)Py () + 2+E2 )Py (5)
n=0
X4 (z)=Bz
X5 (2)=[ng —z(s +pg +a+8)]
M
o (0)| ol D006 +523:0,9
n=0
From equations (34) and (35), we have
Xy (2)X6 (2)- X35 (2)X5 (2)
. e O e ) -
z)-X4 zZ
U X X3 0 Ko (%, ) 0

Thus, we have
1 -0, (2)- X, @10, 646238, [ (2)-X, @}, 1-2)
X.(2)- ()% )2, zMﬂ[ )X, (2] -2JP, 5)+
2[X:0)-X.(2)]+£2 3.7, 6) [X.(2)- X, o)

o 38
R(zs) —72¢? +sX (@) +-2)X, (2)-2* &0 +p+8) >

where
X, (Z)= }‘123 _22()‘1'“114'“2 +G+B+2§)+Z(u1+uz)
Xg(z)==2"n (0 +p, + &)+ 2 [ap, +p, (b +p, +B+E) |-,

E() S+(l+2v;

A LS
nd PLs)= P s(s+a+p+&)

Z EMZ

QLs)=Y Qy(5)=—— P
n=0

s(s+a+B+E&)
Relation (38) is a polynomial in z and exists for all values of z, including the three
zeros of the denominator. Hence Pq(s), Qq(s)and Py, (s) are obtained by setting the
numerator equal to zero and substituting the three zeros, a,, o, and o, (say) of the
denominator (at each of which the numerator must vanish).
Now letting a—oo, —0 and setting p,= p,= pu (say) in relation (38), we have

r(z 3)2(1— Z)uR,(s)-(@—2)A, 2" P, (s)-z—-&2/s )
’ MZ2—z(s+0 +p+E)+p

where
Ro (S) =P (S) +Qo (S)
r(z,s)=lim [ lim R(z,s)}

B—0Lo—w

Relation (39) is a polynomial in z and exists for all values of z, including the two zeros
of the denominator. Hence, Ry(s) and Py (s) can be evaluated as before.
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Case Il Putting e=&'=1, N=1 in equation (24), (i.e. when d =Bn and b_=an), we have.

Cl(2) + By ()CLQ) + PICID) + Pu(CL@) + S P (6CLD) + >0, (1CL2)

R(z:s) = BOL'Q)

(40)

where
L" (Z) = L(Z) e=¢'=1,N=1

Cl(z)=Ci(2)._, . yu: 11,2,3,4,5,6

5. Steady State Results:

This can at once be obtained by the well-known property of the Laplace transform
given below:

limf(t) = lim s f(s), If the limit on the left hand side exists.

t—o0 s—0
M
Thus if R(z)=>.R, 2"
n=0
Then R(z)=lim s R (z,5)
s—0
By using this property, we have from equation (24) for the steady state

N,(z)Q,+ N, (z)P, + N, (z)P,, + N4(z)§: P+ Ns(z)iQn +N
R (Z)Z n=0 n=0 (41)

B'(2)L'(2)

N(2) =B} L 2], 1151, 2,3, 4, 5

L' (z)=L(z ‘s:o

L; (z):jnz'(Z)L(z)dz ;i=1,2,3,4,5,6
L@ () s@)-1, (-2 ()

Ly (2)-L5(2) 9(2)- 1y (2 -1)L(2)

U, @)=L () o(e)-e2L(2)
and N = The constant of integration.

M M
The unknown quantities Py, Q, Py, >'P,and ) Q, can be evaluated as before.

n=0 n=0
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Particular cases:

Case | Relation (33), on applying the theory of Laplace transform, we have

Q, Ni(2)+ N, (2)P, + N4 (2)P,, + N;,(z)ipn + N;.,(z)iQn +N/

" T 4
where,
Ni(@)-B@L (@)L, i iE12.3,4,5

Lz;(z) = L’;f*(z) g(z)+x1 ZM+1 (z —1)L'(z)
L, @=L @0 -&L@)

L,@ =L, @@ -&L@)

N' = the constant of integration.

M M
The unknown quantities Q, Py, Py, >'P and> Q, can be evaluated as before.
n=0 n=0

Case Il Relation (38), on applying the theory of Laplace transforms gives
ho(l-2)az +2(hy + 11y +B+8)~0g 22—y | Qg +
w@-2)Bz-{uy -z (uy+a+8) } Py +2 2" 1-2){uy -2 (ny + 0+ )Pz} Py +
Z)zaz/gwma)[ﬁ{xlf ~2(hy g+ @B E) (04 E) o~ 2ty + o+ B+ )
220 (np + 0 &) =27 [y (g + 0+ 8)+ forpg +1p (g + 1y +B+E) (04 +E)]
+z[{opg +pg (hy +pg +B+E) f+ Mo |- Hap,
or, we can write
R (z):T(Z)QO +N (Z)EO(-ZG-)L(Z)PM +M(2) (44)
Where T(z), N(z) and L(z) are the co-efficient of Q,, P, and P,, respectively in the
numerator of equation (43) and K(z) is the denominator of (43).

