Journal of Computational Analysis and Applications VOL. 34, NO. 4, 2025

(n, m)- Power -(D, A)-Hyponormal Operators
in Semi-Hilbertian Space

Bekai Djilali '* , Benali Abdelkader ? and Dijilali Laid ¢

a* Laboratory LMA, Hassiba Benbouali University, Chlef 02000, Algeria
b* Mathematics Department, University Hassiba Benbouali, Chlef 02000, Algeria

c* Mathematics Department, University Abdelhamid Badis of Motaganem Algeria

Received: January 29, 2025

Abstract

In this paper we introduce and analyze a new class of operators on semi-Hilbertian space (7, Il. Il ,) called
(n,m) power-(D, A)-hyponormal denoted [(n,m)DH], associated with a Drazin invertible operator
using its Drazin inverse. After establishing the basic properties of such operators and some examples are
also given. We show some results related to this class on semi-Hilbertian space. In addition, we
characterize the direct sum and the tensor product of these operators.

An operator T € B, () is said to be (n, m) power-(D, A)-normal for some positive operator A and for
some positive integers n and m if

(TH™TP)" = (TPHMTH™ 2, 0.

Keywords: Semi-Hilbertian space, A-positive, A-selfadjoint, A-hyponormal, Drazin inverse.

1 Introduction

The study of hyponormal and quasi-hyponormal on Hilbert space have received considerable attention
in current literature ([10], [11],[15],[16],[18],[23]). The concept of Hyponormal was first
introduced by P. Halmost [9], it generalizes the concept of normal operator, an operator T is
Hyponormal if T*T — TT* = 0, it is proved that T is Hyponormal if and only if ||Tx|| < ||T*x||.
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This class has been generalized in some sense to the larger sets of so-called quasihyponormal, P-
hyponormal, n power hyponormal, k-hyponormal, (n, m) power hyponormal operators on Hilbert spaces
([6],[11],[25]), recently these classes of operators have been generalized to semi Hilbert spaces by
many authors such operators appear in different contexts in ([4], [8], [14]) and other papers.

The authors Chellali Cherifa and Benali Abdelkader introduced the class of (n, m)-power -D- hypnormal
operators on Hilbert spaces [2]. A bounded linear operator T on a complex Hilbert space is (n, m)-power
-D- hypnormal if T*™(TP)" > (TP)"T*™,

The purpose of this paper is to study the class of (n, m) power-(D, A)-hyponormal in semi-Hilbertian
spaces, it is generalized of previous class.

The contents of the paper are the following. In section two we give notation and results about the concept
of A-adjoint operators that will be useful in the sequel and we give the definition of the Drazin inverse
of an operator. In Section 3 we introduce a new concept of hyponormality of operators in semi-Hilbertian
space (H,(.|.)4) called (n, m) power-(D, A)-hyponormal operator and we investigate various structural
properties of this class of operators with some examples studied. Moreover, the product, direct sum,
tensor product and the sum of finite numbers of this type are discussed.

2 Preliminaries Results

We start by introducing some notations. Let B(#) be C*-algebra of all bounded linear operators on a
complex Hilbert space 7 with inner product (. |. } and the corresponding norm ||. ||, I = I;; being the
identity operator. B(H")*is the cone of positive operators of B(#) defined as

B(H)t ={T € B(H) : (Tx|x) = 0,Vx € H}.

For every T € B(H), the symbols ' (T), R(T) and R(T) stand for respectively the null space, range
and the closure of the range of T and its adjoint operator by T*. if M is closed linear subspace of H
satisfying T™M < M then, M is called invariant subspace of T , In addition if M also is invariant subspace
of T*, then M is called a reducing subspace of T. We denote the orthogonal projection onto a closed
linear subspace M by Py,.

1
For any operator T € B(H), |T| = (T*T)zand [T*,T] = T*T — TT* = |T|*> — |T*|?

Throughout this article, the operator A is considired to be non-zero and positive. Any A € B(H)* induces
a positive semidefinite sesquilinear form (. |.)4: £ X H — C, defined by

(ulv)a = (Aulv) .

