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Abstract. In this work, we seek to implement the new exponential type Kernel integral transforma-
tion called Khalouta transform to the Prabhakar integral (PFI), Prabhakar fractional derivatives (PFD),
regularized Prabhakar fractional derivative (RPFD), Hilfer-Prabhakar fractional derivatives (HPFD) and
its regularized form (RHPFD). Next, we present these results in the form of functions containing the
Mittag-Leffler function and apply them to the solution of the Generalized Fractional Free-Electron Laser
(FEL) equation involving the HPFD and its regularized form.
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1 Introduction

Fractional derivative operators extend the concept of differentiation beyond integer orders. Traditionally,
derivatives are defined for integer orders (like first, second, third derivatives, etc.), but fractional calculus
allows for differentiation of non-integer orders. These operators are particularly useful in fields such as
applied mathematics, physics, biology, chemistry, control theory, economics, electronics and finance, due
to their ability to capture complex dynamics and anomalous behaviors| 1, 8, 22, 24, 25/ 26| 27, 130} 132]].

Indeed, fractional integrals and derivatives have been studied extensively in literature, leading to
the development of various definitions and approaches. These different definitions offer flexibility and
applicability in different contexts and applications. Some of the commonly used definitions include:
Riemann-Liouville Fractional Integral (RLFI) and Derivative (RLFD), Caputo Fractional Integral (CFI)
and Derivative (CFD), Atangana—Baleanu Fractional Derivative (ABFD), etc. (see [9, 7, 22]).

The PFI is defined as an extension of the RLFI by replacing its kernel with a three-parameter Mittag-
Lefler function [31]. In 2004, Kilbas et al. [21] defined the PFD as the inverse factor of the PFI. The
HPFD and its regularized form were initially introduced in [[13]]. This operator has received great atten-
tion from many researchers in this field due to their unique characteristics and versatility in accommo-
dating several integral transforms, including Fourier, Laplace, Sumudu, Elzaki, Shehu, Sawi, and Jafari.
Numerous studies have leveraged these transforms alongside the PFD and HPFD to address fractional
differential equations, often presenting solutions in terms of the Mittage—Leffter function.

In [13]], researchers delve into the Laplace transformation of HPFD alongside their regularized ver-
sion. Their investigation extends to classical equations within mathematical physics, including those
governing heat dynamics, free-electron laser behavior, and homogeneous Poisson processes. Similarly,
in [29], the authors utilize the Sumudu integral transform to address non-homogeneous Cauchy-type
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problems, offering a novel approach to problem-solving in this domain. Additionally, in [14], the au-
thors present an analytical solution to the generalized space-time fractional advection—dispersion equa-
tion by integrating the Sumudu and Fourier integral transforms involving the HPFD. This amalgamation
of transforms showcases their efficacy in tackling complex mathematical models.

In a recent study by Sing et al. [33], the Elzaki transform of HPFD and its regularized version are
employed to address integro-differential equations pertinent to free electron lasers. Their research pro-
vides valuable insights into the applicability of this transform in resolving intricate physical phenomena.
Furthermore, in [4], researchers utilize the Shehu transform of HPFD along with its regular version to
solve Cauchy problems, highlighting the versatility of this approach in handling differential equations.
Moreover, in a study referenced as [19], the Sawi transform is applied to HPFD and its regular ver-
sions, enabling the solution of fractional differential equations. This novel approach opens avenues for
addressing a wide range of mathematical challenges.

Additionally, the Jafari transformation was applied in [18, 5] on HPFD and its regular versions to
address Cauchy-type fractional differential equations, further demonstrating the utility of integral trans-
forms in this field.

In 2023, Khalouta [20] introduced a new generalization of famous integral transforms such as the
Laplace, Elzaki, Sumudu, and Shehu transforms. Recently, the Khalouta transformation was used by
Kumawat et al. [23]], where they applied this transformation to the RLFD and CFD operators, and
presented these results in applications for solving some differential equations.

In this research, we will attempt to apply the Khalouta transformation to various derivatives such as
PFD, HPFD, and their regularized versions. Furthermore, we intend to utilize the outcomes from this
transform to address generalized fractional free electron laser (FEL) equations involving HPFD. These
equations are presented in the form of usual Mittag-Leffler (M-L) function, promising an innovative
approach to solving many problems in this field.