Equation (44) is a polynomial in z and exists for all values of z, including three zeros
of the denominator. Hence Q,, P, and P,, can be obtained by setting the numerator

(43)
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equal to zero. Substituting the three zeros b,, b, and b, (say) of the denominator (at
each of which the numerator must vanish).

Three equations determining the constants Q,, P, and P,, are

T(by)Qq +N(by)Py +L(by)Py =—M(by) (45)
T(b2)Qq +N(by)Py +L(by)Py =—M(b,) (46)
T(b3)Qq +N(b3)Py +L(b3)Py =—M (b3) (47)

After solving these equations, we have
—M(by)Aq; + M(by)As; —M(b3)As

Qo = A
Py = M(by)A1, —M(b3)Az + M(bz)As
A
P ~M(by)Aq3 + M(by)Ags —M(b3)Ass
M A
where

T(by) N(by) L(by)
A=[T(b,) N(by) L(by)

T(b3) N(bs) L(bs)
A is the co-factor of the (i, j)th element of A.
By putting the values of Q,, P, and P,, in equation (44), we have
T(Z)[_ M (bl)All + M(bz)Azl - M(bs)Aal]"' N(Z)[M(bl)Alz - M(bz)Azz + M(bs)Asz]

i LM A M M ) A D (@8)
Case 111 Relation (40), on applying the theory of Laplace Transform gives
H, (2)Q,+H, (z)P, + H,(2)P, + H4(z)i P+ Hs(z)iQn +H’
e oL “)
where,

By (2)=B (2)],_,

H(z)=L" (z)|

H,(z)=B()L,(z)+L],(z)_, :i=1,2,3,4,5.

Lj(z)=] {i L(z)} dz ;j=2,3,4,5,6.

(@) ]
Li@)=L(@)]._. v - k=8, 9, 10, 11, 12,

H' = the constant of Integration.
The unknown quantities of equation (49) can be evaluated as before.
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6. Mean Queue Length:
Define,
L= Expected number of customers in the queue including the one in service.

Then
Lq = R'(z)|ZZ1

Therefore, from equation (48), we have
KO- Mlb, Ay +M(b, )A, = Mby A, §+ N'L){M(b,)A, ~M(b, )A,, + M(b,)A,}
+ L(1) = Moy ), +M(b, )JA,; —M(bs A, -+ AML)] - [T {- M(b,)A, +M(b, A,
( 3)A31} (){ ( )Alz M(b )Azz +M(b3)A }"'L(l){ M( 1)A13 + M(bz)Aza
L = ~M(bo)Ag |+ A-MU] K'Q) (50)
q A-[K@F

where dashes denotes the first derivative w. r. t. z.

Relation (39), on applying the theory of Laplace transforms gives
(2)= 1-2)uRy —A-2)1 ZM Py, —E2

(51)
Mz2—zZ(M +p+E)+p

where

r(z)_!lng)sr(z s)

Equation (51) is a polynomial in z and exists for all values of z, including the two
zeros of the denominator. Hence R, and P,, can be obtained by setting the numerator

equal to zero. Substituting the two zeros a, and a, (say) of the denominator (at each of
which the numerator must vanish).

If £=0 (i.e., no catastrophe is allowed in the system), from equation (51), we have

_ M+1
r(z):uRo MZ7 Py (52)
n—»Az
The condition, lim r (z)=1 gives
z—1
Ry —A Py =u-2 (53)

As r(z) is analytic, the numerator and denominator of equation (52) must vanish
simultaneously for z=p/A1, which is a zero of its denominator. Equating the numerator
of equation (52) to zero for z= pu/A1 we have

Ro=p ™" Py, p=Ay/n<l (54)
Relation (53) and (54) gives
R _ 1-p _(@=p)p"
0 1_p|v|+1 ! M 1_pM+1
Now, from equation (52), we have
1— 1- M+1
r(z)= |\‘/|)+1 : l: (p2) } (55)
1—p 1—pZ

which is a well known result of the M/M/1 queue with finite waiting space M and The
results agrees to one which are studied by Jain and Kanethia [10] and Goel, L.R. [7].
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7. Conclusion and application of the model:

In this paper, we have established the limited capacity queueing system incorporating
the effects of environmental changing states and catastrophes. We have obtained some
particular cases and steady state solutions with (without) catastrophes. Some measures
of effectiveness are also obtained. The direct applications of such queueing models are
found in call centers, industries, banking and health sectors etc. Assuming a queueing
system modeling a call center wherein environmental changing states could be the time of the
day, with higher arrival rates during peak hours. Catastrophes might be a power outage or
system failure. The model would analyze how these factors affect queue length, waiting time
and the probability of a customer getting service.
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