1

By ||. || swe denote the semi-norm induced by (.|.)4 i.e  |ul|l, = (ulu)f1 = (Aulu)z .

Observe that ||ull, = 0 if and only if u € NV (A) , then ||.||4 is a norm if and only if A is an injective
operator and the semi-normed space (7, Il. Il ;) is complete if and only if R(A) is closed.
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The above semi-norm induces a semi-norm on the subspace B4(#) of B(H).

BA(H) ={T € B(H)/3c > 0, ||ITull4 < cllull, Vx € H}.

ITull 4
llull o

Indeed, if T € BA(H), then || T Il ;= sup{ ,u€R(A) andu # 0}.

Moreover || T ll4= sup{ {Tu|v)|g:w,v e H: lull< 1, v < 1.

Definition 2.1. ([1]) For T € B(H), For an operator S € B(H) is called an A-adjoint operator of T if
forevery u, v € H , we have

(Tulv), = (u|Sv), ie. AS =T*A,
if T is an A-adjoint of itself, then T is called an A-selfadjoint operator (AT = T*A).

It is possible that an operator T does not have an A-adjoint, and if S is an adjoint of T we may find
many A-adjoint. In fact, if AR = 0 for some R € B(H), then S + R is an A-adjoint of T. The set of all
A-bounded operators which admit an A-adjoint is denoted by B, (H'). By Douglas Theorem.

We have that
Bu(H) = {T € B(H) / R(T*A) < R(A)}.

If T € B,(H), then there exists a distinguished A-adjoint operator of T, namely the reduced solution of
equation AX = T*A , This operator is denoted by T*.

Therefore, T* = ATT*A and AT* = T*4, R(T*) c R(A) and NV (T*) = N(T*A).
Note that in which AT is the Moore-Penrose inverse of A. For more details see ([1], [3]).

In the next proposition we add some important properties of T* needed in the sequel (for the proof; we
refer the reader to ([1] and [3]).

Proposition 2.1 Let T € B, (7). Then the following assertions hold

1. T € By(H) , (TH* = PryT Py and (THH* =T,
2. IfS € By(H)then TS € B,(H) and (TS)* = sHTH,

3. TT*and T*T are A-selfadjoint.

4. If AT =TA, then T# = PR(A)T*
5
6
7

ITl4=IT*]la = IIT#TIIZ = IITT#IIZ
ISIls = [IT*|l 4 for every S € B, () which is an A-adjoint of T.
. IS € B, (H) then ||TS|l4 = |IST|| 4.
8. I = Pzzy and (T™)* = (T#)" foralln € N*,
We recall that [12] the Drazin inverse of the operator T € B, () is the unique TP € B(#), provide it
exists, satisfying the following conditions
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[TP,T] = TPT —TTP =0, (T?)?T = TPand T?*1T? = TP for some integer p > 0.
The smallest naturel number p satisfying the previous system of equations is known as the index of the
operator T and is denoted by ind(T). We note that if T is nilpotent, then it is Drazin invertible T? = 0
and ind (T) = n where n is the power of nilpotency of T.

For T € B(¥) it was observed that the Drazin inverse TPof T satisfies(T*)? = (T?)* and (T*)P =
(TP)* for positive integer k. The Drazin invertibility of an operator in B(H) is similarly invariant, i.e. if
T is Drazin invertible and S € B(#() is an invertible operator then, S™1TS is Drazin invertible and

(s7iTs)P = s71TPg.

We denote by B(H)P the set of all Drazin invertible elements of B(F).
Lemma 2.2. ([17], [21]).Let T, S € B(H)P. Then the following properties hold.
1. TS is Drazin invertible if and only if ST is Drazin invertible. Moreover

(TSP =T[(TS)P1?S and ind(TS) < ind(ST) + 1.
2. If T is idempotent, then T? = T* =T.
3. If TS = ST, then (TS)? = SP TP = TP §P, TPS = STPand TSP = SPT.
4. 1f TS = ST =0, then (T + S)? = TP + SP.