The manuscript structure is as follows: Section 2 is devoted to presenting the basic definitions of
fractional calculus. Section 3 provides an overview of recent integral transforms, including the Khalouta
transform, along with associated results. In Section 4, we apply the Khalouta transform on several oper-
ators, namely PFI, PFD,and HPFD, including their regularized versions. Section 5 focuses on practical
applications, illustrating the use of these transforms in solving Cauchy problems, such as the FEL equa-
tion, by using the main results obtained.

2 Preliminaries

In this part of this paper, we present key definitions concerning fractional integrals and derivatives, that
will be essential for our upcoming discussions. For a deeper grasp of the topic, readers are encouraged
to refer to the following references [22, 19, 27, 2, [16].

Definition 2.1. The RLFI operator for a given function # (t) of order q > 0, is given as the form:

A0 :/%W(%)d% = <W*%> (t),t > 0. 2.1)
0

Definition 2.2. The RLFD operator for a given function # (t) of order q > 0, is defined as:

d’ - o ¥ (x)
RL _ RL 4zr—q _ / —1 < . 2.2
o0 = G (57 0) = G  To—a g rml<asnreN. @)
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Definition 2.3. The CFD operator for a function # (t) of order q > 0, is a widely used definition, defined

as.
N x) r—qg—1

r(t
OCD?V/(t):/O (F(r—q) w'\) (x)dx, r—1<q<rreN. (2.3)

Definition 2.4. The HFD operator of order q; > 0 and g > 0 for a function W (t) is another important
definition [17]:

a0 _ a(1-q1) 4 (1-g2)(1-a1)
oD V/(t)_<f = (Oy W))(t), (2.4)

where g1 € (0,1), g2 € [0,1].

Remark 2.5. The HFD (2.4)) coincides with the RLFD (2.2) for g» = 0 and with the CFD (2.3)) for
q2 = 1.

In practical applications, we often use another generalization of the HFD by replacing the integral
kernel ¢ ] r occurring in the RLI by the function €& , , (r), which is expressed as follows:

eO'TlCO(t) lEq ( IG)JGR,(%G,TI,C]GC,SR(G)>0’,9t(77)>0- (25)

where Efm (1) is the generalized Mittag-Leffler (Prabhakar) function which is defined in the following
definition:

Definition 2.6. The 1- parameter Mittag-Leffler function is stated as [12]

Es(2)=) ———, 7,0€C,R > 0. 2.6

The 2- parameter M-L function is given as [34|]

o)

E z,0,n1e€C,R(o) >0, 2.7
o ( ,ZOF Gitn)’ n (o)

such that Es 1 (z) = E; (2) .
A variant of the M-L function is given by the 3- parameter, also called Prabhakar function and given
by [31.6]

I« Tg+)) &
EZ = . z0.1n,9geCR 0. 2.8

Definition 2.7. Let # € L'(]0,b]), 0 <t < b < oo, where the parameters q,q1,q2,q93 € C, with R (q1),
R (g2) > 0. The PFI can be written in the form [31]:

EZI7‘]27q370+W(t) - /0 (t=o)®" Eg1 g las(t =)W (1) dt = (v *€G) g, qs) (t). (2.9)

The inverse operation, the PFD, can now be presented in the following form.
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Definition 2.8. The PFD operator is defined by[31]]:

_d

q
D‘11,612,4370+W (t> - dt" ql,m7q27q3,0+7ﬁ (t) ’ (210)

where W x ey, 4, 4 € WH[0,b] = {7/ e L([0,6]): L ELI([O,bD}, r= 14, ¢.91.92,93 € C,

with R (q1), R(g2) >0.

In the provided equations, the relationship between the RLFD and the PFI is established. Equation
(2.11) expresses the RLFD in terms of PFI as:

RL z7—(q2+q4) _ 0
0 i Ry (1) = qu7r—(42+44)7q370+7/ OF 2.1D)
From which, we derive:

.,

q — — ptaap—4
Df]lﬂ27q3-,0+7/ (1) = drr q17r7q2,q3,0+7/ (t) =Dgi ™E ),

q1 7‘147‘1370+

where g4 € C, Re(g4) > 0 and Dgi+44 is the RLFD operator.
Definition 2.9. Let # € AC[0,b],0 <t <b <eo,and r = [q2|. The RPFD is expressed as [l13]]:

dr
93 _F B
Dql 7‘]270),0+W (t) - qu arquaw70+ d_xr

V), 2.12)
where q1,92,493,0 € C? 9((ql) 79{(q2) > 0.