The classes of normal, quasinormal, isometries, hyponormal, quasihyponormal and m-isometries on
Hilbert spaces have been generalized to semi-Hilbert spaces by many authors in ([1], [3], [5], [19], [24])
and other papers.

Now we give the definition of some classes of operators in semi Hilbertian space.
Definition 3.1. Any operator T € B, (), is called

1. A-normal if TT* = THT,

2. (D, A)-normal if TPT#* = T#TP,

3. A-isometry if T#T = Pgs.

4. A-Unitary if THT = TT* = Pg.

5. A -hyponormal if T#T >, TT*.

6. A-quasi-hyponormal if T*(T*T — TT*)T >,.

7. (A,n)-hyponormal if THT™ >, T"T#,
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3 (n,m)-Power- (D, A)-Hyponormal Operators in semi-Hilbertian space

In this section, we introduce the concept of (n,m) power-(D, A)-hyponormal operators in semi-
Hilbertian Space. The following definition and results are useful for our study.

Definition 3.1. We say that T € B(#) is A-positive if AT € B(#)*or equivalently
(Tulu), = 0,YVu e H.

Wenote T >, 0.

Remark 3.1. We can define an order relationby T >, S < T -5 =, 0.

Lemma 3.1. ([3]) LetT,S € B(#) suchthatT >, Sand R € B(H), then the following properties hold.

1. R*TR >, R*SR.

2. RTR* >, RSR¥.

3. If R is A-selfadjoint, then RTR >, RSR.

Remark 3.2. From lemma (3.1) we deduce the following results

1. R¥™TR™ >, R¥"SR™ and R"TR*" >, R™SR*" for all positive integer n.

2. 1f m > nand TR** >, SR** then R"TR*™ >, R"SR¥™,

3.If m > nand R¥*T >, R** then R¥™TR™ >, R*¥MSR",

Note that every positive operator has a square root as it is shown in the following theorem.

Theorem 3.1. ([13] theorem 2.4.4) Let A € B(H)™. Then there exists a unique B € B(H)* such that
B? = A Moreover, is a norm limit of polynomials in A. So, in particular

[C,A] = 0= [B,A] = 0forall C € B(¥)" . (3.1)

1
We will write B = Az, B is called the square root of A.
Now, we introduce the following useful lemma.
Lemma 3.3. Let T, S € B(3) are A-positive operators, if T commutes with S then TS is A-positive.

Proof. Assume that T, S € B(7() are an A-positive and TS = ST. Since T is A- positive then exists only

1
one operator R is A-positive such that Rz = T and commutes with S (Theorem (3.2)). Then for all u €
H, we have

(TSulu)s = (R*Sulu),
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= (RSu|Ru),
= (S(Ru)|Ru)4 =, 0.

Definition 2.1. Let T € B,(H) be Draizin invertible operator. We said that Tis (n, m) power-(D, A)-
hyponormal operator for some positive integers n, m if

(T*Y™(TP)" = (TPY(T*)™ 24 0,
or equivalently
(((TH™(TPY* — (TPHYM(TH™)ulu) =, 0, forallu € H.
We denote the set of all (n, m) power-(D, A)-hyponormal operators by [(n, m)DH],.
Remark 2.1. We make the following observations:
1.ifn = m = 1 then (1,1) power-(D, A)-hyponormal is precisely (D, A)-hyponormal.

2. From [7] every (n,m) power-(D, A)-normal is (n, m) power-(D, A)-hyponormal i.e.
[(n,m)DN]4 < [(n,m)DH] .

In the following examples we give some operators which are (n, m) power-(D, A)-hyponormal for

-3 =2 1 0
T=(0 3) and A=<0 3),

be operators acting on two-dimensional Hilbert space space C2. A simple calculation shows that

Example 3.1. Let

-1 -2
AN o L (=
AZO,T=0§=30 3 ande?B
It is easy to check that (T#)3(T?)? >, (TP)?(T*)3 then T is of class [(2,3)DH] 4.
Example 3.2. Let
-1 0 1 1 0 0
S=10 0 1) and A=|0 1 0]eB(R3.
0 0 0 0 0 2