Definition 2.10. Let ¢» € (0,1), g5 € [0,1], # € L'[0,b], 0 <t < b < 0o, W * ec;qul(lf;f?()lm) L)€
AC'[0,b]. The HPFD is expressed as [13)28]:

_ d Cga(1—

93,42,94 _ 9394 a q3(1—qa)

Dqlaw70+W <t) o (EQI7‘Z4(1_92):(D70+ dl‘ <Eq17(l_q4)(l_q2)7a),0+W>) (t) ’ (2.13)
where g3, € R, g >0, and E?]hO’w,mW =W.

Definition 2.11. Let # € AC[0,b], q2 € (0,1), g4 € [0,1], % € L' [0,b],0 <t < b < oo. The regularized
Hilfer-Prabhakar fractional derivatives (RHPD) of W (t) is defined as the form:

ch37q2,q4W(t) _ (Eq3614 E-Qs(l—Q4) d 7/) (1) = (ECI.% d 7/) (0).

417w:0+ QI7CI4(1_42)760,0+ ql,(l—q4)(1—q2),(070+% 6]171_QZ7CO70+E
(2.14)

where g3,0 € R, g1 >0.

3 Khalouta transform
In this paragraph, we present the state of the art of results obtained so far for this new transformation
(denoted by KH -Transform), which we discuss in this paper.
Consider an integrable mapping # (¢) defined on a set <7
o ={# (t):IN>0,1>0, |# ()] <Ne(nt), ift € [0,00)} (3.1)
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Definition 3.1. ([20]) Suppose the function # : RT — R of exponential order 1 > 0, then Khalouta
transform is defined as follows:

uy uy

KE[ (1)) (5,u,v) = A (s,u,v) = /0 e (-7 @0, >0 (3.2)

where s,u and v are the KH -Transform variables. Provided that the new integral transform exists
for — —n > 0. This integral transform, similar to other integral transforms, is a linear operator and
uy

also has several properties. More details about this can be found in [20, 125].

The inversion formula of KH -Transform, is defined as:

KH! [ (s,u,v)] (t) = L/a+i°°e(—s—’) H (s,u,v)ds, fort > 0,a € R (3.3)
Y 7 - 27[i a uv ) ) 9 — 9 * *

Where the integral [3.3]in the complex plane, is taken along s = a.

Theorem 3.2. [20] If # ") (t) € <7, then:
r r—1 r— .
KH [%’) (t)} - [—} A (s,uv)— Y [—] w0y, r>1, (3.4)
=0

where #'\") (t) is the r*"* derivative of order r € N* of the function W (1).

Proposition 3.3. The KH -Transform of ' order partial derivative for a given the function W (2 ,t)
with respect to x, is defined as the form:

IW( XD s s (x,0)  dr
KH{W}_[E] %(%’S’”’”_BH oz —az X Zsuwv), G5

where A (2 ,s,u,v) the KH -Transform of the function W (2 ,t).
Theorem 3.4. (Convolution property) Let #1(t) and #5(t) be two functions given in </ with KH- trans-

forms 1 (s,u,v) and ;3 (s,u,v), respectively. Then the KH- transform of their convolution is given by
the form:

KHA{# « #5} = %%(s,u,v).%(s,u,v), (3.6)

where (.) denotes multiplication, and the convolution is defined as:
t
13 (0)= [ @)W =-7)ar. 37

Based on this new integral transformation, many integral transformations can easily be deduced.
This is a result of the generality of this integral transformation. In Table [I, we mention some of these
transformations and their relationship to the Khaluta transformation.
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Transform Definition KH -Transform:
H (s,u,v)

Laplace LW (t),s} = [y W (t)e(—st)dt le%/(s,l,l)

Laplace-Carson L {W (t),s} =s [y # (t)e(—st)dt H(s,1,1)

Sumudu SN () uy =1 [ (t)e(—é)dt %(l,u,l)

77 ZAW (1),s,v} = Sfo e (=) dr H (s,1,v)

ZMA MW (1) uyvy =L [TW(t)e(—L)dt Jf(l,mv)