A simple computation shows that

0 0 0 1 0 0
5D=<o 0 0) and s*=(0 0 0
0 0 O 5 5 0
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It is easily to see that Tis (n, m) power-(D, A)-hyponormal operator for all positive integers n and m.
In the following theorem we give the characterization of (n, m) power -(D, A)-hyponormal.
Proposition 3.4. Let T € B,(H)?, X = (TP)" + T*¥™, Y = (TP)* — T#™ and Z = (TP)". T*™,
Then the following statements hold.

1. T is (n,m) power- (D, A)-hyponormal operator if and only if [X,Y] >, 0.

2. If T is of class [(n,m)DH], such that (T?)" >, 0 and (T?)"™ commutes with

(THY™(TP)Y™ — (TPY™(TH)™, then [Z,X + Y] is A-positive.

3. If T is of class [(n,m)DH], such that (T?)* >, 0, T*¥™ >, 0 and ((T*)™(TP)"* — (TP)™(T*)™)
commutes with booth (T?)"and T#™, then [Z, Y] is A-positive.

4. T is of class [(n,m)DH] 4if and only if [X, (T?)"] >4 0 and [(T?)", Y] =, 0.
5. T is of class [(n,m)DH], if and only if [T*™, X] >, 0 and [Y,T*™] >, 0.
Proof. 1
[X,Y]=XY —YX =, 0 & (TP)" + T¥)((TP)" — T#™) — ((TP)" — T*™)((TP)" + T*™) =, 0
& (TP)2n — (TPynTHm 4 THM(TDYR _ TH2m _ ((TD)2n
+(TPYrTH™M — TH#m(TDYR _ THZM > ()
& —2.(TPynTH#m 4 2. 7™ (TPY >, 0
& TPy — (TPYTH™ >, 0
& T € [(n,m)DH],.
2. Assume that T € [(n,m)DH],, since (T?)™ >, 0 and (T?)™ commutes with
(TH™(TP)Y)™ — (TP)(T*)™by lemma (3,3) we have
(TOHY((TH™(TPY* — (TPYN(TH)™) =, 0ie. (TOY*TH™(TOY) >, (TD)Z”T#’" . Then
(ZX+Y]=ZX+Y)-(X+Y)Z
= (TDYn. T#™ 2(TP)" — 2(TP)™. (TP)™. TH™
= 2(TP)r. TH™(TP)" — 2(TP)?". THm
>, (TP)?". THm — (TP)?". THm = 0.

3. Under the assumption we have (T?)*(T#™. (TP)"* — T#*™ (TP)™) >, 0 and
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(TH™, (TPY* — TH#™ (TPYM)TH#™ >, 0, then
[Z,Y]|=2Y -YZ
= (TP)".(TH™((TP)" — (T*)™) = (TP = (TH)y™)(TP)™. (TH)™
= (TP (TH)™. (TPY)" = (TP (TH)?™ — (TP)*™. (TH)™ + (TP)™. (TH)™. (TP)"
>, (TP (TH)™ — (TP)™ (TH)?™ — (TPY?"™. (T*)™ + (TP)™. (TH)™. (TP)"
= (TP (TH)™. (TP)" — (TP)™. (T*)*™
>, (TP (TH)?™ — (TP)". (TH)*™ = 0.
Hence [Z,Y] is A-positive.
In the same we proved the Statements 4 and 5.

The following proposition discusses the relation between (n, m) power -(D, A)-hyponormal operator and
co-(n, m) power -(D, A)-hyponormal operator.

Proposition 3.5. Let T € B,(H)P such that ' (4) is invariant subspace of T, if T is (n,m) power -
(D, A)-hyponormal operator, then T* is co-(n, m) power -(D, A)-hyponormal operator

Proof. Assume that T is (n, m) power -(D, A)-hyponormal operator, it follows that

(TH™(TPY" =, (TPYY(TH™ = (TH™(TPYM)* =, (TPH)(TH)™)*
= (@ (@ 24 (Y (@)
= (™) () 2 (N ()"

Then T* is co-(n, m) power -(D, A)-hyponormal operator.

The following proposition shows the stability of the class of (n, m) power -(D, A)-hyponormal
operators under the A-unitary equivalent.

Proposition 3.6. Let T € B, (H)P be an (n, m)power-(D, A)-hyponormal operator such that

N (A) is a reducing subspace of T. If S = UTU* where U is A-unitary operator, then S is (n, m) power-
(D, A)-hyponormal operator.

Proof. Let T be an (n, m) power-(D, A)-hyponormal operator, since S is A-unitary equivalent of 4, then
there exists A-unitary operator U such that S = UTU*, it is easily to check that S® = UT"U* |
SP = yTPU* and S* = UT*U*. We have

(sPYr(sH)™ = (uTPu#)*(uTHuh)™
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= U(ThHHrut.uTtmyt
= U(TP)" P THm Ut
— U(TD)rTHm
<, uTtm(TP)nyt (Lemma ((3,1)
= (UTHmUR U (TPY Ut
— (5#)m(50)n
Hence (S2)"(s#)™ <, (S#)™(SP)" then S € [(n,m)DH],.

The following discusses the conditions for product and sum of two (n, m) power-(D, A)-hyponormal
operators to be (n, m) power-(D, A)-hyponormal.

Theorem 2.3. Let T,S € B,(3)P are commuting (n,m) power-(D, A)-normal operators such that
TPS* = S¥TPand, SPT* = T*SP | then the following statements hold.

1. TS is (n,m) power-(D, A)-hyponormal.
2.1fTS = 0thenT + S is (n,m) power-(D, A)-hyponormal.
Proof. Assume that T, S € [(n,m)DH], are commuting, T?S* = S¥TPand SPT#* = T#SP it
Follows that (TP)"S*™ = (TP)"S#™ and (SP)"TH#™ = TH#m(SP)". So
L ((THPHYMTS)*™ = (TPsPY™(THsh)™
= (T2)"(sP)"(s")"(r)"
<4 (1°)'(SM"(s°) ()"
= (sHymTP)yr s
= ()" ()" (s”)
<a (ST (s7)
= (TSHH*F™((TS)°)".
2. Under the assumptions and from lemma (2,2)we get
(T + HPY*((T + $H*)™ = (TP+SPYr(TH+5*)™

— ((TD)n + (SD)n)(T#m+S#m)
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= (TP)nTH#m 4 (TD)ngHm 4 (SD)nTHM 4 (gD)ngHM
<, T#m(TD)n+ S#m(TD)n+ T#m(SD)n + S#m(SD)n
= (T¥m+s¥m)((TP)" + (SP)™)
= (T +SH™UT + $)P)™.
Hence (T + S) is an (n, m)power-(D, A)-hyponormal.

Proposition 3.8. Let T, S € B, ()P are commuting (n, 1) power-(D, A)-hyponormal such that

TPsH = SHTP, THSP = SPTH and (T + S)* commutes ith 3y <pen—s (%) (TP)? (SP)"7,

then (T + S) isan (n, 1) power-(D, A)-hyponormal.
Proof.

Assume the conditions hold, then

((T + S)PYMT + S)* = (TP + SPYY(T + SH*
= (Zospen (1) (TP)P (SP)"P) (T + $)*
= (2" + (TP)" + Taspen-a () (TPIP (SPY"~P) (T + $)*
= ((8P)" + (TPY)(T + ) + (Tazpzn-1 (1) (TPIP (SPY*P). (T + S)*
= (SP)"TH + (SPY*S* + (TP)"TH + (TP)"s*

NI (Z) (TPYP (SP)P

1<spsn-1

<o TH(s%)" +5%(s%)" + TH(r?)" + s*(?)"