Elzaki E{V/(t),u}—ufo W (t)e(—L)dr W (1,u,1)

Natural N{#(1),5,v} = — jo W (1)e (—s—v’) d Lt (5.1,v)

Aboodh AW (t),s} = lfo W (t)e(—st)dt 5 (s,1,1)

Mohand MW (t),s} =5 fo W (t)e(—st)dt s (s,1,1)

Sawi LA (1) uy =5 [0 (1)e(—L)dr Lo (1,u,1)

Kamel AW (1) vr=Jo W (t)e(—1L)dr H(1,1,v)

Shehu AW (1), s,u} = [ W (1)e(—2)dt (s,u,1)

Table 1: Relationships for relating the KH -Transform with other integral transforms.

4 Main Results

Here in this manuscript, we present the main results of our research. Let # (r) € .o/ with KH-transform

H (s,8,V).

Property 4.1. The Khalouta transform of t*~! is given by:

KH [¢'] = (ﬂ>x_]r(x).

S

Proof. For x > 0, we know: N
L= [ & le(=6)de.

From the formula (3.2)), we obtain:

KH [txfl] = i/mt’”e (—it
0

uy uy

KH [ = () L /Oméx“e(—é)

uv s¥1

0

= (ﬂyll“(x).

713
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Lemma 4.2. Let 0 < 0 < 1 and @ € R such that 5 <lo %, then:
uy
n—1 o\ —43
KE [ ESy ()] = (£)7 (1-0 (%)) 7, o>0. (42)
’ S s
Proof. The equation [2.§|can be written as:
1 & T(g+)) (o)
EL, (01%) = y (g3 +)) (O7) 5 n.gseC.R(c)>0. 4.3)

Clgs) & T(oj+n) !

Taking KH- transform of PFI operator using (2.5) and (4.3)), we have:

_ 1 & o Dlga+)) o
KH [, ,(t, 0)] =KH[("'EB (0t°)| =KH | —— Y o1 22— | 4.4)
<Gt 0)] [T B (1) [F(%),;) L(cj+n) J!
I & Dlg+)) of G-
= . —KH [f/or-1 | (4.5)
F(qz),-;)F(GHn) J! [ ]
by using the Property (#.1]), we obtain:
_ 1 & juvyJjo+tn-1_ (g3 +j) &/
KH [("TEB. ()] = — rijo+n) =——"~-—, (4.6)
(S (1)) F(%)jgo(s) (041 g )
uv\ o\ J
_ (ﬂ)"l i (g3 +)) (w (?) ) @.7)
§ =0 I'(g3) J! 7
therefore: n—1 on —q
B uv\ M- uv\ o\~
KH [ ESy (o) = ()7 (1-0 (%)) (4.8)
0

Remark 4.3. Lemma generalizes some of the results that already exist, as shown in the following
table:

Khalouta K (s,u,v) KH [fn_lE?,n (a’tc)] = <_)”_1 (1 -0 <_>6) B
n

Laplace lsz(s,l,l) g[tn—lEg%n(sz)}:G) (1—ows=°)" " 21, [13]
S S

Sumudu H (Lu,1) [ EE (0)] =u1 (1 — 0u®) ™" [15,[10]
Elzaki w A (Lu,1) E[MEE, (01°)] =u" (1— 0u®) " [11] .

u 1155 (o] = ("Y' (1—w (™)
Shehu S (sau,1) S A EE (01%)] (s) (1 “’<s>> B3]

Sawi 1f/“i/(l,u,l) S [(MTEE (0t)] =u2 (1 — 0u®) ™" [19]
u

Table 2: Lemma and special cases with some integral transformations
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Lemma 4.4. The KH- transform of PFD ([2.10) is:
q _[sn S\ M\ B
KH{D;TI wwW(t) ,s,u,v} = [E] (1 - (;) ) H(s,u,v)
Y 2] e % 4.9
Proof. Taking the KH- transform on the both side of (2.10)), we obtain:

d}"

KH{D?nme/(t),S,u,v} :KH{FEG? - wo+7/(t),s,u,v},

d ;s _
B KH{dﬂ ( Gzin,w,0+ *W) (r) »W,V},

and then using theorems (32) and (3.4), we get:
KH {ijn o (1) ,s,u,v} - [%]KH{ (e;jfr{wm *7/) (1) ,s,u,v}
a7 () e 0]
()" (-e(F ))WW’W
B () o]
(
)

<

=

t=0*
uv) = ( ) >q3<}£/(s,u,v)

<ui [D‘”’] 0,0, o7 (t)] =0+

/\

O]

Remark 4.5. The generalization of Lemma encompasses several of our previously established find-
ings, thereby facilitating the derivation of additional results. For instance:

1. Taking v=1in Eq. ({4.9), we acquire the Shehu transform [4].
2. Taking s = v = 1 for the Elzaki transform [33].

3. Taking u =v =1 for the Laplace transform [I3].

Lemma 4.6. The KH- transform of RFPD is given by:
sA\1N uv\ N\ 43
KH{CD?T]@0+W(Z),S,M,V} = <E) (1—(1)(?) ) H(s,u,v)

L e 0
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Proof. In the same way as used in the previous proof, we obtain:

_ d’
KH{CD?n7w7O+W(I) ,s,u,v} =HH {Eo?:—n,w,mﬁyﬂ(t)} (s,u,v)
— KH KEG?;_ oot %7//) (I)} (s,u,7),
s\T uv\ N\ 43

=) (1=0(5)) #euy

s i uv\ M\ 9
_ 2 _o(Z (k)

;)[uv} (1 w(s) ) 70,

This is the desired result (4.10). O

Lemma 4.7. The KH- transform of HPFD is expressed as:

KE (D228 (1) ()= () " (1= 0 () 7) KH (1) (5,.7)

S s

s \qa(m=1)+1 UV O\ 9394 —q3(1—qu)
() (=D)L w0 ) 0],
Proof. Taking KH- transform on both side of HPFD (2.13)), then using (2.5)), (2.9)), we get:

. d (o ol
KH (D14 (1)) (s,u,v) = KH KEG?;;’(‘;”W’N ’ <E6131(q4q§?)1n),w’0+7/)> (t)] (s,u,),

- d (p-a(1-q)
- KH |:(ecaq;4q(4ln)vwvo+ * E <E6i317q4(§t17n)7w70+ﬂ%> (t)>:| (S,M,V) !

then, using (3.4) and (4.2), we have:

M, _w - d [ —g3(1-qs)
KH <D‘é37w75117/ (r)) (5,,) = “"KH [eof’;f’(‘l_n),wm} (s,u,v) KH [E (Eoﬁ_%")‘;l_n)’w_‘ow) (t)] (s,u,v),

(7 o)
—q4)(1-7)— uv\ o\ (1-44 S _ _
()" (1o (2)7) ™ st s 2 [ (85 ko) 0],
_ (ﬂ)_” (1-0 (%)“)% KH [ (1)] (s,u,v)

S

s \a4(n—1)+1 uv\ 0\ 4394 —g3(1—-qa)
() (e (T)) T LESS S 0 ) @]
O
Lemma 4.8. The KH— transform of the RHPFD operator is given by:

KE (DL (1)) (s,00) = (%)" (1-0 (?)G)‘” KH[# (1)] (s,u,v)
() "o v 01
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Proof. By similar calculations to those in Lemma 4.7, we obtain:

o,0,0t o,1-1n,0,0" dt

KH (CD%”"“W (t)) (s,u,v) = KH [(E‘B i%ﬂ) (t)] (s,u,)
— KH {(ea,qf—n,wD* * %7/) (t)] (s,u,v),
()0 () [ 0]

= (2) (1o (%)") KEDY @) ()

~(5) (e (5)) ).

S

S Application of FEL equation

In this section, we consider the following FEL equation, which includes the HPFD operator. [14, 13]].