HTEst Y (Z) (TP)P (SP)r-P

1spsn-1
= (T + *(SP)" + (TP)™) + (T + ¥ Y1cpen—1 (;‘) (TP)P ($P)"P
= (T + 5)* (Zospen () (TPYP (52)"7)
= (T +S)*((T + $P)".

Therefore (T + S) is an (n, 1) power-(D, A)-hyponormal operator.
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Proposition 3.9. Let T € B,(#)Psuch that T € ([(n,m)DN], N [(n + 1,m)DH],). If T? is A-positive
and commutes with ((T*)™(TP)**1 — (TPY)**1(T#)™), then T € [(n + 2,m)DH], for some positive
integers n and m.

Proof. Assume T € ([(n,m)DN],4 N [(n + 1,m)DH],). Since T? >, 0 and commutes with
((THym(TPYn+1 — (TPY+(TH)™) by lemma (3.3) we deduce that
(THY™(TPYMITP =, (TPYH(T*)™TP and TP (TH)™(TP)™ =, TP(TPY™1(TH)™. So
(THm(TPY+2 = (TH)ym(TPyn+iTD
>, (TP)"™1(THy"TP
= TP (TP)(T#)mTP
= T2 (T*)m(TP)nTP
= TP (T#)m(TD)n+1
>, TP (TP)n*1(THm
= (T2)"™2(r )™
Hence T € [(n + 2,m)DH],.

Proposition 3.10. Let T € B,(H)Psuch that T € ([(n,m)DN], N [(n,m + 1)DH],) . f T*¥ >, 0 and
commutes with ((T*)™*1(TP)* — (TPY*(T*)™*1), then T € [(n,m + 2)DH], for some positive
integers n and m.

Proof. Assume that T € ([(n,m)DN],4 N [(n,m + 1)DH],). Since T* >, 0 and commutes with
((THYm+L(TPY™ — (TPY™(T*)™*1) from lemma (3.3) we get
(Y™ (TP = (TPY(TH™TH 2, 0 and TH(TH™H(TP)" = (TP)"(T#)™*) 2, 0.
Or equivalently
(THM™TPYTH =, (TPY(TH)™ AT and TH(TH)™ (TP =, TH(TP)™(T*)™**. Now
(TH)m+2(TD)n = TH#(TH)m+1(TD)n

>, TH(TP)"(TH)m+1

— TH(TD)r(TH)mTH

= THTHM(TP)nTH

= (T#)ym+1(TDynTH
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>, (TD)n(T#)m+1T#
— (TD)n(T#)m+2_
We deduce that T € [(n,m + 2)DH],.

Theorem 3.11. Let T € B, (H)Pbe an (n, m)power-(D, A)-hyponormal operator for some positive
integers n and m. The following statements hold

1. If n>m and (TPY™(TH™(TP)™ = (TP)™ such that (TP°)™ >, 0 and commutes with
(TH™(TPYr — (TPYM(T*)™) then T € [(n + m,m)DH],.

2. If m>n and (THYTPYM(TH" = (TH)® such that (T*)" >, 0 and commutes with
(TH™(TPYr — (TPHYM(TH)™) then T € [(n,n + m)DH],.

Proof. We have (T?)™(T*)™(TP)™ = (TP)™. It follows that
(TPY(TH™(TP)Y™ = (TP)" and (TP)™(T*)™(TP)" = (TP)" for n = m, which means that
TPy (THym™(TPym = (rPYy™(TrH™(TP)", (3,2)
Since T € [(n,m)DH], and (TP)™ is A-positive commutes with ((T*)™(TP)" — (TP)™(T*)™). We get
(TP TH™(TPY™ <, (TH™(TPY™ (3,3)
and (TPYHm(TH™ <, (TPY™(TH™(TPI™ (34)
By combining (3,2) , (3,3) and (3,4) we get
(TPYHM(THY™ <, (THY™(TPY™™,
Then T € [(n + m,m)DH],.
2. Since (TH)™(TP)™(TH)™ = (T*)™. It follows that
(TH™TPYMTH™ = (TH)™ and (TH(TPHY*(T*)™ = (T*)™ for m = n, which means that
(TP T = (TH™ (TP (TH™. (3,5)
Since T € [(n,m)DH], and (T*)™A-positive and commutes with ((T*)™(T?)* — (TPY)*(T*)™),
we conclude that (T*)™*™(TP)* >, (TH(TPHY™(TH™, (3,6)
and (TH™TPYH T =, (TPY™(TH™™ . (3,7)
By combining (3,5) , (3,6) and (3,7) we get

(T#)n+m (TD)n >, (TD)n(T#)n+m_
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Then T € [(n,n + m)DH],.

3.1 Tensor Product and Direct sum of (n, m) Power-(D, A)-Hyponormal Operators
in Semi-Hilbertian Spaces

LetT,S € B(H) and T®S € B(H Q) denote the tensor product defined on the Hilbert space # @
as follows

(TRS($1811)|E28m3) = (T&11$:)(Sn1n2).

The operation of taking tensor products T®S preserves many properties of T, S € B(H) but by no means
all of them. Whereas T®S is normal if and only if T and S are normal, there exist paranormal operators
T and S such that T®S is not paranormal. it is proved that for non-zero T,S € B(H), T®S is p-
hyponormal if and only if T and S are p-hyponormal. This result was extended to P-quasi-hyponormal
operators, for more details see ([20], [22]).

Recall that (T®S)*(T®S) = T*T®S*S and (TRS)*(TRS) = THTRSHS.

The following elementary results on tensor products of operators will be used often in the sequel.
Lemma 3.12. ([4]) Let Tk, Sx € B(#), k = 1,2 and let A,B € B(H)* suchthatT, =, T, =4 0 and

Sl ZA Sz ZA 0, then Tl ®Sl 2A®B TZ ® SZ 2A®B 0
Proposition 3.13. ([4]) Let Tk, Sk € B(#), k = 1,2 and let A, B € B(H)™ such that

Ty is A-positive and S is B-positive. If T; # 0 and S; # 0. Then the following conditions are
equivalents.

1. T, QS; Zage T1 @ Sy
2. Thereexistd > 0 suchthatdT, >, T; andd~1S, >, S; .

In the following theorem we will prove the stability of the class of (n,m) power-(D, A)-hyponormal
operators under the direct sum and tensor product.

Theorem 3.14. Let T, S be (n, m) power-(D, A)-hyponormal operators in B, ()P such that
THm (TP )" =, 0 forall d € {1,2,...k}. Then

1. (Ti®T,® BTy is (n,m) power-(D, ADAD...D A)-hyponormal.
2. (,QT,Q - QTy) is (n,m) power-(D, AQAR ... ®A)-hyponormal operator.

Proof. 1. Assume Ty,T,,Ts ... Ty are (n, m) power-(D, A)-hyponormal operators, then

T, (TP O™ =, (TP HrT ™ ford = 1,2, ... k and we have

(nene-eor)"(nene-er))
=(r*"er,"®.or"™)(T°)"® (T°)"® .0 (TP )™M
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— Tl#m(TDl)n o) Tz#m(TDz)n D..0 Tk#TH(TDk)n
>, (TPHT " @ (TP )T, @ .. @ (TP )T, '™

=((TP)"® (T°)"® .. TP )N "™ DT, & .. T, ™)

=(1,®T,® @ Tk)#m((Tl BT, ® - ®TY) .
Then (T, & T, & &T,)is (n,m) power-(D, ABAD...D A)-hyponormal.
2. Let x4, x5, ..., x, € H, then

(T,®T,® - ®Tk)D)n(T1®T2® ®Tk)#m(x1®x1® . ®x4)
= ((MP)"(T7)"® .. (TP )M (T, @T,*"® .. 8T, M™) (1,81, ® ... ®x1)
= (TD1)nT1#mx1®(TD2)nT2#mx2® ®(TDk)nTk#mxk
#m D " #m D _\" #m D \"
<a "I 1) 4 ®T, (T 2) %@ .. ®T " (T ) xx
= (Tl#m®T2#m® ®Tk#m)( (TPD"Q(TP)"® .. (TP )™ (x1®%,® ... ®xy)
= (T1®T,® - QT ((T1®T,® - ®T})°)" (x;®x;® ... ®xy).