Theorem 5.1. Consider the FEL equation:

DELEI(T) = F(T)+ciE ) worZ(T), 5.1)
E_CB(I_%) y’ = ¢y, (52)

QI7(17q4)(17QZ)7w70+ y:0+

where # € L1[0,00);q2 € (0,1),94 € [0,1];0,¢1 € C; T ,q1 > 0,¢2,93,8 > 0. Then, the solution of this
Cauchy problem is given as:

N pdi(8+a3) o as(1—g0)+ar (2j+1)—1 pa3—q3ga+i(8+43)
‘%)(g)_]_ZOEq?’qz(2j+13),w,o+%(g)+02j;)01tq4( A qu,q4(311qz)+qz(32j+l)<wtq1)' 5-3)

Proof. By using KH- transform on both side of the Equation (5.1), we have:

q1,0,0" q1,42,0,0"

KH (D%’qz’q“%(ﬂ)) (s,u,v) = Hz(s,u,v)+c KH <E5 %(9)) (s,u,v),

where %2 (s,u,v) and #z (s,u,v) are the # 7 — transform of % (.7) and .7 (.7), respectively. Then,
using (2.9), (3.6), (2.5) and (5.2), we get:
43.42.94 _ uvNa (o UVl -9
KH (D 9?(9)) (s,u,v) = Kz (s,u,v)+cy < . ) (1 w( ) ) Hap(s,u,v).

+
ql 70),0 S

Using the results of lemma[4.7, we get the following:

(%>*612 [1 » <?)q1}q3 Hip(s,v) — (?>Q4(IQ2) [1 ® <?)q1}qsq4
— ) +a (D) (1=0 (D)) Hasn)

S S
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so that:
1 A (5,1,v) + g ()BT [ = g (1) 1] B
Hop(s,u,v) — = 5 ’
! [pq(?”(lw(":)q' } (&)1 -o(w)"]*
() "lo ()"

the next step is valid, i.e.

)00l )" >] <1,

> (242)) uv\ @i ~(8+a3)n | gz (s,u,v) +c w\94(1=92) 11 _ o (uv 91749394
%f%<s7u’v>:;c{ <_)(2 ) (1—w<?) ) (8+43) [Ji/( )(J;)z(q2 [)l_w("‘?v[)lql}%(S) ] ]’

_ CZZC{ (g)qz(zjﬂ)ﬂm(lqz) (1 » (ﬂ)rn) —(8+q3) j+q394—q3

n=0 §
92(2j+1) a1\ —(6+43)j—q
—hﬁf/gsuchl( )2 (1—a)<ﬂ> 1) S
s
Finally, we obtain the required solution (5.3)), by using the inverse of KH— transform. [

Theorem 5.2. Consider the following Cauchy problem:

2
CDZS,Z)zgiW(X t) 8;2Y(x7t)7 t> O,XG R’ (54)
WX )| mo, =G (Z), (5-5)
lim # (%2 ,t)=0, (56)

X —too

where G € L1[0,00);¢q2 € (0,1),94 € [0,1];0 € R, ¢2,q1 > 0, g3 > 0, the solution of this problem, is
given by:

17 o .
V(@)= / > (011 (—ear®n?)" "M% G (1) dn. 5.7)

Proof. Let % (n,t) and # (n,s,u,v) are the Fourier transform of % (.2",t) with respect to the time
variable 2" and the KH— transform of % (n,t) with respect to the time variable 7 respectively. So,
Taking the Fourier transform on both said of Equation (5.4)), we get:

DI Y (2 ,1)) = —can®F (2,1),1 >0, 2 €R. (5.8)

Then,

(2) " (10 (2)") F s

_ (ﬂ) 1 (1 _® (%)‘“)"3 G(N) = -’ W (2,1), (5.9)

s

718 Rachid Belgacem et al  708-721



Journal of Computational Analysis and Applications VOL. 34, NO. 4, 2025

so that:
() : B
— = N uv 1
A (M,s,u,v) = | =2~ + :<—>G(n)
Y G w\1—¢ LA ¢
(n) (T) 2 (1—@(?) ) G(n) S (1+(w)—42(12_TZ(141)‘11)‘13
if can’ 77 < 1, the next step is valid, i.e.

(2) "0-o(2)")

B = —con? j
% T]SMV —Z( ) ((%)qz(l_w(%)m)%> )
£ ()" (-0 (2)) et

Using the KH— transform, it produces:

Z (—c2)' NG ( n)ng{mH( wor?). (5.10)

Finally, by using the KH— transform inverse formula for (5.10) we obtain the desired solution (5.7).
]

6 Conclusion

This study introduces some new results for the Khalouta integral transform for both the FHPD and its
regularized form. We investigate its application in solving the FEL equation, demonstrating its effec-
tiveness through a range of scenarios. Our study highlights the practicality of the Khalouta transform in
addressing fractional differential equations, thereby enhancing its significance in mathematical analysis.
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