Then (T;®T,® --- ®Ty) is (n, m) power-(D, AQAR ... ®A)-hyponormal operator

The following theorem gives a necessary and sufficient condition for T®S to be (n, m) power-(D, AQB)-
hyponormal when T and S are non-zero operators.

Theorem 3.15. Let A,B € B(H)™. If T € B4(#) and S € By (H) are nonzero operators, then (T®S)
is (n,m) power-(D, A®B)-hyponormal if and only if T is (n, m)power-(D, A)-hyponormal and S is
(n, m)power-(D, B)-hyponormal.
Proof. Assume that T € [(n,m)DH], and S € [(n,m)DH]g. Then
(TS ((T®S)P)" = (TH™(TP)"@S*™(TP)™)
25 (TP)'THQ(TP)"SH™)
= ((TP)*(SP)M(TH"es*™)
= (TSP )(T®S)*™.
Which implies that (T®S) is (n, m) power-(D, AQB)-hyponormal.

Conversely, assume that (T®S) is (n,m) power (D, A®B)-hyponormal operator. So
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(TR ((T®S)°)" 2 agp (TO®S)°)(T®S)H*™
. D n
ie. T#m(TD)n®S#m(SD)n > 408 (TD)nT#m®(S ) SHm
dT#m(TD)n ZA (TD)nT#m
From proposition (3.13) there exists d > 0 such that and
d—IS#m(SD)n ZB (SD)nS#m.

A simple computation shows that d = d~! = 1 and hence

THM(TP)n >, (TP)nTHm  and  SHm(SD)n >, (SD)nS#m.
Therefore, T is (n, m) power (D, A)-hyponormal and S is (n, m) power (D, A)-hyponormal.

Proposition 3.16. Let T, S € B, () are an (n, m) power-(D, A)-hyponormal such that (T?)*T#™ >, 0
and (SP)*s*™ >, 0, then the following statement hold.

L SPH»TPHTH™) = ((TP)"TH™)(SP)"and (TP)"(SH™(SPI™) = (S¥™(SP)™)(TP)", then
(TSQT) € Byga(HQH) is (n, m) power-(D, AQA)-hyponormal operators.

2. If(TPYM((SPHYMSH™) = ((SPYrSH™)(TP)™ and (SPYM(TH™(TPY™) = (TH™(TP)™)(SP)™, then

(TS®S) € Byga(HQH) is (n, m) power-(D, AQA)-hyponormal operator.

Proof. 1 Assume that the conditions (1) are hold, T and S are (n, m) power-(D, A)-hyponormal, we
have.

(TS®T)¥™. (TS®T)P)" = (TSHF"®TH™). (((TS)°)"®(T°)™)

— S#mT#m(TD)n(SD)n®T#m(TD)n_

Since T#™(TP)" >, (TP)"T*™ >, 0 and S*¥™(SP)" =, (SP)"S#™ >, 0, from lemma (3,1) and remark
(3,2) we have

S#mT#m(TD)n(SD)n ZA S#m(TD)nT#m(SD)n
— S#m(SD)n(TD)nT#m
— (TD)nS#m(SD)nT#m
ZA (TD)n(SD)nS#mT#m

= ((TS)P)"(TS)*™.
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Thus sHmm Dy (DY > | ((TS)PY(TS)*™.
And TH#M(TPY >, (TPYTH*™ >, 0.
Lemma (3,1) in [20] implies that
SHTH(TOY(SPI"@TH™(TP)" 2,4 (TS)PI™(TS)F"@(T)"T*™.
Then (TSRTYH™. ((TSRT)P)* =, (TSRT)P)". (TSQT)*™,
Hence (TSQ®T) is (n, m) power-(D, AQA)-hyponormal.

In the same way, we way deduce the (n, m) power-(D, AQA)-hyponormality of (TS®S).
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